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Abstract:
This paper investigates the approximate null controllability of a class of Atangana–Baleanu fractional stochas-
tic evolution equations in a separable Hilbert space, driven simultaneously by a fractional Brownian motion
and a Poisson random measure. The system is governed by the Caputo-type Atangana–Baleanu fractional
derivative of order 𝛼 ∈ (1/2, 1), a linear operator generating an 𝛼-resolvent family, a bounded linear con-
trol operator, and nonlinear terms satisfying suitable growth and integrability conditions. Assuming that the
associated linear system is approximately null controllable and imposing standard Carathéodory-type assump-
tions on the nonlinearities, we derive sufficient conditions ensuring the approximate null controllability of the
full nonlinear stochastic system in the mean-square sense. The analysis relies on the variation-of-constants
formula associated with fractional resolvent families, mean-square estimates for stochastic integrals with re-
spect to fractional Brownian motion and compensated Poisson random measures, and a Schauder fixed point
argument in an appropriate space of stochastic processes. An illustrative example involving a controlled
Atangana–Baleanu fractional stochastic partial differential equation with Dirichlet boundary conditions is
provided to demonstrate the applicability of the abstract results.
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1. Introduction
Fractional differential equations have become an impor-
tant tool for modeling dynamical systems with memory
and hereditary properties, since they capture nonlocal
temporal effects and long-range dependence. In particu-
lar, fractional stochastic evolution equations in infinite-
dimensional spaces arise naturally when the dynamics
are influenced by random perturbations, such as Gaus-
sian noises (Brownian or fractional Brownian) and dis-
continuous jump effects modeled by Poisson random
measures.

Among the various fractional operators, the
Atangana–Baleanu (A–B) derivative has attracted sub-
stantial attention because it is defined through a non-
singular Mittag–Leffler kernel and therefore yields mod-
els with nonlocal but non-singular memory effects; see

the seminal work of Atangana and Baleanu [1] and sub-
sequent developments in deterministic and stochastic
settings. Several contributions have addressed exis-
tence, uniqueness, and stability of solutions for deter-
ministic and stochastic evolution equations involving
the A–B derivative, as well as different notions of con-
trollability and optimal control in that framework; see,
for instance, [2, 3, 4, 5, 6]. From a modeling point of
view, the use of Atangana–Baleanu fractional operators
with non-singular kernels allows one to describe mem-
ory effects in a realistic manner without introducing
singular behavior at the initial time, which is relevant in
many physical, engineering, and biological systems.

Controllability is a fundamental concept in control
theory. In the context of stochastic evolution equations,
various forms of controllability have been investigated,
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including exact null controllability, approximate con-
trollability, and trajectory controllability, for systems
driven by Brownian motion, fractional Brownian mo-
tion, or Lévy-type noises; see, e.g., [7, 8, 9, 10]. In par-
ticular, null controllability of Atangana–Baleanu frac-
tional stochastic systems with Poisson jumps and frac-
tional Brownian motion in a Hilbert space has been stud-
ied in [11], where sufficient conditions ensuring that the
state can be steered exactly to zero at a prescribed termi-
nal time were derived under appropriate assumptions on
the linear part, the control operator, and nonlinear per-
turbations. Fractional Brownian motion is introduced
to capture long-range dependence and temporal correla-
tion in stochastic perturbations, which cannot be mod-
eled by classical Brownian motion. In contrast, Pois-
son random measures account for sudden and discon-
tinuous random effects, such as abrupt shocks or rare
events. The combination of fractional Brownian motion
and Poisson jumps therefore provides a more compre-
hensive stochastic framework.

On the other hand, approximate controllability is of-
ten a more realistic and flexible objective, especially in
infinite-dimensional systems where exact null control-
lability may fail or require restrictive spectral hypothe-
ses. Approximate controllability for various classes
of Atangana–Baleanu fractional stochastic systems (in-
cluding neutral, Sobolev-type, and delay equations) has
been considered in several works, typically under condi-
tions guaranteeing that the reachable set is dense in the
state space and that the nonlinear terms satisfy suitable
growth and continuity assumptions; see [3, 2, 5, 6, 12]
and the references therein. Recent studies have further
extended approximate controllability analysis to related
fractional stochastic frameworks. For instance, approx-
imate controllability results for Atangana–Baleanu frac-
tional neutral stochastic systems and integrodifferential
models have been reported in [13, 14], while Hilfer
fractional stochastic systems driven by fractional-type
noises and Poisson jumps have been investigated in [15,
16]. These contributions highlight the ongoing interest
in controllability problems for fractional stochastic sys-
tems with memory and jump effects.

Relation to the null controllability result in [11]. The
paper [11] analyzes null controllability for Atangana–
Baleanu fractional stochastic systems with Poisson
jumps and fractional Brownian motion in a Hilbert
space, under a Gramian-type condition for the associ-
ated linear system and Carathéodory-type assumptions
on the nonlinearities. The focus there is on exact steer-
ing to the origin at time 𝑇 for the underlying linear sys-
tem and for the coupled nonlinear system, using a resol-
vent representation and a fixed point argument.

In contrast, the present paper is concerned with ap-
proximate null controllability for a similar class of
Atangana–Baleanu fractional stochastic evolution equa-
tions. From the modeling point of view, approxi-
mate controllability is typically more natural in infinite-
dimensional settings where exact null controllability
may fail or be too restrictive. From the analytical point

of view, our approach combines:

• the approximate null controllability of the associ-
ated linear system (used here as a standing hypoth-
esis), and

• a Schauder fixed point argument on a suitable ball
in 𝐶 ( [0, 𝑇]; 𝐿2 (Ω;K)),

together with mean-square estimates for the stochastic
convolutions driven by a fractional Brownian motion
and a compensated Poisson random measure. The mo-
tivation of the present work is threefold: (i) to study
approximate null controllability for stochastic systems
involving a non-singular Atangana–Baleanu fractional
derivative, (ii) to address systems driven simultaneously
by fractional Brownian motion and Poisson jumps, and
(iii) to extend linear approximate controllability results
to nonlinear stochastic systems through a fixed point ap-
proach.

More precisely, we assume approximate null con-
trollability of the linear system (rather than deriving it
from Gramian conditions as in [11]) and prove that, un-
der an explicit smallness condition associated with the
quadratic bounds of the nonlinearities, the full nonlin-
ear stochastic system is approximately null controllable
in the mean-square sense. The proof strategy freezes
a control that approximately steers the linear part and
compensates the nonlinear effects via a compact fixed
point argument, supported by suitable deterministic and
stochastic convolution estimates.

