
Volume 17, Issue 2, 172317 (1-8)

Journal of Theoretical and Applied Physics (JTAP)

https://dx.doi.org/10.57647/j.jtap.2023.1702.17

Theoretical study of conduction intra-subband nonlinear
optical absorption and donor-impurity ionizing energy

associated with lowest excited-states in single
InGaN-based quantum well with a novel modified

potential

Redouane En-nadir1*, Haddou El-ghazi1,2

1LPS, Faculty of sciences, University of Sidi Mohamed Ben Abdullah, Fez, Morocco.
2ENSAM, University Hassan-II, Casablanca, Morocco.

*Corresponding author: redouane.en-nadir@usmba.ac.ma

Received 21 September 2022; Accepted 06 January 2023; Published online 10 January 2023

Abstract:
This paper provides a theoretical investigation of the ground and first excited-states donor impurity binding energy and
the linear and nonlinear optical absorption coefficients in quantum well with novel modulated potential called Redouane-
Haddou potential (RHP). Within the effective-mass theory, the Schrödinger equation has been calculated numerically using
the finite element method. The analytical expressions of the optical absorption coefficients are obtained within compact
density matrix theory. Our results reveal that the A-parameter has a significant influence on the confinement profile and
electron states, therefore, the binding energy as well as the optical properties of the investigated system. It increases
the binding energy and redshift (blueshift) associated with drop (improve) of the linear and nonlinear optical absorption
coefficients related to 2p→1s, 2p→2s, and 3s→2p transitions. Moreover, it is noticed that with an appropriate choice of
the A-parameter and structure dimension, the optical response of the investigated system can be tailored in a controllable
manner.
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1. Introduction

Rapid development in sophisticated nanotechnology has
enabled the growth of low-dimensional systems with fasci-
nating electronic and optical properties. These structures
attracted special and increasing attention due to their exten-
sive applications areas such as electronic, optoelectronic
devices technology [1–6]. Nowadays, advances in materi-
als growth techniques make it possible to grow quantum
wells (QWs) with varying confinement potentials, symmet-
rical or asymmetrical with respect to the center of the well.
Various potentials such as Gaussian, Tietz-Hua, Razavy,
Morse, Mathieu, etc. have been widely used in material
science physics to specify realistic confinement of charge
carriers [7–11]. In this context, the potential modulated

by my supervisor and myself (i.e., Redouane-Haddou po-
tential or RHP) is a novel interesting function to represent
the confinement effect in QWs with an adaptable geometry.
Besides, it is well known that the presence of defects and
impurity states affects considerably the electrical and op-
tical features of nanomaterials, and it is more pronounced
than their ‘bulk’ counterparts [12]. Hence, it is important
to figure out deeply the impurities-related influences on the
semiconductor nanostructures in order to govern the perfor-
mance of electronic and optoelectronic devices. Along with
the knowledge that binding energy and optical properties
change in multilayered heterostructures, a suitable theory
for electronic and optical characteristics of nanostructures
can be established with a practical model taking into ac-
count different potential profiles. Thus, intensive research
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Figure 1. Potential profile and the electron wave functions of the lowest and low-lying states in InGaN/GaN QW versus
z-axis for three different values of A-parameter for l=L=1.5.

