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Abstract:
This paper addresses the challenging problem of establishing the existence and uniqueness of solutions for
coupled multi-order fractional differential equations involving multiple fractional orders, a class of equations
that arises in various scientific and engineering applications. By employing the powerful Banach contraction
principle, we derive novel sufficient conditions that guarantee the existence and uniqueness of solutions. The
theoretical findings are further substantiated through the presentation and analysis of a detailed illustrative
example, highlighting the practical relevance of our results. To validate the theoretical results, we implement
a modified Adams-Bashforth-Moulton predictor-corrector method for the numerical solution of the proposed
multi-term Caputo fractional differential systems. In particular, three illustrative examples are presented to
demonstrate the impact of fractional orders and memory effects on system dynamics. These simulations, cov-
ering nonlinear coupled oscillators, neural feedback processes, and epidemic models. The results confirm the
robustness of the theoretical framework and the applicability of the method to real-world problems governed
by fractional dynamics.
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1. Introduction

Fractional differential equations (FDEs) provide a pow-
erful generalization of classical differential equations by
extending the notions of differentiation and integration
to non-integer orders [1]. This extension allows for a
more accurate and nuanced representation of complex
phenomena in many scientific and engineering fields,
particularly those characterized by memory effects and
nonlocal interactions that integer-ordermodels often fail
to describe adequately [2]. As a result, FDEs have
found wide applications in areas such as viscoelasticity,
anomalous diffusion, control theory, signal processing,
and biological systems, highlighting their effectiveness

in modeling real-world processes with intricate dynam-
ics [3]. The theoretical analysis of FDEs involves ad-
vanced analytical techniques, and because closed-form
solutions are rarely available, the development of reli-
able and efficient numerical methods remains an impor-
tant and active area of research [4]. Additional applica-
tions can be found in [5, 6, 7].

A variety of approaches have been proposed in the
literature to define fractional integrals and derivatives,
each developed to address different modeling needs.
Among the earliest and most commonly used is the
Riemann-Liouville formulation, which extends the clas-
sical Cauchy formula for repeated integration to frac-
tional orders [2]. In contrast, the Caputo definition mod-

https://doi.org/10.57647/mathsci.2026.2004.24
https://orcid.org/0000-0001-8724-9367
https://orcid.org/0000-0003-3332-7950
mailto:hassanein_hamad@science.sohag.edu.eg
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.57647/mathsci.2026.2004.24


294 Mohamed Abdalla et al., Math. Sci 20 (3) 2026

ifies this approach by applying the integer-order deriva-
tive prior to fractional integration. This formulation
yields a zero derivative for constant functions and per-
mits the use of initial conditions that closely resemble
those of classical differential equations, making it par-
ticularly attractive for physical applications [8]. From a
numerical standpoint, the Grünwald-Letnikov definition
offers a discrete formulation based on finite differences
and is well suited for computational implementations
[9]. Another alternative is provided by the Hadamard
fractional operators, which are defined through loga-
rithmic kernels and are especially appropriate for scale-
invariant problems posed on intervals originating at zero
[10]. Beyond these, several other formulations such
as the Miller-Ross and Weyl fractional derivatives have
been introduced, each designed for specific classes of
problems and offering distinct advantages in the model-
ing of complex systems [11].

FDEs involving multiple non-integer orders have
gained increasing attention because they provide a more
flexible and expressive framework for modeling com-
plex system dynamics than single-order or classical for-
mulations. By incorporating several fractional orders
within a unified structure, multi-order FDEs are partic-
ularly effective in capturing intricate memory effects
and nonlocal interactions acting across different tem-
poral and spatial scales [12]. This enhanced model-
ing capability has led to successful applications in a
wide range of fields, including control theory, where
multi-order formulations can improve control perfor-
mance [13], viscoelasticity, where multi-term fractional
constitutive relations more accurately describe complex
stress-strain behaviors and multi-stage relaxation pro-
cesses [14], and anomalous diffusion, where multiple
fractional operators allow the simultaneous characteri-
zation of distinct scaling regimes and propagation rates
[15]. Beyond these areas, multi-order FDEs have also
been employed to model biological systems with hetero-
geneous memory spans and electrical circuits featuring
frequency-dependent components represented by multi-
ple fractional impedances [16, 17, 18, 19, 20, 21, 22].
Despite their clear advantages, the theoretical analysis
and numerical approximation of multi-order fractional
differential equations remain challenging, and their fur-
ther development continues to be an active and impor-
tant area of research [2].

A substantial body of work, as reported in [3, 23],
has produced numerous results on multi-order nonlinear
fractional differential equations of the form

𝐿 (𝐷)ℜ = ℎ (𝜌,ℜ) .
Sangita and Varsha [24] considered the following class
of nonlinear multi-order FDEs:

𝐿 (𝐷)ℜ(𝜌) = ℎ(𝜚,ℜ(𝜌)),
𝜌 ∈ [0, 𝜌], 𝜌 ∈ [0, 1]

0 ≤ 𝛽0 < 𝛽1 < · · · < 𝛽𝑢−1 < 𝛽𝑢 < 1,

(1)

where 𝐿 (𝐷) = 𝜇𝑢
𝐶𝐷𝛽𝑢 + 𝜇𝑢−1

𝐶𝐷𝛽𝑢−1 + · · · + 𝜇1

𝐶𝐷𝛽1 + 𝜇0
𝐶𝐷𝛽0 , 𝜇 𝑗 ≠ 0 are real constants for 𝑗 =

0, 1, . . . , 𝑢, and 𝐶𝐷𝛽 is the Caputo fractional derivative
of order 𝛽.

By employing double-parameter Mittag–Leffler func-
tions, the authors derived the corresponding Green’s
functions for problem (1) under both periodic and anti-
periodic boundary conditions. In addition, they estab-
lished sufficient conditions for the existence and unique-
ness of solutions to the associated fractional boundary
value problem (BVP).

Fixed point (FP) techniques play a central role in the
analysis of nonlinear multi-order FDEs, particularly in
establishing the existence and uniqueness of solutions.
Among these, the Banach FP theorem is widely used,
as it guarantees the uniqueness of a solution by show-
ing that the operator associated with the differential
equation satisfies a contraction condition [18]. When
uniqueness is not required, alternative results such as
Schauder’s and Krasnoselskii’s FP theorems are com-
monly applied to demonstrate the existence of solutions,
especially in settings involving compact or completely
continuous operators [25]. In addition, ongoing exten-
sions of classical FP principles and the introduction of
new FP results have significantly expanded the class of
nonlinear fractional problems that can be addressed, ac-
commodating a wide range of boundary conditions and
functional frameworks [26].

