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Abstract:

The E x B plasma systems play an important role in the technologies like electric space propulsion and magnetized plasma
sources used in plasma material interaction/surface processing. However, due to the gradient in plasma density, collisions
and external fields such systems become prone to the instabilities and also dust particles are generated during the plasma
processing. Hence, this article discusses the growth of gradient driven instability in a cross-field plasma, where both the
ions and the electrons are magnetized and dust particles also exist. Using the fluid approach, we write basic equations
and then derive an equation in terms of perturbed potential. The unperturbed part of this equation leads to the dispersion
equation which is solved numerically for obtaining the growth rate of the instability. The normalized form of the growth
rate is investigated in greater detail under the effect of dust density, dust mass, dust temperature, external magnetic field,
ion temperature and ion temperature gradient.
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1. Introduction

Dust is the mixture of complex ions and neutrals that are
present in the plasma. Very early studies gave evidence
that the dust particles are often found in the bottom ar-
eas of E x B systems such as Tokamaks, Stellarators and
Hall thrusters [1]. Presence of dust and its levitation in
the plasma affect the plasma properties by charging effects
of dust grains etc. Hollenstein et al. have done a detailed
study on the existence, growth and plasma confinement
of nano- and microparticles in these systems [2]. Conse-
quences of dust levitation and its charging effects in the
plasma in the E x B systems are matter of discussion for
long as they degrade the systems and are thereby affecting
their performance [3]. Many studies have been carried out
to observe the effect of dust in the plasma for various nonlin-
ear phenomena. For example, Malik et al. showed that the
soliton amplitude gets reduced with increase in dust mass
and charge; however, presence of more electrons amplifies
the soliton amplitude. Different kinds of instabilities also

develop due to the presence of dust particles in the Hall
thrusters [4]. In this direction, Malik et al. have investi-
gated the Rayleigh instability in a Hall thruster channel in
the presence of dust [5]. Many different types of instabili-
ties have been found to exist because of dust in the plasma
chambers of the system. Lazurenko et al. studied high
frequency instabilities which exist towards the exit region
of the thrusters [6]. Long-wavelength gradient drift insta-
bilities has been studied by Smolyakov et al. [7] and Frias
et al. [8]. A peculiar type of instability known as rotating
spoke instability in annular Hall thrusters has been reported
by Chesta et al. [9] and Parker et al. [10]. Litvak et al. [11]
have recorded high-frequency instability experimentally in
the range 5-10 MHz. Kapulkin and Guelman [12] presented
a theoretical model for analysing low frequency instabilities
and they observed non-uniformity in the plasma and mag-
netic field both these factors give rise to instabilities. Godall
has made fast camera observations to see the impact of dust
particles in the E x B system devices, such as Tokamaks,
which is the thermal glow and line radiation of ablated and
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excited atoms, such illumination inside the plasma can be
seen during heavy plasma surface interaction [13]. Dust can
attain charge on the surface of supersonically moving air-
craft, leading to the formation of unstable plasma [14—16].
Hall thruster carries the cross-field plasma, where the axial
electric field accelerates the heavy ions that provides the
thrust to the space vehicle. However, due to the gradients
in the density and magnetic field, and collisions between
the electrons and neutral atoms in such systems may lead
to different kinds of the instabilities [17-20]. The ordinary
dusty plasma can also support Rayleigh instability driven
by the gradient [21]. The instabilities generally disturb the
mechanism of the thrust generation in Hall thrusters or other
E x B systems. Hence, recently, there has been a focus on
the profile of the magnetic field for achieving a controlled
divergence of the plasma plume emerging from the space
vehicle or the magnetic nozzle [22]. Not only this special
profile of the magnetic field has been found to enhance
the thrust and efficiency [23-25]. The magnetic field has
been found to play a vital role in other fields of radiation as
well [26].

The presence of dust in the Hall thruster channel has been
found to influence the Rayleigh-Taylor instability [5,27]
and resistive instability [28]. The position of dust whether
inside or outside the channel also plays a vital role in sup-
pression of the instabilities [5]. However, these observations
are limited to the Hall thruster plasmas where only the elec-
trons are magnetized. It would be the point of interest to see
whether the dust impact remains the same on the growth
rate of the instability when the ions are also magnetized,
means when we talk about E x B systems which are used in
plasma processing. Hence, the objective of this article is to
derive an equation in terms of the perturbed potential based
on which we get a dispersion equation. The dispersion
equation is solved to get the growth rate of the instability
which is driven by the density gradient. This instability ob-
tained in the present plasma model is similar to the Rayleigh
instability.