has been carried out for a better understanding of the physi-
cal properties of impurities in QWs [13–18].
Recently, Al et al. have investigated the influence of posi-
tion dependent effective mass on impurity binding energy
and absorption in quantum wells with the Konwent poten-
tial [19]. Ungan et al. have reported a study of effects of
an intense, high-frequency laser field on the ISB transitions
and donor impurity binding energy in quantum wells [20].
The effects of hydrostatic pressure and temperature on the
binding energy and optical absorption of a multilayer quan-
tum dot with parabolic confinement have been studied by
Ortakaya and coworkers [21]. Bekir et al. have demon-
strated the binding energy and wave functions of the 1s, 1p,
1d and 1f energy states of a spherical quantum dot (QD)
with parabolic potential [22]. Moreover, Kirak et al. have
investigated the impact of an external applied electric field
on the electronic properties of the ground and excited states
and on the linear and nonlinear optical properties (i.e., ab-
sorption coefficients and refractive indices) in a spherical
quantum dot considering parabolic confinement with an
on-center shallow hydrogenic impurity [23]. In our work
recently published in 2021, we investigated theoretically the
total absorption coefficient related to inter conduction ISB
optical transitions in symmetric In.1Ga.9N/GaN double rect-
angular quantum wells [24]. However, this study is devoted
to investigate shallow donor impurity binding energy of the
ground (1s-state) and first excited-state (2-state) and intra-
conduction subband (ISB) linear and third-nonlinear and
total optical absorption coefficients (i.e., LOAC, NLOAC
and TOAC), respectively related to 2p→1s, 2p→2s, and
3s→2p transitions considering the effect of the A-parameter.
This later called confinement potential adaptation param-
eter; it transforms confinement profile from a parabolic
shape to the rectangular one with increasing the value of
the A-parameter. Our calculations have been performed
within the effective-mass approximation using the Finite El-
ement Method (FEM) for many reasons: FEM allows easier
modeling of complex geometric and irregular shapes and
allows us to critically investigate factors that can affect all
complex structures. It allows us to use boundary conditions
to define the conditions the model must meet, including
point forces, distributed forces, electrical and thermal ef-

fects (such as temperature changes, applied external and
internal forces, . . . ) and position constraints. Compared
to conventional methods such as variational approach and
perturbation method, FEM is more precise and accurate,
especially when considering a finite potential barrier which
offers the possibility to tunnel through the barriers to the par-
ticles (electron, hole) where the analytical solutions become
almost impossible with a high degree of freedom (in the
case of a non-separable system). Unlike, the effective-mass
approximation has been used extensively to describe parti-
cle (electron, hole) motion near band extremes (wave vector,
K∼0) in the presence of slowly varying weak perturbation,
such as applied electric and magnetic fields, especially for
shallow-impurities issues in semiconductors. Compared
to variational and other conventional methods, it is a very
accurate method for the boundary conditions problems, ie.
how to connect the solutions on either side of an atomically
abrupt interface. In addition, the advent of quantum wells
nanostructures brought about a hiatus in the development of
effective-mass theory from the well-understood regime of

Figure 2. Binding energy of the ground and first excited
states of an on-center donor impurity in InGaN/GaN QW
as a function of the A-parameter for l=L=1.5.
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Figure 3. Energy levels and transition energy of electron
within the conduction band of InGaN/GaN QW as a
function of the A-parameter. Without impurity and for
l=L=1.5.

weak perturbation in bulk crystals to the little-understood
robust perturbation regime in microstructures [25].

2. Theory and methods
In this study, we consider a Hydrogen-like donor impurity
located at the center of a rectangular QW made out of un-
strained (m-plan) GaN/InGaN/GaN nanostructure. Within
the framework of the effective-mass approximation and
without electron–phonon interaction, the electron Hamilto-
nian in the presence of an impurity is expressed as follows,

H =− h̄2

2m∗∇∇∇+V RHP(A,z)− e2

ε∗r |r− r0|
(1)

In this case, the energy levels Ei and their associated wave
functions ψi are numerically calculated using the one-
dimensional Schrodinger equation that can be written as
follows,

− h̄2

2m∗
d2ψi(z)

dz2 +

(
V RHP(A,z)− e2

ε∗r |r− r0|
ψi(z)

)
=Eiψi(z)

(2)
where h̄, and e are respectively the Planck constant, electron
charge. ε∗r and m∗ are the relative dielectric constant and
the conduction band electron-mass of InGaN and GaN. The
dependence of these last parameters on the concentration of
indium is given as follows [26]:

ε
∗
InGaN =

{
ε∗GaN +6.4x In the well region
ε∗GaN Elsewhere

(3)

m∗
InGaN =

{
0.1m∗

InN +0.9m∗
GaN In the well region

m∗
GaN Elsewhere

(4)

The electron effective-mass is given as m∗
GaN=0.20 m0

and m∗
InN=0.11 m0 (where m0 denotes the electron mass

in vacuum) and the mean relative dielectric constants of
GaN and InN respectively are 9.8 ε0 and 10.5 ε0 (where
ε0 is the permittivity of free space) [27], [28]. At the inter-
faces between the well (InGaN) and the barrier (GaN), we
assumed that the dielectric constant is equal to the square
root of the dielectric constants of both InGaN and GaN
(
√

ε∗InGaN × ε∗GaN).