Sun and Zhao [27] employed a FP theorem to examine
the existence of positive solutions for a class of multi-
order FDEs:

𝐿 (𝐷)ℜ = ℎ (𝜁,ℜ) , 𝜁 ∈ (0, 1) ,

where 𝐿 (𝐷) =𝑅 𝐷𝑞𝑢−𝑏𝑢−1
𝑅𝐷𝑞𝑢−1−· · ·−𝑏1

𝑅𝐷𝑞1 , 0 <
𝑞1 < · · · < 𝑞𝑢 < 1, 𝑏 𝑗 > 0, and 𝑅𝐷𝑞 𝑗 ( 𝑗 = 1, 2, · · · , 𝑢)
are the Riemann-Louisville (RL) fractional derivatives.
Xiel et al. [28] studied the following class of multi-order
FDEs:


𝐿 (𝐷)ℜ(𝜌) = ℎ(𝜚,ℜ(𝜌),𝑅 𝐷𝛽𝑢

0+ ℜ(𝜌)),
𝜁 ∈ 𝑉 = [0,+∞),

𝜌1−𝑞𝑢ℜ (𝜌)
��
𝜌=0 = 0,

where 𝐿 (𝐷) =𝑅 𝐷𝑞𝑢
0+ − 𝑏𝑞−1

𝑅𝐷𝑞𝑢−1
0+ − · · · − 𝑏1

𝑅𝐷𝑞1
0+ ,

0 < 𝑞1 < · · · < 𝑞𝑢 < 1, 𝑢 ∈ N, 𝑏 𝑗 ∈ R, 𝑞 𝑗 + 𝛽𝑢 < 𝑞𝑢,
𝑅𝐷

𝑞 𝑗

0+ ( 𝑗 = 1, 2, · · · , 𝑢) and 𝑅𝐷
𝛽𝑢
0+ are the RL fractional

derivatives.
The growing interest in incommensurate, or multi-

order FDEs stems from their effectiveness in modeling
complex real-world processes where integer-order mod-
els fail. Developing a strong qualitative theory for this
versatile framework is therefore essential for understand-
ing and predicting such intricate dynamics. In this study,
we focus on a particular class of coupled multi-order
fractional differential equations defined on the infinite
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half-line [0,+∞), which can be expressed as:

𝑅𝐷𝑟𝑢
0+ℜ (𝜌) − 𝐿 (𝐷)𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))

= 𝐹
(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

)
, 𝜌 ∈ 𝐽 = [0,+∞),

𝑅𝐷𝑡𝑢
0+ℑ (𝜌) − 𝐿̃ (𝐷)𝐺 (𝜌,ℑ (𝜌) ,ℜ (𝜌)))

= 𝐹
(
𝜌,ℑ (𝜌) , 𝐼 𝜅𝑢0+ℜ (𝜌)

)
, 𝜌 ∈ 𝐽,

𝜌1−𝑟𝑢ℜ (𝜌)
��
𝜌=0 = 0, 𝜌1−𝑡𝑢ℑ (𝜌)

��
𝜌=0 = 0,

(2)

such that 𝑟 𝑗 + 𝛽𝑢 < 𝑟𝑢, and 𝑡𝑘 + 𝜅𝑢 < 𝑡𝑢, for 𝑗 , 𝑘 =
1, 2, · · · , 𝑢 − 1, where

𝐿 (𝐷) =
𝑢−1∑
𝑗=1

𝑏 𝑗
𝑅𝐷

𝑟 𝑗
0+ ,

0 < 𝑟1 < · · · < 𝑟𝑢 < 1, 𝑢 ∈ N, 𝑏 𝑗 ∈ R,

𝐿̃ (𝐷) =
𝑢−1∑
𝑘=1

𝑐𝑅𝑘 𝐷
𝑡𝑘
0+ ,

0 < 𝑡1 < · · · < 𝑡𝑢 < 1, 𝑢 ∈ N, 𝑐𝑘 ∈ R,

𝑅𝐷𝑟𝑢
0+ ,

𝑅𝐷𝑡𝑢
0+ are RL fractional derivatives and 𝐼𝛽𝑢0+ , 𝐼

𝜅𝑢
0+

RL fractional integrals with 𝑟𝑢 > 𝛽𝑢 and 𝑡𝑢 > 𝜅𝑢.
Moreover, 𝜌𝑠𝐹 (𝜌, 𝜁 , 𝜉) ,𝜌𝑠′𝐺 (𝜌, 𝜁 , 𝜉) ,𝜌𝑤𝐹 (𝜌, 𝜉, 𝜁)
,𝜌𝑤′

𝐺 (𝜌, 𝜉, 𝜁) ∈ C (𝐽 × Θ × Θ;Θ) , 𝑠, 𝑠′ ∈ [0, 𝑟𝑢),
𝑤, 𝑤′ ∈ [0, 𝑡𝑢), Θ is a Banach space (BS) under the
norm ∥.∥ and C(., .) represents the space of all continu-
ous functions.

The manuscript is organized as follows: Section 2 in-
troduces the foundational definitions and essential pre-
liminary results that form the basis for the subsequent
analysis. Section 3 focuses on establishing the exis-
tence of solutions for the class of coupled multi-order
FDEs defined in the equation (2). This analysis is con-
ducted on the infinite interval [0,+∞) using the Ba-
nach FP theorem. Section 4 provides a concrete ex-
ample to illustrate the practical relevance and effective-
ness of the theoretical framework developed in the previ-
ous sections. This example helps clarify the results and
demonstrates their applicability in real-world contexts.
Section 5 presents numerical simulations supporting the
theoretical findings. By employing a modified Adams-
Bashforth-Moulton method, we investigate three non-
linear systems with multi-term Caputo derivatives: a
memory-based oscillator, a neural-type model, and a
fractional epidemic model. These simulations highlight
the influence of memory effects on system behavior and
verify the accuracy of the proposed numerical approach.
Section 6 summarizes themain findings, emphasizes the
contributions of this work, and discusses potential direc-
tions for future research. Additionally, a list of abbrevi-
ations is provided to avoid repeated terminology.

2. Preliminaries
This section provides a brief review of essential prelim-
inaries. We /recall key definitions and fundamental re-
sults to clarify notation and establish a common founda-
tion before turning to the main body of the work.

Following [29, 30, 31], we consider the pair(
℧1, ∥.∥℧1

)
is a real BS, where

℧1 =

{
𝜁 ∈ C (𝐽,Θ) : sup

𝜌∈𝐽

∥𝜁 (𝜌)∥
1 + 𝜌𝜇 < ∞, 𝜇 > 1

}
endowed with the norm ∥𝜁 ∥℧1 = sup𝜌∈𝐽

∥𝜁 (𝜌) ∥
1+𝜌𝜇 . As-

sume that

℧2 =

{
𝜉 ∈ C (𝐽,Θ) : sup

𝜌∈𝐽

∥𝜉 (𝜌)∥
1 + 𝜌𝜇 < ∞, 𝜇 > 1

}
,

equipped with the norm ∥𝜉∥℧2 = sup𝜌∈𝐽
∥ 𝜉 (𝜌) ∥
1+𝜌𝜇 . Then,

the pair
(
℧2, ∥.∥℧2

)
is a BS.

