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Abstract

A new computational approach is presented for solving MFOCPs subject to Caputo
fractional dynamics by means of Galerkin projection technique along with fractional
Taylor polynomial expansions. The method successfully deals with constraints in the
form of both equalities and inequalities. An important feature of the new method
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includes deriving an operational matrix based on fractional Taylor polynomials such
that, using the Galerkin approach, the problem under study is reduced to a set of
algebraic equations. Convergence analysis of the Taylor series expansions is investigated
in detail. The performance of the approach is confirmed by applying it to four problems
in comparison with other existing approaches in the literature.

Keywords: MFOCPs; Caputo fractional derivative (CFD); Riemann-Liouville fractional
integral (RLI); fractional Taylor polynomials; Galerkin method; error estimation.

MSC 2010: 49MO05; 65T60.

1 Introduction

The topic of optimal control is of great importance in different fields-within engineering, as
well as computational science. This theory allows solving mathematical problems associated
with developing optimal controls, either minimizing cost functionals or maximizing some
criteria for dynamical processes [1]. Despite being quite established, a prominent modern
generalization of optimal control problems is the inclusion ‘of these optimization problems
within the realm of fractional calculus. Here, the MFOCP framework transcends the classical
theory of control (¢ = 1) to accommodate dynamic systems described by FDE [2,3]. The
use of fractional calculus in modeling such systemis.is-a rather modern concept that allows
for the modeling of hereditary dynamical systems [4].

Applications of MFOCPs are wide-ranging and found across many different areas of
engineering. Examples include the study.ofinonlinear vibrations of the Van der Pol oscillator
[5], the control of feedback linearizable systems [6], the well-known Breakwell problem [7],
and accurate operation of human-controlled crane bridges [8]. There has been increasing
attention paid to this topic, resulting in some recent publications on the theory and numerical
solution of MFOCPs [9-11}: “For example, recent research has been conducted on the
finite-time synchronization, of fractional-order fuzzy neural networks with nonlinear feedback
control [12] and with discrete-time approaches [13]. Moreover, there have been numerical
techniques, such as<the extended truncated exponential technique, designed to solve these
difficult problems+[14].

One important category of direct methods is those where the original problem is transformed
to a finite-dimensional nonlinear programming problem via parameterization. One popular
and efficient method belonging to this class is spectral methods. In this method, the solution
is approximated using a family of orthogonal functions or polynomials. The success of this
method depends on the selection of these basis functions. Several investigations have been
carried out using various basis functions and some of these include: Chebyshev [15,16],
Bernoulli [17], Legendre [2], Hermite [4], Bell Polynomials [18], Haar Wavelets [19], Legendre
Wavelets [20], Block Pulse functions [1], Pell-Lucas Polynomials [21] and Mittag-Leffler
Function [22]. This body of work demonstrates that the choice of basis functions is critical,
influencing the accuracy, convergence rate, and computational efficiency of the resulting
algorithm.

Indeed, the design of accurate numerical schemes for fractional and integral equations
is still being investigated extensively by researchers, and several current contributions are
showing the focus of the researcher on spectral order and convergence. This is consistent with
an emerging trend that takes advantage of the efficiency of the spectral and pseudo-spectral
Galerkin approach to generate an accurate solution. For example, current contributions have
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used the Legendre pseudo-spectral element method [23] and the multistep pseudo-spectral
continuous Galerkin scheme [24] in the solution of Volterra integro-differential equations.
This emphasis on achieving maximum accuracy is even more apparent from the resolution
of high-order nonlinear [25] and weakly singular [26] differential equations, where spectral
Galerkin schemes have proven to be extremely successful. Within the particular area of
fractional optimal control, which has functional similarities with the previous categories
of differential equations, one finds that the quest for efficient basis functions remains an
important objective, as demonstrated by recent studies whose main objective was increased
efficiency and precision [27]. Our new GFT methodology plays its role in this continued
endeavor through developing a special type of fractional polynomial basis function-within the
context of Galerkin projection schemes, particularly for multi-dimensional fractional optimal
control systems involving inequality constraints.

The fractional Taylor polynomials offer several distinct advantages forsolving MFOCPs.
First, their monomial structure 7;(x) = 2% naturally aligns with the power-law behavior
inherent in fractional calculus, enabling exact representation of fractional integrals via the
operational matrix derived in Section 5. Second, the basis functions are orthogonalizable
on [0,1] with respect to the standard L2 inner product, which facilitates stable numerical
computations. Third, unlike classical polynomial bases that require fractional differentiation
of the basis functions, the fractional Taylor basis allows direct and exact application of
the RL integral operator through simple coefficient,secaling. This property significantly
reduces computational complexity and improves accuracy. Fourth, the basis provides spectral
convergence for sufficiently smooth solutions, as demonstrated in our error analysis (Theorem
2).

The method based on operational”matrices, which is well-established in literature for
solving several problems related to fractional calculus [28,29], has the following remarkable
features: (i) the fractional calculus éperations can be represented in terms of algebraic matrix
operations, hence, the computationi becomes cheaper; (ii) high-dimensional problems can be
solved by taking advantage of Kronecker products; (iii) Galerkin projection in combination
with this technique preserves ‘spectral accuracy; and (iv) incorporating initial/boundary
conditions becomes more/straightforward. In this paper, we introduce a new operational
matrix [1?7 for the fractional integral operator in the sense of Riemann-Liouville using fractional
Taylor polynomials. ‘Using this operational matrix, the state functions can be recovered
from their fractional derivatives by a simple formula RLZPT;(x) ~ II?T4(x) without any
quadrature technique, ensuring exponential convergence rates.

Although Galerkin-fractional Taylor (GFT) has been used to solve a number of different
applications; its use for solving MFOCPs involving inequality constraints is quite rare. The
main-aim of this paper is to bridge this gap through the proposed framework, which will be
used for solving the following MFOCP:

The objective is to minimize
J = /AA(%,X(%)?V(%))d%, where A = [0, 1], (1)
subject to the system dynamics governed by the Caputo fractional derivative,
CDOX (5) = B3, X(5),V(x)), m—1<p<m, x€A, (2)
a set of s nonlinear inequality path constraints,

Ci(5,X(5), V(%) <0, i=1,2,...,s, (3)
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and the conditions '
X@0)=;X, i=0,1,...,m—1. (4)

In this formulation, X(>) and V() represent N-dimensional state and control vectors,
respectively. The functions A, B, and C; are assumed to be smooth and continuously
differentiable with respect to their arguments.