The A-parameter dependent finite confinement potential
(V RHP(A,z)) is modulated as follows:

V RHP(A,z)=

{
V0 In the barrier regions

4V0
(A·l)2 × [z−L− l

2 ]
2 In the well region

(5)
where L and l are the barriers/well thicknesses, respectively.
V0=0.7 ∆Eg with ∆Eg = EGaN

g −EInGaN
g .

EInGaN
g = 0.1EInN

g +0.9EGaN
g +3.42 (6)

Energy band gaps of both GaN and InN materials are equal
to 3.51 and 0.70 eV, respectively [29].
The ground-state shallow-donor the binding energy is de-
fined as the difference in energy in the case without impurity
(E0) and with impurity (EI). Then, it is expressed as follows:

Eb = E0 −EI (7)

The binding energy (BE) is obtained by solving numeri-
cally the Schrodinger equation taking into account a finite
potential barrier height using finite element method. The
boundary conditions are applied. They are satisfied by the
following equations [30],[

n ·∇∇∇
(

ψ

m∗
e,b

) ]
Barriers

=

[
n ·∇∇∇

(
ψ

m∗
e,w

) ]
QW

(8)

The mesh-grid of 3N + 1 points is considered for the in-
vestigated structure. Each layer discretized by different
discretization step. For the barriers, the step is hb = L/N
while for the well’s regions it is given as hw = l/N. There-
fore, for 0 < k < N, the mesh’s nodes of single QW is given
respectively as follows, left barrier is zk = k∗hb, in the well
region is zk = L+ k ∗hb and in the right barrier is given as
zk = L+ l + k ∗ hb. The same algorithm has been used to
create the mesh’s nodes of double and triple coupled QWs.
The discretization number used to perform this study is

Figure 4. Square of the dipole matrix element of electron
within the conduction band of InGaN/GaN QW as a
function of the A-parameter. Without impurity and for
l=L=1.5.
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Figure 5. The linear (blue), third-order nonlinear (red) and total (black) optical absorption coefficients related to 2p→1s
ISB transition versus the incident photon energy for three different values of the A-parameter with l=L=1.5.

N=50 points.
The first and the second derivatives wave functions are given
respectively by:

∂ 2ψ(z)
∂ z2

)
zk
=

ψk+1 −2ψk +ψk−1

(zk+1 − zk)2

∂ψ(z)
∂ z

)
zk
=

ψk+1 −ψk

zk+1 − zk
(9)

Although, after the electron’s energy levels and their related
wave functions have been calculated, the linear and third-
order nonlinear optical absorption coefficients (OACs) for
the ISB transitions between the ground state and excited
states can be easily calculated within the compact density
matric theory and it is given as follows [31, 32]:

α
1(ω) = h̄ω

√
µ

ε∗r ε0

Γi f |M f i|2ρ

(E f i − h̄ω)2 +(h̄Γi f )2 , (10)

α(ω, I) =−
√

µ

ε∗r

(
I

2n∗r ε0c

)
4Γi f |M f i|2ρ h̄ω

[(E f i − h̄ω)2 +(h̄Γi f )2]2

×
[

1−
|M f f −Mii|2

4|M f f |2
3E2

f i −4h̄ωE f i +(h̄ω)2 − (h̄Γi f )
2

E2
f i − (h̄Γi f )2

]
(11)

α
T (ω, I) = α

1(ω)+α
3(ω, I) (12)