Instead of emphasizing maximal novelty claims
within the broad literature, we focus on presenting a
clear and verifiable set of sufficient conditions under a
concrete and widely used abstract framework (fractional
resolvent families, mean-square estimates for integrals
with respect to fractional Brownian motion, and com-
pensated Poisson integrals), and on clarifying how ap-
proximate steering of the linear part can be combined
with a fixed point argument for the nonlinear stochas-
tic system. The contribution of this paper is therefore
methodological rather than comparative, aiming to pro-
vide a unified analytical framework applicable to a wide
class of Atangana–Baleanu fractional stochastic evolu-
tion equations.

We investigate approximate null controllability for a
class of Atangana–Baleanu fractional stochastic evolu-
tion equations driven jointly by a fractional Brownian
motion and a Poisson random measure in a separable
Hilbert space. Specifically, we consider the nonlinear
controlled system

𝐴𝐵𝐶𝐷𝛼
0+𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐹 (𝑡, 𝑥(𝑡))

+ 𝐺 (𝑡, 𝑥(𝑡)) 𝑑𝐵𝐻 (𝑡) 𝑡 ∈ (0, 𝑇]

+
∫
𝑍
Γ(𝑡, 𝑥(𝑡−), 𝑧) 𝑁̃ (𝑑𝑡, 𝑑𝑧)

𝑥(0) = 𝑥0 ∈ K,

(1)

where 𝐴𝐵𝐶𝐷𝛼
0+ denotes the A–B Caputo fractional

derivative of order 𝛼 ∈ (1/2, 1), 𝐴 is a (possibly un-
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bounded) linear operator generating an 𝛼-resolvent fam-
ily on K, 𝐵 is a bounded linear control operator, 𝐹, 𝐺, Γ
are nonlinear terms, 𝐵𝐻 is a fractional Brownian motion
with Hurst index 𝐻 ∈ (1/2, 1), and 𝑁̃ is a compensated
Poisson random measure on a measurable space 𝑍; see
[1, 11, 7, 9].

We assume that the corresponding linear system ob-
tained by removing the nonlinear terms 𝐹, 𝐺, Γ is ap-
proximately null controllable at time 𝑇 , in the sense that
the reachable set at time 𝑇 is dense in K. Under this
assumption and suitable continuity and growth hypothe-
ses on 𝐹, 𝐺, Γ, we derive sufficient conditions ensur-
ing approximate null controllability of the full nonlin-
ear system in the mean-square sense. Our analysis is
based on the mild solution concept associated with the
A–B fractional resolvent family, mean-square estimates
for stochastic integrals with respect to fractional Brown-
ian motion and compensated Poisson random measures,
and a Schauder fixed point argument in a closed, convex
subset of 𝐶 ( [0, 𝑇]; 𝐿2 (Ω;K)) endowed with a natural
norm.

The paper is organized as follows. In Section 2, we
recall basic definitions and results on the Atangana–
Baleanu fractional derivative, fractional resolvent fami-
lies, and stochastic integrals with respect to fractional
Brownian motion and Poisson random measures in
Hilbert spaces. Section 3 introduces the controlled
Atangana–Baleanu fractional stochastic evolution equa-
tion, the notion of mild solution, and the approximate
null controllability of the associated linear system. In
Section 4, we state and prove our main theorem on ap-
proximate null controllability for the nonlinear system
under suitable assumptions. Section 5 presents an il-
lustrative example involving a stochastic fractional par-
tial differential equation with Dirichlet boundary condi-
tions. Finally, Section 6 contains some concluding re-
marks and possible directions for future work.

2. Preliminaries
Let (Ω, F , P) be a complete probability space equipped
with a right-continuous filtration {F𝑡 }𝑡∈[0,𝑇 ] satisfying
the usual conditions. Let K be a real separable Hilbert
space with inner product ⟨·, ·⟩ and norm ∥·∥. We denote
by 𝐿 (K) the space of all bounded linear operators on K.

2.1 Atangana–Baleanu fractional derivative and in-
tegral

We recall the Caputo-type Atangana–Baleanu fractional
derivative, which is defined in terms of the Mittag–
Leffler kernel; see [1, 11].

Definition 2.1 Let 𝛼 ∈ (0, 1) and let 𝑔 ∈ 𝐻1 (𝑎, 𝑏),
where 𝑎 < 𝑏. The Atangana–Baleanu fractional deriva-
tive of Caputo type of order 𝛼 of 𝑔 is defined by

𝐴𝐵𝐶𝐷𝛼
𝑎+𝑔(𝑡) = (2)

𝜛(𝛼)
1 − 𝛼

∫ 𝑡

𝑎
𝑔′ (𝑠) 𝑀𝛼 (−𝜃 (𝑡 − 𝑠)𝛼) 𝑑𝑠 𝑡 ∈ (𝑎, 𝑏]

where 𝜃 = 𝛼/(1 − 𝛼), 𝑀𝛼 denotes the Mittag–Leffler

function

𝑀𝛼 (𝜉) =
∞∑
𝑛=0

𝜉𝑛

Γ(𝑛𝛼 + 1) 𝜉 ∈ R,

and the normalization function 𝜛(𝛼) is given by

𝜛(𝛼) = (1 − 𝛼) + 𝛼

Γ(𝛼) .

Remark 2.2 Throughout the paper, the Atangana–
Baleanu fractional derivative is understood in the Ca-
puto sense and denoted by 𝐴𝐵𝐶𝐷𝛼

0+. The notation 𝐴𝐵𝐼𝛼0+
is used only for the corresponding Atangana–Baleanu
fractional integral operator.

The corresponding Atangana–Baleanu fractional in-
tegral operator is given by

𝐴𝐵𝐼𝛼𝑎+𝑔(𝑡) =
1 − 𝛼
𝜛(𝛼) 𝑔(𝑡) (3)

+ 𝛼

𝜛(𝛼)Γ(𝛼)

∫ 𝑡

𝑎
(𝑡 − 𝑠)𝛼−1𝑔(𝑠) 𝑑𝑠 𝑡 ∈ [𝑎, 𝑏] .

2.2 Fractional resolvent families
Let 𝐴 : 𝐷 (𝐴) ⊂ K → K be a closed linear opera-
tor. We adopt the notion of fractional resolvent families
associated with sectorial operators, which provides an
appropriate framework for Atangana–Baleanu type evo-
lution equations; see [11, 17].