Clearly, the product (℧ = ℧1 ×℧2, ∥.∥℧) is a BS under
the norm ∥(𝜁 + 𝜉)∥℧ = ∥𝜁 ∥℧1 + ∥𝜉∥℧2 .

Definition 2.1 [3] For the function ℎ:

(1) The RL fractional integral of order 𝛽 > 0 can be
described as

𝐼
𝛽
𝑏+ [ℎ(𝜌)] =

1
Γ (𝛽)

∫ 𝜌

𝑏
(𝜌 − 𝑟)𝛽−1 ℎ(𝑟)𝑑𝑟, 𝜌 > 𝑏,

provided that the right integral exists.

(2) The RL fractional derivative of order 𝛽 > 0 can be
expressed as

𝑅𝐷
𝛽
𝑏+ [ℎ(𝜌)] =

(
𝑑

𝑑𝜌

)𝑢
𝐼
𝑢−𝛽
𝑏+ [ℎ(𝜌)]

=
1

Γ (𝑢 − 𝛽)

(
𝑑

𝑑𝜌

)𝑢 ∫ 𝜌

𝑏
(𝜌 − 𝑟)𝑢−𝛽−1 ℎ(𝑟)𝑑𝑟, 𝜌 > 𝑏,

where 𝑢 = [𝛽] + 1.

Remark 2.2 [3] Assume that the constants 𝛽 > 0 and
𝜅 > 0. Then, the following properties are true:

(i) For ℎ (𝜌) ∈ 𝐿 (𝑏,+∞), 𝐼𝛽𝑏+ 𝐼
𝜅
𝑏+ℎ (𝜌) = 𝐼𝛽+𝜅𝑏+ ℎ (𝜌) .

(ii) For ℎ (𝜌) ∈ 𝐿1 (𝑏,+∞), 𝑅𝐷𝛽
𝑏+ 𝐼

𝛽
𝑏+ℎ (𝜌) = ℎ (𝜌).

(iii) For ℎ(𝜌) ∈ 𝐿1 (𝑏,+∞), 𝑅𝐷𝛽
𝑏+ 𝐼

𝜅
𝑏+ℎ(𝜌)𝐼𝛽−𝜅𝑏+ ℎ(𝜌).

(iv) 𝐼𝛽𝑏+ (𝜌 − 𝑏)𝜅−1 (𝜁) = Γ (𝜅 )
Γ (𝛽+𝜅 ) (𝜁 − 𝑏)

𝛽+𝜅−1 .

Lemma 2.3 [3] For 𝛽 > 0, 𝜁 ∈ 𝐿1 (𝑏,+∞), and
𝑅𝐷

𝛽
𝑏+ 𝜁 (𝜌) ∈ 𝐿1 (𝑏,+∞), we obtain that

𝐼
𝛽
𝑏+

𝑅𝐷
𝛽
𝑏+ 𝜁 (𝜌) = 𝜁 (𝜌) + 𝑎1 (𝜌 − 𝑏)𝛽−1

+𝑎2 (𝜌 − 𝑏)𝛽−2 + · · · + 𝑎𝑢 (𝜌 − 𝑏)𝛽−𝑢 ,

for some 𝑎 𝑗 ∈ R, 𝑗 ∈ N.

Theorem 2.4 [32] Every contraction mapping from a
BS Λ into itself has a unique FP.
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3. Existence and uniqueness results
This section is devoted to establishing the existence
and uniqueness of solutions for the coupled mixed-order
FDEs given in (2). We begin with the following Lemma:

Lemma 3.1 Assume thatℜ : 𝐽 → ℧1 andℑ : 𝐽 → ℧2
are continuous functions. The integral equation of the
coupled mixed-order FDEs (2) can be expressed as

ℜ(𝜌) = 1
Γ(𝑟𝑢)

∫ 𝜌

0
(𝜌−)𝑟𝑢−1𝐹 (𝑟,ℜ(𝑟), 𝐼𝛽𝑢0+ ℑ(𝑟))𝑑𝑟

+
𝑢−1∑
𝑗=1

𝑏 𝑗

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

Γ(𝑟𝑢 − 𝑟 𝑗 )
𝐺 (𝑟,ℜ(𝑟),ℑ(𝑟)))𝑑𝑟,

and

ℑ(𝜌) = 1
Γ(𝑡𝑢)

∫ 𝜌

0
(𝜌 − 𝑡)𝑡𝑢−1𝐹 (𝑡,ℑ(𝑡), 𝐼𝛽𝑢0+ ℜ(𝑡))𝑑𝑡

+
𝑢−1∑
𝑘=1

𝑐𝑘

∫ 𝜌

0

(𝜌−)𝑡𝑢−𝑡𝑘−1

Γ(𝑡𝑢 − 𝑡𝑘)
𝐺 (𝑡,ℑ(𝑡),ℜ(𝑡)))𝑑𝑡,

for all 𝜌 ∈ 𝐽.

Proof. Consider that

𝑅𝐷𝑟𝑢
0+ℜ (𝜌) = 𝐿 (𝐷)𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))
+𝐹

(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

)
, 𝜌 ∈ 𝐽 = [0,+∞),

𝑅𝐷𝑡𝑢
0+ℑ (𝜌) = 𝐿̃ (𝐷)𝐺 (𝜌,ℑ (𝜌) ,ℜ (𝜌)))
+𝐹

(
𝜌,ℑ (𝜌) , 𝐼 𝜅𝑢0+ℜ (𝜌)

)
, 𝜌 ∈ 𝐽.

Applying the operators 𝐼𝑟𝑢0+ and 𝐼 𝑡𝑢0+ , we have

𝐼𝑟𝑢0+

(
𝑅𝐷𝑟𝑢

0+ℜ (𝜌)
)
= 𝐼𝑟𝑢0+ (𝐿 (𝐷)𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))

+𝐹
(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

))
, (3)

and

𝐼 𝑡𝑢0+

(
𝑅𝐷𝑡𝑢

0+ℑ (𝜌)
)
= 𝐼 𝑡𝑢0+

(
𝐿̃ (𝐷)𝐺 (𝜌,ℑ (𝜌) ,ℜ (𝜌)))

+𝐹
(
𝜌,ℑ (𝜌) , 𝐼 𝜅𝑢0+ℜ (𝜌)

))
. (4)

Using Lemma 2.3, Remark 2.2, and the initial condition,
it follows from (3) that

ℜ (𝜌) = 𝑏𝑢−1𝐼
𝑟𝑢−𝑟𝑢−1
0+ 𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))

+ · · · + 𝑏1𝐼
𝑟𝑢−𝑟1
0+ 𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))

+𝐼𝑟𝑢0+𝐹
(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

)
=

𝑢−1∑
𝑗=1

𝑏 𝑗 𝐼
𝑟𝑢−𝑟 𝑗
0+ 𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌)))