The transition energy between the allowed electronic states
considered in this study (i.e., 1s, 2s, 2p and 3s) is given as
∆E f i = E f −Ei, where f and i are consequently the final
and initial states. The dipole matrix element between those
is given as |M f i| = ⟨ψi|ez|ψ f ⟩. It is important to mention
that the optical transitions are possible between two deferent
levels only if the selection rule (∆l =±1) is satisfied. The
different ingredients that we used to calculate our numerical
results are given as follows: The electron density in the
well region (InGaN) is ρ(= 2× 1026 m−1). The incident
electromagnetic intensity is I(= 1× 1010 W/m2) and the
relaxation time between implied electronic states, are given
as Γ f i = 1/τ f i(= 1×1012 s−1).

3. Results and discussion
In this paper, we aim to simplify our calculations by using
the effective units. R∗

b and a∗b used in this study are respec-
tively the effective Rydberg and Bohr radius at the barrier re-
gion (GaN). The effective Rydberg R∗

b(= m∗
be3/2(4πε∗b h̄)2)

is used as unit energy while the effective Bohr radius
a∗b(= 4πε∗b h̄2/m∗

be2) is used as the unit of length. For

Figure 6. The linear (blue), third-order nonlinear (red) and total (black) optical absorption coefficients related to 2p→2s
ISB transition versus the incident photon energy for three different values of the A-parameter with l=L=1.5.
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Figure 7. The linear (blue), third-order nonlinear (red) and total (black) optical absorption coefficients related to 3s-2p ISB
transition versus the incident photon energy for three different values of the A-parameter with l=L=1.5.

L=l=1.5 and x=10%, R∗
b=29.13 meV and a∗b=2.55 nm. It is

important to notice that, all the numerical calculations were
made for a fixed value of indium compositions equal to
x=0.1 (10%) and an on-center impurity (fixed in the center
of the well).
Before discussing the effect of A-parameter on the impurity
binding energy the linear optical absorption coefficients,
it would be important to evaluate the general behavior of
potential profile of QW grown along the z-axis.
Figs. 1 (a-c) depicts the RHP confinement potentials as-
sociated with three different values of parameter A, the
probability density distributions corresponding to energy
levels of the lowest and three first excited states versus
the z-coordinate. The A-parameter identifying conspicu-
ously the shape of the potential is chosen as 1, 1.5 and
10. In case of A=1 a parabolic QW is formed whereas
for A ≥1 the potential begins to turn into a squared QW;
it becomes perfectly squared for A ≥10. Further increase
in the A-parameter induces a deformation of the potential
shape toward squared form and consequently the energies
corresponding to 1s,2s,2p and 3s states are dropped. The
important point that stands out is that the change in the
shape of the potential is more evident for high values of

the A-parameter where confinement is weaker, hence, the
electron becomes more localized in the well region and then
its energy decreases as a result.
Fig. 2 shows the variation of donor-impurity binding en-
ergies of 1s (red) and 2s (black) states as a function of the
A-parameter. We see that the binding energy of both 1s and
2s states increases smoothly with respect to the A-parameter.
As well known, the impurity binding energy increases or de-
creases because of the distance between the localization of
the confined electron in the QWs and the impurity position.
This behavior is a consequence of the enhancement in the
overlap of the electron-impurity wave functions owing to
the strengthening of the Coulombic interaction between the
electron and the impurity located in the well center. More-
over, as expected, the ground state binding energy is always
weaker than that of 2s-state for all values of the A-parameter
and for both states, it becomes less sensitive to the variation
of this A-parameter, especially for A >4.
Fig. 3 (a,b) demonstrates the variation of the eletron energy
levels and the its transition energy within the conduction
band of a QW with respect to the A-parameter considering
2p→1s,2p→2s, and 3s→2p optical transitions. It is obvi-
ous that the increase in the A-parameter has considerably

