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Abstract:
In this paper, a new method based on HMM (Hidden Markov Models) is presented for image restoration.
We assume that the image is treated by a finite impulse response (FIR) blur or channel where the image is
modeled as a Markov process. The superior property of this new method is the detection of the most likely
gray level for each pixel based on the probabilities defined for both the noisy blurred observations and the
original image. We also propose a new method to find the more structured region of the image based on the
minimum entropy approach. The performance of the proposed algorithm is illustrated through simulations
employing blurred images with different point spread functions. Comparison between the introduced method
and the other proposed methods shows the superiority of the HMM method especially for large spreading
blurs.
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1. Introduction

Blind image restoration is a common yet challenging prob-
lem. In pattern recognition problems, the effectiveness of
the analysis depends heavily on the quality of the image to
be processed. This image may be blurred and noisy. As
another example, turbulence decreases the imaging effect
of remote sensing imaging equipment in various scenes,
as the distortion caused by turbulence includes changes in
spatial blur, geometric distortion, and interference due to
sensor noise. The goal of digital image restoration is to
reconstruct the original scene from a degraded observation.
A fundamental issue in this process is blur estimation, when
the blur is not readily available, it has to be estimated from
the observed image.
Except for some early works [1–7], little work has been
done for nonblind image restoration i.e., where the blur is
known or is estimated by some preprocessing methods. Two
main approaches have been proposed for this purpose. The
first one identifies the blur parameters before any restoration
[1] whereas the second one realizes these two steps jointly
[2].
Among the proposed methods for deconvolution, the reg-

ularized filter introduced by Tikhonov [3] has been well
known. In many proposed methods for blind image restora-
tion [1], after determining the channel taps, a regularized
filter is used for the deconvolution process. In [8], a cor-
rupted image that has been affected by various noise and
motion blur has been considered. A recovery model has
been presented, followed by an algorithm based on the ra-
dial basis function network (RBFN). Additionally, a method
based on object extraction is proposed for recovering a lo-
cally blurred image to address the problem of poor recovery
results when the overall motion blur features are lost for
locally blurred images.
In the last decade, a huge number of works for image restora-
tion have been done by taking advantage of supervised,
semi-supervised, unsupervised, and deep learning [9–11].
Classical and deep learning methods represent different
approaches to this problem, each with its advantages and
disadvantages. Also, the degradation of quality in the real
world is more complex than that of synthetic datasets. Sig-
nificant progress has been made with the supervised models
on paired synthetic data.
In [9] an unsupervised deblurring framework based on self-
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augmentation has been proposed. This framework gradually
generates improved pseudo-clear and blurry image pairs
without the need for real paired datasets, and the generated
image pairs with higher qualities can be used to enhance
the performance of the restorer.
In [10], a solution based on the integration of mathematical
interpolation and deep learning has been proposed to reduce
distortion and blur. In the first stage, a thin plate spline is
used to reduce the turbulence imaging distortion. In the
second stage, a convolutional neural network containing a
lightweight residual feature extraction module is used to
address blur.
In [11], a blind image recovery method has been proposed
and a variable inference algorithm has been designed, in
which all expected posterior distributions are parameterized
as deep neural networks to improve the model capabilities.
This paper switches to old methods to highlight and show
their nice power and superiorities that surely can still be con-
sidered in accompany with the new methods of recent days
to improve the results qualities. In this way, we propose a
nonblind image restoration method which is useful under
circumstances where the blur estimation and restoration pro-
cesses are performed separately. The basic idea behind our
method is similar to the algorithms proposed for channel
equalization in the communication paradigm [4, 5]. The
digital communications methods for channel equalization
based on the finite state Markov process are appealing for
image restoration because they solve the problem using the
expectation maximization (EM) algorithm in the maximum
likelihood sense.
Here we introduce some modifications to the algorithms
of [4], and [5] in order to improve their performance and
suitability for image restoration. This is done by defining
two kinds of probabilities, the probability of the noisy obser-
vations and the probabilities of the gray level occurrences
for local neighborhood pixels. The second probability is
highly affected by the size of the window, whenever the
selected region by a window is smoother, the estimation
is more reliable. In this paper, we also propose a new al-
gorithm based on the minimum entropy to detect the more
structured region across the image. The window size around
each pixel is estimated so that the acquired region has more
structured data. As it is inferred from the experiments, the
performance of the HMM method in conjunction with the
minimum entropy approach to construct a suitable window
is higher especially when the blur is too extended.
The paper is organized as follows: In section 2, the sys-
tem model for the noisy blurred image is described. The
new proposed method for image restoration is introduced
in section 3. The simulation results are shown in section 4.
Finally, in section 5 some concluding remarks are provided.

