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Abstract
In this article, we study a class of nonlinear fractional differential equation for the existence and uniqueness of a positive 
solution and the Hyers–Ulam-type stability. To proceed this work, we utilize the tools of fixed point theory and nonlinear 
analysis to investigate the concern theory. We convert fractional differential equation into an integral alternative form with 
the help of the Greens function. Using the desired function, we studied the existence of a positive solution and uniqueness 
for proposed class of fractional differential equation. In next section of this work, the author presents stability analysis for 
considered problem and developed the conditions for Ulam’s type stabilities. Furthermore, we also provided two examples 
to illustrate our main work.

Keywords  Arbitrary order differential equations · Topological degree theory · Condensing mapping · Existence results · 
Stability analysis

Mathematics Subject Classification  26A33 · 34A08 · 35A08

Introduction

Fractional calculus is known as the generalization of tradi-
tional calculus. In the last few decades, the aforesaid field 
attended more attention of researchers due to its variety of 
applications in diverse field of social science and physical 
science, like physics, chemistry, economics and mechan-
ics. One of the important aspects of aforementioned field 
that attended the attention of large number of researchers 
has existence of the solution for boundary value problems 
(BVPs) of fractional differential equations (FDEs). FDEs are 
widely applicable in image and signal processing, control 
theory, model identification, optimization theory, optics, fit-
ting of experimental data for further detail; we refer [1–8] to 
the readers. Furthermore, some other important applications 

of FDE are found in diverts fields of engineering, such as 
fluid dynamic like statistical, electromagnetic, statistical 
mechanics, fluid flow, polarization, colored noise, solid 
mechanics, traffic model, colored noise, processes, diffusion, 
economics and bioengineering see [9–18], in references.

The researchers used tools of fixed point theory and non-
linear analysis to explore the theory up-large extend; for 
more detail we refer the readers [19–23]. The area devoted 
to study boundary value problems via topological degree 
theory for classical order differential equations has been well 
studied by researches and published number of articles and 
books. Meanwhile, for fractional differential equations the 
concern area is quite new and very few papers are avail-
able on it. However, the conditions for existence of solution 
of FDEs, in some articles, need that the operator must be 
compactness, which restrict the concerned area of research 
to some specific limitations. Recently, the researchers are 
interested in some weaker conditions for compactness of 
the operator. In order to resolve the aforesaid problem, 
Mawhin [24] used the tools of topological degree theory, to 
develop the necessary conditions for existence of solution 
for BVPs of FDEs and IEs. Furthermore, Isais [25] used the 
degree theory to establish some useful conditions for exist-
ence of solutions of FDEs. Recently, Wang et al. [26] used 
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the techniques of topological degree theory to develop the 
conditions for existence of the following non-local Cauchy 
problem given by

where D� represents the Caputo fractional order derivative, 
v0 ∈ ℝ and f ∶ J ×ℝ → ℝ is continuous function. Further-
more, Ali and Khan [27] study the following BVPs of FDEs 
with non-local boundary conditions involving fractional 
integral which is given by

where cD� represents Caputo fractional derivatives and g(v) 
is non-local function, f ∶ J ×ℝ → ℝ is continuous function.

Another important aspect of concerned theory, which 
attracted the attention of researchers, has the area devoted of 
stability analysis of BVPs of FDEs. There are various types 
of stabilities present in the literature of fractional calculus. 
One of an important type of stability known as Ulam’s sta-
bility was initiated by Ulam in (1940). Ulam [28] proposed 
a question that “Under what conditions does there exists 
an additive mapping near an approximately additive map-
ping?”. In response to his question Hyers [29, 30] replied 
that “additive mapping in complete norm spaces”. Latter on 
it was tract out is a type of stability as so-called Hyers–Ulam 
stability. The proposed type of stability was well investigated 
conventional derivatives by researches. However, for frac-
tional differential equations the concerned type of stability 
was very rarely investigated and needed more attention of 
researches to furnish the theory further.