2. Formulation of the problem

In the present study, the magnetic field is applied (B) in the
z-direction due to which both the species, i.e., ions and elec-
trons are assumed to be magnetized. As both ions and elec-
trons have finite temperature, therefore a non-zero pressure-
gradient term will exist, which is taken in to account through
their respective fluid equations. Consequently, the motion
of both the ions and the electrons will be affected by the
E x B drifts.

In the basic equations, n; is the density, 7} is the temper-
ature and m; is the mass of the electrons (j = e) and ions
(j =1). U and V, respectively, depict the velocities of the
electrons and the ions. Ze and e are the charges of the ions
and the electrons, respectively. The un-perturbed and os-
cillating part of densities are represented by (njp,7.0) and
(nj1,ne1), respectively. The x- and y-components of un-
perturbed and oscillating parts of velocities are expressed
by (Vx0,Ux0,Vy0,Uyo) and (Vi1, Uy, Vi1, Uyp), Tespectively.
The electric field has its oscillating value equal to E; and
associated potential is ¢;. The fundamental equations for
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the given system are the continuity equations and equations
of motion for both the electrons and the ions. Poisson’s
equation reveals the relationship of plasma species densi-
ties with the electric potential. In linearized form, the said
equations read

A. For electrons

(i) Continuity equation

Oinet +1en 0 Uyt + neanUrl + Ux10x1en + Uyoaynel =0

ey
(i1) X-component of equation of motion
e e
atU)cl + Uy07 8yUx1 = a)c(,ol ) (UyO + Uyl)(BO)
me me
27, 2T, 2
_761’ O — - aaxnel - T,
elte elte e
2
(iii) Y-component of the equation of motion
2T,
athl + U1, anyO + UyOa ayUyl =Q.Uy1 — ;
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e
ayl’lel +— 8y<p1
m

)
e
B. For ions:
(iv) Continuity equation

Ini1 +nigxVat + Vi dxnio +nigdy Vy1 +Viodynin =0 (4)

(v) X-component of the equation of motion

Ze Ze
A JFvy()ayvxl = ; @1+ %v (V)O Jrvyl )(BO)
1 1

(%)
2T; 2
- d 5 (8)(”1'0 + a)cnil) - 7ath
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(vi) Y-component of the equation of motion
Ze Ze
alvyl + Vxl 8xVyO + VyanVyl = ay(Pl R
m; m;
, (6)
2T;
Vi1 (Bo) — ——, dyni
m;n;

C. For dust:

I ng1 +Vao9ngo + VaixOxngo + Vao gt +nao(V,var) = 0
@)

eZy Vpa ®)

O Vai +Vaoova1 = —E;| —
my

mango

In Egs. (1)-(8), d;, dx and d, are the first-order derivatives
with respect to time, x and y, respectively. Moreover, a
factor of 2 appears in the equation of motions because of
number of degrees of freedom of the ions and electrons.
This factor is actually the ratio of specific heats at constant
pressure and constant volume Cp/Cy .

3. Derivation of dispersion equation

We take Q; = eBy/m; and Q, = eBy/m, as the ion-cyclotron
and electron-cyclotron frequencies, respectively. Consider-
ing 92 and 92, respectively, as the second-order derivatives
with respect to x-axis and time and taking A = i@ — ikUyq
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Figure 1. Variation of quality Fy/Fpo with the distance x,
showing the impact of parameter d.

and B = 1+ (2T, k%) /(Am, @) with k is the wavenumber cor-
responding to the oscillations of the wavelength A, and ®,
as the electron-plasma frequency, given by (nqoe?/mq€)'/2,
we derive expression in terms of these quantities. Further,
we take A = i® — ikVyo and By = 1 + (2Tik?)/(A1m;®).
@; is the ion-plasma frequency, given by (nje®/m;gy)'/2.
The oscillating densities of the electrons and the ions are
obtained solving Egs. (1)-(8) in terms of the perturbed po-
tential. Then those expressions are put in the following
Poison’s equation which reveals the relationship between
plasma species densities and the electric potential

£0(07 +07) @1 = e(ne1 +Znj1 + Zgnay) ©9)

This equation with the substitution of the expressions of the
perturbed densities of the electron fluid, ion fluid and dust
fluid leads to the following equation:

(02p1 — K1)+ 1
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The coefficients and the constants used in Eq. (10) are stated
as follows

Z%e%iknioBo 2Z4ekanqo
P =3+ T b 2 V0T T
AlBlm,'Q =) B, &
ZeBy
=4+ ——>d Vo,
01 oY ¥0
Qi 2 ZeBo 2
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Q2 2ZeByQ; Z%¢*B}
Si=1+-L+ >+ 9Vy0+ 3.2
o m; o; 60, m; @;
ik ’B 3ik kngoZ,
Ty = 70020 5 g 4 Derel y S0z
ABm.Q2¢, ABgy  @Bq&
eBy 2eBy
U — l —_ 78 U: V]
! mng x )0 + meQe
ne0eL2, neBoe?
Vi = 10 gag g PO,
ABgO ABgym,;
492 20,
Wi=1+ e (1)2 any07
40?2 B
Xi= 14—~ 2000,
W2 M2