Definition 2.3 Let 𝛼 ∈ (0, 1). A family {𝑆𝛼 (𝑡)}𝑡≥0 ⊂
𝐿 (K) is called an 𝛼-resolvent family generated by 𝐴 if:

1. 𝑆𝛼 (0) = 𝐼 and 𝑆𝛼 (𝑡) is strongly continuous for 𝑡 ≥
0;

2. 𝑆𝛼 (𝑡) commutes with 𝐴, i.e. 𝑆𝛼 (𝑡)𝐷 (𝐴) ⊂ 𝐷 (𝐴)
and 𝐴𝑆𝛼 (𝑡)𝑥 = 𝑆𝛼 (𝑡)𝐴𝑥 for all 𝑥 ∈ 𝐷 (𝐴), 𝑡 ≥ 0;

3. For all 𝑥 ∈ 𝐷 (𝐴) and 𝑡 ≥ 0,

𝐴𝐵𝐶𝐷𝛼
0+𝑆𝛼 (𝑡)𝑥 = 𝐴𝑆𝛼 (𝑡)𝑥,

where 𝐴𝐵𝐶𝐷𝛼
0+ is understood in the sense of the

Atangana–Baleanu Caputo derivative.

In many applications, the generator 𝐴 is assumed to
be sectorial so that the 𝛼-resolvent family admits an in-
tegral representation involving the resolvent of 𝐴 (see,
e.g., [17]). We shall assume that the following uniform
bounds hold: there exist positive constants 𝐶1, 𝐶2 such
that

∥𝑆𝛼 (𝑡)∥ ≤ 𝐶1, ∥𝑄𝛼 (𝑡)∥ ≤ 𝐶2 𝑡
𝛼−1 𝑡 > 0, (4)

where {𝑄𝛼 (𝑡)}𝑡>0 is an auxiliary family associated with
𝑆𝛼 and both 𝑆𝛼 and 𝑄𝛼 are compact operators for each
𝑡 > 0; see [11].
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2.3 Fractional Brownian motion and Poisson ran-
dom measure

Let 𝑌 be a separable Hilbert space and let 𝑄 ∈ 𝐿 (𝑌 )
be a non-negative, symmetric, trace-class operator with
eigenvalues {𝑏𝑛}𝑛≥1 and an orthonormal basis of eigen-
vectors {𝜏𝑛}𝑛≥1. We consider a 𝑄-fractional Brown-
ian motion 𝐵𝐻 (𝑡) = 𝐵𝐻

𝑄 (𝑡) on 𝑌 with Hurst parameter
𝐻 ∈ (1/2, 1), which can be represented as

𝐵𝐻 (𝑡) =
∞∑
𝑛=1

√
𝑏𝑛 𝜏𝑛𝛽

𝐻
𝑛 (𝑡) 𝑡 ∈ [0, 𝑇],

where {𝛽𝐻𝑛 }𝑛≥1 are independent real-valued fractional
Brownian motions with the same Hurst index 𝐻; see [7].

We denote by 𝐿0
2 (𝑌,K) the space of all 𝑄-Hilbert–

Schmidt operators from𝑌 to K, endowed with the norm

∥𝜂∥2
𝐿0

2
=

∞∑
𝑛=1

𝑏𝑛 ∥𝜂𝜏𝑛∥2 𝜂 ∈ 𝐿0
2 (𝑌,K).

In the sequel, stochastic integrals with respect to 𝐵𝐻

will be understood in this 𝑄-Hilbert–Schmidt setting.

Remark 2.4 The restriction 𝛼 ∈ (1/2, 1) is technical
and ensures integrability of the kernels (e.g. (𝑡− 𝑠)2𝛼−2)
that appear in the mean-square estimates for the stochas-
tic convolution terms (with respect to fractional Brown-
ian motion and compensated Poisson random measures).
In particular, 2𝛼 − 2 > −1 guarantees that these ker-
nels are integrable near 𝑠 = 𝑡. This restriction is essen-
tial for the validity of the stochastic integral estimates
used throughout the paper. When 𝛼 ≤ 1/2, the kernel
(𝑡−𝑠)2𝛼−2 fails to be integrable near 𝑠 = 𝑡, and the mean-
square estimates for stochastic convolution terms are no
longer valid under the present assumptions. On the other
hand, the case 𝛼 ∈ (1, 2) corresponds to higher-order
fractional dynamics and requires a different formulation
of the Atangana–Baleanu derivative, together with ad-
ditional initial conditions and a substantially different
resolvent framework. Such extensions involve higher
regularity assumptions and are beyond the scope of the
present work. For these reasons, we restrict our analy-
sis to 𝛼 ∈ (1/2, 1), which represents the natural setting
where both the Atangana–Baleanu fractional structure
and the stochastic integral estimates are simultaneously
well-defined.

We shall use the following estimate for stochastic in-
tegrals with respect to fractional Brownian motion; see,
e.g., [7].

Lemma 2.5 Let 𝜂 : [0, 𝑇] → 𝐿0
2 (𝑌,K) be such that∫ 𝑇

0 ∥𝜂(𝑠)∥2
𝐿0

2
𝑑𝑠 < ∞. Then, for any 𝑡 ∈ [0, 𝑇],

E





∫ 𝑡

0
𝜂(𝑠)𝑑𝐵𝐻 (𝑠)





2
≤ 2𝐻 𝑡2𝐻−1

∫ 𝑡

0
∥𝜂(𝑠)∥2

𝐿0
2
𝑑𝑠

≤ 𝐶𝐻,𝑇

∫ 𝑡

0
∥𝜂(𝑠)∥2

𝐿0
2
𝑑𝑠, (5)

where one may take 𝐶𝐻,𝑇 := 2𝐻𝑇2𝐻−1.

Remark 2.6 (On the fBm integral estimate) For the
purposes of the subsequent fixed point estimates, only
a bound of the form

E





∫ 𝑡

0
𝜂(𝑠)𝑑𝐵𝐻 (𝑠)





2

≤ 𝐶𝐻,𝑇

∫ 𝑡

0
∥𝜂(𝑠)∥2

𝐿0
2
𝑑𝑠, 𝑡 ∈ [0, 𝑇],

is needed, where 𝐶𝐻,𝑇 > 0 depends only on 𝐻 and 𝑇 .
Thus, the explicit dependence on 𝑡 (e.g. the factor 𝑡2𝐻−1)
is not essential for the arguments below. This estimate
is consistent with the general mean-square inequality
for stochastic integrals with respect to fractional Brow-
nian motion in Hilbert spaces; see, for example, [7],
Lemma 2.1. In that reference, the bound is stated in
the form E∥

∫ 𝑡

0 𝜂(𝑠) 𝑑𝐵
𝐻 (𝑠)∥2 ≤ 𝐶𝐻,𝑇

∫ 𝑡

0 ∥𝜂(𝑠)∥2
𝐿0

2
𝑑𝑠,

with an unspecified constant 𝐶𝐻,𝑇 > 0 depending only
on𝐻 and𝑇 . The explicit choice𝐶𝐻,𝑇 = 2𝐻𝑇2𝐻−1 used
here is one convenient realization of this general bound.