Figure 8. The linear (blue), third-order nonlinear (red) and total (black) optical absorption coefficients related to 2p→1s,
2p→2s, and 3s→2p ISB transitions versus the incident photon energy with l=L=1.5.
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affected the energy levels as well as the electron transition
energy. It is clearly that the energy levels of all the con-
sidered electron states decreases regarding the A-parameter
and tends to a stable value for large values of A (>2). This
is due to the fact that with increasing A the QW becomes
wider and then the electron becomes less confined inside
the well, therefore, its energy at all electronic states can
only fall. A similar behavior have been noticed for the
electron transition energy of the three considered optical
transitions. According to the same figure (right panel), the
transition energy decreases versus the A-parameter owing
to the reduced confinement induced by the increase in the
A-parameter. In addition, it appears that these energies of
the transitions reach a stable value for value of A greater
or equal to 2; also, it is noticed that energy transition as-
sociated with 3s-2p is the greatest compared to the others,
except for small values of A-parameter A <1.5. This is due
to the fact that the larger the parameter A is, the weaker the
confinement becomes, which results in a lowering of the
energy transition and vice-versa.
Figure 4 plots the variation of the square of the dipole ma-
trix element resulting from the optical transitions 2p→1s,
2p→2s and 3s→2p as a function of the parameter A. It
is observed that with the increase of the parameter A, the
square of the dipole matrix bound to all the electronic states
studied was affected. For the 2p→1s, 2p→2s transitions, it
increases with respect to the parameter A while it decreases
slightly for the 3s→2p transition. For all transitions, we
obtained a stable dipole matrix element for large values of
A (>2). This is explained by the fact that for small values of
A, regardless the transition 2p→1s, the degree of quantum
confinement decreases and then the overlap between the
wave function of the electron being more important while it
becomes much weaker and even constant for high values of
A.
The results discussed above are essential for interpreting
the behaviors of linear and nonlinear optical absorption co-
efficients (OACs) in the studied system. Due to the fact
that these two concurrent parameters represent the two main
parameters that control the behavior of OACs under exter-
nal or internal forces. Because, the linear and nonlinear
optical absorption coefficients are governed by the transi-
tion energy and the dipole matrix element. For instant, to
discuss the optical properties related to different shapes
investigated in this paper. It is crucial to mention that
according to the Eqs.(11-13), the maximum value of the
OACs occurs at energy h̄ω = ((E21)

2 +(h̄Γ21)
2)1/2 while

their correspondent intensity is proportional to the quantity
((E21)

2 +(h̄Γ21)
2)1/2/h̄Γ21. In the case that E21 ≫ h̄Γ21,

we get the simplified expression of the energy at which the
maximum of the linear optical absorption coefficient occurs,
i.e. h̄ω ≈ E21 + h̄Γ21. Thus, the intensity at the maximum
becomes proportional to E21/h̄Γ21. Therefore, Figs. 5, 6
and 7 represent the effect of the parameter A on the behavior
of the linear, nonlinear and total optical absorption coeffi-
cients versus the energy of the incident photons for three
different ISB optical transitions (i.e., 2p→1s, 2p→2s and
3s→2p, respectively). According to these figures, the ISB
optical absorption depends strongly on the A-parameter.

From Fig.5, it is noticed that the OACs have been remark-
ably improved while their resonance peaks positions have
been shifted toward lower energy range (red-shifted) due to
the significant enhancement of the dipole matrix element
and the decrease in the transition energy associated 2p→1s
ISB transition discussed in Figs. 3 and 4. Furthermore,
it has been observed that the OACs associated with the
other investigated ISB transitions (i.e., 2p→2s and 3s→2p)
have been slightly dropped with increasing the parameter
A, which is expected owing to the results discussed above
in Figs. 3 and 4. However, the spectra position of OACs
related to 2p→2s has been moved toward lower energies
range (redshifted) while that of of OACs related to 3s→2p
has been shifted toward higher energies range (blueshifted).
The reason behind this behavior is for large values of A-
parameter the confinement potential tends from a parabolic
profile to a squared one, which reduces the quantum confine-
ment and then leads to diminution of the electron transition
energy related to 2p→2s ISB transition. Whereas, the tran-
sition energy corresponding to 3s→2p increases due to the
fact that with increasing the A-parameter the energy 3s in-
creases faster compared to that of 2p. This behavior in the
ISB transition energies is associated with an augmentation
of the dipole matrix element due to the improvement in the
overlap between considered electronic states with increas-
ing the A-parameter.
Similarly, In Fig.8, we depict the change of linear and non-
linear OACs related to 2p→1s, 2p→2s, and 3s→2p ISB
transitions versus the incident photon energy. For a fixed
confinement potential with A=2, we found that the absorp-
tion is highest by the 3s→2p ISB transition compared to the
others. The reason for this is that with a fixed potential, the
interaction strength and overlap between 3s and 2p is much
larger than between the other states. Moreover, regardless
of the 3s→2p ISB transition, it is observed that the 2p→1s
ISB transition absorbs the highest energy around 880.5 meV,
while the 2p→2s ISB transition absorbs the highest energy
near 476.2 meV, which is in good agreement with the results
reported in Fig.3.

