
Math. Sci. 2026; 20(3): 309-323

Mathematical Sciences (MS)

https://doi.org/10.57647/mathsci.2026.2003.37

Research Article

Proportional Hazard Bivariate Chen Model and Its
Mathematical Features with Applications on
Environmental, Climatic and Medical Data

N. M. Kilany1, Asamh Saleh M. Al Luhayb2,∗ , Reid Alotaibi 3, Lobna H.
El-Refai1,∗

1Department of Mathematics and Computer Science, Faculty of Science, Menoufia University, Egypt
2Department of Mathematics, College of Science, Qassim University, P.O. Box 6644, Buraydah 51452, Saudi Arabia
3Department of Mathematics, College of Science and Humanities, Shaqra University, Saudi Arabia
∗Corresponding author: a.alluhayb@qu.edu.sa, lobna.hesham@science.menofia.edu.eg

Article History

Received:
09 September 2025
Revised:
09 February 2026
Accepted:
19 February 2026
Published in Issue:
30 September 2026
© 2026 The Author(s). Published by
the OICC Press under the terms of
the CC BY 4.0, Creative Commons
Attribution License, which permits
use, distribution and reproduction in
any medium, provided the original
work is properly cited.

Abstract:
This paper introduces a new bivariate model, the Bivariate Chen Proportional Hazard Rate (BCPH) model,
designed to effectively model diverse real-life datasets. This model is formulated within the proportional
hazard framework, employing Chen marginal distributions. Its main statistical and reliability characteristics
such as product moments, Pearson’s correlation, survival, and hazard functions are thoroughly derived and
analyzed. Parameter estimation is accomplished through the maximum likelihood method and inference func-
tions for margins, with simulation studies confirming the consistency and efficiency of the estimators. The
BCPH model is further applied to various environmental, climatic, and medical datasets, including mercury
fish length, precipitation temperature, and kidney infection recurrence times. Comparative evaluations using
AIC, BIC, CAIC, and HQIC criteria demonstrate that the BCPH distribution provides a superior fit compared
to existing bivariate models, highlighting its robustness, flexibility, and suitability for real world applications.
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1. Introduction

The construction of bivariate distributions has long been
a crucial area of research in statistics, as these mod-
els combine the individual behaviors of two variables
(marginals) with their underlying dependence structure.
Various techniques have been proposed for developing
bivariate models, as exemplified by the work of [1].
In this paper, we employ the proportional hazard rate
(PHR) framework to introduce a new bivariate model.

In survival analysis and reliability theory, the pro-
portional hazard rate (PHR) and proportional reversed
hazard rate (PRHR) models are frequently employed to
study failure time distributions (see [2]). These mod-

els provide frameworks for analyzing the effect of co-
variates on the time until an event occurs, such as the
failure of a machine or death in medical studies. The
PHR model is widely used in the statistical literature
for generating bivariate distributions. In the univari-
ate case, Lehmann (1953) introduced the proportional
hazard rate model for hypothesis testing, which later be-
came known as the Lehmann alternatives. [3] developed
the proportional reversed hazard rate (PRHR) model, al-
lowing for flexible parametric distributions. Both frame-
works have been extended by various researchers to en-
hance their applicability across diverse types of survival
and reliability data. For instance, [4] proposed a bivari-
ate Kumaraswamy-type exponential distribution, while
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[5] introduced the bivariate Rayleigh proportional haz-
ard rate model and applied it to COVID-19 data. More-
over, the proportional hazard bivariate Kumaraswamy
distribution was discussed by [6]. [7] proposed a bivari-
ate power Lomax Sarmanov distribution and its statisti-
cal properties.

The Chen distribution, introduced by Chen (2000), is
a flexible probability distribution that serves as an alter-
native to the Weibull distribution, particularly in model-
ing lifetime data in reliability analysis and survival stud-
ies. It is characterized by two positive shape parame-
ters, 𝛼 > 0 and 𝛽 > 0, which govern the distribution’s
form and enable it to accommodate a wide variety of
data patterns. For a random variable 𝑋 following the
Chen distribution with parameters 𝛼 and 𝛽, the proba-
bility density function (PDF) is given by:

𝑓 (𝑥;𝛼, 𝛽) = 𝛼𝛽𝑥𝛽−1𝑒𝑥
𝛽
𝑒−𝛼(𝑒𝑥𝛽 −1) , (1)

𝑥 > 0, 𝛼, 𝛽 > 0.

The cumulative distribution function (CDF) is:

𝐹 (𝑥;𝛼, 𝛽) = 1 − 𝑒−𝛼(𝑒𝑥𝛽 −1) , 𝑥 > 0, 𝛼, 𝛽 > 0. (2)

Where, 𝛼 is a scale parameter and 𝛽 is a shape parame-
ter.

The Proportional hazard rate (PHR) model is defined
as

𝐻 (𝑥) = 1 − (1 − 𝐹 (𝑥))𝜆, 𝑥 ≥ 0, 𝜆 > 0, (3)

where, 𝐹 (𝑥) represents the baseline cumulative distribu-
tion (CDF) and 𝐻 (𝑥) represents the CDF generated by
the PHR model based on dependence parameter 𝜆.

A bivariate PHR model was proposed as follows

𝐻 (𝑥, 𝑦) = 1 − (1 − 𝐹1 (𝑥)𝐹2 (𝑦))𝜆, (4)
𝑥, 𝑦 ∈ R and 0 < 𝜆 ≤ 1,

where 𝐹1 (𝑥) and 𝐹2 (𝑦) are the univariate marginal
CDFs.

The joint probability density for PHR model is de-
fined using

ℎ(𝑥, 𝑦) =
∞∑
𝑗=1

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2 (5)

× 𝑓1 (𝑥) (𝐹1 (𝑥)) 𝑗−1 𝑓2 (𝑦) (𝐹2 (𝑦)) 𝑗−1,

For Bivariate Chen Proportional hazard rate, the Uni-
variate Chen distributions are taken as the marginal dis-
tributions. The univariate PHR transformation for the
marginals is given by

𝐻𝑖 (𝑥) = 1 − (1 − 𝐹𝑖 (𝑥))𝜆, 𝑖 = 1, 2, (6)

where, 𝜆 is the dependence parameter. Many useful ex-
pansions will be utilized throughout this paper such as{
1 − 𝑒𝑎 (1−𝑒

𝑥𝑏 )
} 𝑗−1

=
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝑎 (1−𝑒𝑥

𝑏
)

, (7)

𝑒𝑡 𝑥 =
∞∑

𝑚=0

(𝑡𝑥)𝑚
𝑚!

, (8)

𝑒−𝑘𝑎𝑒
𝑥𝑏

=
∞∑
𝑖=0

(−1)𝑖 (𝑘)𝑖𝑎𝑖𝑒𝑖𝑥𝑏

𝑖!
. (9)

This paper expands upon several concepts related to the
proportional hazard model. The Bivariate Chen Propor-
tional Hazard Rate (BCPH) distribution is derived in
Section 2. Section 3 presents its statistical characteris-
tics, including product moments, Pearson’s correlation
coefficient, the moment generating function, and the 𝑟 th

conditional moments. Reliability characteristics are pro-
vided in Section 4. Section 5 discusses two techniques
for parameter estimation, while Section 6 introduces a
simulation study. Finally, multiple applications of the
BCPH model are illustrated in Section 7.