Inside the thruster’s chamber, the ion and the electron
densities, also the ion and the electron drift velocities
are assumed to vary according to the expression Fy =
Fooexp[—10(x/d)?]. Here, the peak value of ne0, 19, 140,
Uip and Vjy is represented by Fp. Such a distribution may
occur when the ionization takes place in one end of the
chamber of plasma devices. The variation of quantity Fp is
shown in Fig. 1, which resembles the Gaussian distribution
of the said quantity. Clearly the width of the distribution
enhances with the value of d, which is taken as 2.5 m and
5 m in the figure. The increasing width means the spatial
variation of the said quantity is slow and hence, a wreaker
gradient exists in that case.

Using the above velocities and densities profiles [5,29, 30],
the un-perturbed part of Eq. (10) has been solved to find
the growth rate of the instability. This finally gives the
following dispersion equation

g1w6+g2w5 +g3a)4+g4a)3 +g5a)2+g6a)+g7 =0. (11)

Various coefficients used in the above equation are given
below:

=QLiF
g2 =ByiLF + QLX + QKiF,
g3 =AsLFi+B,LX +B,KFi+ QLY + QKX,
g4 =A2LX +AsKFi+BoLY +QLZ + QYK + PIC> Li,
g5 =ArLY +ArKX + BoLZ + BoKY + QKZ + PIC,Ki
— BNLPIi + PIDG,L,

86 =A>L7Z +A>KY + ByKZ — BNKPIi+ PIDC,K — PIDBNL,

g7 =A,KZ — PIDBNK.
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In these coefficients, we have made use of the following
quantities
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In order to check the correctness of the calculations, we dis-

cuss the limiting cases by removing the dust particles from
the system, i.e., by neglecting the dust density ng4g, dust
temperature 7; and dust charge Z; from the mathematical
expressions. Under this situation, the term 2Tdk§nd0 from

the coefficient F, the term (2Zkny0)/€o from the coeffi-

cients A, Q and M, the term (27;kd) / (mq€p)dsngg from the
coefficient P disappear and these coefficients take the form

d
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Figure 2. Variation of normalized growth rate of instability
as a function of dust temperature for different mass of the
dust, whend =5m, A =5 cm, x = A /4, n,00 = njpo = 10'®
m3, ng=5x10"m3, T;=03eV, T, =2.0¢eV, m;
1.6 x 1077 kg, Vyoo = 10° m/s, Uypo = 10° m/s, By =1T
and Z; = 1000.

as obtained in Ref. [29] for the plasma system which is dust
free. Quantitatively the coefficient F' increases whereas the
coefficients A, Q, M and P decrease in the absence of dust
particles. These make a significant impact on the growth
rate, which is clear when the present results are compared
with the results of Ref. [29]. For example, the growth rate in
the absence of the dust particle remains lower and hence, the
dust particles also contribute positively and trigger the insta-
bility in the said systems. Since the results are reproduced
when we neglect the dust density n,9, dust temperature Ty
and dust charge Z; during the numerical calculations and
the same results are obtained when these are removed from
the mathematical expressions and a new dispersion equa-
tion is solved, this confirms that the present calculations are
correct.

4. Results and discussion

Equation (11) is solved numerically for different param-
eters of the E x B plasma system. We make use of the
Runge-Kutta method, the details of which are discussed in
Refs. [14,16,31,32]. The numerical solution gives several
values of the angular frequency ®. The real vales of the fre-
quency correspond to the propagation of the waves, whose
velocity is found to be very less. However, we are inter-
ested in the complex values of the frequency as the negative
and imaginary part of the complex frequency leads to the
temporal growth of the wave. We calculate the normalized
value of this frequency to study the variation of the growth
rate of the instability. The normalization is done in terms of
the ion plasma frequency. Figures 2-5 show the variation
of this growth rate with different parameters of the dust and
other plasma parameters.