There are various types of stabilities present in the litera-
ture for fractional differential equations and integral equa-
tions, such as Lyapunov stability [31], asymptotic stabil-
ity [32], exponential stability [33, 34] and many more, but 
best to our knowledge one of the interesting type of sta-
bility that was origination by Ulam and Hyres commonly 
known as Hyres-Ulam stability. Rassias [35] initiated a 
particular kind of stability which is known as Generalized 
Hyers–Ulam–Rassias stability. Obloza [36] was the author 
who investigates the concerned stability for DEs. However, 
the concerned stability was studied for traditional differential 
equations. Furthermore, for FDEs the area concerning to 
the stability analysis was at its initial stages and a very few 
articles had been published, we refer [37], in the references 
therein. Inspired form the aforementioned importance of the 
concerned area of research, we consider the following frac-
tional order boundary value problem given by

(1)
D�v(t) = f (t, v(t)), t ∈ J = [0, T],

v(0) − v0 = g(v),

cD�v(t) = f (t, v(t)), t ∈ J = [0, 1],

v(0) = g(v), v(1) =
�

Γ(q)

T

∫
0

(t − s)q−1v(s)ds,

where 3 < 𝜍 ≤ 4 and ∀ s, t ∈ AC4[0, 1] , f ∶ J ×ℝ → ℝ is 
continues and h(1) = v is non-local function. In this work, 
authors used the tools of topological degree theory and non-
linear analysis to establish necessary conditions for existence 
solutions and stability analysis for our considered problem. 
In order to justify the desired results, we provide two exam-
ples in last section of the work.

Auxiliary results and definitions

This section of research work is committed to some funda-
mental definitions and results of fractional calculus, which 
are necessary for further correspondence in this work. For 
more detail (see [5–8, 17, 18]).

Definition 1  For all 𝜍 > 0 , Gamma function is usually rep-
resented by Γ(�) and given by

Definition 2  The fractional order ( 𝛾 > 0 ) integral of a func-
tion u(t) ∶ J → ℝ is given by

provided that integral at the right is defined on (0,∞) point 
wise.

Definition 3  The famous non-integer order Caputo’s func-
tion u(t) on any closed interval [a, b] is given by

where n = [�] + 1 , where [�] is greatest integer less or equal 
to �.

Lemma 1  The solution of fractional order differential 
equation

is given by

where ci ∈ ℝ ,    where i = 0, 1, 2,… , n.

(2)
D�v(t) = f (t, v(t)), t ∈ J = [0, 1]

v(0) = D1v(0) = D2v(0) = 0, v(1) = h(v),

Γ(�) =

1

∫
0

e−t(t)�−1dt.

I�u(t) =
1

Γ(�)

t

∫
0

(t − �)�−1u(�)d�,

cD
�

0+
u(t) =

1

Γ(n − �) ∫
t

a

(t − �)n−�−1u(n)(s) d�,

(3)cD�u(t) = 0, � ∈ (n − 1, n],

u(t) = u(t) + c0 + c1t + c2t
2 +⋯ + cn−1t

n−1,
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Lemma 2  For FDEs, the following result holds

for arbitrary ci ∈ ℝ , where i = 0, 1, 2,… , n.

Definition 4  Let us define

then (�, ‖u‖) is a Banach Space.

Definition 5  Let T ∶ V → U  be a mapping, which is 
bounded and continuous. Then T is �-Lipschitz, if ∃ K ≥ 0 , 
such that

We also recall that T ∶ V → U is Lipschitz, if ∃ K > 0 , such 
that

and T is strict contraction, if K < 1.

Proposition 1  If T ,G ∶ V → U are both �-Lipschitz map-
ping with constant K and K ′ , then T + G ∶ V → U is also �
-Lipschitz with K + K

� constant.

Proposition 2  The mapping T is �-Lipschitz, if T ∶ V → � 
is Lipschitz with constant K.

Proposition 3  If T ∶ V → U is compact, then T is �-Lip-
schitz with zero constant.

Theorem  1  Let E be a measurable set and {fn} be a 
sequence of measurable function such that

and for every n ∈ N,

where f is integrable on E, then

Definition 6  The Banach space � is compact, if every 
sequence �n contained a convergent sub-sequence in �.

Definition 7  A space � , where every Cauchy sequence of 
elements of � converges to an element of � is called a com-
plete space.