The main contribution of this work is a novel methodology that leverages fractional
Taylor (FT) polynomial expansions to approximate the solutions to the problem defined by
Egs. (1)—(4). The proposed GFT method transforms the underlying MFOCP into a system of
algebraic equations through the application of the Galerkin projection. Solving this.resultant
system provides an efficient numerical pathway to obtain the approximate optimalistate and
control trajectories.

The paper is structured in the following way. First of all, in Section 2, we present
all required preliminaries regarding fractional calculus and fractional Taylor polynomials.
Function approximation theory will be presented in Section 3. In Section 4, we conduct
an error analysis for the considered method. The operational matrix for RLI, which plays
a crucial role in our approach, will be derived in Section 5. “Our novel GFT method will
be proposed in Section 6. Finally, a discussion regarding the application of the suggested
approach and its performance will be conducted using some numerical examples in Section 7.
and a comparative analysis with other methods. We conelude the paper with a summary of
results and conclusions in Section 8.

2 Preliminaries and definitions

This section establishes the fundamental definitions and properties from fractional calculus
and introduces the fractional Taylor)polynomial basis, which are essential for the subsequent
development of our method.

2.1 Fractional operators

The CFD and the RLI of order p (m —1 < p < m, m € N*) for a function w(s), 2 > 0, are
defined respectively as [30, 31]:

Coye _ 1 * w(m) (y)
D) = g ) e )
and ;
RLT0y () = F(lg) /0 (e — 9)? w(y)dy, (6)

where I'(-) denotes the Gamma function.

2.2 Essential properties

The following properties of these operators for power functions are crucial [30,31]:

Cmo.s_ L(B+1) 45 RL+o. 5 L(B+1) 454
e TTB+1-9 5 T TTB+1+o) - ")
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Furthermore, these operators satisfy the following fundamental identities:

Cpe (*ETw () = w(s); (8)
m—1 i
22 (CD2w(5e)) = wi2) = Y w(0%) 7 (9)
i=0
RL 70 (RLI,Bw(%)) = RLTetPy(5), B>0 (10)

2.3 Fractional Taylor polynomials

The fractional Taylor (FT) polynomial of integer degree ¢ is defined as the monomial
Ti(%) = ', »zeR. (11)

A direct application of the property in (7) allows for the exact caléulation of the fractional
integral of any fractional Taylor polynomial

; F(ip+1) ;
RL RL7o i iot
ZOTi(3) = “I0" = — Q& e R. 12
(x) ” (o +1 g)% ” (12)

This property is the cornerstone for constructing the eperational matrix of fractional integration.

3 Function approximation

This section details the methodology for approximating functions using fractional Taylor
polynomials within the framework of.the I.?(A) Hilbert space.

3.1 Mathematical framework

Let IL2(A) denote the space of Lebesgue square-integrable functions on the interval A = [0, 1],
equipped with the.inner product and norm defined by

(9,9) = /A y()g(d, Iyl = V).

Consider-the finite-dimensional subspace %3 C I.2(A) spanned by
Ya = span{To, T1, ..., Ta} -

Since % is finite-dimensional, it is closed and complete. Consequently, for any function
h € I2(A), there exists a unique best approximation hg € % that satisfies the orthogonality
condition

This function hg minimizes the distance to h over the subspace

17— holl, :gié??£i||h—g||m- (14)
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3.2 Series expansion and coefficient calculation

The best approximation hg can be expressed as a linear combination of the basis polynomials

d
h(3) ~ ho() = e T () = CTTy(5), (15)
v=0

where the coefficient vector C and the basis vector T, are given by
C=leo,cr,emsed”s,  Ta) = [To(2), Ti(), .., Tal2)]"

To determine the coefficients C, we enforce the orthogonality condition (13).. Defining the
moments of h as

1
ki = (h(5¢), Ti(»)) = /0 h(s¢)Ti()ds, i=0,1,.. .4,

and substituting the expansion (15) yields

1 d
ki — /O (;)cm(%)> Ti(s)d%

d 1 d
~Y e / TTAdz =Y e ri, (16)
v=0 0 v=0

where r,; = (T, T;). Letting K = [koskis. .+, kq)” and R = [7vil(d+1)x (a+1), the system in
(16) can be written in matrix form as

K=RC. (17)
The entries of the matrix R are €asily computed, we have

1

1 1
ri =AT,T; :/ %l’gxigd%:/ 0Ty = — —
vi (i) 0 0 vo+io+1

Thus, R is a_well-known Hilbert-like matrix. The coefficient vector is then obtained by
solving theilinear system

C =R 'K.

Therefare, the best approximation of any function h € I2(A) in the L?-norm is given by

h(s¢) ~ CTT4(5) = KTR ™ Ty(5). (18)

3.3 Linear independence and completeness

The linear independence of the set {7y, 71, ..., 74} is evident from the fundamental theorem
of algebra: if a linear combination of these distinct monomials is identically zero, then all
coefficients must be zero. This property, combined with the existence and uniqueness of the
best approximation (14), confirms that the fractional Taylor polynomials form a complete
basis for the finite-dimensional subspace %.
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4 FError and convergence analysis

This section provides a theoretical analysis of the error incurred by the fractional Taylor

polynomial approximation and establishes the framework for a posteriori error estimation for
the MFOCP.

4.1 Approximation error bound

Assumption 4.1 (Solution Regularity). The exact solution functions X(2¢) and~V (s) are
assumed to be (d + 1)-times continuously differentiable on A = [0,1], and their fractional
derivatives CD(FHDeX (5), D@1V (5) exist and are continuous.

We begin by establishing a bound on the error of the best approximation-in the IL? norm.

Theorem 1. [32] Suppose that CD,k{gy(%) € C(0,b] fork=0,1,....m=+1, where 0 < p < 1,
then we have

(“DUm+Dey)e) (m+1)e

Zz;rzﬁl ”y)(0)+F<(m+1)Q+1) ’

with 0 < & < 5,V € (0,b], where
Cpme = Cpe.Cpe...Cpe  (m-times).