We also consider a Poisson random measure 𝑁 on
(0, 𝑇] × 𝑍 with intensity measure 𝜆 ⊗ 𝜈, where (𝑍,Z)
is a measurable space and 𝜈 is a 𝜎-finite measure on 𝑍 .
The compensated Poisson random measure 𝑁̃ is defined
by

𝑁̃ (𝑑𝑡, 𝑑𝑧) = 𝑁 (𝑑𝑡, 𝑑𝑧) − 𝜈(𝑑𝑧) 𝑑𝑡.
For suitable predictable integrands Γ(𝑠, 𝑧) taking values
in K, the stochastic integral∫ 𝑡

0

∫
𝑍
Γ(𝑠, 𝑧) 𝑁̃ (𝑑𝑠, 𝑑𝑧)

is well-defined and satisfies, under standard square-
integrability conditions,

E





∫ 𝑡

0

∫
𝑍
Γ(𝑠, 𝑧) 𝑁̃ (𝑑𝑠, 𝑑𝑧)





2
(6)

=
∫ 𝑡

0

∫
𝑍
E ∥Γ(𝑠, 𝑧)∥2 𝜈(𝑑𝑧) 𝑑𝑠.

Remark 2.7 (On the Poisson integral estimate)
Identity (6) is the standard isometry for stochastic in-
tegrals with respect to compensated Poisson random
measures in Hilbert spaces. It is a classical result in
stochastic analysis and forms the basis for mean-square
estimates of jump-driven stochastic convolution terms;
see, for example, [9] and the references therein.

3. The controlled system and mild solutions
Let 𝑇 > 0 be fixed and set 𝐽 = [0, 𝑇]. We consider
the following controlled Atangana–Baleanu fractional
stochastic evolution equation in K:

𝐴𝐵𝐶𝐷𝛼
0+𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐹 (𝑡, 𝑥(𝑡))

+ 𝐺 (𝑡, 𝑥(𝑡)) 𝑑𝐵𝐻 (𝑡)
+

∫
𝑍
Γ
(
𝑡, 𝑥(𝑡−), 𝑧

)
𝑁̃ (𝑑𝑡, 𝑑𝑧), 𝑡 ∈ (0, 𝑇],

𝑥(0) = 𝑥0 ∈ K .
(7)
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Remark 3.1 (Interpretation of (7)) Equation (7) is
written in a compact differential form. Throughout this
work, the dynamics are understood through the corre-
sponding mild formulation (8), in which the stochas-
tic terms are interpreted as mean-square stochastic in-
tegrals with respect to the fractional Brownian motion
𝐵𝐻 and the compensated Poisson random measure 𝑁̃ .

Here:

• 𝛼 ∈ (1/2, 1) is the fractional order;

• 𝐴 : 𝐷 (𝐴) ⊂ K → K is a sectorial operator gener-
ating an 𝛼-resolvent family {𝑆𝛼 (𝑡)}𝑡≥0 and an as-
sociated family {𝑄𝛼 (𝑡)}𝑡>0 satisfying (4);

• 𝑢(·) is the control function taking values in a sepa-
rable Hilbert space U of admissible controls, and
𝐵 ∈ 𝐿 (U,K) is a bounded linear control operator;

• 𝐹 : 𝐽 × 𝐿2 (Ω;K) → 𝐿2 (Ω;K), 𝐺 : 𝐽 ×
𝐿2 (Ω;K) → 𝐿0

2 (𝑌,K), and Γ : 𝐽 × 𝐿2 (Ω;K) ×
𝑍 → K are nonlinear mappings;

• 𝐵𝐻 is a 𝑄-fractional Brownian motion on 𝑌 with
Hurst index 𝐻 ∈ (1/2, 1);

• 𝑁̃ is a compensated Poisson random measure on
(0, 𝑇] × 𝑍 with intensity measure 𝜆 ⊗ 𝜈.

Remark 3.2 (On the jump term 𝑥(𝑡−)) The notation
𝑥(𝑡−) denotes the left limit of the (generally càdlàg) pro-
cess 𝑥(·) at time 𝑡, which is standard in stochastic equa-
tions with Poisson jumps.

We work in the Banach space

𝐶̄ = 𝐶
(
𝐽; 𝐿2 (Ω;K)

)
,

endowed with the norm

∥𝑥∥𝐶̄ = sup
𝑡∈𝐽

(
E ∥𝑥(𝑡)∥2

)1/2
.

Definition 3.3 A process 𝑥(·) ∈ 𝐶̄ is called a mild solu-
tion of (7) corresponding to a control 𝑢 ∈ 𝐿2 (𝐽;U) if,
for all 𝑡 ∈ 𝐽,

𝑥(𝑡) = 𝑆𝛼 (𝑡)𝑥0 (8)

+ 𝐾1

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1

[
𝐹 (𝑠, 𝑥(𝑠)) + 𝐵𝑢(𝑠)

]
𝑑𝑠

+ 𝐾1

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝐺 (𝑠, 𝑥(𝑠)) 𝑑𝐵𝐻 (𝑠)

+ 𝐾1

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1

∫
𝑍
Γ(𝑠, 𝑥(𝑠−), 𝑧) 𝑁̃ (𝑑𝑠, 𝑑𝑧)

+ 𝐾2

∫ 𝑡

0
𝑄𝛼 (𝑡 − 𝑠)

[
𝐹 (𝑠, 𝑥(𝑠)) + 𝐵𝑢(𝑠)

]
𝑑𝑠

+ 𝐾2

∫ 𝑡

0
𝑄𝛼 (𝑡 − 𝑠)𝐺 (𝑠, 𝑥(𝑠)) 𝑑𝐵𝐻 (𝑠)

+ 𝐾2

∫ 𝑡

0
𝑄𝛼 (𝑡 − 𝑠)

∫
𝑍
Γ(𝑠, 𝑥(𝑠−), 𝑧) 𝑁̃ (𝑑𝑠, 𝑑𝑧),

where 𝐾1, 𝐾2 > 0 are constants determined by the
Atangana–Baleanu fractional structure (depending on
𝛼 and𝜛(𝛼)). All stochastic integrals are understood in
the mean-square sense described in Section 2; see [1,
11].