I�D�u(t) = u(t) + c0 + c1t + c2t
2 +⋯ + cn−1t

n−1,

� = {u(t) ∈ CJ ∶ ∥ u ∥= max
t∈[0,1]

|u(t)|},

𝜍((B)) ≤ K𝜍(B), ∀B ⊂ V bounded.

‖Fx − Fy‖ ≤ K‖x − y‖, ∀ x, y ∈ V ,

lim
n→∞

fn(v) = f (v) ∈ E,

|fn(v)| ≤ h(v) ∈ E,

lim
n→∞∫

E

fn(v)dv = ∫
E

f (v)dv.

Definition 8  If A ⊆ X  is relatively compact, if every 
sequence of A contained a sub-sequence is convergent in it.

Definition 9  The linear operator T ∶ V → U continuous at 
v0 , if for any 𝜀 > 0 , ∃ 𝛿 > 0 , such that

T is continuous, if vn → v, then

which implies that

Definition 10  The linear operator T ∶ V → U is said to be 
uniformly continuous, if for 𝜀 > 0 , ∃ 𝛿 > 0, such that

T is continuous, if vn → v, then

which implies that

Definition 11  The linear operator T ∶ V → U is said to be 
uniformly continuous, if for 𝜀 > 0 , ∃ 𝛿 > 0, such that

Definition 12  A family T in C(J, R) is called uniformly 
bounded, if ∃ a constant, where |f (t)| < k for all t ∈ J and 
f ∈ T  . A family T is equi-continuous, if

with

Theorem 2  If a family T = (f (v)) in C(J, R) is uniformly 
bounded and equi-continuous on J, then F has a uniformly 
convergent sub-sequence (fn(v)) = 1 . Thus a subset T in 
C(J, R) is relatively compact, iff T equi-continuous and uni-
formly bounded on J.

|Tv − Tv0| < 𝜀, ∀ |v − v0| < 𝛿.

OR

Fvn → Fv.

OR

lim
n→∞

|vn − v| → 0,

lim
n→∞

|Fvn − Fv| → 0.

|Tv − Tv0| < 𝜀, ∀ |v − v0| < 𝛿.

OR

Fvn → Fv.

OR

lim
n→∞

|vn − v| → 0,

lim
n→∞

|Fvn − Fv| → 0.

|Fv − Fv∗| < 𝜀 ∀ |v − v∗| < 𝛿.

|f (v) − f (v∗)| < 𝜀 for all v, v∗ ∈ J,

|v − v∗| < 𝛿.
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Theorem 3  Let � be a Banach space and T ∶ � → � is 
function, which is completely continuous, then either

	 (i)	 v = �Tv has a solution, if � = 1. 

	 (ii)	 {v ∈ � ∶ v = �Tv , for � ∈ (0, 1) )} has a solution.

Definition 13  The solution of FDEs is Hyers–Ulam sta-
ble, if ∃ �f > 0 and we can find �f > 0 , such that for 
each solution v(t) to the system there exists a unique solution 
v∗(t) , such that

Qualitative theory

In this section, authors present the correspondence results 
for existence theory of proposed PVBs for FDEs involving 
conventional derivatives on the boundaries. We developed 
the relation for integral representation of consider prob-
lem and construct the Green function corresponding to the 
developed integral equation. We use the tools of analysis and 
degree theory to establish the conditions for uniqueness of 
the solution of underlying problem of FDE.

Theorem 4  If 3 < 𝜍 ≤ 4 and ∀ �, t ∈ [0, 1] , then the solu-
tion to fractional differential equation subject to the condi-
tion involving ordinary derivatives

is given by,

where ℍ(t, �)  represents the Green’s function and given by,

Proof  Consider f(t, v(t)) = �(t), then (4) become,

Then in view of Lemma 2, we have

By using the boundary conditions v(0) = 0 in (6) , we get

OR

|v(t) − v∗(t)| ≤ �f �f .

(4)
D�v(t) = f (t, v(t)), t ∈ P = [0, 1],

v(0) = D1v(0) = D2v(0) = 0, v(1) = h(v),

v(t) = t3h(v) +

1

∫
0

ℍ(t, �)�(�)d�,

ℍ(t, �) =
1

Γ(�)

{
(t − �)�−1 − t3(1 − �)�−1, 0 ≤ � ≤ t ≤ 1,

−t3(1 − �)�−1, 0 ≤ t ≤ � ≤ 1.