2. System model

We assume the original image is affected by a two-
dimensional linear shift-invariant FIR filter, and observed in
the presence of an additive noise. Hence, the corresponding
degraded image o(x,y) for a given ideal image A(x,y), is

modeled as:

o(i, j) = ∑
|x|≤ X

2

∑
|y|≤Y

2

h(x,y)A(i− x, j− y)+n(i, j) (1)

for any 1 ≤ i ≤ I, 1 ≤ j ≤ J, where I, J denote the hor-
izontal and vertical sizes of image, respectively. h(x,y)
denotes the entries of X ×Y matrix H ·H stands for the
impulse response of the linear shift-invariant FIR channel
or blur, (X ×Y ) is usually known as the blur extend, and
n(i, j) denotes the additive noise which is assumed as a zero-
mean white Gaussian process with variance S2

n. In order
to create the observation sequence, the image is scanned
in the horizontal direction. We define the state matrix of
the hidden Markov process as the matrix that contains all
the pixels stored in the channel memory to produce the
observation at pixel (i, j), i.e., the blurred pixels, thus the
size of this matrix is equal to the size of the blur, i.e.X ×Y .
By assuming N possible values, {q1,q2, . . . ,qN}, for the
gray levels of the image, the state matrix can be modeled
as a first order Markov process with NXY individual states
{Q1,Q2, . . . ,QNXY }, where Qn for 1 ≤ n ≤ NXY denotes the
X ×Y matrix with entries belongs to {q1,q2, . . . ,qN}. Next,
we describe the new image restoration algorithm based on
HMM and minimum entropy strategy.

3. The proposed nonblind image restoration
method

In this section, we introduce the proposed method of this
paper for nonblind image restoration based on HMM and
minimum entropy approaches.
In the first stage, we obtain an initial estimate of the original
image with the aid of the well-known restoration method,
the Wiener filter [6], then by using this initial restored image
we provide the probabilities of gray levels, Pr{qn}, for the
restoration process. Among the non-blind image restora-
tion methods, the restored images by the Wiener filter have
higher root mean square value than the other methods but
it maintains the details of the image along with the noise
effect, so repeating the Wiener filtering algorithm more than
two steps doesn’t improve the performance since the resolu-
tion of the autocorrelation of the observed image in (1) is
the same as the second step, hence no benefit is extracted.
In the second stage, we propose a new method based on the
minimum entropy approach to determine the size of the win-
dow for the image restoration algorithm. As we know the
size of the region that is used for the estimation of the local
mean and variance is also important in the restoration pro-
cess. Since entropy provides a measure of the uncertainty
about the information available in an image, the optimal
choice of the window size should be related to this quantity.
In the third stage, the restored image acquired by the Wiener
filter is used as the initial image, and the HMM algorithm
is applied. Because a Wiener filtering approach implements
the near-optimal minimum mean square estimation of the
blurred image and the HMM method provides a further re-
duction in the variance of the estimated image due to EM
maximum likelihood convergence property, it is expected
that an enhanced image quality restoration is obtained by
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combining the Wiener filter and EM in HMM. The experi-
ments also verify that the restored image is of higher quality
than the restored image of the first stage.
In the fourth stage, the restored image acquired by the HMM
algorithm is used as the initial image, and the HMM algo-
rithm is applied again to this initial image. The experiments
verify that the restored image in the fourth stage is of higher
quality than the restored image in the third step.