2. Bivariate Chen Proportional Hazard
Rate (BCPH) Distribution

The cumulative distribution function (CDF) of the uni-
variate Chen distribution is given by

𝐹𝑖 (𝑥) = 1 − 𝑒𝛼𝑖 (1−𝑒𝑥
𝛽𝑖 ) , 𝑖 = 1, 2, (10)

where 𝛼𝑖 > 0 and 𝛽𝑖 > 0 are shape parameters.
Using Eqs. (4) and (10), the CDF of the Bivariate

Chen Proportional Hazard Rate(BCPH) distribution is
defined as

𝐻 (𝑥, 𝑦) = 1 −
{
𝑒𝛼1 (1−𝑒𝑥

𝛽1 ) + 𝑒𝛼2 (1−𝑒𝑦
𝛽2 ) (11)

−𝑒𝛼1 (1−𝑒𝑥
𝛽1 )+𝛼2 (1−𝑒𝑦

𝛽2 )
}𝜆

for 𝑥, 𝑦 > 0, 𝛼1, 𝛼2, 𝛽1, 𝛽2, 𝜆 > 0. From Eq. (4), the joint
probability density function (PDF) of the BCPH model
can be expressed as

ℎ(𝑥, 𝑦) = 𝛼1𝛼2𝛽1𝛽2

∞∑
𝑗=1

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2𝑥𝛽1−1𝑦𝛽2−1 (12)

×𝑒𝑥𝛽1 × 𝑒𝑦
𝛽2 × 𝑒𝛼1 (1−𝑒𝑥

𝛽1 )+𝛼2 (1−𝑒𝑦
𝛽2 )

×
{
1 − 𝑒𝛼1 (1−𝑒𝑥

𝛽1 ) − 𝑒𝛼2 (1−𝑒𝑦
𝛽2 )

+𝑒𝛼1 (1−𝑒𝑥
𝛽1 )+𝛼2 (1−𝑒𝑦

𝛽2 )
} 𝑗−1

.

for 𝑥, 𝑦 > 0, 𝛼1, 𝛼2, 𝛽1, 𝛽2, 𝜆 > 0.
Figure 1 and Figure 2 show the cdf of BCPH model

plot and contours with different parameter values.

3. Statistical Characteristics of BCPH
Distribution

Product moments, pearson’s correlation coefficient, mo-
ment generating function, and 𝑟 𝑡ℎ conditional moments
for BCPH model are derived as follows:
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Figure 1. Cumulative Plots and Contours of BCPH model for param-
eter values 𝛼1 = 0.3, 𝛼2 = 0.4, 𝛽1 = 2, 𝛽2 = 5, 𝜆 = 0.9

Figure 2. Cumulative Plots and Contours of BCPH model for param-
eter values 𝛼1 = 5.2, 𝛼2 = 4.5, 𝛽1 = 0.1, 𝛽2 = 0.2, 𝜆 = 0.5

3.1 Product Moments
Product moments are generalizations of moments that
play a crucial role in characterizing the relationships be-
tween multiple random variables, including measures
such as correlation and covariance. The product mo-
ment for the BCPH model is given by:

𝐸 (𝑋𝑟1𝑌 𝑟2 ) =
∞∫
0

∞∫
0

𝑥𝑟1 𝑦𝑟2ℎ(𝑥, 𝑦)𝑑𝑥𝑑𝑦. (13)

Theorem 3.1 If (𝑋,𝑌 ) ∼ BCPH (x,y), for 𝑟1,𝑟2 ≥ 1,
then the 𝑟 𝑡ℎ product moment of 𝑋 and 𝑌 , denoted by
𝐸 (𝑋𝑟1𝑌 𝑟2 ), is given by

𝐸 (𝑋𝑟1𝑌 𝑟2 ) =
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗−1 𝑗2 (14)

×
2∏

𝑛=1

[
𝛼𝑛

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼𝑛

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
𝑛

𝑖!

×
{
(−1 − 𝑖)

(
−1− 𝑟𝑛

𝛽𝑛

)
Γ

(
1 + 𝑟𝑛

𝛽𝑛

)} ]
,

In particulare, the product moment 𝐸 (𝑋𝑌 ) is

𝐸 (𝑋𝑌 ) =
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗−1 𝑗2 (15)

×
2∏

𝑛=1

[
𝛼𝑛

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼𝑛

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
𝑛

𝑖!

×
{
(−1 − 𝑖)

(
−1− 1

𝛽𝑛

)
Γ

(
1 + 1

𝛽𝑛

)} ]
,

Proof. By substituting Eq. (12) into Eq. (13), we obtain

𝐸 (𝑋𝑟1𝑌 𝑟2 ) =
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗−1 𝑗2

∫ ∞

0

∫ ∞

0
𝛼1𝛼2𝛽1𝛽2

𝑥𝑟1+𝛽1−1𝑦𝑟2+𝛽2−1𝑒𝑥
𝛽1
𝑒𝑦

𝛽2
𝑒𝛼1 (1−𝑒𝑥

𝛽1 )+𝛼2 (1−𝑒𝑦
𝛽2 )

×
[
(1 − 𝑒𝛼1 (1−𝑒𝑥

𝛽1 ) ) (1 − 𝑒𝛼2 (1−𝑒𝑦
𝛽2 ) )

] 𝑗−1
𝑑𝑥𝑑𝑦,

=
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗−1 𝑗2 𝐼1 (𝑟1, 𝑗) 𝐼2 (𝑟2, 𝑗), (16)

where,

𝐼1 =
∫ ∞

0
𝛼1𝛽1 𝑥

𝑟1+𝛽1−1 𝑒𝑥
𝛽1
𝑒𝛼1 (1−𝑒𝑥

𝛽1 ) (17)

×
(
1 − 𝑒𝛼1 (1−𝑒𝑥

𝛽1 ) ) 𝑗−1
𝑑𝑥,

𝐼2 =
∫ ∞

0
𝛼2𝛽2 𝑦

𝑟2+𝛽2−1 𝑒𝑦
𝛽2
𝑒𝛼2 (1−𝑒𝑦

𝛽2 ) (18)

×
(
1 − 𝑒𝛼2 (1−𝑒𝑦

𝛽2 ) ) 𝑗−1
𝑑𝑦.
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By using the expansions Eqs. (7) and (9), we have

𝐼1 = 𝛼1

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼1 (19)

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
1

𝑖!

{
(−1−𝑖)

(
−1−𝑟1

𝛽1

)
Γ

(
1 + 𝑟1

𝛽1

)}
.

similarity,

𝐼2 = 𝛼2

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼2 (20)

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

{
(−1−𝑖)

(
−1− 𝑟2

𝛽2

)
Γ

(
1 + 𝑟2

𝛽2

)}
.

By substituting Eqs. (19) and (20) into Eq. (16), the
proof is complete.

3.2 Pearson’s Correlation Coefficient
Pearson’s correlation coefficient is a statistical measure
used to assess the strength and direction of the linear
relationship between two continuous variables. For the
random vector (𝑋,𝑌 ), the Pearson’s correlation coeffi-
cient is calculated using the following equation:

𝑐𝑜𝑟𝑟 (𝑥, 𝑦) = 𝐸 (𝑥𝑦) − 𝐸 (𝑥)𝐸 (𝑦)
𝜎𝑥 𝜎𝑦

. (21)

To calculate 𝑐𝑜𝑟𝑟 (𝑥, 𝑦), we utilized Eq. (15) and con-
clude 𝐸 (𝑥), 𝐸 (𝑦), 𝜎𝑥 and 𝜎𝑦 as follows, The present
study provides a comprehensive derivation for (E(X)),
thereby filling a gap in the literature, as previous studies
(e.g., [8]; [9]) did not report this result.

𝐸 (𝑥) =
∞∫
0

𝑥 𝑓1 (𝑥)𝑑𝑥 (22)

= 𝛼1𝑒
𝛼1

∞∫
0

𝛽1𝑥
𝛽1𝑒𝑥

𝛽1−𝛼1𝑒
𝑥𝛽1

𝑑𝑥,

= 𝛼1𝑒
𝛼1

∫ ∞

1
𝑢

1
𝛽1 𝑒𝑢(1−𝛼1 )𝑑𝑢,

= 𝛼1𝑒
𝛼1 (𝛼1 − 1)

(
−1
𝛽1

+1
)
Γ

(
1
𝛽1

+ 1
)
.

Similarly, 𝐸 (𝑦) can be written as follow

𝐸 (𝑦) = 𝛼2𝑒
𝛼2 (𝛼2 − 1) (

−1
𝛽2

+1)Γ

(
1
𝛽2

+ 1
)
. (23)

Also,

𝐸 (𝑥2) =
∞∫
0

𝛼1𝛽1𝑥
𝛽+1𝑒𝑥

𝛽1
𝑒𝛼1 (1−𝑒𝑥

𝛽1 )𝑑𝑥 (24)

= 𝛼1𝑒
𝛼1

Γ
(

1
𝛽1

+ 1
)

(1 − 𝛼1)
1
𝛽1

+1
.