(5)
D𝜍v(t) = 𝜔(t), 3 < 𝜍 ≤ 4,

v(0) = D1v(0) = D2v(0) = 0, v(1) = h(v).

(6)v(t) = �0 + �1t + �2t
2 + �3t

3 + I��(t),

Therefore, Eq. (6) becomes

Now differentiating Eq. (7), w.r.t “t” and using the boundary 
condition D1v(0) = 0 , so we get

Therefore Eq. (7) becomes

Again differentiating Eq. (8), w.r.t “t” and using the bound-
ary condition D2v(0) = 0 , we get

Now using the boundary conditions v(1) = h(v) and putting 
the values of �1, �2, �3 in Eq. (6), we get

putting these values in Eq. (6), we get

where

In view of the established results for linear BVP (4), which 
is equivalent to the following integral equation as

The Eq. (11) is integral representation of our proposed prob-
lem (4). 	� ◻

Lemma 3  The function ℍ(t, �) satisfies the following 
properties:

	 (i)	 ℍ(t, �) is continuous ∀ s, t ∈ [0, 1].
	 (ii)	 max

t,s∈[0,1]
ℍ(t, �) ≤ 6Γ(�)

Γ(4+�)
.

�0 = 0.

(7)v(t) = �1t + �2t
2 + �3t

3 + I��(t).

�1 = 0.

(8)D1v(t) = �1 + 2�2t + 3�3t
2 + I�−1�(t).

�2 = 0.

(9)�3 = h(u) −
1

Γ(�)

1

∫
0

(1 − �)�−1�(�)d�,

(10)v(t) =t3h(v) +
1

Γ(�)

1

∫
0

ℍ(t, �)�(�)d�,

ℍ(t, �) =
1

Γ(�){
(t − �)�−1 − t3(1 − �)�−1, 0 ≤ � ≤ t ≤ 1,

−t3(1 − �)�−1, 0 ≤ t ≤ � ≤ 1.

(11)v(t) = t3h(v) +

1

∫
0

ℍ(t, �)f (�, v(�))d�.
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Equation  (12) is desired value of constructed Green 
function.

Existence, uniqueness and data dependence results

In this subsection, we produced some results for existence, 
uniqueness and data dependence. We also provide the fol-
lowing assumption must hold, which are needed for further 
investigation in this work. 

(H1)	� For arbitrary v, u ∈ X , ∃ a constant �h ∈ [0, 1) , such 
that 

(H2)	� F o r  a r b i t r a r y  v ∈ X  ,  t h e r e  e x i s t 
ℂh,𝕄h > 0, b1 ∈ [0, 1), such that 

(H3)	� For arbitrary (t, v) ∈ X , ∃ ℂf ,𝕄f > 0, b2 ∈ [0, 1) , 
such that 

(H4)	� To derive uniqueness of solution the following 
assumption holds true for �f > 0 , such that is 

Operator equations

In this subsection, we convert our obtained integral 
equation into operator equation. For which we define 
T ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ),

where

and

Where

(12)

max
t,s∈[0,1]

ℍ(t, �) = ℍ(�, �),

max
t,s∈[0,1]

1

∫
0

ℍ(t, �)d� = max
t,s∈[0,1]

1

Γ(�)

1

∫
0

�3(1 − �)�−1d�,

=
6Γ(�)

Γ(4 + �)
.

|h(v) − h(u)| ≤ �h ∥ v − u ∥ ;

|h(v)| ≤ ℂh ∥ v ∥b1 +𝕄h;

|f (t, v)| ≤ ℂf ||v||b2 +𝕄f .

|f (t, v) − f (t, v∗)| ≤ �f ||v − v∗||.

T(v) = v, v ∈ X,

Tv = Fv + Gv,

F ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ),

G ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ).

Hence the proposed problem gained the operator equation 
Tv = Fv + Gv = v . The fixed points of the constructed opera-
tor equation are the desired solutions of concerned BVP (4).