3.1 The proposed minimum entropy window size selec-
tion

The purpose of this algorithm is to detect the more struc-
tured region with minimum entropy in the neighborhood
of each pixel. The minimum entropy region at each pixel
is the region that has the minimum entropy value among
the larger and all smaller regions at that pixel. This region
expresses the more homogeneous and structured region that
we can remove noise from with less concern about losing
the details.
Let’s assume a finite set of window sizes: W =
{w1,w2, . . . ,wL} at pixel (i, j) starting with quite small
window size w1 and then determine a sequence of the en-
tropy values Hl(i, j), (1 ≤ l ≤ L) associated with each of
the window sizes, then adaptive window size is given by
the following rule: consider the values Hl(i, j), 1 ≤ l ≤ L,
with increasing L. The adaptive window size is the largest
of those L windows for which the entropy values Hl(i, j),
1 ≤ l ≤ L, have the decreasing trend. Based on this rule the
window size at each pixel is increased until the computed
entropy value for it becomes larger than its previous value
in the smaller window. This algorithm is justified based on
the concept of the entropy that introduces the amount of
randomness, thus the minimum entropy criterion achieves
more structured regions. In the following, the definition
of entropy is presented and by extending the entropy for-
mulation it is shown how the entropy algorithm acquires
the favorite window size. The entropy value for a window
around pixel (i, j) with size w1 is defined as,

Hl(i, j) =−
N

∑
n=1

Pr{Â(i, j) = qn} log(Pr{Â(i, j) = qn}),

(2)
where Â denotes the estimated image obtained through pre-
vious steps, and Pr{Â(i, j) = qn} in (2) denotes the proba-
bility that the original pixel value at (i, j) is equal qn.
Since Gaussian processes are probably the simplest way of
specifying a non-trivial prior probability distribution func-
tion overall probability function spaces, in our work we use
the Gaussian distribution to model the probability density
of the gray levels of the neighborhood pixels, according
to the principle of insufficient reasoning due to Bernoulli
for all the possibilities, i.e.; gray levels, follow the same
probability distribution function given the mutually exclu-
sive observations o(i, j) and no further information. On the
other hand, this assumption is justified based on the fact that
the underlying distribution of the random variable whose
mean and variance are fixed and maximize the entropy is
Gaussian, hence, in the absence of the knowledge of the true
gray level probability density functions, the worst possible
scenario is assumed. Since under almost all possible cir-

cumstances, images have local stationary statistics and there
are some spatial relationships among neighboring pixels in
a window.
By assuming the Gaussian probability density for the local
pixels, we have

Pr{Â(i, j) = qn}= N(mÂ(i, j);S2
Â(i, j)), (3)

where mÂ(i, j) and S2
Â

are the local mean and variance of
neighborhood pixels in a window w1, since there are only N
states, the probabilities Pr{Â(i, j) = qn} can be normalized
to their sum. Based on the above definitions the final entropy
is expressed as

−
N

∑
n=1

Pr{Â(i, j) = qn}
ξ

log
(

Pr{Â(i, j) = qn}
ξ

)
, (4)

where ξ = ∑
N
n=1 Pr{Â(i, j) = qn}. By replacing the proba-

bility definitions, (4) is expressed as

Hl(i, j) =
1
2

ln(2πeσ
2
Â(i, j)) (5)

Therefore, the minimum entropy region is the region that has
minimum variance and is the more structured and uniform
region. We improve the performance of the restoration
technique by introducing a minimum entropy approach to
detect this more structured region surrounding each pixel.

3.2 The proposed HMM method
The proposed method is based on finding the most likely
gray level at each pixel, this is performed according to
the probabilities of noisy observations of individual states.
The noisy observation probability Pr{S(i, j) = Qn|Qn} is
defined as the probability that the state matrix centered
at pixel (i, j), i.e., S(i, j) is equal to one of the NXY state
matrices {Qn} for 1 ≤ n ≤ NXY , by assuming an additive
white Gaussian noise process, we have