+𝐼𝑟𝑢0+𝐹
(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

)
=

1
Γ(𝑟𝑢)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1𝐹 (𝑟,ℜ(𝑟), 𝐼𝛽𝑢0+ ℑ(𝑟))𝑑𝑟

+
𝑢−1∑
𝑗=1

𝑏 𝑗

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

Γ(𝑟𝑢 − 𝑟 𝑗 )
𝐺 (𝑟,ℜ(𝑟),ℑ(𝑟)))𝑑𝑟,

for all 𝜌 ∈ 𝐽.
Similarly, for all 𝜌 ∈ 𝐽, it follows from (4) that

ℑ(𝜌) = 1
Γ(𝑡𝑢)

∫ 𝜌

0
(𝜌 − 𝑡)𝑡𝑢−1𝐹 (𝑡,ℜ(𝑡), 𝐼𝛽𝑢0+ ℑ(𝑡))𝑑𝑡

+
𝑢−1∑
𝑘=1

𝑐𝑘

∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−𝑡𝑘−1

Γ(𝑡𝑢 − 𝑡𝑘)
𝐺 (𝑡,ℜ(𝑡),ℑ(𝑡)))𝑑𝑡.

The following assumptions are introduced to ensure the
existence and uniqueness of solutions for the proposed
system and will be used throughout the subsequent anal-
ysis:

(A1) For each 𝑠, 𝑠′ ∈ [0, 𝑟𝑢), and 𝑤, 𝑤′ ∈ [0, 𝑡𝑢), there
exist differentiable functions 𝜁, 𝜉 : ℧1 → 𝐽 such
that the functions 𝜌𝑠𝐹 (𝜌, 𝜁 , 𝜉), 𝜌𝑤𝐹 (𝜌, 𝜉, 𝜁) : 𝐽 ×
Θ×Θ → Θ and 𝜌𝑠′𝐺 (𝜌, 𝜁 , 𝜉), 𝜌𝑤′

𝐺 (𝜌, 𝜉, 𝜁) : 𝐽 ×
Θ × Θ → Θ are continuous.

(A2) For all 𝜌 ∈ 𝐽, 𝜁, 𝜉 : ℧1 → 𝐽 and 𝜁∗, 𝜉∗ :
℧2 → 𝐽, there exist nonnegative continuous func-
tions 𝐵1 (.), 𝐵2 (.), ..., 𝐵8 (.) such that

∥𝑠𝑟 [𝐹 (𝜌, (1 + 𝜌𝜇)𝜁, (1 + 𝜌𝜇)𝜉) ,
−𝐹 (𝜌, (1 + 𝜌𝜇)𝜁∗ (1 + 𝜌𝜇)𝜉∗)] ∥

≤ 𝐵1 (𝜌) ∥𝜁 (𝜌)−𝜁∗ (𝜌)∥+𝐵2 (𝜌) ∥𝜉 (𝜌)−𝜉∗ (𝜌)∥ ,


𝑠𝑤 [
𝐹 (𝜌, (1 + 𝜌𝜇)𝜉, (1 + 𝜌𝜇)𝜁)

−𝐹 (𝜌, (1 + 𝜌𝜇)𝜉∗, (1 + 𝜌𝜇)𝜁∗)
]




≤ 𝐵3 (𝜌) ∥𝜁 (𝜌)−𝜁∗ (𝜌)∥+𝐵4 (𝜌) ∥𝜉 (𝜌)−𝜉∗ (𝜌)∥ ,

𝑠𝑟 ′ [𝐺 (𝜌, (1 + 𝜌𝜇)𝜁, (1 + 𝜌𝜇)𝜉)
−𝐺 (𝜌, (1 + 𝜌𝜇)𝜁∗, (1 + 𝜌𝜇)𝜉∗)] ∥

≤ 𝐵5 (𝜌) ∥𝜁 (𝜌)−𝜁∗ (𝜌)∥+𝐵6 (𝜌) ∥𝜉 (𝜌)−𝜉∗ (𝜌)∥ ,


𝑠𝑤′
[
𝐺 (𝜌, (1 + 𝜌𝜇)𝜁, (1 + 𝜌𝜇)𝜉)

−𝐺 (𝜌, (1 + 𝜌𝜇)𝜁∗, (1 + 𝜌𝜇)𝜉∗)
]




≤ 𝐵7 (𝜌) ∥𝜁 (𝜌)−𝜁∗ (𝜌)∥+𝐵8 (𝜌) ∥𝜉 (𝜌)−𝜉∗ (𝜌)∥

where 𝑠, 𝑠′ ∈ [0, 𝑟𝑢), 𝑤, 𝑤′ ∈ [0, 𝑡𝑢).

(A3) For all 𝜌 ∈ 𝐽, there exist 𝐾𝑖 > 0 (𝑖 = 1, 2, · · · , 8)
with

∑8
𝑖=1 𝐾𝑖 ∈ (0, 1) such that



sup
𝜌∈𝐽

1
Γ (𝑟𝑢 ) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑟 )𝑟𝑢−1

𝑟𝑠 𝐵1 (𝑟) 𝑑𝑟 ≤ 𝐾1,

sup
𝜌∈𝐽

1
Γ (𝑡𝑢 ) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑡 ) 𝑡𝑢−1

𝑡𝑠 𝐵3 (𝑡) 𝑑𝑡 ≤ 𝐾2,

sup
𝜌∈𝐽

1
Γ (𝑟𝑢 )Γ (𝛽𝑢+1) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑟 )𝑟𝑢−1

𝑟𝑠−𝛽𝑢
𝐵2 (𝑟) 𝑑𝑟 ≤ 𝐾3,

sup
𝜌∈𝐽

1
Γ (𝑡𝑢 )Γ (𝜅𝑢+1) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑡 ) 𝑡𝑢−1

𝑡𝑠−𝜅𝑢 𝐵4 (𝑡) 𝑑𝑡 ≤ 𝐾4,

sup
𝜌∈𝐽

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ (𝑟𝑢−𝑟 𝑗 ) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑟 )𝑟𝑢−𝑟 𝑗 −1

𝑟𝑠
′ 𝐵5 (𝑟)𝑑𝑟≤𝐾5,

sup
𝜌∈𝐽

𝑢−1∑
𝑘=1

|𝑐𝑘 | 1
Γ (𝑡𝑢−𝑡𝑘 ) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑡 ) 𝑡𝑢−𝑡𝑘−1

𝑡𝑠
′ 𝐵7 (𝑡)𝑑𝑡≤𝐾6,

sup
𝜌∈𝐽

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ (𝑟𝑢−𝑟 𝑗 )Γ (𝛽𝑢+1) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−)𝑟𝑢−𝑟 𝑗 −1