Theorem 5  The operator F ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ) 
is Lipschitz with constant ℂh < 1 and satisfies the condition

Proof  We defined F ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ) is given 
by

To prove F is Lipschitz, we have

using assumption of (H1) , we have

For growth condition, we consider

using assumption of (H2) , we get

The above result shows that F satisfies the Lipschitz condi-
tion with constant ℂh . 	�  ◻

Theorem 6  The operator G ∶ C(P × R,R) → C(P × R,R) is 
continuous and satisfies the following

Proof  As G ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ) is given as

To prove, that G is continuous, we have to show that,

Fv = t3h(v),

Gv =

1

∫
0

ℍ(t, �)f (�, v(�))d�.

‖Fv‖ ≤ ℂh‖v‖b1 +𝕄h.

Fv = t3h(v).

‖Fv − Fu‖ = max
t∈[0,1]

�t3h(v) − t3h(u)�,

‖Fv − Fu‖ ≤ k‖v − u‖,
where k = �h < 1.

‖Fv‖ = max
t∈[0,1]

�t3h(v)�,

‖Fv‖ ≤ ℂh‖v‖b1 +𝕄h.

‖Gv‖ ≤ 2

�
ℂf‖v‖b2 +𝕄f

Γ(� + 1)

�
,

for every v ∈ AC4[0, 1].

Gv =

1

∫
0

ℍ(t, �)f (�, v(�))d�,

‖Gvn − Gv‖ → 0 as n → ∞
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Let {vn} is a sequence in bounded set, such that

Now as f is continuous, so f (�, vn(�)) → f (�, v(�)) as n → ∞

.

is also integrable for all t ∈ [0, 1].
By convergent theorem, we have

and

so

Hence, G is continuous.
Now to derive growth condition, we do the following

Hence by assumption (H3), we get

Thus G satisfies the defined growth condition. 	�  ◻

Theorem 7  The operator G ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ) 
is Compact and �-Lipschitz with constant zero.

Proof  As G ∶ C(P ×ℝ,ℝ) → C(P ×ℝ,ℝ) is given by

BK = {‖v‖ ≤ K ∶ v ∈ X}.

t3(1 − �)�−1|f (�, vn) − f (�, u)|
≤ t3(1 − �)�−1{2ℂf +𝕄f },

t

∫
0

(t − �)�−1[f (�, vn(�))

− f (�, v(�))]d� → 0,

t3

1

∫
0

(1 − �)�−1[f (�, vn(�))

− f (�, v(�))]d� → 0 as n → ∞,

‖Gvn − Gv‖ → 0 as n → ∞.

||Gv|| = max
t∈[0,1]

|||
1

Γ(�)

t

∫
0

(t − �)�−1f (�, v(�))d�

−
t3

Γ(�)

1

∫
0

(1 − �)�−1f (�, v(�))d�
|||,

��Gv�� ≤ ℂf‖v‖b2 +𝕄f

Γ(� + 1)
(1 + 1),

≤ 2

�
ℂf‖v‖b3 +𝕄f

Γ(� + 1)

�
.

In order to prove G compact, we have to show that G is both 
equi-continuous and uniform bounded.

Let us consider D ⊆ Bk ⊆ X , for this is sufficient to 
show that G(D) is relatively compact in X. Let vn in 
D ⊆ Bk, ∀ vn ∈ D, in the light of Theorem 6, we have

So G is bounded. Now, for equi-continuous. Consider 
0 < t < 𝜏 < 1.

Now by using assumption (H3) , we have

As t → � , the R.H.S in above relation tends to 0,  that is

Thus Gun is uniformly continuous.
Thus {Gun } is equi-continuous. Hence G(D) ⊂ G(D). 

Thus by Arzela Ascoli theorem G(D) is relatively compact 
in X. Further G is �-Lipschitz with constant zero. 	�  ◻

Gv =
1

Γ(�)

⎛
⎜⎜⎝

t

∫
0

(t − �)�−1f (�, vn(�))d�

+ t3

1

∫
0

(1 − �)�−1f (�.vn(�))d�

⎞
⎟⎟⎠
.

‖Gvn‖ ≤ 2

�
ℂf‖v‖b2 + Nf

Γ(� + 1)

�
.