Pr{S(i, j) = Qn|Qn}= N ((o(i, j)−HQn);σ
2
n ) (6)

where N(·) denotes the Gaussian probability density func-
tion. HQn is computed by the sum of the products of the
corresponding entries of matrices H and Qn. This equation
is a straightforward conclusion of (1). However, in the case
of a large number of states, computing all these probabilities
is computationally complex and the memory requirement is
overbearing, by considering the shift property of the FIR fil-
ter, the enormous computational complexity can be reduced.
By assuming the horizontal scanning of the image and using
the shift structure of the FIR filter, we observe that the state
matrices centered at pixels (i, j) and (i, j− 1) have some
common elements, viz, the state matrix centered at pixel
(i, j) is the horizontal shift of the state matrix centered at
pixel (i, j − 1) with the new elements in its last column.
Moreover, considering that the rows are estimated in the in-
creasing order, the state matrix centered at pixel (i, j) is the
vertical shift of the state matrix centered at pixel (i−1, j),
thus the only new element of the state matrix centered at
pixel (i, j) is the element in the last row and last column of

2588-7335[https://doi.org/10.57647/j.spre.2025.0902.07]

https://doi.org/10.57647/j.spre.2025.0902.07


4/7 SPRE9 (2025) -092507 Ghabeli & Amindavar

matrix S(i, j) which is denoted by SXY (i, j). We estimate
this element by averaging over all N possible states qn,

ŜXY (i, j) =
N

∑
n=1

qnPr{SXY (i, j) = qn}, (7)

where Pr{SXY (i, j) = qn} denotes the probability that the
element (x,y) of matrix S(i, j) is equal to qn, this probability
can be expressed by using Bayes’ equality as,

Pr{Sxy(i, j)= qn}=N (o(i, j)−HS(i, j);σ
2)Pr{qn}, (8)

The other elements of the state matrix S(i, j) that are com-
mon with the previous state matrices can be re-estimated
recursively, e.g., the probability that the element (x,y) of
the state matrix SXY is equal to qn; Pr{Sxy(i, j) = qn} is

Pr{Sxy(i, j) = qn}= Pr{Sx(y+1)(i, j−1) = qn},
N (o(i, j)−S(i, j)|Sxy(i, j)=qn ;σ

2
n ),Pr{qn}

(9)

Since the element (x,y) of the state matrix at (i, j) has
been the x(y+ 1) element of the state matrix at (i, j− 1),
the probability Pr{Sxy(i, j) = qn} is computed by the for-
ward recursion from the probabilities of the state vector,
S(i, j− 1), as shown in Eq. (9), by using this method the
computational order is reduced from NXY in Eq. (2) to XY ,
this strategy is tantamount what is used for channel equal-
ization [5]. The other important probability in Eq. (9) is
Pr{qn} that expresses the probability of occurrence of the
event qn in the related position.
The probability Pr{qn} in Eq. (9) is the probability of the
occurring the gray level qn for pixel (i+ x, j + y) and is
expressed as,

Pr{qn}= N(qn −mÂ(i+ x, j+ y);S2
Â(i+ x, j+ y)), (10)

where mÂ(i+x, j+y) and S2
Â
(i+x, j+y) are the local mean

and variance of the neighborhood pixels in a window that
its size has been obtained from the second stage.

3.3 The proposed algorithm
For more clarity, in the following we summarize the steps
of the proposed algorithm,

1) Put k = 1

2) If k = 1, obtain the initial estimated image Â from the
blurred and noisy observed image o by the Wiener
filtering.

3) Set i = 0, j = 0.

4) Put i = i+1, j = j+1, x = 0, y = 0.

5) If i+ x > I or j+ y > J, stop the algorithm.

6) 1 = 1 and compute H1(i, j) from Eq. (5).

7) Put 1 = 1+1 and compute H1(i, j) from Eq. (5).

8) If H1(i, j)> H1−1(i, j) then w1(i, j) = 1−1 else go to
step 7.

9) Compute local mean and variance mÂ(i + x, j + y),
S2

Â
(i+ x, j+ y), in a window with size w1(i+ x, j+ y)

around pixel (i+ x, j + y) in image Â then compute
Pr{qn}, for pixel (i+ x, j+ y) from Eq. (10).

10) If x ̸= X or y ̸= Y compute Pr{SXY (i, j) = qn} from
Eq. (9) else compute Pr{SXY (i, j) = qn} from Eq. (8).

11) Compute ŜXY (i, j) from Eq. (7).

12) Put Â(i+X , j+Y ) = ŜXY (i, j).