Theorem 2. Let w € CT(A) be a (d+1)<times continuously differentiable function (satisfying
Assumption 4.1) and let %; = span{To;Tis...,Tq} be the space of Taylor polynomials of
degree at most d. Let “w € % be ithe best approzimation of w in the L2(A) norm. Then,
under the regularity conditions of Assumption 4.1, the approzimation error is bounded by:

Hw - de < 0 , where § = max ‘ <CD(d+1)9w) (%)’
L™ I((d+1e+1)v2do+20+1 #EA

Proof. We start, by constructing the fractional Taylor polynomial §;(s) € % expanded
around » = 0:

d .
pie
;r (io+ 1) Difw) (0).

Applying the generalized Taylor theorem (Theorem 1), for each s € A there exists a point
&,.€.(0; ») such that the remainder satisfies

(CD(d+1)Qw) (f)
I((d+1)e+1)

§ scld+1)e
P((d+1)e+1)

|w(s¢) — 1 ()| = (e

(19)

Since %w is the best approximation of w in % and §; € %, it follows from the definition of
the best approximation that:

2
o= || < o =gl
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Using the pointwise bound, we estimate this norm, we have

1
lw — g2 = /O () — g1 () doe
1 § sldt1l)e 2d
<
—/0 T((d+1o+1)) &

5 2 aere
— o+20
(r<<d+1>g+1>> /0% g
52

(T((d+1)o+1))* (2do+20+1)

Taking the square root of both sides yields the desired result

5
< )
HIL T I((d+1)o+1)v2do+20+1

o =

4.2 A posteriori error estimation for the MFOCP

The following theorem formalizes the error dynamies for the MFOCP, providing a framework
for a posteriori error analysis.

Theorem 3. Let (V1,Va) be the exact state and control functions satisfying the MFOCP
(1)-(4). Let (%1,%%) be their approwimations obtained by the GFT method. Then, the
approzimation errors “EVi(s) = Vi(22) = W;(3), fori = 1,2, satisfy the following MFOCP:

1

min Jg = / A (%, WY (5¢) + Wi (5), B2 (5) + dVg(%)) doe, (20)
0

subject to

O (BMGA Vi) = B (2. Y () + Vi), B G + Mal) . (21)

C; (A8 (20) + Wi (), "B (20) + Do) <0, j=1,....8, (22)

and initial conditions (23)

5
(dIEV1>( 0) =i - P0), k=01,...,m—1.

Proof. The result follows directly from the linearity of the Caputo derivative and the initial
conditions, by substituting V;(s) = MY () + W;(s), for i = 1,2, into the original problem
(1)—(4). O

Practical implementation: The error MFOCP (20)—(23) is solved using the same GFT
method with the same basis functions {7;(5¢)}, but typically with a higher polynomial degree

d’ > d. This allows for a more accurate representation of the error functions ¥ EX(3) and
YRV (5).
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4.3 Iterative error correction

As Theorem 3 indicates, the error functions EX and ?EV can also be regarded as solutions
of another MFOCP. This indicates an iterative improvement process whereby the GFT
algorithm is used for solving the error MFOCP Egs. (20)—(23) to obtain a further approximation
of the error.

Let 44R7 (50), 7 = 1,2, be the approximate solutions for the error functions obtained by
applying the GFT method with a new, higher polynomial degree d’ to the system (20)—(23).
The corrected solution is then given by:

U

d Xcorrected(%) = dX(%) + d ’dEX(%)7
d Vcorrected(%) = dV(%) —"_ d 7d]EV(%)'
In fact, one can increase the polynomial order dynamically with respect to the size of the
approximate error. For example, if one starts from a polynomial order dy and if the norm of
the approximate error Hd/’dEH exceeds some threshold value €, then the polynomial order
d" will be higher than d. In such cases, the MFOCP error should be resolved again. This
method provides a way to perform a posteriori error estimation, which is especially useful in
situations where no expression of the exact solution is«available.

5 Operational matrix for the RLI

This section is dedicated to the derivation.of the operational matrix for the RLI, which is a
crucial component for the numerical implementation of our method.

5.1 Derivation of the matrix

The goal is to find a matrix“II? such that the RLI of the fractional Taylor basis vector can
be expressed as
RLTOT 1 (3¢) = TI2 Ty(2), (24)

where Tg(s) 1552, %%, ..., %%|T.

We hégin by applying the RLI operator to each element of the basis vector. Using the
known formula for the RLI of a power function from Eq. (7), we obtain

RLTOT  (50) = [RL1@(1), RLTe(50), .. RLIQ(%dQ)] !

[,

Lo+1) 20 [(do+ 1) T
(1+ o) I'(o+140) '~ 'T(do+1+0)

sderel (25)

This result can be written compactly as
FLTOTy(5) = Q9(), (26)
where  is a diagonal matrix of coefficients and ¥(s¢) is a vector of shifted monomials

() T(o+1) I'(do+1) ) 90

2'9 %Q+dQT.
F(1+0) ' T(e+1+0) ""T(do+1+0) T

Q-diag( :[%9,%
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5.2 Projection onto the fractional Taylor basis

The vector () lies outside the original polynomial space % due to the non-integer exponent
0. To express it in terms of the basis T4(3), we project each component 5+ onto %;. From
the approximation theory in Section 3, specifically Eq. (18), we have:

#2118 P Ty(5), fori=0,1,...,d, (27)

where the row vector P; contains the expansion coefficients for »¢1%. These coefficients are
found by solving the linear system derived from the inner products

P,=P,R %

Here, R is the Gram matrix defined in Section 3, and the vector P; is given by

1 d d

_ . . . o 1
P; = [(2T T0), (2T T, ... (2T T = [/ %gﬂgﬂgd%] C [ . } )
=l A ) < ) 0 =0 Lotiotjot1],

Assembling the approximations for all ¢ into a single matrix equation, we can write

22 Py P()R,_1
Py P, Fl R!

9 (3) = : ~ || TaGe)= : Ta(s). (28)
seotde P, P,R!

The block matrix in Eq. (28) is a diagenal matrix of row vectors. Its structure can be
represented as
Y(se) = P (1 ® Ty(x)),

where 1 is a column vector of enes of length (d + 1), ® denotes the Kronecker product, and
P is the block diagonal matrix

P'= blockdiag (PoR™',P1R™',...,P;R7').