Gvn(�) =
1

Γ(�)

⎛
⎜⎜⎝

�

�
0

(� − �)�−1f (�, vn(�))d�

+�3

1

�
0

(1 − �)�−1f (�, vn(�))d�

⎞⎟⎟⎠
,

‖Gvn(�) − Gvn(t)‖

≤ ���
1

Γ(�)

� �

�
0

(� − �)�−1f (�, vn(�))d�

−

t

�
0

(t − �)�−1f (�, vn(�))d�
����

+
���

1

Γ(�)
−

1

�
0

�
�3(1 − �)�−1 − t3(1 − �)�−1

�

[f (�, vn(�))]d�
���,

�Gvn(�) − Gvn(t)� ≤ ℂf‖v‖b2 +𝕄f

Γ(� + 1)�
�� − t� + (�3 − t3)�

�
.

|Gun(�) − Gun(t)| → 0 as t → �.
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Uniqueness of solutions for BVP (4) of FDE

In this section, we developed the condition for uniqueness 
and boundness of BVP (4).

Theorem 8  The consider BVP (4) has at least one solution 
and the set of the solutions is bounded.

Proof  As the operators F,G,T ∶ C(P × R,R) → C(P × R,R) 
are continuous and bounded. Further F, G are �-Lipschitz 
with constant K and 0. The operator T is �-Lipschitz with 
Lipschitz constant K. Since �h < 1, so T is a contraction 
mapping.

Consider the set of solution

For boundness, consider

From above it is clear that S is bounded. If not, let 
𝜍 = ‖v‖ → ∞ as 0 < b1, b2 < 1,

as � → ∞, which means 1 ≤ 0 is not possible. Hence a set S 
is bounded. 	�  ◻

Theorem 9  If � = K +
2�f

Γ(�+1)
≤ 1 , then our proposed BVP 

(4) has a unique solution.

Proof  Consider u, v ∈ X , such that

using assumption (H4) , we have

S = {v ∈ X ∶ 0 ≤ � ≤ 1, v = �Tv}is bounded.

‖v‖ = max
t∈[0,1]

��Tv� ≤ max
t∈[0,1]

��Tv�
≤ max

t∈[0,1]
��Fv + Gv�,

‖v‖ ≤ �

�
ℂh‖v‖b1 +𝕄h + 2

�
ℂf‖v‖b2 +𝕄f

Γ(� + 1)

��
.

‖v‖ = ‖�Tv‖ ≤ �‖Tv‖ ≤ �‖Fv + Gv‖,

1 ≤ �

�

�
ℂh�

b1 + 2

�
ℂf �

b2 +𝕄f

Γ(� + 1)

��
,

||Tv − Tu|| = max
t∈[0,1]

|Tv(t) − Tu(t)|,
= max

t∈[0,1]
|Fv(t) + Gv(t) − Fu(t) + Gu(t)|,

≤ max
t∈[0,1]

|Fv(t) − Gu(t)| + max
t∈[0,1]

|Fv(t) + Gu(t)|,

≤ K||v − u|| + max
t∈[0,1]

|||
1

Γ(�)

t

�
0

(t − �)�−1(f (�, v(�))d�

+
t3

Γ(�)

1

�
0

(1 − �)�−1(f (�, u(�))d�
|||,

where

Hence, there exists unique solution to BVP (4). 	�  ◻

Stability analysis of BVP of FDEs

This section of research work, is devoted to stability analysis 
of consider BVP (4). We developed the condition for the 
Hyers–Ulam-type stability for proposed BVP of FDE.

Theorem 10  If the assumption (H1)–(H4) holds, then the 
solution is Hyers–Ulam stable.

Proof  Let v and v∗ ∈ C4(I,R) be any two solution of 
BVPs (4). For stability

Consider

|Tv(t) − Tu(t)| ≤ (
K +

2�f

Γ(� + 1)

)
||v − u||,

|Tv(t) − Tu(t)| = Δ||v − u|| ≤ �,

Δ = K +
2�f

Γ(� + 1)
.