Remark 3.4 (Justification of the mild solution for-
mulation.) Definition 3.3 follows from the stan-
dard variation-of-constants formula associated with
Atangana–Baleanu fractional evolution equations. Ap-
plying the Atangana–Baleanu fractional integral oper-
ator 𝐴𝐵𝐼𝛼0+ to system (7) and using the 𝛼-resolvent
family {𝑆𝛼 (𝑡)}𝑡≥0 together with the auxiliary family
{𝑄𝛼 (𝑡)}𝑡>0 yields an equivalent Volterra-type integral
equation. The constants 𝐾1 and 𝐾2 arise from the de-
composition of the Atangana–Baleanu fractional inte-
gral into an instantaneous part and a fractional convo-
lution part and coincide with those used in [1, 11]. The
stochastic integrals with respect to 𝐵𝐻 and 𝑁̃ are inter-
preted in the 𝐿2 (Ω;K)-sense using Lemma 2.5 and the
Poisson isometry (6).

Remark 3.5 Measurability/predictability of stochas-
tic integrands)
In the mild formulation (8), the stochastic integrals with
respect to 𝐵𝐻 and 𝑁̃ are understood for admissible in-
tegrands (in particular, predictable for the Poisson in-
tegral) satisfying the corresponding square-integrability
conditions in Section 2.

Remark 3.6 (Origin of the constants 𝐾1 and 𝐾2)
The constants 𝐾1, 𝐾2 > 0 appearing in the mild so-
lution formula (8) arise from the decomposition of the
Atangana–Baleanu fractional integral operator 𝐴𝐵𝐼𝛼0+
into its instantaneous part and its fractional convolution
part. More precisely, these constants are determined
by the normalization function 𝜛(𝛼) in (2) and coin-
cide with the coefficients appearing in the variation-
of-constants formula for Atangana–Baleanu fractional
evolution equations; see, for example, [1, 11]. In the
present work, only the positivity of 𝐾1 and 𝐾2 and their
dependence on 𝛼 are used in the subsequent estimates.

Remark 3.7 Throughout the paper, the initial condi-
tion 𝑥0 is assumed to be deterministic. It is nat-
urally identified with a constant random variable in
𝐿2 (Ω;K). Treating random initial conditions would
require a different controllability formulation and addi-
tional assumptions, which are beyond the scope of the
present work.

3.1 Approximate null controllability of the linear
system

We first consider the associated linear system{
𝐴𝐵𝐶𝐷𝛼

0+𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡), 𝑡 ∈ (0, 𝑇],
𝑦(0) = 𝑦0 ∈ K .

(9)
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Its mild solution is given by

𝑦(𝑡) = 𝑆𝛼 (𝑡)𝑦0 (10)

+𝐾1

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝐵𝑢(𝑠) 𝑑𝑠

+𝐾2

∫ 𝑡

0
𝑄𝛼 (𝑡 − 𝑠)𝐵𝑢(𝑠) 𝑑𝑠.

In particular, at time 𝑇 we have

𝑦(𝑇) = 𝑆𝛼 (𝑇)𝑦0 + L𝑇
0 𝑢,

where L𝑇
0 is defined by (11).

Define the linear control operator

L𝑇
0 : 𝐿2 (𝐽;U) → K

by

L𝑇
0 𝑢 = 𝐾1

∫ 𝑇

0
(𝑇 − 𝑠)𝛼−1𝐵𝑢(𝑠) 𝑑𝑠 (11)

+𝐾2

∫ 𝑇

0
𝑄𝛼 (𝑇 − 𝑠)𝐵𝑢(𝑠) 𝑑𝑠.

The reachable set of the linear system at time 𝑇 from the
origin is

R0 (𝑇) =
{
L𝑇

0 𝑢 : 𝑢 ∈ 𝐿2 (𝐽;U)
}
.

Remark 3.8 Under the standing bounds on 𝐵 and the
families {𝑆𝛼 (𝑡)} and {𝑄𝛼 (𝑡)}, the mapping L𝑇

0 defined
in (11) is a well-defined bounded linear operator from
𝐿2 (𝐽;U) into K.

Definition 3.9 The linear system (9) is said to be ap-
proximately null controllable on 𝐽 if

R0 (𝑇) = K,

where the closure is taken with respect to the norm of K.
Equivalently, for every 𝑦0 ∈ K and every 𝜀 > 0, there
exists a control 𝑢 ∈ 𝐿2 (𝐽;U) such that the correspond-
ing mild solution satisfies ∥𝑦(𝑇)∥ < 𝜀.

Remark 3.10 In this work, controllability for the non-
linear stochastic system is formulated and proved in the
mean-square sense, that is, with terminal condition(

E ∥𝑥(𝑇)∥2 )1/2
< 𝜀.

No almost sure controllability result is claimed. The de-
terministic space K is identified with constant random
variables in 𝐿2 (Ω;K), which is standard in stochastic
controllability problems.

A classical characterization states that approximate
null controllability of the linear system holds if and only
if the adjoint operator (L𝑇

0 )∗ is injective, equivalently
ker(L𝑇

0 )∗ = {0}; see, for example, [8, 5, 12]. In the
present work, approximate null controllability of the lin-
ear system (9) is assumed as a standing hypothesis.

4. Main assumptions and controllability
result

We now state the structural assumptions on the oper-
ators and nonlinear mappings in the stochastic setting.
Throughout, 𝐶̄ = 𝐶

(
𝐽; 𝐿2 (Ω;K)

)
is endowed with the

norm
∥𝑥∥𝐶̄ := sup

𝑡∈𝐽

(
E∥𝑥(𝑡)∥2)1/2

.

Assumption 4.1 The operator 𝐴 : 𝐷 (𝐴) ⊂ K → K
generates an 𝛼-resolvent family {𝑆𝛼 (𝑡)}𝑡≥0 and an as-
sociated family {𝑄𝛼 (𝑡)}𝑡>0 satisfying the bounds (4).
Moreover, 𝑆𝛼 (𝑡) and 𝑄𝛼 (𝑡) are compact operators for
each 𝑡 > 0.

Assumption 4.2 The linear system (9) is approximately
null controllable on 𝐽, that is,

R0 (𝑇) = K,

equivalently, the adjoint operator (L𝑇
0 )∗ is injective.

Assumption 4.3 The mapping 𝐹 : 𝐽 × 𝐿2 (Ω;K) →
𝐿2 (Ω;K) satisfies:

1. For each 𝑥 ∈ 𝐿2 (Ω;K), the mapping 𝑡 ↦→ 𝐹 (𝑡, 𝑥)
is strongly measurable; for each 𝑡 ∈ 𝐽, the mapping
𝑥 ↦→ 𝐹 (𝑡, 𝑥) is continuous.

2. For every 𝑅 > 0, there exists a nonnegative func-
tion 𝑁𝑅 ∈ 𝐿1 (𝐽) such that

sup
∥𝑥 ∥𝐿2 (Ω;K) ≤𝑅

E∥𝐹 (𝑡, 𝑥)∥2 ≤ 𝑁𝑅 (𝑡) for a.e. 𝑡 ∈ 𝐽,

and

sup
𝑡∈𝐽

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑁𝑅 (𝑠) 𝑑𝑠 < ∞.