Similarly,

𝐸 (𝑦2) = 𝛼2𝑒
𝛼2

Γ
(

1
𝛽2

+ 1
)

(1 − 𝛼2)
1
𝛽2

+1
. (25)

Thus, 𝜎𝑥 can be concluded from Eqs. (22) and (24) as
follows,

𝜎𝑥 =
©­­«
𝛼1𝑒

𝛼1Γ
(
1 + 1

𝛽1

)
(1 − 𝛼1)1+ 1

𝛽1

(26)

−𝛼2
1𝑒

2𝛼1 (𝛼1 − 1) (
−2
𝛽1

+2)Γ

(
1
𝛽1

+ 1
)2

) 1
2

.

Similarly,from Eqs. (23) and (25), we get

𝜎𝑦 =
©­­«
𝛼2𝑒

𝛼2Γ
(
1 + 1

𝛽2

)
(1 − 𝛼2)1+ 1

𝛽2

(27)

−𝛼2
2𝑒

2𝛼2 (𝛼2 − 1) (
−2
𝛽2

+2)Γ

(
1
𝛽2

+ 1
)2

) 1
2

.

By substituting Eqs. (15), (22), (23), (26) and (27) into
Eq. (21) the Pearson’s correlation coefficient can be con-
cluded.

3.3 Moment Generating Function
The moment generating function for bivariate distribu-
tion is a useful tool that captures essential information
about its probability distribution. The moment generat-
ing function can be calculated from

𝑀(𝑥,𝑦) (𝑡1, 𝑡2) = (28)
∞∑
𝑗=1

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2𝑀𝑥 (𝑡1, 𝛼1, 𝛽1)𝑀𝑦 (𝑡2, 𝛼2, 𝛽2),

Theorem 3.2 The joint moment generating function of
(𝑋,𝑌 ) for BCPH model is given by

𝑀(𝑋,𝑌 ) (𝑡1, 𝑡2) =
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗−1 𝑗2 (29)

×
2∏

𝑛=1

[ ∞∑
𝑟=0

𝑡𝑟𝑛
𝑟!

{
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
× (−1)𝑘𝑒 (𝑘+1)𝛼𝑛

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
𝑛

𝑖!

× (−1 − 𝑖)
(
−1− 𝑟

𝛽𝑛

)
Γ

(
1 + 𝑟

𝛽𝑛

)} ]
.

Proof. To derive the moment generating function for
BCPH model, we begin by calculating the function
𝑀𝑥 (𝑡1, 𝛼1, 𝛽1) as follows:

𝑀𝑥 (𝑡1, 𝛼1, 𝛽1) =
∫ ∞

0
𝑒𝑡1𝑥ℎ1 (𝑥) (𝐻1 (𝑥)) 𝑗 𝑑𝑥

=
∫ ∞

0
𝛼1𝛽1𝑒

𝑡1𝑥𝑥𝛽1−1𝑒𝑥
𝛽1
𝑒𝛼1 (1−𝑒𝑥

𝛽1 )

×
{
1 − 𝑒𝛼1 (1−𝑒𝑥

𝛽1 )
} 𝑗−1

𝑑𝑥.

(30)
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By substituting Eqs. (7), (8) and (9) into Eq. (30), we
obtain

𝑀𝑥 (𝑡1, 𝛼1, 𝛽1) =
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼1 (31)

×
∞∑
𝑟=0

(𝑡1𝑥)𝑟
𝑟!

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
1

𝑖!

×
∫ ∞

0
𝛼1𝛽1𝑥

𝛽1+𝑟−1𝑒−(𝑖+1)𝑥𝛽1
𝑑𝑥,

=
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼1

×
∞∑
𝑟=0

𝑡𝑟1
𝑟!

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼 (𝑖+1)
1

𝑖!

× (−1 − 𝑖)−1− 𝑟
𝛽1 Γ

(
1 + 𝑟

𝛽1

)
.

Furthermore, 𝑀𝑦 (𝑡2, 𝛼2, 𝛽2) can be derived as
𝑀𝑥 (𝑡1, 𝛼1, 𝛽1) and shown in the following form,

𝑀𝑦 (𝑡2, 𝛼2, 𝛽2) =
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼2 (32)

×
∞∑
𝑟=0

𝑡𝑟2
𝑟!
(−1 − i)−1− 𝑟

𝛽2 Γ

(
1 + 𝑟

𝛽2

)
.

By substituting Eqs. (31) and (32) into Eq. (28), the
joint moment generating function 𝑀(𝑋,𝑌 ) (𝑡1, 𝑡2) is ob-
tained.

3.4 Conditional Moments
The conditional distribution is the probability distribu-
tion of a random variable, calculated based on the knowl-
edge that another random variable has already taken a
specific value. In the following theorem, the conditional
moment for BCPH model is concluded.

Theorem 3.3 If (𝑋,𝑌 ) ∼ BCPH(𝑥, 𝑦), then the 𝑟 𝑡ℎ con-
ditional moment is calculated as follows

𝐸 (𝑦𝑟 |𝑥 = 𝑡) = 𝑒𝛼1 (1−𝑒𝑡
𝛽1 ) (1−𝜆)

𝜆
(33)

×
∞∑
𝑗=1

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2𝛼2

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
𝑟 (−1 − 𝑖)

−𝑟+𝛽2
𝛽2 Γ

[
𝑟
𝛽2

]
𝛽2

.

Thus,

𝐸 (𝑦 | 𝑥 = 𝑡) (34)

=
𝑒𝛼1 (1−𝑒𝑡

𝛽1 ) (1−𝜆)

𝜆

∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

×
(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1 𝑗−1∑

𝑘=0

(
𝑗−1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2𝛼2

×
∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!
(−1 − i)

1+𝛽2
𝛽2

𝛽2
Γ

(
1
𝛽2

)
.

We have that,

𝐸 (𝑦 |𝑥 = 𝑡) =
∫ ∞

0
𝑦ℎ(𝑦/𝑡) 𝑑𝑦 (35)

=
∫ ∞

0

𝛼2𝛽2

𝜆
𝑦𝛽2𝑒𝑦

𝛽2
𝑒𝛼1 (1−𝑒𝑡

𝛽1 ) (1−𝜆)𝑒𝛼2 (1−𝑒𝑦
𝛽2 )

×
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

{(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
)

×
(
1 − 𝑒𝛼2 (1−𝑒𝑦

𝛽2 )
)} 𝑗−1

𝑑𝑦,

By utilizing Eqs. (7) and (9), we get

𝐸 (𝑦 |𝑥 = 𝑡) = 𝑒𝛼1 (1−𝑒𝑡
𝛽1 ) (1−𝜆)

𝜆

×
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
∫ ∞

0
𝛼2𝛽2𝑦

𝛽2𝑒 (𝑖+1)𝑦𝛽2
𝑑𝑦,

=
𝑒𝛼1 (1−𝑒𝑡

𝛽1 ) (1−𝜆)

𝜆

×
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
𝛼2 (−1 − 𝑖)

−1+𝛽2
𝛽2 Γ

(
1
𝛽2

)
𝛽2

.

as similar

𝐸 (𝑦2 |𝑥 = 𝑡) = 𝑒𝛼1 (1−𝑒𝑡
𝛽1 ) (1−𝜆)

𝜆
(36)

×
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
∫ ∞

0
𝛼2𝛽2𝑦

𝛽2+1𝑒 (𝑖+1)𝑦𝛽2
𝑑𝑦,
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Hence,

𝐸 (𝑦2 |𝑥 = 𝑡) = 𝑒𝛼1 (1−𝑒𝑡
𝛽1 ) (1−𝜆)

𝜆
(37)

×
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝑘𝛼2

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
𝛼2 (−1 − 𝑖)

−2+𝛽2
𝛽2 Γ

(
2
𝛽2

)
𝛽2

,

Therefore, the desired result of the conditional moment
of order 𝑟 is obtained as follows,

𝐸 (𝑦𝑟 |𝑥 = 𝑡) = 𝑒𝛼1 (1−𝑒𝑡
𝛽1 ) (1−𝜆)

𝜆

×
∞∑
𝑗=1

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2

(
1 − 𝑒𝛼1 (1−𝑒𝑡

𝛽1 )
) 𝑗−1

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘

×𝑒𝑘𝛼2𝛼2

∞∑
𝑖=0

(−1)𝑖 (𝑘 + 1)𝑖𝛼𝑖
2

𝑖!

