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Coulomb and oscillator potential
Sergey M Kuchin1* and Nikolay V Maksimenko2
Abstract

In this paper, we calculate the polarizability of the charged pions in the nonrelativistic quark potential model.
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Introduction
The theoretical description of the present experimental
data on the interaction of photons with hadrons at high
energies and large momentum transfer is carried out,
mainly in the framework of perturbation theory of
quantum chromodynamics. However, the structural de-
grees of freedom, which appear in low energy, cannot be
reduced to simple ideas about the interaction of electro-
magnetic fields with hadrons. The response of the quark
degrees of freedom for the action of the electromagnetic
field can be determined phenomenologically on the basis
of self-consistent description of the polarizabilities, root
mean square radius of the charge, and other electromag-
netic properties of hadrons. The unique sensitivity of
these values to theoretical models puts them among the
most important characteristics, with which you can set
the features of the structure of hadrons, exhibited at low
energies. Therefore, the study of the electromagnetic
characteristics of related systems in the framework of
potential models is becoming one of the most effective
methods for studying the characteristics of the quark-
quark interaction.
At present, there are quite a number of theoretical stud-

ies providing the electric polarizabilities of charged had-
rons, including mesons. Among them, we can mention
calculations that make use of effective Lagrangians [1,2]
and current algebra [3]. Nucleon and meson polarizabilities
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were also computed in the context of the nonrelativistic
quark model [4-12] and other potential models [13-17].
In this article, we look at the mass spectrum, mean

square radius, leptonic decay constant, and electric po-
larizability of charged pions in the quark model with po-
tential, which is the sum of the Coulomb and oscillator
potential. This potential is used, for example, in [18,19]
to describe the mass spectrum of quarkonia. In addition,
in [20-27], they conducted research into this building,
which contains the linear part. The good agreement
between the results of this work with the experimental data
is of interest for the use of this potential for the description
of the component systems, consisting of not only heavy
but also of light quarks.
In this paper, we calculate the characteristics of the

pions in the quark model with the potential, which is
the sum of the Coulomb and oscillator potential. The
results are in good agreement with the experimental
data.

Solution of the Schrodinger equation
To find the wave function of the relative motion of
a quark and an antiquark, we solve the Schrodinger
equation:

ΔΨþ 2μ Ε−U rð Þ½ �Ψ ¼ 0; ð1Þ

where μ is the reduced mass, U(r) is the quark-
antiquark interaction potential, and r is the relative
coordinate.
As the potential U(r) is spherically symmetric, the var-

iables in the Schrodinger Equation 1 are separable [28],
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and the equation can be reduced to the equation for ra-
dial wave functions Rnl(r):

1
r2

d
dr

r2
dRnl rð Þ
dr

� �
þ 2μ E−U rð Þð Þ− l l þ 1ð Þ

r2

� �
Rnl rð Þ ¼ 0:

ð2Þ

Introducing ‘reduced’ radial wave functions χnl(r) = rRnl
(r) normalized by the condition, ∫∞0 χnl rð Þ 2dr ¼ 1;j�� we re-
write Equation 2 as

χ″nl rð Þ þ 2μ E−U rð Þð Þ− l l þ 1ð Þ
r2

� �
χnl rð Þ ¼ 0; ð3Þ

where χ″nl rð Þ ¼ d2

dr2 ¼ d2

dr2 χnl rð Þ:
The interaction potential between a quark and anti-

quark can be written as

U rð Þ ¼ ar2−
b
r
þ c; ð4Þ

where a and b are nonnegative constants and r is the
interquark distance. This potential has two parts: the first
is ar2 accounts for quark confinement at large distances,
while the second part − b

r0 which corresponds to the poten-
tial induced by one gluon exchange between the quark and
antiquark that dominated at short distances.
Substituting the quark-antiquark interaction potential

U(r) in Equation 3, we obtain

χ″nl rð Þ þ 2μ E−ar2 þ b
r
−c

� �
−
l l þ 1ð Þ
2μr2

� �
χnl rð Þ ¼ 0:

ð5Þ
The approximate solution of this equation was obtained

in [29] using the method Nikiforov-Uvarov [30]. Here are
the expressions obtained in [29] for the eigenvalues and
eigenfunctions:

Enl ¼ 6a

δ2
−

2μ bþ 8a
δ3

� �

2nþð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4l l þ 1ð Þ þ 24μa

δ4

qh i2 þ c:

ð6Þ

Rnl rð Þ ¼ Nnlr
− Bffiffiffi

2A
p −1e

ffiffiffiffiffiffi
2Ar

p
−r2

d
dr

� �n

r−2nþ
2Bffiffiffi
2A

p
e−2

ffiffiffiffiffiffi
2Ar

p� �
;

ð7Þ

where A ¼ μ −E þ cþ 6a
δ2

� �
;B ¼ μ bþ 8a

δ3

� �
; and δ≡ 1

r0
; r0−

the characteristic radius of the meson, n = 0, 1, 2, …

Method of estimating electric polarizabilities
In this section, we shall give a general method of estimat-
ing the static electric polarizability of a bound system [14]
that includes deriving the lower and upper boundaries for
this quantity.
Consider the equation

H
^

Φ〉 ¼ Ej jΦ〉 ð8Þ
with a Hamiltonian consisting of a sum of two operators:

H
^ ¼ H

^
0 þΔH

^
; ð9Þ

where Ĥ0 is a Hamiltonian of an ‘unperturbed’ system

while Δ Ĥ is a small additional term (a perturbation
operator). We also assume that Equation (8) has the form

H
^
0 ψn〉 ¼ εnj jψn〉; n ¼ 0; 1; 2;… ð10Þ

provided there are no perturbations.
According to the stationary perturbation theory, the

energy value additional to that of the ground state ε0 will
be looked for in the form of a series:

E ¼ ε0 þ Δε 1ð Þ þ Δε 2ð Þ þ⋯ ð11Þ
Respectively, the wave function will also be repre-

sented as a series in a small parameter, which is part of

Δ Ĥ:

Φ〉 ¼ Ψ〉þ ΔΨ〉þ⋯jjj ð12Þ

When ε0 ≤ ε1 … ≤ εn, we find that the value of add-
itional energy Δε(2) belongs to the interval [14]:

F
ε0−ε1

≤Δε 2ð Þ≤
G2−F

 �2
Fε0−D0 ð13Þ

where the following notation is introduced: D ¼ Ψ 0

ΔH^ H^ 0ΔH^ Ψ 0;j
��� F ¼ 〈Ψ 0 ΔH^ 2 Ψ 0〉;j

���
G ¼ Ψ0jΔH^ jΨ0: ð14Þ

Therefore, in order to find the interval boundaries
(13), it is necessary to determine the wave function of
the ground state Ψ0 as well as the energies of the ground
and first radially excited states. Unlike the case when it
is needed to find an exact value of Δε(2), it is not re-
quired to completely solve an unperturbed problem in
the case at hand.
Correction Δε(2) to the ground-state energy of a bound

system, when the role of perturbation is played by the
external stationary field with strength E, is related to the
electric polarizability of system a0 as follows [4]:

Δε 2ð Þ ¼ −
a0
2
E2: ð15Þ
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Note that, when the ground state |〈Ψ0 is spherically
symmetric, the value of Δε(1) is zero, i.e.,

Δε 1ð Þ ¼ G ¼ 0: ð16Þ
Using Equations 13 and 16, we find that the value of

static electric polarizability a0 lies within the interval

2F2=E2

D−Fε0
≤a0≤

2F=E2

ε1−ε0
: ð17Þ

Pion static polarizabilities
In order to fix the model parameters of interquark po-
tential and quark masses, we shall use experimental data
on lepton decay constants, masses, and electromagnetic
radius of charged pions. For experimental values [31,32],
we have

M1S
exp ¼ 139:57018� 0:00035 MeV;