𝑟𝑠−𝛽𝑢
𝐵6 (𝑟)𝑑𝑟≤𝐾7,

sup
𝜌∈𝐽

𝑢−1∑
𝑘=1

|𝑐𝑘 | 1
Γ (𝑡𝑢−𝑡𝑘 )Γ (𝜅𝑢+1) (1+𝜌𝜇 )

∫ 𝜌

0
(𝜌−𝑡 ) 𝑡𝑢−𝑡𝑘−1

𝑡𝑠−𝜅𝑢 𝐵8 (𝑡)𝑑𝑡≤𝐾8.
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(A4) For all 𝜌 ∈ 𝐽, there exist 𝐿𝑘 > 0 (𝑘 = 1, 2, · · · , 4)
such that



sup
𝜌∈𝐽

1
Γ (𝑟𝑢 ) (1+𝜌𝜇 )

∫ 𝜌

0 (𝜌 − 𝑟)𝑟𝑢−1 ∥𝐹 (𝜌, 0, 0)∥ 𝑑𝑟

≤ 𝐿1 < ∞,

sup
𝜌∈𝐽

1
Γ (𝑡𝑢 ) (1+𝜌𝜇 )

∫ 𝜌

0 (𝜌 − 𝑟)𝑡𝑢−1



𝐹 (𝜌, 0, 0)


 𝑑𝑟

≤ 𝐿2 < ∞,

sup
𝜌∈𝐽

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ (𝑟𝑢−𝑟 𝑗 ) (1+𝜌𝜇 )

∫ 𝜌

0 (𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

× ∥𝐺 (𝜌, 0, 0)∥ 𝑑𝑟 ≤ 𝐿3 < ∞,

sup
𝜌∈𝐽

𝑢−1∑
𝑘=1

|𝑐𝑘 | 1
Γ (𝑡𝑢−𝑡𝑘 ) (1+𝜌𝜇 )

∫ 𝜌

0 (𝜌 − 𝑟)𝑡𝑢−𝑡𝑘−1

×



𝐺 (𝜌, 0, 0)




 𝑑𝑟 ≤ 𝐿4 < ∞.

We now present our main result in this section.

Theorem 3.2 Under the hypotheses (A1)-(A4), the cou-
pled mixed-order FDEs (2) has a unique solution.

Proof. By the integral representation of problem
(2), established in Lemma 3.1, we define the opera-
tor the operator Υ̂ : ℧ → ℧ as Υ̂(ℜ,ℑ)(𝜌) =
(Υ1 (ℜ,ℑ)(𝜌),Υ2 (ℜ,ℑ)(𝜌)), where

Υ1 (ℜ (𝜌) ,ℑ (𝜌)) (5)

=
1

Γ (𝑟𝑢)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1 𝐹

(
𝑟,ℜ (𝑟) , 𝐼𝛽𝑢0+ ℑ (𝑟)

)
𝑑𝑟

+
𝑢−1∑
𝑗=1

𝑏 𝑗

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

Γ
(
𝑟𝑢 − 𝑟 𝑗

) 𝐺 (𝑟,ℜ (𝑟) ,ℑ (𝑟))) 𝑑𝑟,

and

Υ2 (ℑ (𝜌) ,ℜ (𝜌)) (6)

=
1

Γ (𝑡𝑢)

∫ 𝜌

0
(𝜌 − 𝑡)𝑡𝑢−1 𝐹

(
𝑡,ℑ (𝑡) , 𝐼𝛽𝑢0+ ℜ (𝑡)

)
𝑑𝑡

+
𝑢−1∑
𝑘=1

𝑐𝑘

∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−𝑡𝑘−1

Γ (𝑡𝑢 − 𝑡𝑘)
𝐺 (𝑡,ℑ (𝑡) ,ℜ (𝑡))) 𝑑𝑡,

for all 𝜌 ∈ 𝐽 and all (ℜ(𝜌),ℑ(𝜌)), (ℑ(𝜌),ℜ(𝜌)) ∈ ℧.
Taking the norm on (6), we have

∥Υ1 (ℜ,ℑ)∥℧1

≤ 1
Γ (𝑟𝑢)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1




𝐹 (
𝑟,ℜ (𝑟) , 𝐼𝛽𝑢0+ ℑ (𝑟)

)


 𝑑𝑟
+

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

) ∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

× ∥𝐺 (𝑟,ℜ (𝑟) ,ℑ (𝑟)))∥ 𝑑𝑟,

that is,
∥Υ (ℜ,ℑ)∥℧1

(1 + 𝜌𝜇) ≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠
× (7)


𝑟𝑠 [

𝐹 (𝑟,ℜ(𝑟), 𝐼𝛽𝑢0+ ℑ(𝑟)) − 𝐹 (𝑟, 0, 0) + 𝐹 (𝑟, 0, 0)
]


 𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
×


𝑟𝑠′ [𝐺 (𝑟,ℜ(𝑟),ℑ(𝑟))) − 𝐺 (𝑟, 0, 0) + 𝐺 (𝑟, 0, 0))]



 𝑑𝑟,

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠

×
©­­«𝐵1 (𝜌)

∥ℜ (𝑟)∥
(1 + 𝑟𝜇) + 𝐵2 (𝜌)




𝐼𝛽𝑢0+ ℑ (𝑟)





(1 + 𝑟𝜇)
ª®®¬ 𝑑𝑟

+ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1 ∥𝐹 (𝑟, 0, 0)∥ 𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′

(
𝐵5 (𝜌)

∥ℜ (𝑟)∥
(1 + 𝑟𝜇)

+𝐵6 (𝜌)
∥ℑ (𝑟)∥
(1 + 𝑟𝜇)

)
𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1 ∥𝐺 (𝑟, 0, 0)∥ 𝑑𝑟.

It should be noted that,


𝐼𝛽𝑢0+ ℑ (𝑟)





(1 + 𝑟𝜇) (8)

≤ 1
Γ (𝛽𝑢) (1 + 𝑟𝜇)

∫ 𝑟

0
(𝑟 −𝜛)𝛽𝑢−1 ∥ℑ (𝜛)∥ 𝑑𝜛

≤
∥ℑ∥℧2

Γ (𝛽𝑢)

∫ 𝑟

0
(𝑟 −𝜛)𝛽𝑢−1 1 +𝜛𝜇

1 + 𝑟𝜇 𝑑𝜛

≤
∥ℑ∥℧2

Γ (𝛽𝑢)

∫ 𝑟

0
(𝑟 −𝜛)𝛽𝑢−1 =

𝑟𝛽𝑢 ∥ℑ∥
Γ (𝛽𝑢 + 1) .