×
𝑟 (−1 − 𝑖)

−𝑟+𝛽2
𝛽2 Γ

[
𝑟
𝛽2

]
𝛽2

.

4. Reliability Characteristics of BCPH
Distribution

The reliability characteristics of the BCPH distribu-
tion are displayed in this section specifically the stress-
strength parameter, bivariate survival function, and bi-
variate hazard rate function.

4.1 Stress-Strength Parameter
The stress-strength parameter, often denoted as 𝑅, is a
measure of the probability that a system will remain reli-
able when subjected to stress. A higher value of 𝑅 indi-
cates a more reliable system, as there’s a greater chance
the system’s strength can handle the stress.

Theorem 4.1 Let 𝑋 and𝑌 be independent random vari-
ables representing stress and strength, respectively, with
the BCPH probability density function (PDF). Then, the
stress-strength parameter 𝑅 = 𝑃(𝑋 < 𝑌 ) is given by

𝑅 =
∞∑
𝑗=1

(
𝜆

𝑗

)
(−1) 𝑗+1 𝑗 (38)

×
𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝛼2 (𝑘+1)

𝑗∑
𝑚=0

(
𝑗

𝑚

)
(−1)𝑚𝑒𝑚𝛼1

×
∞∑
𝑖=0

(−1)2𝑖𝑚𝑖 (𝑘 + 1)𝑖𝛼𝑖
1𝛼

𝑖
2

(𝑖!)2

(
𝛼2𝛽2𝑒

𝑖𝑦𝛽1

𝛽2 + 𝑖𝛽2

)
.

Proof.

𝑅 = 𝑃(𝑋 < 𝑌 ) =
∞∫
0

𝑦∫
0

ℎ(𝑥, 𝑦)𝑑𝑥𝑑𝑦,

From Eq. (12), we have

𝑅 =

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗2

∞∫
0

𝑦∫
0

𝛼1𝛼2𝛽1𝛽2𝑥
𝛽1−1𝑦𝛽2−1

×𝑒𝑥𝛽1 × 𝑒𝑦
𝛽2 × 𝑒𝛼1 (1−𝑒𝑥

𝛽1 )+𝛼2 (1−𝑒𝑦
𝛽2 ){

1 − 𝑒𝛼1 (1−𝑒𝑥
𝛽1 ) − 𝑒𝛼2 (1−𝑒𝑦

𝛽2 )

+𝑒𝛼1 (1−𝑒𝑥
𝛽1 )+𝛼2 (1−𝑒𝑦

𝛽2 )
} 𝑗−1

𝑑𝑥𝑑𝑦,

Let begin with this integral
𝑦∫
0

𝛼1𝛽1𝑥
𝛽1−1×𝑒𝑥𝛽1 ×𝑒𝛼1

(
1−𝑒𝑥𝛽1

) {
1−𝑒𝛼1

(
1−𝑒𝑥𝛽1

)} 𝑗−1
𝑑𝑥

=

1−𝑒
𝛼1

(
1−𝑒𝑦

𝛽1
)∫

0

𝑢 𝑗−1𝑑𝑢 =
1
𝑗

(
1 − 𝑒

𝛼1

(
1−𝑒𝑦

𝛽1
) ) 𝑗

, (39)

To complete the rest of the proof, it must be substituted
the Eq. (40) into 𝑅. Then 𝑅 becomes as follows

𝑅 =
1
𝑗

∞∫
0

𝛼2𝛽2𝑦
𝛽2−1 × 𝑒𝑦

𝛽2 × 𝑒
𝛼2

(
1−𝑒𝑦𝛽1

)

×
{
1 − 𝑒

𝛼2

(
1−𝑒𝑦𝛽2 ) } 𝑗−1

(
1 − 𝑒

𝛼1

(
1−𝑒𝑦

𝛽1
) ) 𝑗

,

By using Eq. (9), we have

𝑅 =
1
𝑗

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘 × 𝑒 (𝑘+1)𝛼2

×
𝑗∑

𝑘=0

(
𝑗
𝑘

)
(−1)𝑘

(
𝑒𝛼2 (𝑘+1)𝑒𝑘𝛼1

)
×

∞∫
0

𝛼2𝛽2𝑦
𝛽2−1×𝑒−(𝑘+1)𝛼2𝑒

𝑦𝛽2
×𝑒−𝑘𝛼1𝑒

𝑦𝛽1
×𝑒𝑦𝛽2

𝑑𝑦,

By using expansion from Eq. (7), we have

𝑅 =
1
𝑗

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒 (𝑘+1)𝛼2 (40)

×
𝑗∑

𝑚=0

(
𝑗

𝑚

)
(−1)𝑚𝑒𝑚𝛼1

×
∞∑
𝑛=0

𝑘𝑛 (𝑘 + 1)𝑛𝛼𝑛
1𝛼

𝑛
2

(𝑛!)2

×
∫ ∞

0
𝛼2𝛽2 𝑦

𝛽2−1𝑒𝑦
𝛽2 (1+i) 𝑒i𝑦𝛽1

𝑑𝑦
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=

(
𝜆
𝑗

)
(−1) 𝑗+1 𝑗 ×

𝑗−1∑
𝑘=0

(
𝑗 − 1
𝑘

)
(−1)𝑘𝑒𝛼2 (𝑘+1)

×
𝑗∑

𝑚=0

(
𝑗

𝑚

)
(−1)𝑚𝑒𝑚𝛼1

×
∞∑
𝑖=0

(−1)2𝑖𝑘 𝑖 (𝑘 + 1)𝑖𝛼𝑖
1𝛼

𝑖
2

(𝑖!)2

(
𝛼2𝛽2𝑒

𝑖𝑦𝛽1

𝛽2 + 𝑖𝛽2

)
.

4.2 Bivariate Survival Function
The survival function, also known as the reliability func-
tion, plays a vital role in analyzing time-to-event data,
which is prevalent across many fields. It provides impor-
tant insights into the probability of survival over time,
the distribution of survival times, and the factors that in-
fluence survival outcomes. The bivariate survival func-
tion of the BCPH distribution is given by:

𝑆(𝑥, 𝑦) = 1 − 𝐻1 (𝑥) − 𝐻2 (𝑦) + 𝐻 (𝑥, 𝑦),

By using Eq. (11), the bivariate survival function is de-
rived as

𝑆(𝑥, 𝑦, 𝜆) = 𝑒𝛼1 (1−𝑒𝑥
𝛽1 ) + 𝑒𝛼2 (1−𝑒𝑦

𝛽2 ) (41)

−{𝑒𝛼1 (1−𝑒𝑥
𝛽1 ) + 𝑒𝛼2 (1−𝑒𝑦

𝛽2 )

−𝑒𝛼1 (1−𝑒𝑥
𝛽1 )+𝛼2 (1−𝑒𝑦

𝛽2 ) }𝜆.

Figure 3 show the survival function for BCPH model
plot and contours.