5.3 Final operational matrix form

Substituting the approximation from Eq. (28) into Eq. (26) yields the final form of the
operational matrix:

RLTOT ) (30) = QP (1 ® Ty())
=0P (1®Ty(»)). (29)
II1¢
The matrix I1? = QP is the desired (d + 1) x (d + 1) operational matrix of fractional
integration for the fractional Taylor basis. This matrix allows us to efficiently compute the

fractional integral of any function expressed in the fractional Taylor polynomial basis by
performing a simple matrix-vector multiplication.

10
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6 Description of the GFT method

This section details the application of the GFT method to solve the MFOCP with inequality
constraints as defined in Egs. (1)—(4). The core idea is to approximate the state and
control variables using fractional Taylor polynomial expansions and then employ the Galerkin
projection to transform the original problem into a system of algebraic equations.

Using the theoretical results developed in Sections 2-5, the following is a summary of the
entire computational process of using the GFT approach. The following algorithm describes
the entire process from the initialization of the coefficients matrices to obtaining the optimum
state and control trajectories. This algorithm makes use of the Galerkin approximation, the
operational matrix of fractional integration found in Section 5, and the Newton iteration
scheme.

6.1 Polynomial approximation of variables

In this subsection, we commence by expressing the CFD of the state vector and the control
vector themselves as expansions in the fractional Taylor polynomial basis T 4(s¢):

CDLIX,(5) = TI T4(s), where TH=NTIL,Ti,... T, (30)

Wi(3) = UITy(5), where. U7 = [u),w] AR (31)
for i,j = 1,2,...,N. Here, X; and de denote the d-th order approximations of the state
and control components, respectively.

These component-wise approximations:can be assembled into compact vector-matrix
forms for the entire system:

DL (5) = (In ® Ty()7) T, (32)

V() = (In © Ta()") U, (33)

where Iy is the IV x N identity matrix, ® denotes the Kronecker product, and the aggregate
coefficient matrices are defined as:

~

U=Ju' uv? ... U¥], T=[T" T ... TV]. (34)

6.2 Recovering the state approximation
In order-to derive an estimate for the state vector X(s), we take the Riemann-Liouville

fractional integral of order p on both sides of Eq. (32). From the property of inversion of
fractional calculus according to Eq. (9), we have

n—1 k
V4
X (52) = Rl-7e (CngX(%)) X
k=0

R n—I1 k
— RL7e ((IN ® Td(%)T) TT> + Z kx% (35)
k=0

Leveraging the linearity of the integral operator and the operational matrix IT¢ derived in
Section 5 (Eq. (29)), this expression simplifies to
n—1 k

¥X (3) = ®(5) TT + f: KX (36)
k=0

>
k!’

11
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where ® () = (I N ® (I1° ']I‘d(%))T> encapsulates the action of the fractional integral operational

matrix on the basis.

6.3 Reformulation of the MFOCP

With the approximations (36) and (33), the cost functional (1) is transformed into a multivariate
function of the unknown coefficients

I~ /01 A (5%(2). % ()) de = 7 (7, 0). (37)

This integral can be efficiently evaluated using numerical quadrature, such“as. Gaussian
integration. The inequality constraints (3) are handled by introducing a set-of auxiliary
slack variables zj(x), j = 1,...,s, which transform the inequality constraints into equality
constraints. This is achieved by adding the square of the slack variable to the original
inequality constraint, ensuring non-negativity

2
C; (%, dX(z),dV(%)) + (dzj(%)) ~0. (38)
The slack variables dzj(%) are also approximated using fractional Taylor polynomials
bi() = ZJT"JI"d(%)7 j=1,...,s. (39)

This formulation ensures that the inequality.constraints are satisfied by construction, as the
squared term guarantees that the left-hand side is non-negative.

The inequality constraints (3) are handled by introducing a set of auxiliary slack variables
zj(x), j =1,...,s, converting them into equality constraints

2
C, (% dX(%)flV(%)) + (dzj(%)) ~0. (40)
The slack variables are also approximated using fractional Taylor polynomials
bi() = Z]TTd(%), j=1,...,s. (41)

Substituting the approximations Eqgs. (36), (33), and Eq. (41) into the system dynamics Eq.
(2) and the constraints (40) yields the residual equations

Hy (4 T, 0) = “DLX () ~ B ("X (), W () ) = 0, (42)
Z;

H,( T, U, ):cj(%,dX(%)jdV(%))+(ij’er(%))2:o, j=1,...,5  (43)

6.4 Galerkin projection and optimization

The Galerkin method mandates that the residuals (42) and (43) be orthogonal to the basis
functions {7;(5)}&,. This projection transforms the continuous residual equations into a
finite system of algebraic equations

1
Hos = [ Ho() T =0,
0 fori=0,...,d, j=1,....s. (44)

1
Hj,i = /0 HJ(%) 7;(%)(1% = 0,

12
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'The original MFOCP is now reduced to the constrained optimization problem of minimizing
J(T,U) subject to the constraints (44). This is solved by formulating the Lagrangian

s d
£(Aaﬁv{zj}’{>‘j,i}) = j('/f7ﬁ) +ZZ>‘j,i H;;, (45)

j=0 i=0

where );; are Lagrange multipliers. The first-order necessary optimality conditions are given
by
0L o OE_, 0E_, 0
oT ou 0Z; ONji

—H,,=0. (46)

The system of equations (46) is typically large and nonlinear. It is solved, numerically
using an iterative method such as Newton’s scheme. The Newton iteration-is initialized
with an initial guess for the unknown coeflicients ’i‘(o), ﬁ(o)’ {Z§O)}, and {)‘5‘(?}- A practical
initialization strategy is to use the solution of the unconstrained problem7or a linearized
version as the initial guess. For the problems considered in this work, initializing all coefficients
to zero proved to be effective.

At each iteration k, the Newton update is computed by ‘solying the linear system
JE Apk) = _F*)
where J(*) is the Jacobian matrix of the system (46)-evaluated at the current iterate p*) =

(’/I\‘(k),ﬁ(’“), {ng)}, {Ag?}), F*) is the residual vector, and Ap®*) is the step. The solution

is then updated as p*t!) = p®) 4 o Ap®) " where o¥) € (0,1] is a damping parameter
chosen to ensure a decrease in the residual norm.