Applying (9) in (8), and using conditions (A3) and (A4),
we can write
∥Υ (ℜ,ℑ)∥℧1

(1 + 𝜌𝜇)

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠 (1 + 𝑟𝜇) 𝐵1 (𝜌) ∥ℜ∥℧1 𝑑𝑟

+ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)Γ (𝛽𝑢 + 1)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠−𝛽𝑢 (1 + 𝑟𝜇) 𝐵2 (𝜌) ∥ℑ∥℧2 𝑑𝑟 + 𝐿1

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′ (1 + 𝑟𝜇) 𝐵5 (𝜌) ∥ℜ∥℧1 𝑑𝑟
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+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′ (1 + 𝑟𝜇) 𝐵6 (𝜌) ∥ℑ∥℧2 𝑑𝑟 + 𝐿3

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠

𝐵1 (𝜌) ∥ℜ∥℧1 𝑑𝑟

+ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)Γ (𝛽𝑢 + 1)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠−𝛽𝑢
𝐵2 (𝜌) ∥ℑ∥℧2 𝑑𝑟 + 𝐿1

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
𝐵5 (𝜌) ∥ℜ∥℧1 𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
𝐵6 (𝜌) ∥ℑ∥℧2 𝑑𝑟 + 𝐿3

≤ 𝐾1 ∥ℜ∥℧1 + 𝐾3 ∥ℑ∥℧2

+𝐾5 ∥ℜ∥℧1 + 𝐾7 ∥ℑ∥℧2 + 𝐿1 + 𝐿3

= (𝐾1 + 𝐾5) ∥ℜ∥℧1+(𝐾3+𝐾7) ∥ℑ∥℧2+𝐿1+𝐿3! <∞.

Similarly, one can write

∥Υ (ℑ,ℜ)∥℧2

(1 + 𝜌𝜇) ≤ (𝐾2 + 𝐾6) ∥ℑ∥℧2

+ (𝐾4 + 𝐾8) ∥ℜ∥℧1 + 𝐿2 + 𝐿4 < ∞.

Hence,


Υ̂ (ℑ,ℜ)




℧2

(1 + 𝜌𝜇) =
∥Υ (ℜ,ℑ)∥℧1

(1 + 𝜌𝜇) +
∥Υ (ℑ,ℜ)∥℧2

(1 + 𝜌𝜇)
≤ (𝐾1 + 𝐾4 + 𝐾5 + 𝐾8) ∥ℜ∥℧1

+ (𝐾2 + 𝐾3 + 𝐾6 + 𝐾7) ∥ℑ∥℧2

+𝐿1 + 𝐿3 + 𝐿2 + 𝐿4 < ∞.

Therefore, for all (ℜ (𝜌) ,ℑ (𝜌)) ∈ ℧, we have
Υ̂ (ℜ,ℑ) ∈ ℧.

Now, we prove that the mapping Υ̂ : ℧ → ℧ is a
contraction mapping in℧. Indeed, for all 𝜌 ∈ 𝐽, assume
that (ℜ,ℑ) , (Ξ, ℏ) ∈ ℧, then, we have

∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥℧1

(1 + 𝜌𝜇)

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1 ×


𝐹 (

𝑟,ℜ (𝑟) , 𝐼𝛽𝑢0+ ℑ (𝑟)
)
− 𝐹

(
𝑟,Ξ (𝑟) , 𝐼𝛽𝑢0+ ℏ (𝑟)

)


 𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

× ∥𝐺 (𝑟,ℜ (𝑟) ,ℑ (𝑟))) − 𝐺 (𝑟,Ξ (𝑟) , ℏ (𝑟)))∥ 𝑑𝑟

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠
∥𝑟𝑠

×
[
𝐹

(
𝑟,ℜ (𝑟) , 𝐼𝛽𝑢0+ ℑ (𝑟)

)
− 𝐹

(
𝑟,Ξ (𝑟) , 𝐼𝛽𝑢0+ ℏ (𝑟)

)]


 𝑑𝑟
+

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′

×



𝑟𝑠′ [𝐺 (𝑟,ℜ (𝑟) ,ℑ (𝑟))) − 𝐺 (𝑟,Ξ (𝑟) , ℏ (𝑟)))]




 𝑑𝑟.
Applying hypotheses (A1) and (A2), we have

∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥
(1 + 𝜌𝜇)

≤ 1
Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠

×
[
𝐵1 (𝑟)

∥ℜ (𝑟) − Ξ (𝑟)∥
(1 + 𝑟𝜇)

+𝐵2 (𝑟)




𝐼𝛽𝑢0+ ℑ (𝑟) − 𝐼𝛽𝑢0+ ℏ (𝑟)





(1 + 𝑟𝜇)

 𝑑𝑟
+

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ

(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′

×
[
𝐵5 (𝑟)

∥ℜ (𝑟) − Ξ (𝑟)∥
(1 + 𝑟𝜇)

+𝐵6 (𝑟)
∥ℑ (𝑟) − ℏ (𝑟)∥

(1 + 𝑟𝜇)

]
𝑑𝑟. (9)

Using the fact (9), we deduce that


𝐼𝛽𝑢0+ ℑ(𝑟) − 𝐼𝛽𝑢0+ ℏ(𝑟)





(1 + 𝑟𝜇) =




𝐼𝛽𝑢0+ [ℑ(𝑟) − ℏ(𝑟)]





(1 + 𝑟𝜇) (10)

≤
𝑟𝛽𝑢 ∥ℑ − ℏ∥℧2

Γ(𝛽𝑢 + 1) .

It follows from (9) and (10) that

∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥℧1

(1 + 𝜌𝜇)

≤
∥ℜ − Ξ∥℧1

Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠
𝐵1 (𝑟) 𝑑𝑟

+
∥ℑ − ℏ∥℧2

Γ (𝑟𝑢) Γ (𝛽𝑢 + 1) (1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠−𝛽𝑢
𝐵2 (𝑟) 𝑑 (𝑟)

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� ∥ℜ − Ξ∥℧1

Γ
(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′ (1 + 𝑟𝜇) 𝐵5 (𝑟) 𝑑𝑟
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+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� ∥ℑ − ℏ∥℧2

Γ
(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′ (1 + 𝑟𝜇) 𝐵6 (𝑟) 𝑑𝑟

≤
∥ℜ − Ξ∥℧1

Γ (𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠
𝐵1 (𝑟) 𝑑𝑟

+
∥ℑ − ℏ∥℧2

Γ (𝑟𝑢) Γ (𝛽𝑢 + 1) (1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠−𝛽𝑢
𝐵2 (𝑟) 𝑑 (𝑟)

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� ∥ℜ − Ξ∥℧1

Γ
(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
𝐵5 (𝑟) 𝑑𝑟

+
𝑢−1∑
𝑗=1

��𝑏 𝑗

�� ∥ℑ − ℏ∥℧2

Γ
(
𝑟𝑢 − 𝑟 𝑗

)
(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
𝐵6 (𝑟) 𝑑𝑟.

From the hypotheses (A3) and (A4), we get

∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥℧1

(1 + 𝜌𝜇)
≤ (𝐾1 + 𝐾5) ∥ℜ − Ξ∥℧1 + (𝐾3 + 𝐾7) ∥ℑ − ℏ∥℧2 .