4.3 The Bivariate Hazard Rate Function
Understanding the interconnecting of events is crucial
so the bivariate hazard rate function is a good tool to do
this. The bivariate hazard function describes the instan-
taneous conditional probability of one event happening
at a specific time given that both events have survived
up to that time. It captures the dependence between the
events. The form of the bivariate hazard rate function is
given by [10]

𝑟 (𝑥, 𝑦) = ℎ(𝑥, 𝑦)
𝑆(𝑥, 𝑦) ,

From Eqs. (12) and (41) then the hazard rate function
for BCPH distribution is calculated as follows

𝑟 (𝑥, 𝑦) =
{
𝑥1−𝛽1 𝑦1−𝛽2𝑒

𝛼1

(
𝑒𝑥

𝛽1 −1
)
−𝑥𝛽1−𝑦𝛽2

(
𝑒
𝛼1

(
1+𝑒𝑥𝛽1

)

−𝑧𝜆 + 𝑒
𝛼2

(
1+𝑒𝑦𝛽2

) )}
/
{
𝛼1𝛼2𝛽1𝛽2𝜆𝑒

𝛼2

(
1+𝑒𝑦𝛽2

)
(42)

× 𝑧𝜆−2
(
1 − 𝜆

(
𝑒
𝛼1

(
1+𝑒𝑥𝛽1

)
− 1

) (
𝑒
𝛼2

(
1+𝑒𝑦𝛽2

)
− 1

))}
.

where, 𝑧 = 𝑒
𝛼1

(
1+𝑒𝑥𝛽1

)
− 𝑒𝛼1+𝛼2−𝛼1𝑒

𝑥𝛽1 −𝛼2𝑒
𝑦𝛽2 +

𝑒
𝛼2

(
1+𝑒𝑦𝛽2

)
[11] suggested another way to calculate haz-

ard gradient of a bivariate random vector as follows:

𝑟 (𝑥, 𝑦) =
(
−𝜕 ln 𝑆(𝑥, 𝑦)

𝜕𝑥
,
−𝜕 ln 𝑆(𝑥, 𝑦)

𝜕𝑦

)
,

Hence,

𝑟 (𝑥, 𝑦) =
(
𝛼1𝛽1𝑒

𝑥𝛽1
𝑥𝛽1−1, 𝛼2𝛽2𝑒

𝑦𝛽2
𝑦𝛽2−1

)
. (43)

Figure 3. Bivariate Survival Plots and Contours of BCPH distribution
for parameter values 𝛼1 = 2, 𝛼2 = 5, 𝛽1 = 0.5, 𝛽2 = 2.8, 𝜆 = 0.01

5. Parameter Estimation

Parameter estimation allows to make predictions, under-
stand the underlying process better, and test different
hypotheses. In this section maximum likelihood estima-
tion and inference function for margins estimation are
concluded for BCPH model in order to reflect real world
system.

5.1 Maximum Likelihood Estimation
Maximum likelihood estimation method (MLE) aims to
find the parameter values that make the observed data ap-
pear most probable. In this section, the MLE is applied
to estimate the parameters of BCPH distribution. The
log-likelihood function for BCPH distribution is shown
as follows

𝑙 (𝑥, 𝑦) = 𝑛 ln[𝜆𝛼1𝛼2𝛽1𝛽2] + (𝛽1 − 1)
𝑛∑
𝑖=1

ln[𝑥𝑖] (44)

+ (𝛽2 − 1)
𝑛∑
𝑖=1

ln[𝑦𝑖] +
𝑛∑
𝑖=1

𝑥
𝛽1
𝑖 +

𝑛∑
𝑖=1

𝑦
𝛽2
𝑖

+(𝜆 − 2)
𝑛∑
𝑖=1

ln
[
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)

+𝑒𝛼2

(
1−𝑦𝛽2

𝑖

) ]
+

𝑛∑
𝑖=1

𝛼1

(
1 − 𝑥

𝛽1
𝑖

)
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+
𝑛∑
𝑖=1

𝛼2

(
1 − 𝑦

𝛽2
𝑖

)
+

𝑛∑
𝑖=1

ln
[
1 − 𝜆

{
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)

+𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

}]
,

When the first derivative is applied to Eq. (44),
the maximum likelihood equations for parameters
𝜆, 𝛼1, 𝛼2, 𝛽1 and 𝛽2 of BCPH model is given as follows

𝜕𝑙

𝜕𝛼1
=

𝑛

𝛼1
+

𝑛∑
𝑖=1

(
1 − 𝑥

𝛽1
𝑖

)
+ (𝜆 − 2)

𝑛∑
𝑖=1

(
1 − 𝑥

𝛽1
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
−

(
1 − 𝑥

𝛽1
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)

−
𝑛∑
𝑖=1

𝜆

((
1 − 𝑥

𝛽1
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
−

(
1 − 𝑥

𝛽1
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

) )
1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

) = 0, (45)

𝜕𝑙

𝜕𝛼2
=

𝑛

𝛼2
+ (𝜆 − 2)

𝑛∑
𝑖=1

(
1 − 𝑦

𝛽2
𝑖

)
𝑒
𝛼2

(
1−𝑦𝛽2

𝑖

)
−

(
1 − 𝑦

𝛽2
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)

−
𝑛∑
𝑖=1

𝜆

((
1 − 𝑦

𝛽2
𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
−

(
1 − 𝑦

𝛽2
𝑖

)
𝑒
𝛼2

(
1−𝑦𝛽2

𝑖

) )
1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

) +
𝑛∑
𝑖=1

(
1 − 𝑦

𝛽2
𝑖

)
= 0, (46)

𝜕𝑙

𝜕𝛽1
=

𝑛

𝛽1
+

𝑛∑
𝑖=1

𝛼1𝑥
𝛽1
𝑖 (− ln[𝑥𝑖]) +

𝑛∑
𝑖=1

𝑥
𝛽1
𝑖 ln[𝑥𝑖] +

𝑛∑
𝑖=1

ln[𝑥𝑖]

+(𝜆 − 2)
𝑛∑
𝑖=1

𝛼1𝑥
𝛽1
𝑖 ln[𝑥𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝛼1𝑥

𝛽1
𝑖 ln[𝑥𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)

−
𝑛∑
𝑖=1

𝜆

(
𝛼1𝑥

𝛽1
𝑖 ln[𝑥𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝛼1𝑥

𝛽1
𝑖 ln[𝑥𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

) )
1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

) = 0, (47)

𝜕𝑙

𝜕𝛽2
=

𝑛

𝛽2
+ (𝜆 − 2)

𝑛∑
𝑖=1

𝛼2𝑦
𝛽2
𝑖 ln[𝑦𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝛼2𝑦

𝛽2
𝑖 ln[𝑦𝑖]𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)

−
𝑛∑
𝑖=1

𝜆

(
𝛼2𝑦

𝛽2
𝑖 ln[𝑦𝑖]𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝛼2𝑦

𝛽2
𝑖 ln[𝑦𝑖]𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

) )
1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

)
+

𝑛∑
𝑖=1

𝛼2𝑦
𝛽2
𝑖 (− ln[𝑦𝑖]) +

𝑛∑
𝑖=1

𝑦
𝛽2
𝑖 ln[𝑦𝑖] +

𝑛∑
𝑖=1

ln[𝑦𝑖] = 0, (48)

𝜕𝑙

𝜕𝜆
=

𝑛

𝜆
+

𝑛∑
𝑖=1

𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
− 1

1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

)
+

𝑛∑
𝑖=1

ln
[
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

) ]
= 0, (49)

5.2 Inference Function for Margins (IFM)

While estimating parameters for a full multivariate
model is usually preferred, using marginal distribu-
tions can be an alternative in certain situations. This

method can offer computational advantages when the
specific dependence structure between variables is un-
known.[12] uses this method for estimating distribution
parameters by maximizing the marginal likelihood func-
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tions. In order to have the estimates ∧
𝛼1,

∧
𝛼2,

∧
𝛽1,

∧
𝛽2 and

∧
𝜆,

the log-likelihood function equation of these parameters
must be calculated.

The log-likelihood function equation of parameters
𝛼1, 𝛽1 and 𝜆 can be written as given

𝑙1 = ln[𝛼1] + 𝑛 ln[𝛽1] + 𝑛𝛼1

+(𝛽1 − 1)
𝑛∑
𝑖=1

ln[𝑥𝑖] +
𝑛∑
𝑖=1

𝑥
𝛽1
𝑖 −

𝑛∑
𝑖=1

𝛼1𝑥
𝛽1
𝑖 ,

By taking the first derivative for 𝛼1 and 𝛽1, we have

𝜕𝑙1
𝜕𝛼1

= 𝑛 + 𝑛

𝛼1
−

𝑛∑
𝑖=1

𝑒𝑥
𝛽1
𝑖 = 0.