The process repeats itself until.the end point is achieved. The first criterion for termination
of the algorithm is the following

[

(k)
|IFUW|| < €ans or |FO)|

< €rel,

here, €,ps and €, aretabsolute and relative tolerances, respectively (e.g., 10712 and 10_10).
Additionally, a limit on the maximum number of iterations (e.g., 100) is imposed to prevent
excessive computation in case of slow convergence.

The. solution yields the optimal coefficients T* and ﬁ*, from which the approximate
optimal state and control trajectories, X*(3¢) and ¢V*(s¢), are reconstructed via Eqs. (36)
and (33), respectively.

This marks the end of the development of the GFT approach for dealing with the
constrained multi-dimensional MFOCPs. The fundamental part of the procedure, presented
in algorithm 1, lies in the approximation of the fractional derivatives of the state and the
control function by means of the fractional Taylor polynomials, determination of the state
with the help of the operational matrix found, and satisfaction of the system dynamics as
well as other constraints due to Galerkin projection. The obtained NLP is solved with the
use of Newton’s method. The result of the method is the optimal set of coefficients T* and
ﬁ*, from which the optimal state trajectory, X*(s), and the optimal control trajectory,
1V*(5), are computed using formulas Eqs. (36) and (33), respectively. The performance of
the suggested technique will be demonstrated and discussed in the next section.

13
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Algorithm 1 The GFT method for constrained MFOCPs

1: Input: o, d, A, B, C;, ;X, s, dimension N
2: Output: Optimal state “X*(c) and control 4V* ()
3: Set maximum iterations Ny.x, tolerance €
4: Initialize coefficient matrices ’T(O), G(O), Zg-o) forj=1,...,s
5. Approximate fractional derivative: CD24X (5¢) = (Iy ® Tq(3)7)T7
6: Approximate control: 9V (3) = (Iy ® Ty(3) )GT
7. Recover state: 4X(3) = ®(5)TT + Pyiars WX
8: for j =1to s do
9: Approximate slack variables: %; () = Z?Td(%)
10: Convert inequalities: C;(5¢, X (5¢), OV (3)) + (%;(3))? =0
11: end for
12: Compute dynamics residual: Ho(s¢) = ©DL¥X (5¢) — B (¢, X (), 4V ()
13: for j =1 to s do
14: Compute constraint residual: H;(5) = C;(5¢, X (3¢), OV (3¢)) (Z;F’]I‘d(%))2
15: end for
16: for ¢ =0 to d do
17: Project dynamics: Hy; = fol Ho(5)T;(3)d> =0
18: for j =1 to s do
19: Project constraints: H;; = fol H;(5)7i(»)dx=0
20: end for
21: end for
22: Formulate cost: J (T, U) fo ) N (3¢))de
23: Construct Lagrangian: £ =7 + Z]:O 22:0 NjiHy
24: Solve optimality conditions using Newton’s method:
25: 9 =0, % —
oT ~ [ ou
26: for j =1 to s do
27: 5z =0
28: end for’
29: for 7 =0 to s do
30: for + = 0 to d-.do
31: Hj,i =0
32: end for
33: end for
34: while-k < Npax and ||[VL|| > € do
35: Update coefficients using Newton iteration: T*+1), Uk+1), Z;k“)
36: ki—Fk+1
37 Recompute Lagrangian £ and its gradient VL
38:. end while
39: Reconstruct optimal state: 9X*(5) = ® (3¢)(T*) + Z;n 01 ,{X”
10: Reconstruct optimal control: W* () = (Iy ® Ty(5)T)(U*)T

7 Numerical examples

This section demonstrates the efficacy, accuracy, and convergence properties of the proposed
GFT method by applying it to four benchmark MFOCPs. The results are compared with
existing methods from the literature.

14
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Example 1

We first consider a classic linear time-invariant MFOCP [9, 34]:

1 1
min J = 2/ (X2 (50) + V2(5)) dse,
0
“DIX () = —X(5) + V(5),
X(0) =1.
For the integer-order case (9 = 1), the exact solution is known
X (5¢) = cosh(v/2s) + Bsinh(v/2x),
V(5) = (1 + V2a) cosh(V25) + (V2 + a) sinh(v25),

__cosh(v/2)++/2sinh(v/2)

where o = V2 cosh(y/2)+sinh(v/2) °

For d = 4 and ¢ = 1, the approximate solution is “DL(*X(4¢)) = TTy(s), and 4V () =
UTy(5), where

N

Ty(s) =

XX,
- W

x
1/2 52
RITIT (5e) = | 1/354°
1/4 5
1/5 5

Implementing. GFT method, we obtain

X (36) £ = 1.385676059 3 + 0.9977935270 32 — 0.4511874397 2> 4 0.1436498327 5*
—0.02261032760 > + 1,

"W () = —0.3857658777 + 0.6126044078 3¢ — 0.3746178050 22 + 0.1736674070 > — 0.0259325535 »*.

For d' = 6, from the Theorem 3 by solving the error problem

min J; = ;/01 ("EX () +1 X ()" + ('EV (50) +* V()" dos,

subject to (48)

ODL ("X (5¢) + X () = — (EX () + K () + (‘EY () + V()

\ 4EX(0) =1- 4X(0)7

15
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by the GF'T method, we get the approximation for the error:

GARY (3¢) = — 0.00005137490 + 0.00152897557 3¢ — 0.01075792085 5>
+ 0.02927585581 2> — 0.0346006431 5¢* + 0.01601343516 3> — 0.00136416711 »Y,

CARX (5¢) = — 0.00014294693 3 + 0.002212689080 »* — 0.01076435777 5
+0.02290220032 >* — 0.02299284888 > + 0.009998361823 5° — 0.001213096546 5"

Figure 1 displays the absolute error in the state X(s¢) and the corresponding results for
the control V(s¢) for the initial approximation (d = 4). These figures confirm-that the
proposed error estimation technique provides a reliable measure of the approximation error,
even without knowledge of the exact solution.

x10°® %10

4.5

4 == The absolute error
4 =—@— The absolute error

7| —E— The estimation of absolute error

—+—— The estimation of absolute error

& 5 L L L L L _— L ),
0 01 02 03 04 05 06 07 08, 09 | 1 0 01 02 03 04 05 06 07 08 08 I
(a) Error of X (b) Error of V

Figure 1: Error analysis for the state,variable in Example 1 (¢ = 1) using degree d = 4 and error estimation
degree d’ = 6 obtained from Theorem 3, (a) for X and (b) for V.