(13)

D�v(t) = f (t, v(t)), t ∈ I, � ∈ (3, 4],

v(0) = D1v(0) = D2v(0) = 0,

v(1) = h(v),

v(t) = t3h(v) +

1

∫
0

ℍ(t, �)f (�, v(�))d�,

v∗(t) = t3h(v∗) +

1

∫
0

ℍ(t, �)f (�, v∗(�))d�.

|v(t) − v∗(t)| = max
t∈[0,1]

|t3h(v)

+

1

�
0

ℍ(t, �)f (�, v(�))d�] − t3h(v∗)

+

1

�
0

ℍ(t, �)f (�, v∗(�))d�|,

≤ max
t∈[0,1]

|t3h(v) − t3h(v∗)|

+ max
t∈[0,1]

|
1

�
0

ℍ(t, �)[f (�, v(�)

− f (�, v∗(�))]d�|,
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using assumption (H1) and (H4) , we have

using maximum value of green function

where K1 =∥ v − v∗ ∥ and K2 = [�h +
6Γ(�)

Γ(4+�)
�f ].

Hence the solution of BVP 4 is Hyers–Ulam stable. 	
� ◻

Examples

In this section, we provide some examples to illustrate the 
main work for proposed BVP of FDEs.

Example 1  Consider the following BVP for FDEs

where � = 7∕2, Now where ℍ(t, �) is,

Now

where

After some calculation, we have

where

≤ 𝕂h ∥ v − v∗ ∥

+ max
t∈[0,1]

1

�
0

ℍ(t, �)d�𝕃f ∥ v − v∗ ∥,

(14)
∥ v(t) − v∗(t) ∥≤∥ v − v∗ ∥ [�h +

6Γ(�)

Γ(4 + �)
�f ],

∥ v(t) − v∗(t) ∥≤ K1 K2,

(15)

D7∕2v(t) =
t3 sin v(t)

40
,

v(0) = D1v(0) = D2v(0) = 0,

v(1) =
cos v(t)

30
.

ℍ(t, �) =
1

Γ(7∕2){
(t − �)5∕2 − t3(1 − �)5∕2, 0 ≤ � ≤ t ≤ 1,

−t3(1 − �)5∕2, 0 ≤ t ≤ � ≤ 1.

|f (t, v)| ≤ ℂf |v|b2 +𝕄f .

Cf = 1∕40, Mf = 1∕40, b2 = 1,

|f (t, v)| ≤ 0.05,

Δ = K +
2�f

Γ(� + 1)
,

Assumption (H1)−(H2) holds; therefore solution of con-
cerned problem has at least one solution.

For the stability of BVP (14) of FDE, we have

Let

Hence the solution BVP (14) has a unique solution and 
the solution has stable.

Example 2  Consider the BVP for FDEs

where ℍ(t, �) is

Now

After some calculation, we have

where

The assumption (H1)−(H2) holds. Hence the proposed BVP 
is at least one solution.

For the stability of BVP (16) of FDE,

Let

K = 1∕30, Lf = 1∕40, 𝜍 = 7∕2,

|Tv(t) − Tu(t)| ≤ 0.0376 < 1.

|v(t) − v∗(t)| ≤∥ v − v∗ ∥ [�h +
6Γ(�)

Γ(4 + �)
�f ].

Kh = 1∕30, Lf = 1∕40 and 𝜍 = 7∕2,

|v(t) − v∗(t)| ≤ 0.0045 < 1.

(16)

D5∕2v(t) =
t + sin1∕2v(t)

50 + e−�t
,

v(0) = D1v(0) = D2v(0) = 0,

v(1) =
cosv(t)

40
.

ℍ(t, �) =
1

Γ(5∕2){
(t − �)3∕2 − t3(1 − �)3∕2, 0 ≤ � ≤ t ≤ 1,

−t3(1 − �)3∕2, 0 ≤ t ≤ � ≤ 1.

(17)
|f (t, v)| ≤ ℂf |v|b2 +𝕄f .

where Cf = 1∕50,Mf = 1∕50, b2 = 1∕2,

Δ = K +
2�f

Γ(� + 1)
,

K = 1∕40, Lf = 1∕50, 𝜍 = 5∕2,

|Tv(t) − Tu(t)| ≤ 0.03074 < 1.

|v(t) − v∗(t)| ≤∥ v − v∗ ∥ [�h +
6Γ(�)

Γ(4 + �)
�f ],
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Hence the solution BVP (16) has a unique solution and 
the solution has stable.

Open Access  This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
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as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons licence, and indicate if changes 
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included in the article’s Creative Commons licence, unless indicated 
otherwise in a credit line to the material. If material is not included in 
the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
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