Similarly, one can write

∥Υ (ℑ,ℜ) (𝜌) − Υ (ℏ,Ξ) (𝜌)∥℧2

(1 + 𝜌𝜇)
≤ (𝐾2 + 𝐾6) ∥ℑ − ℏ∥℧2 + (𝐾4 + 𝐾8) ∥ℜ − Ξ∥℧1 .

Hence,


Υ̂ (ℜ,ℑ) (𝜌) − Υ̂ (Ξ, ℏ) (𝜌)




℧

(1 + 𝜌𝜇)

=
∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥℧1

(1 + 𝜌𝜇)

+
∥Υ (ℜ,ℑ) (𝜌) − Υ (Ξ, ℏ) (𝜌)∥℧1

(1 + 𝜌𝜇)
= (𝐾1 + 𝐾5 + 𝐾4 + 𝐾8) ∥ℜ − Ξ∥℧1

+ (𝐾3 + 𝐾7 + 𝐾2 + 𝐾6) ∥ℑ − ℏ∥℧2

≤
8∑
𝑖=1

𝐾𝑖 ∥(ℜ,ℑ) − (Ξ, ℏ)∥℧ .

Because
∑8

𝑖=1 𝐾𝑖 < 1, the operator Υ̂ is a contrac-
tion. Consequently, the Banach FP theorem guarantees
a unique FP of Υ̂, and hence a unique solution to the
considered problem.

4. An illustrative example
This section is devoted to a specific example that illus-
trates and validates our previously obtained results, of-
fering clearer insight into their implications.

Consider the following problem:



𝑅𝐷𝑟3
0+ℜ (𝜌) − 𝐿 (𝐷)

(
𝜌

1
3

ln(81) cos (ℜ (𝜌) + ℑ (𝜌))
)

= 𝜌
1
2

9 sin (ℜ (𝜌)) + 𝜌
1
20

𝑒2 tan−1
(
𝐼
𝛽3
0+ℑ (𝜌)

)
+ 𝜌 1

8 ,

𝑅𝐷𝑡3
0+ℑ (𝜌) − 𝐿̃ (𝐷)

(
𝜌

1
3

ln(1000) cos (ℜ (𝜌) + ℑ (𝜌))
)

= 𝜌
1
2

10 sin (ℑ (𝜌)) + 𝜌
1
20

𝑒2 tan−1
(
𝐼 𝜅3
0+ℜ (𝜌)

)
+ 𝜌 1

9 ,

𝜌1−𝑟3ℜ (𝜌)
��
𝜌=0 = 0, 𝜌1−𝑡3ℑ (𝜌)

��
𝜌=0 = 0,

𝐿 (𝐷)=
2∑
𝑗=1
𝑏 𝑗

𝑅𝐷
𝑟 𝑗
0+ , 0 < 𝑟1 < 𝑟2 < 𝑟3 < 1, 𝑏1, 𝑏2 ∈ R,

𝐿̃ (𝐷)=
2∑

𝑘=1
𝑐𝑘

𝑅𝐷𝑡𝑘
0+ , 0 < 𝑡1 < 𝑡2 < 𝑡3 < 1, 𝑐1, 𝑐2 ∈ R,

𝑟 𝑗 + 𝛽𝑢 < 𝑟𝑢, 𝑡𝑘 + 𝜅𝑢 < 𝑡𝑢, 𝑗 , 𝑘 = 1, 2,
(11)

for all 𝜌 ∈ [0,+∞), where 𝑢 = 3, 𝑟1 = 1
27 , 𝑟2 = 1

9 ,
𝑟3 = 1

3 , 𝑡1 = 1
16 , 𝑡2 = 1

8 , 𝑡3 = 1
4 , 𝑏1 = 2, 𝑏2 = 1,

𝑐1 = 𝑐2 = 1, 𝛽3 = 1
9 , 𝜅3 = 1

10 . Also, we consider, 𝜇 = 3,
𝑠 = 1

4 , 𝑤 = 1
2 , 𝑠

′ = 1
8 , 𝑤

′ = 1
4 ,

Clearly,



𝐺 (𝜌,ℜ (𝜌) ,ℑ (𝜌))) = 𝜌
1
3

ln(81) cos (ℜ (𝜌) + ℑ (𝜌)) ,

𝐹
(
𝜌,ℜ (𝜌) , 𝐼𝛽𝑢0+ ℑ (𝜌)

)
= 𝜌

1
2

9 sin (ℜ (𝜌))

+ 𝜌
1
20

𝜌2 tan−1
(
𝐼
𝛽3
0+ℑ (𝜌)

)
+ 𝜌 1

8

𝐺 (𝜌,ℑ (𝜌) ,ℜ (𝜌))) = 𝜌 1
3

ln(1000) cos (ℜ (𝜌) + ℑ (𝜌)) ,

𝐹
(
𝜌,ℑ (𝜌) , 𝐼 𝜅𝑢0+ℜ (𝜌)

)
= 𝜌

1
2

10 sin (ℑ (𝜌))

+ 𝜌
1
20

𝜌2 tan−1
(
𝐼 𝜅3
0+ℜ (𝜌)

)
+ 𝜌 1

9 .

Hence, 𝐵1 (𝜌) = 𝜌
7
12

9 , 𝐵2 (𝜌) = 𝜌
3
10

𝑒2 , 𝐵3 (𝜌) = 𝜌
5
6

9 ,

𝐵4 (𝜌) = 𝜌
11
20

𝑒2 , 𝐵5 (𝜌) = 𝐵6 (𝜌) = 𝜌
11
24

ln(81) , and 𝐵7 (𝜌) =

𝐵8 (𝜌) = 𝜌
7
12

ln(1000) .
Therefore,

1
Γ(𝑟𝑢)(1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠
𝐵1 (𝑟) 𝑑𝑟

=
1

Γ(𝑟3)(1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−1

𝑟
1
4

𝑟
7
12

9
𝑑𝑟

=
1

9Γ( 1
3 )(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −1 𝑟
1
3 𝑑𝑟

=
Γ

(
1
3 + 1

)
9(1 + 𝜌3)Γ( 1

3 + 1
3 + 1)

𝜌
1
3+

1
3

=
Γ

(
1
3 + 1

)
9Γ( 1

3 + 1
3 + 1)

𝜌
2
3

1 + 𝜌3

≤ 0.10985
𝜌

2
3

1 + 𝜌3 ,
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it follows that

sup
𝜌∈[0,+∞)

(
0.10985

𝜌
2
3

1 + 𝜌3

)
≤ 0.10985 × 0.53

≈ 0.0582205 = 𝐾1.