Figure 2 illustrates the state solution X(s¢) and the control V() for ¢ = 1. The high
accuracy achieved with d = 4.

0= 1 o=1
or
R > —=&— The exact solution
L R —+— The aproximation solution L
0.9 -0.05
R —&— The exact solution
—+— The aproximation solution
0.8 -0.1
0.7 -0.15
0.6 -0.2
0.5 -0.25
0.4 -0.3
03 035+ 4
&
0.2 L L L L L L L L L ) 0.4 . . . . . . . . . ,
0 0.1 02 03 04 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 04 05 06 0.7 0.8 0.9 1

(a) Solutions of X (b) Solution of U

Figure 2: Exact and approximate solutions of X(s¢) for (a) and V() for (b) with d = 4 and ¢ = 1 in
Example 1.

16



Accepted manuscript (author version)

Figure 3 shows the X () for (a) and V() for (b) with o = 0.7,0.8 and 1.

09 08

0.8
0.6
0.7 [
0.4 -
0.6 [

0.2
0.5

oFf
04

0.3 0.2

0o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04) 05 06 07 08
(a) Approximate solutions X (b). Approximate solutions V

Figure 3: Approximate solution of X () for (a) and V() for (b) with.d =4 and o =1, o= 0.7, 0.8, 1 in
Example 1.

Table 1 presents a quantitative comparison of the absolute error in X(s¢) for d = 4 against
the methods reported in [9] and [34]. The results-obtained by the proposed method, both
before and after error correction, exhibit superior or highly competitive accuracy across the
entire domain, with a CPU time of 0.313 seconds.

Table 1: X(s)when' o=1,d =4, and d’ = 6.

Method [9] Method [34] Present method (Degree d = 4)

P%4 The absolute error The estimation of absolute error
010 8.99 x 10°° 0 0

0.1 | 1.56 x107° 477 %107° 8.64 x 1077 8.63 x 1077

0.2 | 2.64 x 107° /3125 x 107° 3.69 x 107° 3.70 x 107°

0.3 | 3.61 x 107° \.7.74 x 107° 2.28 x 107 2.28 x 107

0.4 | 3.80 %107% 2.13x 107° 2.22 x 107° 2.24 x 107

0.5 | 3.81% 10°° 6.43x 107° 4.23 x 107¢ 4.23 x 107°

0.6 | 4.94%x107° 1.03x107* 1.60 x 1076 1.58 x 1076

0.7 ["1.01% 107° 1.12x107* 1.58 x 107° 1.58 x 107°

0.8 | 5.51x107° 9.14x107° 3.48 x 107° 3.46 x 107°

0.9 [5.53x107° 941 x107° 1.17 x 1076 1.18 x 1076

As an example, let us show how to apply the framework of error estimation to Example 1.
We begin with an initial guess of d = 4 and then use the error estimation technique to solve
the problem of optimal error control (48) with d’ = 6. The corrected results are obtained
through

6Xcorrected(%) = 4X(%) + 6’4EX(%)7

6Vcorrected(%) = 4V(%) + 6’4EV(%)

From Table 2, it can be seen that there has been a significant enhancement in terms of
numerical results as a result of error correction. In particular, the maximum absolute error
of the state variables is lowered from O(107°) to O(107%), demonstrating the effectiveness of
the proposed error estimation and correction framework. The following numerical illustration

17
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verifies that the error estimation process offers not just a dependable means to quantify the
approximation error, but also offers scope for reducing the error using an iterative technique.

In order to test the stability of our model expressed in (47), we made an infinitesimal
disturbance to the initial value. This was achieved by slightly altering the initial condition
to X(0) = 1.00001, thus forming a disturbed problem. In order to determine the size of
the disturbance, we measured the error value |Xexact — X(4)|
problem. Furthermore, the absolute error for the disturbed problem (Err.per) was calculated
by comparing the exact solution to its approximate version X;g,4). From Table 3 and Table
4, it is evident that the results of the disturbed problem agree with the exact solution, thus

Accepted manuscript (author version)

Table 2: Error correction performance for Example 1 (o = 1)

% ‘Xexact - 4X| ‘Xexact - 6Xcorrected‘
0.2 3.69x 1076 215 x 1078
0.5 4.23x10°6 3.08 x 108
0.8 3.48 x10°° 1.92 x 1078

proving the stability of the model.

Table 3: The X, X4, X/, absolute error and perturbed absolute error for different values

with d = 4 for Example 1.

(Err) for-the unperturbed

7 X X4 X7 Err Err.per

0.0 1.0000000000 1.0000000000 10000100000 | 0.00 x 10° | 1.00 x 10~
0.1 0.8709724165 0.8709732758 0.8709819855 | 8.59 x 10~7 | 9.57 x 106
0.2 0.7593933330 0.7593896350. '0:7593972289 | 3.70 x 1076 | 3.90 x 10~6
0.3 0.6630274463 0.6630251654 0.6630317956 | 2.28 x 1076 | 4.35 x 107
0.4 0.5799442241 0.5799464566 0.5799522560 | 2.23 x 1076 | 8.03 x 106
0.5 0.5084792307 0.5084834659 0.5084885508 | 4.24 x 1076 | 9.32 x 106
0.6 0.4472007826 0.4472023835 0.4472068555 | 1.60 x 1076 | 6.07 x 10~6
0.7 0.3948812668 1.0:3948784972  0.3948824460 | 2.77 x 1076 | 1.18 x 1076
0.8 0.3504725478 0.3504690582 0.3504725629 | 3.49 x 1076 | 1.51 x 108
0.9 0.3130849700 0.3130861460 0.3130892768 | 1.18 x 1075 | 4.31 x 106
1.0 0.2819695346 0.2819695337 0.2819723534 | 9.08 x 10710 | 2.82 x 1076

Table 4:«The V, V4, VI,
with. d = 4 for Example 1.