Figure 2 shows that the growth rate increases with the dust
temperature. This is because high temperature produces
increased thermal motion and hence leads to the situation
similar to the larger pressure gradient force. Since the cause
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Figure 3. Variation of normalized growth rate of instability
with the dust density for different values of magnetic field
and dust mass, whend =5m, A =5 cm, x = A/4, negp =
nioo =10'8 m™3, T, =03 eV, T, =2.0 eV, Ty = 0.01 eV,
m; = 1.6 x 10727 kg, Vyoo = 10% m/s, Uyoo = 10°> m/s and
Z4 = 1000.

of this instability is the gradient, the enhanced dust tempera-
ture would in turn affect in the same manner as the stronger
density gradients in the plasma, giving rise to the increased
growth rate of the instability. This is also observed that the
instability grows with higher rate when the dust particles
have smaller mass. This is due to the enhanced restoring
force. Moreover, the impact of the dust mass is much sig-
nificant when the dust temperature is larger. These effects
of dust temperature and dust mass are similar effects as
obtained by Malik et al. [5] in a Hall thruster plasma when
the dust exits in the exit region and only the electrons are
magnetized. The impact of the size dust (generally in mi-
crometers in the present systems) can also be understood
based on the mass of the dust particles through Fig. 2, as
the higher mass particles are expected to be larger in size.
In this regard, instability grows with smaller rate in the pres-
ence of dust of higher mass and hence of the larger size.
Figure 3 depicts the effect of dust density, magnetic field
and dust mass on the normalized growth rate. The growth
rate increases at a slow pace when the dust density is in-
creased. However, after a value greater than 2.5 x 10'! / m3
the growth increases very significantly. This can also be
seen that the stronger magnetic field reduces the growth
rate, as has been observed by other investigators in a Hall
thruster plasma [5, 10-12, 17, 18,27,28]. The dust mass
also reduces the growth of the instability. It means the heav-
ier dust grains suppress the instability in an E x B plasma
system; similar to the case of Hall thruster where only the
electrons are magnetized.

The charge of the dust can increase or fluctuate due to the
finite electron and ion currents flowing in or out of the
dust particles in the system. The currents develop due to
the difference in the dust grain surface potential and the
plasma potential. Other processes such as secondary emis-
sion, photoemission of electrons may also take place during
the charging [33,34]. Hence, in Figure 4, we uncover the
role of ion temperature gradient on the growth rate of the
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Figure 4. Normalized growth rate of the instability as a func-
tion of the ion temperature gradient (in eV/m) for different
temperature of ions (7;) in eV and different charge of dust,
whend =5m,A =5 cm, X = 1/4, ne00 = Njoo = 1018 m*3,
My;=10"22kg, ngo=5x10"m™3, ;=0.3eV, 7, =2.0
eV, m; = 1.6 x 10727 kg, Vyo0 = 10°> m/s, Uypo = 10° m/s
and Bo=1T.

instability for different values of the ion temperature and
dust charge. At lower ion temperature, the instability grows
a little slowly with the ion temperature gradient, but as the
ion temperature increases the growth of the instability be-
comes significantly higher. This result is consistent with the
observation made in a dust free plasma under the impact of
cross-field [29, 30]. The additional observation is related
to the effect of dust charge on the growth rate. Clearly
the instability grows much faster in the plasma where the
dust particles contain larger charge. This result matches
with the observation of Malik et al. [5] in a Hall thruster
plasma when the dust exits in the exit region. The physical
reasoning behind this can be understood as follows. In the
presence of higher dust charge, stronger Coulomb force ex-
ists in the system that leads to the faster growing instability
inside the chamber.

This is seen that the growth rate of the instability is finite
but lower for the lower values of the temperature gradient.
While calculated the growth rate numerically after neglect-
ing the temperature gradient a finite value of the growth
rate is observed, confirming that the instability occurring in
the present system is driven mainly by the density gradient.
The above results show that the magnetic field suppresses
the growth of the instability. Although we have considered
a uniform magnetic field in the channel, it will be quite
interesting to see the role of the gradient in this field. For
example, if the work is extended considering the magnetic
field profile similar to the field taken in other works [35-37].
Then one can focus on the impact of inhomogeneity of the
field on the growth rate and also the perturbed potential asso-
ciated with the unstable wave. In addition, the investigation
can be further extended to the plasma having weakly rela-
tivistic species [38—40]. Not only this, but the dust charge
also fluctuates in realistic situations and hence, the problem
can be solved by taking into account the charge fluctuations
in the calculations. The variable or fluctuating charge of
the dust has been shown to enhance the nonlinearity of the
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system, because of which the nonlinear solitary structures
with higher amplitudes evolved in the plasma [33,34].

5. Conclusion

The E x B plasma system having dust was investigated in
this article for the occurrence of instability. A focus was on
the variation of the normalized growth rate of the instability
under the impact of temperature gradient present in the
plasma at the scale length much lower than the dimension of
chamber. It was found that the instability grows faster with
the higher temperature gradient and higher temperatures
of the ion and dust particles. The stronger magnetic field
and the larger mass of the dust were found to suppress the
instability. This work has application in plasma processing,
specifically the inductively coupled plasma system, in this
direction, we can optimize the system based on the results
so that the instability does not grow and the plasma can be
effectively used for the deposition or specified etching.
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