13) Put x = x+1 and y = y+1 then go to step 4.

14) If k < 2, put k = k+ 1 and go to step 3 else stop the
algorithm.

4. Simulation results
The proposed algorithm was compared with the regularized
filter [6] and Lucy-Richardson [7]. In order to quantitatively
evaluate the performance of these methods, we estimate
PSNR (Peak Signal to Noise Ratio) between the restored
image and the original image. Experiments were carried
out on test images in the case of one and two-dimensional
blurred functions.
The results show the superiority of the HMM method over
the regularized filter and the Lucy-Richardson method es-
pecially when the one-dimensional blur is too extended,
meanwhile, the results of the proposed algorithm in the case
of two-dimensional blur are nearly the same as the other
methods.
The PSNR values for different methods are shown in Ta-
ble 1 in the case of motion-blurred images for the square
blur extending in the range of 11 to 51 and at SNR = 25
dB. This table shows the PSNR improvement of the HMM
method over the other three methods, it is also observed
from the table that the PSNR values for the Wiener filter
increase by increasing the blur extension, this is due to the
fact that the Wiener filter maintains the details of image
along with the noise effect thus at a constant SNR whatever
the blur extend becomes larger the effect of blur overcomes
the effect of noise and the structure of image becomes more
obvious.
To observe the quality of the restored images the results
of the mentioned methods are shown in Figs. 1 and 2 for

Table 1. PSNR values of different methods, SNR = 25 dB.

Blur extend Wiener Lucy-Richardson Regularized HMM

11 13.96 22.08 22.19 23.39

15 13.48 21.42 21.54 22.65

21 13.39 20.66 20.82 21.87

25 13.52 20.31 20.45 21.58

31 13.76 19.98 20.06 21.13

35 14.00 19.79 19.85 20.95

41 14.32 19.52 19.55 20.71

45 14.54 19.40 19.41 20.69

51 14.81 19.06 19.12 20.08
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Figure 1. (a) Original image; (b) Motion blurred image with blur extend = 31, SNR = 30 dB; (c) Lucy-Richardson method, PSNR = 19.98; (d)
regularized filter, PSNR = 20.06.

cameraman image corrupted by motion blur extend equal
to 31 taps at SNR = 30 dB.
Figs. 1 (a) and 1 (b) show the original and motion-blurred
cameraman images, respectively. Figs. 1 (c) and 1 (d) show
the restored images by Lucy-Richardson and regularized
filters with the resulted PSNRs equal to 19.98 and 20.06,
respectively.
Fig. 2 (a) shows the result of the Wiener filter that is used
for the initial image of the HMM method and Fig. 2 (b)
shows the corresponding varying adaptive window sizes
obtained from the second stage. In this figure, black and
white correspond respectively to small and large window
sizes, the adaptive window size delineates the contours of
the image.
Fig. 2 (c) shows the restored image obtained from the first
step that is used as the initial image for the third step and
Fig. 2 (d) shows the corresponding window size image ob-
tained from the second stage, in comparison with Fig. 2 (b)
,this figure exhibits the edgy structure of the image with
more precise.
In Fig. 2 (e) there is the restoration result of the fourth stage
that is assumed as the final result of the HMM method. This
figure shows the high quality and detailed preservation of

the HMM method in comparison with the other methods.

5. Conclusions
In this paper, a new method for image motion deblurring
has been presented using a combination of the Wiener filter,
HMM algorithm, and minimum entropy approaches. The
introduced method takes full advantage of the statistical
information embedded in the image. We have determined
the windows that acquire minimum entropy thus least
randomness and more structured shape to increase their
applicability for image restoration. This minimum random-
ness along with the EM method can reduce the variance
of the estimation noise further to provide more visibility,
thus with the new strategy not only the noise is reduced
considerably but also the detailed structure of the image is
recovered. By these, we observe high improvement in the
estimation process and image restoration over the existing
methods.
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Figure 2. (a) Wiener filter, PSNR = 13.76; (b) Window size image at step 1; (c) Restored image in step 1 of HMM method, PSNR = 20.55; (d) Window
size image at step 2, PSNR = 21.13; (e) Restored image in step 2 of HMM method.
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