absolute error and perturbed absolute error for different values

> Vv V4 \ Err Err.per

0.0 -0.3858185962 -0.3857659576 -0.3857698152 | 5.26 x 107> | 4.88 x 10~°
0.1 -0.3280601444 -0.3280805262 -0.3280838070 | 2.04 x 1075 | 2.37 x 107
0.2 -0.2768738381 -0.2768818298 -0.2768845986 | 7.99 x 1076 | 1.08 x 107
0.3 -0.2312342439 -0.2312211794 -0.2312234916 | 1.31 x 107° | 1.08 x 107
0.4 -0.1902270475 -0.1902121357 -0.1902140379 | 1.49 x 1075 | 1.30 x 107
0.5 -0.1530307372 -0.1530305092 -0.1530320395 | 2.28 x 10~7 | 1.30 x 1076
0.6 -0.1189001461 -0.1189143601 -0.1189155493 | 1.42 x 107° | 1.54 x 107
0.7 -0.0871515239 -0.0871639983 -0.0871648699 | 1.25 x 107° | 1.33 x 10~°
0.8 -0.0571488391 -0.0571419835 -0.0571425549 | 6.86 x 1076 | 6.28 x 1076
0.9 -0.0282910373 -0.0282731251 -0.0282734078 | 1.79 x 107° | 1.76 x 10~°
1.0 -0.0000000000 -0.0000444822 -0.0000444827 | 4.45 x 1075 | 4.45 x 107
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Example 2
Next, we solve an MFOCP featuring both state and control inequality constraints [33]:

( 1
min J = / (X2 F V24 2:82X — o1 — %3/2)V) ds,
0

subject to: “DY2X (5¢) = ?’f(xw) ~V(x)), (49)
X(%#) <0, 0<V(x) <1,
X(0) = X'(0) = 0.

The exact solution is X(3) = —3*/2, V(5¢) = 1 — 5*/2, yielding an optimal cost J = —0.7.

2
Ford =1 and p = %, the approximate solution is “D2(1X(5)) = TTy(2) and 'V (5) =
UT, (5), where

1
Ty () = ,
ik
[ 4322
RLTST, (50) = i
1/83%% /7
Using GFT approach, it follows that
B/2
1X () = —1.772453851 T = 0.0000000001127579925 >3/,

™

1V (3¢) = 0.9999999999 — 0.9999999995 »3/2

For d = 4, the approximate solution is X () = TT4(3), where

2

RL73 T4(%)

r 23/2
4/3 %

1/833\/7
64 59/2
- 315 /7

2155/
512
4096 »15/2
45045 /7

19



Accepted manuscript (author version)

Apply the GFT method in Section 6, we obtain

3/2
41X (5) = — 1.772453850905053 % — 1.099993449325995 x 1071253/«
9/2

1 8.659083640613335 x 1012 2 _ 2.816324877899974 x 1012 ANV
N
15/2
+ 3.186419499822500 x 10~12 2
NS

4V (3¢) =0.9999999999999374 — 0.9999999999984059 »>/2 — 7.537931752503131 x.107'2 53
+1.192939665528195 x 107 572 — 6.007609032379279 x 10~ 12 55

Figures 4 and subsequent figures show excellent agreement between the numerical and
exact solutions even for low approximation degrees (d = 1 and 4) The computed cost
functional J (Table 5) achieves machine-level precision (—0.700000....), outperforming the
reference method. Tables 6 and 7 confirm the high accuracy of the state and control
approximations.

04884 14
—— The exact solution

N —— The exact solution
01 W —+— The aproximation solution

—+— The aproximation solution

0.8 |
-0.2 1

03k
0.6
04t
05 04Ff
-0.6 [
021
07k

-0.8

-09

-1

-0.2

®
1

0 01 02 03 04 05 06 07 08 09 0 01 02 03 04 05 06 07 08 09 1

(a) State X(x) (b) Control V()

Figure 4: Numerical vs. exact solutions for d = 1.

Table 5: Comparison of the cost functional J for Example 2.

Degree (d) Method in [33] Present Method CPU times (s)
1 -0.700001315194399 | -0.7000000000000000 0.110
4 -0.700000007265492 | -0.7000000000000000 0.406
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Table 6: Absolute error of X(5) of » in Example 2 with degree d = 4.

» | Method [33] Present method

010 0
0.1 | 6.8 x 10711 6.4 x 10710
02 | 6.8 x107 1.0 x 107™
0.3 | 6.8 x 10711 8.5x 10715
04 | 1.9x107° 1.8 x 1071°
05 | 1.9x107° 3.5 x 1071°
0.6 | 5.1x107° 3.1x 10715
0.7 | 7.2x107° 2.3x1071°
08 | 7.2x107° 7.3x 10715
09 | 7.2x107° 5.8 x 10715

1 | 14x1078 2.5x 1071

Table 7: Absolute error of V(3) of s in Example 2 with degreerd = 4.

s | Method [33] Present method
0 | 3.5x1071° 6.2 x 1071
0.1 | 4.8x107° 1.9 x 10
02 | 9.0x107° 2.7 x 10714
03| 1.3x10°8 4.4 07
04 | 1.7x10°8 2.6 x 10~
05 | 2.1 x1078 795 10715
06 | 1.6 x 1078 3.2 x 107
0.7 | 1.1x108 2.4 x 107
0.8 | 5.6 x.107° 1.4 x107™
0.9 | 2.4 x.10-1 3.5 x 107
1 | 51%107° 8.4 x 107

Figures 5-6 The absolute“errors in the state and control with d =4 and d = 1.

x10 . x10

0.8
0.6 1>
0.4 |

02r

(a) State X(x) (b) Control V()

Figure 5: Absolute error for the state function X(¢) for (a) and the control function V(v9)
for (b) with d = 4 for Example 2.
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Figure 6: Absolute error for the state function X (1) for (a) and the c¢ontrol function V(1)
for (b) with d =1 for Example 2.

Example 3

Finally, we consider an MFOCP designed to have a'known exact solution [33]:

1
min J = /0 [(X(52) — 52)% % (V(30) — 5 —T(g +1))?] doe,
subject to: CD,%X(%) =—X(5) + V(5), (50)
X(0) = 0.