𝜕𝑙1
𝜕𝛽1

=
𝑛

𝛽1
+

𝑛∑
𝑖=1

ln[𝑥𝑖] +
𝑛∑
𝑖=1

ln[𝑥𝑖] 𝑥𝛽1
𝑖

−
𝑛∑
𝑖=1

𝛼1𝑒
𝑥
𝛽1
𝑖 ln[𝑥𝑖] 𝑥𝛽1

𝑖 = 0.

The log-likelihood function function of parameters 𝛼2,
𝛽2 and 𝜆 can be defined as given

𝑙2 = ln[𝛼2] + 𝑛 ln[𝛽2] + 𝑛𝛼2

+(𝛽2 − 1)
𝑛∑
𝑖=1

ln[𝑦𝑖] +
𝑛∑
𝑖=1

𝑦
𝛽2
𝑖 −

𝑛∑
𝑖=1

𝛼2𝑦
𝛽2
𝑖 ,

By taking the first derivative for 𝛼2 and 𝛽2, we have

𝜕𝑙2
𝜕𝛼2

= 𝑛 + 𝑛

𝛼2
−

𝑛∑
𝑖=1

𝑒𝑦
𝛽2
𝑖 = 0.

𝜕𝑙2
𝜕𝛽2

=
𝑛

𝛽2
+

𝑛∑
𝑖=1

ln[𝑦𝑖] +
𝑛∑
𝑖=1

ln[𝑦𝑖]𝑦𝛽2
𝑖

−
𝑛∑
𝑖=1

𝛼2𝑒
𝑦
𝛽2
𝑖 ln[𝑦𝑖]𝑦𝛽2

𝑖 = 0.

By taking the first derivative for 𝜆 and equating it to zero,
the likelihood function can be get as following equation

𝜕𝑙

𝜕𝜆
=

𝑛

𝜆
+

𝑛∑
𝑖=1

𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
− 1

1 − 𝜆

(
−𝑒𝛼1

(
1−𝑥𝛽1

𝑖

)
+ 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
− 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 1

)
+

𝑛∑
𝑖=1

ln
[
𝑒
𝛼1

(
1−𝑥𝛽1

𝑖

)
− 𝑒

𝛼1

(
1−𝑥𝛽1

𝑖

)
+𝛼2

(
1−𝑦𝛽2

𝑖

)
+ 𝑒

𝛼2

(
1−𝑦𝛽2

𝑖

) ]
= 0.

6. Simulation
This study investigates the maximum likelihood estima-
tion (MLE) performance for the parameters of a bivari-
ate distribution constructed using a proportional hazard
rate (PHR) with specified marginal distributions. The
true parameter values used in the simulation were 𝛼1 =
1.5, 𝛼2 = 3, 𝛽1 = 2, 𝛽2 = 4, and 𝜆 = 3. We con-
ducted simulation experiments with increasing sample
sizes 𝑛 = 50, 100, 150, 200 and performed 1000 repli-
cations for each scenario. The results were evaluated in
terms of the average estimates, bias, and mean squared
error (MSE).

Across all sample sizes, the MLEs demonstrated de-
sirable convergence properties. As expected, increasing
the sample size led to reduced bias and MSE for all pa-
rameters. For instance, at 𝑛 = 50, the largest observed
bias was for the dependence parameter 𝜆, with a value of
−0.075 and an MSE of 0.0545. However, as the sample
size increased to 𝑛 = 200, the bias for 𝜆 reduced substan-
tially to −0.015 and the MSE decreased to 0.0221, indi-
cating improved estimation accuracy with more data.

Similarly, the marginal parameters 𝛼1, 𝛼2, 𝛽1, 𝛽2
showed decreasing trends in bias and MSE with increas-
ing sample size. For example, the bias for 𝛼1 reduced
from −0.015 at 𝑛 = 50 to −0.007 at 𝑛 = 200, while
the corresponding MSE dropped from 0.0047 to 0.0012.
The parameter 𝛽2, which showed the largest positive
bias among the marginals across all settings, improved

from a bias of 0.012 at 𝑛 = 50 to 0.021 at 𝑛 = 200, al-
though the MSE also decreased, suggesting better con-
centration of estimates around the true value.

Overall, the results confirm the consistency of the
MLE approach under the specified bivariate PHR model.
The bias and MSE metrics collectively suggest that mod-
erate to large sample sizes (e.g., 𝑛 ≥ 150) are suffi-
cient for reliable parameter estimation. Notably, the
dependence parameter 𝜆 is more sensitive to sample
size compared to the marginal parameters, which aligns
with typical findings in modelling where dependence pa-
rameters require more information to estimate precisely.
These findings support the use of the proposed MLE
procedure for joint modeling in reliability and survival
analysis contexts, especially when sample sizes are ade-
quate.

7. Real Data Applications

This research presents the analysis of three datasets
from diverse fields, including environmental, climatic,
and medical domains. Each dataset involves examining
the survival of two related variables. The BCPH model
is fitted to these data, and its parameter estimates are
compared with those of other established models based
on the specific characteristics of each dataset.
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Table 1. Bias and MSE for estimation of parameters 𝛼, 𝛽, and 𝜆

𝑛 Estimation Bias MSE

50

𝛼̂1 = 1.485 -0.015 0.0047
𝛼̂2 = 2.970 -0.030 0.0078
𝛽1 = 1.989 -0.011 0.0043
𝛽2 = 4.012 0.012 0.0070
𝜆̂ = 2.925 -0.075 0.0545

100

𝛼̂1 = 1.482 -0.018 0.0031
𝛼̂2 = 2.981 -0.019 0.0042
𝛽1 = 1.997 -0.003 0.0025
𝛽2 = 4.021 0.021 0.0050
𝜆̂ = 2.954 -0.046 0.0378

150

𝛼̂1 = 1.490 -0.010 0.0018
𝛼̂2 = 2.985 -0.015 0.0026
𝛽1 = 2.003 0.003 0.0017
𝛽2 = 4.018 0.018 0.0035
𝜆̂ = 2.970 -0.030 0.0292

200

𝛼̂1 = 1.493 -0.007 0.0012
𝛼̂2 = 2.989 -0.011 0.0018
𝛽1 = 2.006 0.006 0.0012
𝛽2 = 4.021 0.021 0.0024
𝜆̂ = 2.985 -0.015 0.0221

7.1 Mercury Concentrations Data
This section introduces the relationship between total
mercury concentration and fish size, a common and im-
portant topic in environmental and food safety research.
This study focuses on two types of fish: the Mediter-
ranean Horse and the Mackerel Horse (Trachurus tra-
churus). [13] examined mercury concentrations in these
two species and investigated how these concentrations
vary with fish size, highlighting implications for con-
sumer mercury exposure.

A comparison is conducted between the BCPH distri-
bution and other models, including the Bivariate Farlie-
Gumbel-Morgenstern Kumaraswamy (BFGMK) model
[14] and the Bivariate Cubic Kumaraswamy (BCK)
model, to demonstrate the superior performance of the
BCPH model. Goodness-of-fit criteria such as the
Akaike Information Criterion (AIC), Bayesian Informa-
tion Criterion (BIC), Hannan-Quinn Information Crite-
rion (HQIC), and Consistent AIC (CAIC) are employed
to support this conclusion. Table 2 presents the lengths
of the first fish species (Mediterranean Horse) alongside
the mean total mercury concentrations.

For extracting meaningful information from this data,
statistical analysis must be done. Table 3 involves sta-
tistical analysis for Mediterranean Horse fish and mean
total of mercury concentration.