Assumption 4.4 The mapping 𝐺 : 𝐽 × 𝐿2 (Ω;K) →
𝐿0

2 (𝑌,K) satisfies:

1. For each 𝑥 ∈ 𝐿2 (Ω;K), the mapping 𝑡 ↦→ 𝐺 (𝑡, 𝑥)
is strongly measurable; for each 𝑡 ∈ 𝐽, the mapping
𝑥 ↦→ 𝐺 (𝑡, 𝑥) is continuous.

2. For every 𝑅 > 0, there exists a nonnegative func-
tion 𝑔𝑅 ∈ 𝐿1 (𝐽) such that

sup
∥𝑥 ∥𝐿2 (Ω;K) ≤𝑅

E∥𝐺 (𝑡, 𝑥)∥2
𝐿0

2
≤ 𝑔𝑅 (𝑡) for a.e. 𝑡 ∈ 𝐽,

and

sup
𝑡∈𝐽

∫ 𝑡

0
(𝑡 − 𝑠)2𝛼−2𝑔𝑅 (𝑠) 𝑑𝑠 < ∞.

Assumption 4.5 The mapping Γ : 𝐽×𝐿2 (Ω;K)×𝑍 →
K satisfies:

1. For each 𝑥 ∈ 𝐿2 (Ω;K), the mapping (𝑡, 𝑧) ↦→
Γ(𝑡, 𝑥, 𝑧) is measurable; for each (𝑡, 𝑧) ∈ 𝐽 × 𝑍 , the
mapping 𝑥 ↦→ Γ(𝑡, 𝑥, 𝑧) is continuous in 𝐿2 (Ω;K).
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2. For every 𝑅 > 0, there exists a nonnegative func-
tion 𝜒𝑅 ∈ 𝐿1 (𝐽) such that

sup
∥𝑥 ∥𝐿2 (Ω;K) ≤𝑅

∫
𝑍
E∥Γ(𝑡, 𝑥, 𝑧)∥2 𝜈(𝑑𝑧) ≤ 𝜒𝑅 (𝑡) (12)

for a.e. 𝑡 ∈ 𝐽,

and

sup
𝑡∈𝐽

∫ 𝑡

0
(𝑡 − 𝑠)2𝛼−2𝜒𝑅 (𝑠) 𝑑𝑠 < ∞.

Remark 4.6 Assumptions 4.3–4.5 are Carathéodory-
type hypotheses formulated directly on 𝐿2 (Ω;K). They
ensure that all deterministic and stochastic convolution
terms in (8) are well-defined in 𝐶̄ and admit uniform
bounds on balls in 𝐶̄.

Remark 4.7 (On the 𝐿2 (Ω;K)-formulation of the
nonlinearities)
The mappings 𝐹, 𝐺, and Γ are formulated in Assump-
tions 4.3–4.5 as operators acting on 𝐽 × 𝐿2 (Ω;K).
This is consistent with the common pathwise setting
where the nonlinearities act on K and are then lifted
to 𝐿2 (Ω;K) via composition with the stochastic pro-
cess 𝑥(·). In the illustrative example of Section 5, the
nonlinearities are defined pointwise in the spatial vari-
able, which recovers the standard concrete form used in
stochastic partial differential equations.

Theorem 4.8 Suppose that Assumptions 4.1–4.5 hold
and that the linear system (9) is approximately null con-
trollable on 𝐽 (Assumption 4.2). Assume in addition
that for each 𝜀 > 0 there exists 𝑅 > 0 such that

𝐶 (𝑇, 𝛼, 𝐻) Θ𝑅 < min{𝑅/2, 𝜀/2}, (13)

where

Θ𝑅 := sup
𝑡∈𝐽

( ∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑁𝑅 (𝑠) 𝑑𝑠

)1/2

+ sup
𝑡∈𝐽

( ∫ 𝑡

0
(𝑡 − 𝑠)2𝛼−2𝑔𝑅 (𝑠) 𝑑𝑠

)1/2

+ sup
𝑡∈𝐽

( ∫ 𝑡

0
(𝑡 − 𝑠)2𝛼−2𝜒𝑅 (𝑠) 𝑑𝑠

)1/2

,

and 𝐶 (𝑇, 𝛼, 𝐻) > 0 depends only on 𝑇 , 𝛼, 𝐻, ∥𝐵∥, the
constants in (4), and 𝐾1, 𝐾2. Then system (7) is approx-
imately null controllable on 𝐽 in the mean-square sense.

Remark 4.9 (Origin of the constant 𝐶 (𝑇, 𝛼, 𝐻)) The
constant 𝐶 (𝑇, 𝛼, 𝐻) in Theorem 4.8 is obtained by col-
lecting the constants arising in the deterministic convo-
lution estimates associated with the families {𝑆𝛼 (𝑡)}𝑡≥0
and {𝑄𝛼 (𝑡)}𝑡>0, together with the mean-square bounds
for the stochastic integrals with respect to the fractional
Brownian motion (Lemma 2.5–Remark 2.6) and the
compensated Poisson random measure (6). No explicit
numerical value is required; only its dependence on 𝑇 ,
𝛼, 𝐻 and the structural bounds in (4) and on 𝐾1, 𝐾2 is
used in the fixed point argument.

Remark 4.10 The square-root structure in the defini-
tion of Θ𝑅 naturally arises from the mean-square esti-
mates of the stochastic convolution terms and the defini-
tion of the 𝐶̄-norm. It does not impose any additional re-
striction on the nonlinearities beyond Assumptions 4.3–
4.5, but is merely a convenient way to collect the bounds
obtained from the 𝐿2 (Ω;K) estimates.

Remark 4.11 (On the role of the smallness condition)
Condition (13) is a sufficient (not necessary) condition
ensuring that the fixed point operator maps a suitable
closed ball of 𝐶̄ into itself and that the terminal mean-
square estimate achieves the required accuracy. No
optimality is claimed. In particular, (13) may be satis-
fied by taking 𝑇 sufficiently small or by assuming that
the growth coefficients in 𝐹, 𝐺, and Γ are small enough
so that the quantities defining Θ𝑅 remain controlled on
a suitable ball.

Proof:Fix 𝑥0 ∈ K (deterministic) and 𝜀 > 0.

Step 1: Linear approximate steering. By Assump-
tion 4.2, there exists 𝑢 ∈ 𝐿2 (𝐽;U) such that the mild
solution 𝑦(·) of (9) satisfies

∥𝑦(𝑇)∥ < 𝜀/2.