The exact solution is X (s) = 9, V() = »#2+T'(p+1). For d = 1, the approximate solution
is “D2 ("X (7)) = T T1(3) and "W(5) = UT; (%), where T = [T, T1], U = [ug, u1], and

e
1 P
T1(%) = [ 0 ] ) R.I{ZQTl(%) = 32 eT(o+1)
* T2otD)

Using GFT approach, and solving (46), it follows that

Tozr(g—l-l), T, =0, UO:F(Q—I-l), up =1,

then 1X(%) e
{ | (51)
W) =T (0+1)+ 5°.
For d' = 2, from Theorem 3
( min J = /01 [(1EX(%) + X (50) — %9)2 + ("EV () +' V(3¢) = 52 —T(0 + 1))2} dse,
subject to 0 < p <1,
“pe (1EX(%) + 1X(%)) =— (1IEX(%) + 1X(%)) + (1IEV(%) + 1V(%)) ,
'EX(0) = -'X(0),
(52)

22



Accepted manuscript (author version)

; _ ! X 2 mV 2
min J _/0 [(IE (5))" + ("EY (»)) } dse,
subject to 0 < p < 1, (53)
CDLEX(3) = —'EX () + 'EV (%), 'EX(0) =0,

so the approximate solution is “DZ(>'EX(x)) = TEXTQ(%), and 2'EY (5) = UEV']I‘Q(%),
Where X X X X \'%2 A\ \'% A\
CE A sl P G [ AT A
and
1
To(x) = | = |,
(52)°

- P

C(o+1)
»x2er 1
Ty (30) = | T Q(f;))

330T(2 o+ 1)
L "T3Eot))

Employing GFT procedure, solving (46), it follows, that

EX EX EX EY EV EV

then, we get the approximation for the error 2'EV (5) = 2'EX(x) = 0 Thus, Eq. (51)
represents the exact solution to Problem (50).

For d = 2, the approximate solution is “DZ(*X(5)) = T Ta() and 2V (5) = U To(x),
where T = [Ty, T1, T2], U = [ug,ui, us], and

1 F(§+1)
%207 (p+1
TiGe) = | ¢ |, ITi(x) = ﬁ
(2)? £ (20+1)
T(30+1)

Using GET approach, and solving (46), it follows that
To=T(0)o, T1=0, Te=0, uy=I(0)o, ur=1 uy=0,
then
(54)

subject to 0 < p <1,
CDL (X (3¢) + X (3¢)) = — (BX(50) + 2X(50)) + (EV (50) + 2V (5)),
'E*(0) = —*X(0),

(55)
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; _ ! X 2 mV 2
min J _/0 [(IE (5))" + ("EY (»)) } dse,
subject to 0 < p < 1, (56)
CDLEX(3) = —'EX () + 'EV (%), 'EX(0) =0,

so the approximate solution is “DZ(32EX (5c)) = TE" Ts(x), and 32EV (3) = UE" Ty(),
where

I 9

EX EX mEX pEX EX EV EV EV _EV EV
T == |:TO 7T1 ,T2 ,T3 , U = 'LLO ,ul ,U2 U3

and

%2 °T'(p+1)
T(2o+1)

33 0T(2 o+1)
T'(30+1)
#1eT(3 o+1)

L D(de+1)

RO (5) =

Employing GFT procedure, solving (46), it follows that

TIS:X = TIIEX = TI2EX = T]gx = ngV = UIEV = uIQEV = ug:v =0,
then, we get the approximation for the error 32EV (5) =32 EX(s) = 0 Thus, Eq. (54)
represents the exact solution te Problem (50).

8 Conclusion

This paper-introduced a robust and computationally efficient framework, the GFT method,
for solving multi-dimensional MFOCPs governed by the Caputo derivative and subject to
both equality and inequality constraints. The essence of our strategy relies on the combination
of .a‘fractional Taylor polynomial base, accurately obtained Riemann—Liouville operational
matrix, and Galerkin projection technique. Such a combination results in converting an initial
problem to a more manageable algebraic system, which can be handled using conventional
nonlinear programming methods. Numerical examples carried out on a number of test
problems prove efficiency of our approach. In particular, the GFT method exhibits:

e High Accuracy: Achieving solutions with machine-level precision in specific cases and
outperforming existing methods in others.

e Robustness: Reliably handling problems with both state and control inequality constraints
through a slack variable formulation.

e Theoretical soundness: Supported by a rigorous a posteriori error estimation framework
that allows for iterative refinement without prior knowledge of the exact solution.
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Even with its good performance, however, there are some inherent weaknesses in the current
formulation of the GFT approach. The speed and accuracy of the method rely, to some
extent, on the regularity of the solution being computed; if this solution includes sharp
corners or boundary layers, a larger degree of the polynomial will be necessary. Another
issue is that the problem size increases with either the dimension of the state vector N or
the degree of the polynomial d. Possible avenues for future research, therefore, include:

1. Algorithmic enhancement: Developing an hp-adaptive version of the GFT method
that dynamically adjusts the polynomial degree (h-refinement) and the fractional order
of the basis (p-refinement) to efficiently handle solutions with singularities«or steep
gradients.

2. Theoretical analysis: A deeper theoretical investigation into the conditioning of the
linear systems arising from the GFT discretization, and its dependence on p and d, is
necessary to ensure numerical stability for large-scale problems.

3. Broader application: Applying the GFT framework to more complex systems, such as
MFOCPs with time-varying delays, fractional partial differential equations, or those
involving other fractional operators like the Atangana-Baleanu or tempered fractional
derivatives.

On a wider scale, the proposed methodology is a“part of the rapidly expanding collection
of highly accurate spectral techniques in fractional-calculus. Through offering a dedicated
approach to handle constrained multi-dimensional MFOCPs, the current study enables precise
modeling and optimization of systems characterized by memory and non-locality, which
can be applied to areas including visceelastic control, anomalous diffusion phenomena, and
fractional-order circuit analysis. Based on the shortcomings mentioned above, our upcoming
research agenda includes:

1. Extending the GFT method to Riemann-Liouville derivatives with proper handling of
fractional initial conditions

2. Developing Mittag-Leffler based operational matrices for Atangana-Baleanu derivatives

3. Investigating hp-adaptive strategies for problems with solution singularities or boundary
layers

4. Explering applications to distributed-order and variable-order fractional optimal control
problems
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