In Table 4, several goodness-of-fit test statistics for
the marginal Chen distribution are presented, includ-
ing the Kolmogorov–Smirnov (K–S) test, Cramér–von
Mises (𝑊2

𝑛) test, Anderson–Darling (𝐴2
𝑛) test, and Wat-

son (𝑈2
𝑛) test. These tests assess the adequacy of the

model fit to the data. It is observed that The K–S,

Table 2. Length of Mediterranean Horse Fish and Mean Total of Mer-
cury Concentrations

Group Fish Mean Total
No. Length Mercury

(𝑚) (𝑚𝑔 𝑘𝑔−1)

1 0.185 0.00009
2 0.199 0.00009
3 0.299 0.00021
4 0.234 0.00016
5 0.243 0.00021
6 0.246 0.00026
7 0.265 0.00028
8 0.291 0.00041
9 0.296 0.00054
10 0.341 0.00070
11 0.369 0.00155
12 0.397 0.00162

Table 3. Descriptive statistics (mean, median, quartiles, minimum,
and maximum) for Mediterranean Horse data

Statistics Fish Mean Total
Length of Mercury
(𝑚) (𝑚𝑔 𝑘𝑔−1)

Minimum 0.185 0.00009
1st Quartile 0.23625 0.0001725
Median 0.27800 0.0002700
Mean 0.28042 0.0005100
3rd Quartile 0.33050 0.000600
Maximum 0.397 0.00162
Std. Error of Mean 0.018773 0.00015402

Anderson–Darling, and Watson statistics were all small,
indicating that the Chen model provides a good fit for
this dataset.

In Table 5, BCPH model is compared with other
two models, Bivariate Cubic Kumaraswamy (BCK)
model and Bivariate Farlie-Gumbel Morgenstern Ku-
maraswamy (BFGMK) model.

Table 5 compares the BCPH model with other bivari-
ate models. The BCPH model demonstrates superior
performance, having the lowest values for AIC, BIC,
AICC, CAIC, and HQIC criteria.

The length of the second species of fish (Mackerel
Horse) and the mean total of mercury concentrations are
presented in Table 6.

Table 7 contains the statistical analysis for length of
Mackerel Horse fish and mean total of mercury concen-
tration.

In Table 8, it is observed that the BCPH model pro-
vides a good fit to the length of the Mackerel Horse fish
and the mean total mercury concentrations. This con-
clusion is supported by goodness-of-fit test statistics ap-
plied to the marginal Chen distribution, including the
Kolmogorov–Smirnov (K–S), Cramér–von Mises (𝑊2

𝑛),
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Table 4. Goodness-of-fit statistics (K–S, 𝑊2
𝑛, 𝐴2

𝑛, and 𝑈2
𝑛 tests) for Mediterranean Horse data

Variable MLEs P-value K–S 𝑊2
𝑛 𝐴2

𝑛 𝑈2
𝑛

Fish length (m) 𝜆̂ = 12.88, 𝛼̂ = 19.33, 𝛽 = 4.59 0.8770 0.1703 0.0622 0.3696 0.0573
Mean total mercury (mg kg−1) 𝜆̂ = 32.97, 𝛼̂ = 49.46, 𝛽 = 1.02 0.7207 0.2004 0.0621 0.4803 0.0583

Table 5. The measures of AIC, BIC, CAIC, and HQIC for the Mediterranean Horse Data

Distribution MLEs Log AIC BIC CAIC HQIC

BCPH 𝜆̂ = 2.3388
𝛼̂1 = 12.4098, 𝛼̂2 = 195.8805
𝛽1 = 2.8735, 𝛽2 = 0.8408

85.8493 −161.699 −159.274 −151.699 −162.596

BCK 𝜃 = 0.62665
𝛼̂1 = 1.6562, 𝛼̂2 = 0.3169
𝛽1 = 5.1597, 𝛽2 = 7.7509

78.7900 −147.590 −145.170 −137.590 −148.490

BFGMK 𝜃 = 0.76561
𝜆̂1 = 5.0296, 𝜆̂2 = 0.32009
𝛽1 = 15.5721, 𝛽2 = 11.3926

54.9400 −99.870 −97.450 −89.870 −100.770

Table 6. Length of Mackerel Horse fish and mean total of mercury
concentrations

Group No. Fish Mean total
No. (m) of mercury

(m) (mg kg−1)

1 0.195 0.00017
2 0.214 0.00020
3 0.244 0.00016
4 0.250 0.00026
5 0.290 0.00043
6 0.231 0.00029
7 0.271 0.00042
8 0.285 0.00044
9 0.321 0.00059
10 0.326 0.00139
11 0.344 0.00142
12 0.372 0.00241

Table 7. Descriptive statistics (mean, median, quartiles, minimum,
and maximum) for Mackerel Horse data

Statistic Fish Mean total
length mercury
(m) (mg kg−1)

Minimum 0.1950 0.00016
1st Quartile 0.23425 0.0002150
Median 0.2780 0.0004250
Mean 0.27858 0.0006817
3rd Quartile 0.32475 0.0011900
Maximum 0.3720 0.00241
Std. Error of Mean 0.15743 0.00020094

Anderson–Darling (𝐴2
𝑛), and Watson (𝑈2

𝑛) tests, all indi-
cating the suitability of the BCPH model for this dataset.

Table 9 presents a comparison of the BCPH model
with other models, including the Bivariate Nelsen-Ten
Kumaraswamy (BNTK) [14], Bivariate Farlie-Gumbel-
Morgenstern Kumaraswamy (BFGMK), and Bivariate
Cubic Kumaraswamy (BCK) models. Using criteria
such as AIC, BIC, CAIC, and HQIC, it is evident that
the BCPH model achieves the lowest values, indicating
it is the best-fitting model among those considered.

7.2 Climatic Data
[15] displays bivariate data set which refers to the En-
vironmental Climatic bivariate data set. From the 51
largest cities on USA, these data are collected by Na-
tional Climatic Data Center (NCDC) of the USA and
provided on the website, https://www.ncei.noaa.gov/
access. These bivariate date represent the relation be-
tween the average precipitation in millimeters and the
average maximum temperature. Let 𝑋 refers to average
precipitation (mm) and 𝑌 refers to Average maximum
temperature (𝑐0). Table 10 illustrate the relationship be-
tween the average precipitation in millimeters and the
average maximum temperature.

Statistical analysis is an essential tool in various fields
such as climatic field for exploring and presenting data.
Table 11 contains the statistical analysis for average pre-
cipitation and average maximum temperature.

These data are fit to BCPH model Table 12 introduces
goodness of fit tests such as K-S, W2

𝑛 , A2
𝑛 and U2

𝑛. They
are applied to the marginal chen distribution , the result
is that the value of The K–S, Anderson–Darling, and
Watson statistics were all small, indicating good overall
agreement of chen distribution.

This research provide a comparison between BCPH
model and some bivariate models such as Bivariate Ku-
maraswamy Type Exponential (BKE) model [4], Bi-
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Table 8. Goodness-of-fit statistics (K–S, 𝑊2
𝑛, 𝐴2

𝑛, and 𝑈2
𝑛 tests) for Mackerel Horse data

Data Type MLEs P-value K–S 𝑊2
𝑛 𝐴2

𝑛 𝑈2
𝑛

Length of Mackerel 𝜆̂ = 28.59, 𝛼̂ = 42.89, 𝛽 = 5.92 0.9865 0.1307 0.0293 0.1900 0.0276
Horse fish (m)
Mean total mercury 𝜆̂ = 26.22, 𝛼̂ = 39.34, 𝛽 = 0.96 0.6412 0.2141 0.6307 0.1047 0.1047
concentration (mg kg−1)