Fix such a control 𝑢.

Step 2: Fixed point operator. Define Φ : 𝐶̄ → 𝐶̄ by
the right-hand side of (8) and set

𝐵𝑅 := {𝑥 ∈ 𝐶̄ : ∥𝑥∥𝐶̄ ≤ 𝑅}.

Step 3: Invariance of 𝐵𝑅. Using the bounds in As-
sumptions 4.1–4.5, together with Lemma 2.5 and the
Poisson isometry (6), one obtains

sup
𝑡∈𝐽

∥Φ𝑥(𝑡)∥𝐿2 (Ω;K) ≤ 𝑀0 + 𝐶 (𝑇, 𝛼, 𝐻) Θ𝑅,

where 𝑀0 > 0 depends only on 𝑥0 and the fixed control
𝑢. Choose 𝑅 > 0 such that 𝑅 ≥ 2𝑀0 and (13) holds.
Then, for any 𝑥 ∈ 𝐵𝑅,

∥Φ𝑥∥𝐶̄ ≤ 𝑀0 + 𝐶 (𝑇, 𝛼, 𝐻)Θ𝑅 ≤ 𝑅/2 + 𝑅/2 = 𝑅,

so Φ(𝐵𝑅) ⊂ 𝐵𝑅.

Step 4: Complete continuity of Φ. We show that Φ :
𝐵𝑅 → 𝐶̄ is completely continuous.
(i) Continuity. Let 𝑥𝑛 → 𝑥 in 𝐶̄ with 𝑥𝑛 ∈ 𝐵𝑅. By As-
sumptions 4.3–4.5, we have 𝐹 (·, 𝑥𝑛 (·)) → 𝐹 (·, 𝑥(·)) in
𝐿2 (Ω;K) a.e. on 𝐽, and similarly for 𝐺 and Γ. More-
over, the integrable functions 𝑁𝑅, 𝑔𝑅, 𝜒𝑅 yield dom-
ination for the deterministic and stochastic convolu-
tion terms. Therefore, by dominated convergence to-
gether with Lemma 2.5 and (6), we obtain ∥Φ𝑥𝑛 (𝑡) −
Φ𝑥(𝑡)∥𝐿2 (Ω;K) → 0 for each 𝑡 ∈ 𝐽. Taking the supre-
mum over 𝑡 ∈ 𝐽 and using the same uniform bounds as
in Step 3 gives ∥Φ𝑥𝑛 − Φ𝑥∥𝐶̄ → 0. Hence Φ is contin-
uous on 𝐵𝑅.
(ii) Relative compactness of Φ(𝐵𝑅). Let 𝑥𝑛 ∈ 𝐵𝑅 and
set 𝑣𝑛 = Φ𝑥𝑛. Fix 𝑡 ∈ (0, 𝑇] and 𝛿 ∈ (0, 𝑡). Split
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each convolution integral defining 𝑣𝑛 (𝑡) into integrals
over [0, 𝑡 − 𝛿] and [𝑡 − 𝛿, 𝑡]. On [0, 𝑡 − 𝛿], the operators
𝑆𝛼 (𝑡 − 𝑠) and 𝑄𝛼 (𝑡 − 𝑠) are compact, hence the cor-
responding images of bounded sets are relatively com-
pact in 𝐿2 (Ω;K). On [𝑡 − 𝛿, 𝑡], the contributions are
uniformly small (uniformly in 𝑛) because the kernels
(𝑡 − 𝑠)𝛼−1 and (𝑡 − 𝑠)2𝛼−2 are integrable and the in-
tegrands are uniformly dominated by 𝑁𝑅, 𝑔𝑅, 𝜒𝑅. The
same decomposition applies to the stochastic convolu-
tion terms using Lemma 2.5 and (6). Consequently, for
each fixed 𝑡 ∈ (0, 𝑇], the set {𝑣𝑛 (𝑡)} is relatively com-
pact in 𝐿2 (Ω;K).
(iii) Equicontinuity. Using the strong continuity
of 𝑆𝛼 (·) and 𝑄𝛼 (·) and the uniform bounds from
Step 3, we obtain that {𝑣𝑛} is equicontinuous in
𝐶 (𝐽; 𝐿2 (Ω;K)). By the (vector-valued) Arzelà–Ascoli
theorem, {𝑣𝑛} has a convergent subsequence in 𝐶̄.
Hence Φ(𝐵𝑅) is relatively compact in 𝐶̄, and therefore
Φ is completely continuous on 𝐵𝑅.

Step 5: Terminal estimate. Let 𝑦(·) be the mild so-
lution of the linear system driven by the same control
𝑢. Then ∥𝑦(𝑇)∥ < 𝜀/2 by Step 1. Moreover, using the
same estimates as in Step 3 and the definition of Θ𝑅, we
have(

E∥𝑥(𝑇) − 𝑦(𝑇)∥2)1/2 ≤ 𝐶 (𝑇, 𝛼, 𝐻) Θ𝑅 < 𝜀/2,

where 𝐶 (𝑇, 𝛼, 𝐻) is the same constant as in Step 3.
Hence, by the triangle inequality in 𝐿2 (Ω;K),(
E∥𝑥(𝑇)∥2)1/2 ≤

(
E∥𝑥(𝑇) − 𝑦(𝑇)∥2)1/2 + ∥𝑦(𝑇)∥ < 𝜀.

This proves approximate null controllability in the mean-
square sense.

Remark 4.12 The constant 𝐶 (𝑇, 𝛼, 𝐻) can be written
explicitly in terms of (4), Lemma 2.5, (6), and 𝐾1, 𝐾2.
In particular, for sufficiently small𝑇 or sufficiently small
nonlinear coefficients, condition (13) may hold for some
𝑅 > 0.

5. Illustrative example
In this section, we present an example of a controlled
Atangana–Baleanu fractional stochastic partial differen-
tial equation fitting into the abstract framework above.
We consider the one-dimensional spatial interval (0, 1)
and set K = 𝑌 = U = 𝐿2 (0, 1).

Let 𝐴 be the Dirichlet Laplacian operator

𝐴𝜑 =
𝜕2𝜑

𝜕𝜉2 𝜉 ∈ (0, 1)

with domain

𝐷 (𝐴) =
{
𝜑 ∈ 𝐻2 (0, 1) ∩ 𝐻1

0 (0, 1)
}
.

It is well known that 𝐴 generates an analytic 𝐶0-
semigroup {𝑆(𝑡)}𝑡≥0 on K and that 𝑆(𝑡) is compact
for each 𝑡 > 0. Moreover, under the standard sec-
torial framework, 𝐴 generates an 𝛼-resolvent family

{𝑆𝛼 (𝑡)}𝑡≥0 and an associated family {𝑄𝛼 (𝑡)}𝑡>0 satis-
fying (4) and the compactness property; see [17, 11].