M2S
exp ¼ 1300� 100 MeV;

f π� ¼ 130:70� 0:10� 0:36 MeV;

r2π�exp ¼ 0:420� 0:014ð Þ fm2:

These data lead us to the following parameter values:
mu = md = 0.176 GeV; a = 0.00766 GeV3; b = 0.3; δ =

0.142 GeV; c = −0.982 GeV.
The masses of mesons, lepton decay constant, and mean

square radius are determined by the following formulas:

Mnl ¼ 2mþ Enl; ð18Þ

f 2p ¼
3jR 0ð Þj2
πMp

1−
3b
2π

� �
; ð19Þ

r2
�  ¼ X

ei ri−Rc:mð Þ2
D E

: ð20Þ

Calculations by formula (17)-obtained values of parame-
ters give the following interval for the static polarizability:

aπ
�

0 ¼ 0:21� 0:18ð Þ � 10−4f m3:

To estimate polarizability, a nonrelativistic operator of
the electric dipole interaction was used:

DE ¼ 1
2

e1−e2ð Þ rEð Þ;

where ei are quark charge operators acting upon that
part of the wave function which depends on the unitary
spin and, for π± − mesons, have the following form [4]:

ψπþ
ξð Þ ¼ 1ffiffiffi

2
p

� �
�d↑u↓〉−
�� ���d↓u↑� �

; ð21Þ
ψπ−
ξð Þ ¼ 1ffiffiffi

2
p

� �
�u↑d↓〉−j j�u↓d↑½ �; ð22Þ

where �u and �d are antiquarks.
The relation

π� e1−e2ð Þ2�� ��π��  ¼ e2

9
ð23Þ

was also used in the calculations.

Compton electric polarizability of π meson
As was, for example, shown in [4], generalized electric
polarizability �a can be represented as a sum of two parts:

�a ¼ a0 þ Δa: ð24Þ

The quantity a0 is called static polarizability and is re-
lated with the induced electric dipole moment in the ap-
proximation of its pointness; i.e., a deformed composite
system is described as a pointlike dipole.
The term Δa takes into account the structure of a

composite system and is expressed in the leading ap-
proximation through the rms radius of that same system.
The quantity Δa is relativistic in nature and can be
explained as describing a transition from Thomson scat-
tering on pointlike particles to that on composite ones
with an electromagnetic radius [33]. For a spinless sys-
tem, this term is written as follows:

Δa ¼ a r2h i
3M

; ð25Þ

where r is a pion electromagnetic radius, a is a fine
structure constant, and M for the nonrelativistic case is
the sum of the masses of the constituent particles.
Calculating Δa within the framework of the given

model with pointlike quarks, we find that, in the ap-
proach proposed, the term related with a pion electro-
magnetic radius has the following value:

Δaπ
� ¼ 5:81� 10−4 fm3:

Thus, we obtain the next value Compton polarizabil-
ities of charged pions in this model:

�aπ� ¼ 6:02� 0:18ð Þ � 10−4 fm3:

We compare the results of our calculations with
the experimental values obtained in [34,35]. In [34],
the following value of Compton polarizability is
�aπ� ¼ 6:8� 1:4� 1:2ð Þ � 10−4 fm3; and in Equation
35, it is �aπ� ¼ 6:5� 1:1ð Þ � 10 fm3: Thus, the results
of our calculations are in good agreement with the
experimental values.
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Conclusions
In this paper, in nonrelativistic quark model with po-
tential, which is the sum of the Coulomb and oscilla-
tor potential, we evaluate the characteristics of the
charged pions. It is in good agreement with the ex-
perimental data. The resulting value of electric polariz-
ability of charged pions in the model is slightly higher
than the results of calculations of this value in chiral
theories [36-39] but is in good agreement with the re-
sults obtained in [2,40,41]. However, the numerical
value of r0 has turned quite large, which indicates that
the description of a system such as those of pions ac-
count for relativistic corrections or application of rela-
tivistic quark models.
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