Table 9. The measures of AIC, BIC, CAIC, and HQIC for Mackerel Horse Data

Distribution MLEs Log AIC BIC CAIC HQIC

BCPH
𝜆̂ = 21.4382
𝛼̂1 = 7.5698, 𝛼̂2 = 16.0416
𝛽1 = 3.6785, 𝛽2 = 0.6907

84.000 −158.572 −156.147 −148.572 −159.469

BNTK
𝜃 = 0.8570
𝛼̂1 = 1.4632, 𝛼̂2 = 0.3200
𝛽1 = 1.6897, 𝛽2 = 2.9168

83.396 −156.793 −154.386 −146.793 −157.690

BFGMK
𝜃 = 0.8809
𝜆̂1 = 1.8580, 𝜆̂2 = 0.3606
𝛽1 = 6.6354, 𝛽2 = 9.9984

77.430 −144.866 −142.441 −134.866 −145.763

BCK
𝜃 = 0.9266
𝜆̂1 = 1.9851, 𝜆̂2 = 0.2643
𝛽1 = 1.4010, 𝛽2 = 2.2750

55.450 −100.896 −98.470 −90.895 −101.793

Table 10. Climatic Data Set

No. X Y No. X Y

1 99 12 18 71 19
2 61 17 19 44 5
3 86 7 20 13 14
4 113 13 21 52 20
5 96 5 22 97 8
6 99 2 23 146 11
7 83 12 24 52 26
8 57 2 25 52 1
9 80 6 26 29 3
10 79 4 27 108 10
11 75 5 28 135 18
12 70 14 29 102 6
13 15 6 30 48 10
14 62 2 31 66 23
15 87 4 32 90 7
16 95 18 33 22 20
17 81 4 34 72 4
18 35 176 35 83 11
19 36 107 36 51 77

Table 11. Descriptive statistics (mean, median, quartiles, minimum,
and maximum) for Climatic Data

Statistics 𝑋 𝑌

Minimum 13 1
1st Quartile 52.00 5.00
Median 77.00 10.00
Mean 76.76 10.39
3rd Quartile 96.00 14.00
Maximum 176 26
Std. Error of Mean 4.645 0.907

variate Farlie-Gumbel Morgenstern Weibull (FGMBW)
model [16] , and Bivariate cubic Rayleigh (BCR) [5]
model by employing AIC, BIC, CAIC and HQIC crite-
ria. These compared models are mentioned as follows

From Table 13, the result of comparison is that BCPH
distribution is more better than other bivariate distribu-
tions.

7.3 Infection Kidney Data
This Dataset is taken from McGilchrist and Aisbett [17],
which represents the recurrence time of infection for
30 kidney patients who are using a portable dialysis
machine. The catheter must be withdrawn, the infec-
tion must be treated, and then the catheter must be rein-
serted if an infection develops at the site of catheter in-
sertion. Recurrence times are times from insertion until
the next infection. Assume that 𝑋 refers to the first recur-
rence time (days) and 𝑌 refers to the second recurrence
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Table 12. Goodness-of-fit statistics (K–S, 𝑊2
𝑛, 𝐴2

𝑛, and 𝑈2
𝑛 tests) for Climatic Data

Variable MLEs P-value K-S 𝑊2
𝑛 𝐴2

𝑛 𝑈2
𝑛

𝑋 𝜆̂ = 0.0336, 𝛼̂ = 0.06713, 𝛽 = 0.40261 0.59022 0.10812 0.12733 0.82813 0.12559

𝑌 𝜆̂ = 0.14661, 𝛼̂ = 0.21991, 𝛽 = 0.49244 0.65137 0.10301 0.08693 0.59012 0.08403

Table 13. The Measures AIC, BIC, CAIC and HQIC of Climatic Data

Distribution MLEs Log AIC BIC CAIC HQIC

BCPH
𝜆̂ = 1.45109
𝛼̂1 = 0.00214, 𝛼̂2 = 0.02336
𝛽1 = 0.39504, 𝛽2 = 0.48389

−413.401 836.801 846.460 838.135 840.492

BCR 𝛼̂1 = 60.7392, 𝛼̂2 = 8.65753
𝜃 = 0.45 −416.110 838.219 844.015 838.730 840.434

BKE 𝜃 = 0.6242
𝜆̂1 = 0.0199, 𝜆̂2 = 0.1453 −441.988 889.977 895.487 890.487 892.191

FGMBW
𝜃 = −0.5595
𝜆̂1 = 0.3268, 𝜆̂2 = 1.7595
𝛽1 = 6.1648, 𝛽2 = 15.9845

−461.348 932.697 942.356 934.030 936.388

Table 14. The first and second recurrence time

No. X Y No. X Y

1 8 16 16 17 4
2 23 13 17 185 117
3 22 28 18 292 114
4 447 318 19 22 159
5 30 12 20 15 108
6 24 245 21 152 362
7 7 9 22 402 24
8 511 30 23 13 66
9 53 196 24 39 46
10 15 154 25 12 40
11 7 333 26 113 201
12 141 8 27 132 156
13 96 38 28 34 30
14 149 70 29 2 25
15 536 25 30 130 26

time(days). Table 14 shows this data.
Table 15 contains the statistical analysis for recur-

rence time data. Statistical analysis is essential tool to
form meaningful conclusions and identify trends that
might not be readily apparent.

Goodness of fit tests such as K-S, W2
𝑛 , A2

𝑛 and U2
𝑛

tests are given in Table 16 for BCPH model. The K–S,
Anderson–Darling, and Watson statistics were all small,
indicating good overall agreement between observed
and fitted for chen model.

The BCPH model is fitted to the recurrence time data
and compared with other models to show the superior-
ity of our model. These models are Bivariate Marshall-
Olkin Weibull (BMOW) model [18], Bivariate Rayleigh

Table 15. Statistical Analysis of Infection for Kidney Patients’ Data

Statistics 𝑋 𝑌

Minimum 2 4
1𝑠𝑡 Quartile 15.00 24.75
Median 36.50 43.00
Mean 120.97 99.10
3𝑟𝑑 Quartile 149.75 156.75
Maximum 536 362
Std. Error of mean 28.798 19.154

Proportional Hazard (BRPH) model, and Bivariate Mor-
genstern Rayleight (BMR) model [19].

From Table 17, the result of comparison is that BCPH
distribution is more better than other bivariate distribu-
tions.

8. Conclusion
This paper introduces a new probability distribution
called the BCPH distribution specifically designed for
analyzing data from different fields such as (medical, cli-
mactic and environment).The paper explores the statis-
tical properties of the BCPH distribution, including its
probability density function and cumulative distribution
function, along with reliability characteristics. Pear-
son’s correlation coefficient form is concluded. Differ-
ent methods for estimating the BCPH distribution’s pa-
rameters are discussed . The Maximum Likelihood Es-
timation (MLE) approach shows the best performance.
The BCPH model is compared to other existing bivari-
ate distributions for three application. The study sug-
gests BCPH provides a more flexible and better-fitting
model.Future research may focus on extending the
BCPH model to higher dimensions, exploring Bayesian
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Table 16. Goodness-of-fit statistics (K–S, 𝑊2
𝑛, 𝐴2

𝑛, and 𝑈2
𝑛 tests) of Infection for Kidney Patients’ Data

MLEs P-value K-S 𝑊2
𝑛 𝐴2

𝑛 𝑈2
𝑛

𝑋 𝜆̂ = 0.18313, 𝛼̂ = 0.27469, 𝛽 = 0.23354 0.48390 0.15298 0.15237 0.99624 0.14830
𝑌 𝜆̂ = 1.04833, 𝛼̂ = 0.03833, 𝛽 = 0.265469 0.4913 0.152108 0.123529 0.78771 0.127435

Table 17. The measures of AIC, BIC, CAIC, and HQIC for Infection in Kidney Patients’ Data

Distribution MLEs Log AIC BIC CAIC HQIC

BCPH
𝜆̂ = 0.93963
𝛼̂1 = 0.05393, 𝛼̂2 = 0.03416
𝛽1 = 0.23348, 𝛽2 = 0.26572

−343.534 697.067 704.073 699.567 700.198

BMOW 𝜆̂1 = 0.7363, 𝜆̂2 = 89.8322
𝛽1 = 104.228, 𝛽2 = 93.587 −349.068 706.137 711.742 710.639 710.377

BRPH 𝜆̂ = 0.95979
𝛼̂ = 133.816, 𝛽 = 96.8469 −396.821 799.642 803.845 800.565 800.987

BMR 𝛼̂1 = 140.098, 𝛼̂2 = 105.728 −397.124 800.248 804.451 801.171 801.592

estimation methods, and applying the model to new
fields such as finance and environmental risk assess-
ment to further evaluate its versatility and predictive per-
formance.
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