Remark on the linear controllability assumption.
When the control acts in a distributed way on the whole
spatial domain (as in the present setting with U = K =
𝐿2 (0, 1) and 𝐵 = 𝐼), approximate null controllability
is a natural hypothesis. In this illustrative example, we
keep it as an explicit standing assumption, consistently
with Assumption 4.2.

Consider the fractional stochastic PDE:

𝐴𝐵𝐶𝐷𝛼
0+𝑥(𝑡, 𝜉) =

𝜕2𝑥(𝑡, 𝜉)
𝜕𝜉2 + 𝑢(𝑡, 𝜉) + 𝐹

(
𝑡, 𝑥(𝑡, 𝜉)

)
+ 𝐺

(
𝑡, 𝑥(𝑡, 𝜉)

)
𝑑𝐵𝐻 (𝑡)

+
∫
𝑍
Γ
(
𝑡, 𝑥(𝑡, 𝜉), 𝑧

)
𝑁̃ (𝑑𝑡, 𝑑𝑧)

𝑡 ∈ (0, 𝑇], 𝜉 ∈ (0, 1),
𝑥(𝑡, 0) = 0, 𝑥(𝑡, 1) = 0, 𝑡 ∈ [0, 𝑇],
𝑥(0, 𝜉) = 𝑥0 (𝜉), 𝜉 ∈ [0, 1] .

(14)
We interpret 𝑥(𝑡) (𝜉) = 𝑥(𝑡, 𝜉) and 𝑢(𝑡)(𝜉) = 𝑢(𝑡, 𝜉).
We take the control operator 𝐵 : U → K to be the iden-
tity, i.e. 𝐵𝑢 = 𝑢. Moreover, we define the nonlinearities
pointwise by

(𝐹 (𝑡, 𝑥)) (𝜉) = 𝐹 (𝑡, 𝑥(𝜉)),
(𝐺 (𝑡, 𝑥)) (𝜉) = 𝐺 (𝑡, 𝑥(𝜉)),
(Γ(𝑡, 𝑥, 𝑧)) (𝜉) = Γ(𝑡, 𝑥(𝜉), 𝑧).

Assuming that 𝐹, 𝐺, and Γ satisfy the structural condi-
tions of Assumptions 4.3–4.5, and that the associated
linear system

𝐴𝐵𝐶𝐷𝛼
0+𝑦(𝑡) = 𝐴𝑦(𝑡) + 𝐵𝑢(𝑡), 𝑦(0) = 𝑦0,

is approximately null controllable on 𝐽 (Assump-
tion 4.2), it follows from Theorem 4.8 that the non-
linear PDE (14) is approximately null controllable on
𝐽. In particular, for each deterministic initial datum
𝑥0 ∈ 𝐿2 (0, 1) (identified with a constant random vari-
able in 𝐿2 (Ω; 𝐿2 (0, 1))) and each 𝜀 > 0, there exists a
control 𝑢 ∈ 𝐿2 (𝐽; 𝐿2 (0, 1)) such that the corresponding
mild solution satisfies(

E ∥𝑥(𝑇)∥2
𝐿2 (0,1)

)1/2
< 𝜀.

Verification of the hypotheses. We briefly verify that

the abstract assumptions imposed in Sections 3–4 are
satisfied for system (14). The Dirichlet Laplacian 𝐴 on
𝐿2 (0, 1) is densely defined, self-adjoint, and sectorial,
and it generates an analytic semigroup which is compact
for each 𝑡 > 0. Consequently, 𝐴 admits an 𝛼-resolvent
family {𝑆𝛼 (𝑡)}𝑡≥0 and an associated family {𝑄𝛼 (𝑡)}𝑡>0
satisfying the bounds (4), and 𝑆𝛼 (𝑡) and𝑄𝛼 (𝑡) are com-
pact for 𝑡 > 0; see [17, 11]. Hence Assumption 4.1 holds
in this setting.

The control operator 𝐵 is the identity on 𝐿2 (0, 1) and
is therefore bounded. Under the distributed-control set-
ting, we explicitly assume that the corresponding linear
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system satisfies approximate null controllability on 𝐽
(Assumption 4.2), as required in Theorem 4.8.

Finally, the nonlinear terms 𝐹, 𝐺, and Γ are assumed
to satisfy the Carathéodory-type conditions and local
quadratic bounds stated in Assumptions 4.3–4.5. Un-
der these conditions, all hypotheses of Theorem 4.8 are
fulfilled, and the approximate null controllability result
applies to system (14).

6. Conclusion
In this paper, we have investigated the approximate
null controllability of a class of Atangana–Baleanu
fractional stochastic evolution equations in a separa-
ble Hilbert space, driven jointly by a fractional Brow-
nian motion with Hurst index 𝐻 ∈ (1/2, 1) and a
compensated Poisson random measure. Assuming that
the associated linear system is approximately null con-
trollable and that the nonlinear terms satisfy suitable
Carathéodory-type conditions with integrable quadratic
bounds, we derived sufficient conditions ensuring ap-
proximate null controllability of the nonlinear system
in the mean-square sense.

From a broader perspective, the present frame-
work complements and unifies several recent approxi-
mate controllability results for fractional stochastic sys-
tems, including those in [13, 14, 15, 16], by treating
Atangana–Baleanu fractional dynamics under the joint
influence of fractional Brownian motion and Poisson
jumps.

The analysis relies on the variation-of-constants for-
mula associated with an 𝛼-resolvent family, mean-
square estimates for stochastic integrals with respect
to fractional Brownian motion and Poisson jumps, and
a Schauder fixed point argument on a closed, convex
subset of 𝐶 ([0, 𝑇]; 𝐿2 (Ω;K)). An illustrative exam-
ple involving a controlled Atangana–Baleanu fractional
stochastic partial differential equation with Dirichlet
boundary conditions was presented to demonstrate the
applicability of the abstract theoretical results. It is
worth emphasizing that the controllability conditions
obtained in this work are sufficient in nature and are not
claimed to be sharp. This reflects the methodological
focus of the paper, which aims at providing a robust
and verifiable analytical framework rather than opti-
mal or necessary conditions. Possible directions for
future research include the investigation of approxi-
mate boundary controllability for Atangana–Baleanu
fractional stochastic systems, extensions to multival-
ued or differential inclusion models involving Clarke’s
subdifferential, and the study of optimal control prob-
lems within the Atangana–Baleanu fractional stochastic
framework.
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