4. Conclusion
To summarize, recall that we have theoretically studied
the binding energy of the ground state and the first excited
state of a donor impurity and the linear and nonlinear
optical absorption coefficients related to 2p→1s, 2p→2s
and 3s→2p ISB optical transitions in InGaN-based QW
with a new finite modulated confinement potential called
”RHP-potential”. The Schrödinger equation has been solved
numerically as part of the effective mass approximation
using the finite element method. Our results reveal that
varying the so-called A-parameter has a significant impact
on both the binding energy of different states and the
optical properties of QW. Furthermore, a redshift (blueshift)
was obtained associated with a decrease (improve) in OACs
related to the considered ISB optical transitions.
Data availability statement
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and S.-H. Dong. “Exact solutions of the 1D
Schrödinger equation with the Mathieu potential”.
Phys. Lett. A, 384:126480, 2020.

[12] S. Rajashabala and K. Navaneethakrishnan. “Effective
masses for donor binding energies in quantum well
systems”. Mod. Phys. Lett. B, 20:1529, 2006.

[13] E. Kasapoglu E. B. Al, S. Sakiroglu, C. A. Duque,
and I. Sökmen. “Binding energy of donor impurity
states and optical absorption in the Tietz-Hua quantum
well under an applied electric field”. J. Mol. Struct.,
1157:288, 2018.

[14] M. Barati, G. Rezaei, and M. R. K. Vahdani. “Bind-
ing energy of a hydrogenic donor impurity in an el-
lipsoidal finite-potential quantum dot”. Phys. Status
Solidi B, 244:2605, 2007.

[15] R. En-Nadir, H. El Ghazi, A. Jorio, and I. Zorkani.
“Ground-state Shallow-donor Binding Energy in (In,
Ga) N/GaN Double QWs Under Temperature, Size,
and the Impurity Position Effects”. J. Model. Simul.
Mater., 4:1, 2021.

[16] R. Harris, J. Terblans, and H. Swart. “Exciton binding
energy in an infinite potential semiconductor quantum
well–wire heterostructure”. Superlattices Microstruct.,
86:456, 2015.

[17] H. El Ghazi, A. Jorio, and I. Zorkani. “Impurity bind-
ing energy of lowest-excited state in (In, Ga) N–GaN
spherical QD under electric field effect”. Phys. B
Condens. Matter, 426:155, 2013.

[18] M. Kirak, Y. Altinok, and S. Yilmaz. “The effects of
the hydrostatic pressure and temperature on binding
energy and optical properties of a donor impurity in a
spherical quantum dot under external electric field”. J.
Lumin., 136:415, 2013.

[19] E. B. Al, E. Kasapoglu, S. Sakiroglu, H. Sari, and
I. Sökmen. “Influence of position dependent effective
mass on impurity binding energy and absorption in
quantum wells with the Konwent potential”. Plasma
Science and Technology, 16:552, 2014.

[20] F. Ungan, U. Yesilgul, S. Şakiroğlu, E. Kasapoglua,
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[22] B. Çakır, Y. Yakar, A. Özmen, M. Ö. Sezer, and
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