Also,

1
Γ(𝑡𝑢)(1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−1

𝑡𝑠
𝐵3 (𝑡) 𝑑𝑡

=
1

9Γ( 1
4 )(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑡) 1

4 −1 𝑡
7
12 𝑑𝑡

=
Γ

( 7
12 + 1

)
9Γ

(
1
4 + 7

12 + 1
) 𝜌

5
6

(1 + 𝜌3)

≤ 0.10533
𝜌

5
6

(1 + 𝜌3)
,

which implies that

sup
𝜌∈[0,+∞)

(
0.10533

𝜌
5
6

(1 + 𝜌3)

)
≤ 0.10533 × 0.51

≈ 0.0537184 = 𝐾2

Again,

1
Γ(𝑟𝑢)Γ (𝛽𝑢 + 1) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−1

𝑟𝑠−𝛽𝑢
𝐵2 (𝑟) 𝑑𝑟

=
1

Γ( 1
3 )Γ

(
1
9 + 1

)
(1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑟) 1
3 −1

𝑟
1
4 −

1
9

𝑟
3
10

𝑒2 𝑑𝑟

=
1

𝑒2Γ( 1
3 )Γ

(
1
9 + 1

)
(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −1 𝑟
29
180 𝑑𝑟

=
Γ

(
29
180 + 1

)
𝑒2Γ( 1

3 + 29
180 + 1)Γ

(
1
9 + 1

) 𝜌
89
180

(1 + 𝜌3)

≤ 0.14992
𝜌

89
180

(1 + 𝜌3)
.

Hence,

sup
𝜌∈[0,+∞)

(
0.14992

𝜌
89
180

(1 + 𝜌3)

)
≤ 0.14992 × 0.52

≈ 0.0779596 = 𝐾3.

To evalute 𝐾4, we have

1
Γ(𝑡𝑢)Γ (𝜅𝑢 + 1) (1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−1

𝑡𝑠−𝜅𝑢
𝐵4 (𝑡) 𝑑𝑡

=
1

𝑒2Γ( 1
4 )Γ

(
1
10 + 1

)
(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑡) 1

4 −1 𝑡
2
5 𝑑𝑡

=
Γ

(
2
5 + 1

)
𝑒2Γ

(
1
4 + 2

5 + 1
) 𝜌

13
20

(1 + 𝜌3)
≤ 0.13340

𝜌
13
20

(1 + 𝜌3)
,

taking sup𝜌∈[0,+∞) , we get

sup
𝜌∈[0,+∞)

(
0.13340

𝜌
13
20

(1 + 𝜌3)

)
≤ 0.13340 × 0.54

≈ 0.0720377 = 𝐾4.

To estimate 𝐾5, we can write

𝑢−1∑
𝑗=1

��𝑏 𝑗

�� 1
Γ(𝑟𝑢 − 𝑟 𝑗 )(1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠′
𝐵5 (𝑟) 𝑑𝑟

=
2∑
𝑗=1

��𝑏 𝑗

�� 1
Γ(𝑟3 − 𝑟 𝑗 ) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−𝑟 𝑗−1

𝑟𝑠′
𝑟

11
24

ln(81) 𝑑𝑟

=
𝑏1

Γ(𝑟3 − 𝑟1)(1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−𝑟1−1

𝑟𝑠′
𝑟

11
24

ln(81) 𝑑𝑟

+𝑏2
1

Γ(𝑟3 − 𝑟2) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−𝑟2−1

𝑟𝑠′
𝑟

11
24

ln(81) 𝑑𝑟

=
2

Γ( 1
3 − 1

27 )(1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟) 1
3 −

1
27 −1

𝑟
1
8

𝑟
11
24

ln(81) 𝑑𝑟

+ 1
Γ( 1

3 − 1
9 ) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟) 1
3 −

1
9 −1

𝑟
1
8

𝑟
11
24

ln(81) 𝑑𝑟

=
2

Γ( 8
27 ) (1 + 𝜌3) ln(81)

×
∫ 𝜌

0
(𝜌 − 𝑟) 8

27 −1 𝑟
1
3 𝑑𝑟

+ 1
Γ( 2

9 )(1 + 𝜌3) ln(81)

∫ 𝜌

0
(𝜌 − 𝑟) 2

9 −1 𝑟
1
3 𝑑𝑟

=
2Γ( 1

3 + 1)
ln(81)Γ( 8

27 + 1
3 + 1)

𝜌
17
27

(1 + 𝜌3)

+
Γ( 1

3 + 1)
ln(81)Γ( 2

9 + 1
3 + 1)

𝜌
5
9

(1 + 𝜌3)

≤ 0.45298
𝜌

17
27

(1 + 𝜌3)
+ 0.22850

𝜌
5
9

(1 + 𝜌3)

= 0.68148
𝜌

17
27

(1 + 𝜌3)
,

 10.57647/mathsci.2026.2004.24

http://doi.org/10.57647/mathsci.2026.2004.24


Mohamed Abdalla et al., Math. Sci 20 (3) 2026 301

it follows that

sup
𝜌∈[0,+∞)

(
0.68148

𝜌
17
27

(1 + 𝜌3)

)
≤ 0.13340 × 0.55

≈ 0.07337 = 𝐾5.

To evaluate 𝐾6, we obtain that
2∑

𝑘=1
|𝑐𝑘 |

1
Γ(𝑡𝑢 − 𝑡𝑘)(1 + 𝜌𝜇)

∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−𝑡𝑘−1

𝑡𝑠′
𝐵7 (𝑡) 𝑑𝑡

=
𝑐1

Γ(𝑡3 − 𝑡1) (1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑡)𝑡3−𝑡1−1

𝑡𝑠′
𝐵7 (𝑡) 𝑑𝑡

+ 𝑐2

Γ(𝑡3 − 𝑡2)(1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑡)𝑡3−𝑡2−1

𝑡𝑠′
𝐵7 (𝑡) 𝑑𝑡

=
1

Γ( 1
4 − 1

16 ) (1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑡) 1
4 −

1
16 −1

𝑡
1
8

𝑡
7
12

ln(1000) 𝑑𝑡

+ 1
Γ( 1

4 − 1
8 ) (1 + 𝜌3)

∫ 𝜌

0

(𝜌 − 𝑡) 1
4 −

1
8 −1

𝑡
1
8

𝑡
7
12

ln(1000) 𝑑𝑡

=
Γ

(
11
24 + 1

)
ln(1000)Γ( 3

16 + 11
24 + 1)

𝜌
11
24

(1 + 𝜌3)

+
Γ

(
11
24 + 1

)
ln

(1000)Γ( 1
8
+ 11

24
+ 1) 𝜌

11
24

(1 + 𝜌3)

= 0.27489
𝜌

11
24

(1 + 𝜌3)
,

taking sup𝜌∈[0,+∞) , we get

sup
𝜌∈[0,+∞)

(
0.27489

𝜌
11
24

(1 + 𝜌3)

)
≤ 0.27489 × 0.51

≈ 0.0785074 = 𝐾6.

Also, we can estimate 𝐾7 as follows:
2∑
𝑗=1

��𝑏 𝑗

�� 1
Γ(𝑟𝑢 − 𝑟 𝑗 )Γ (𝛽𝑢 + 1) (1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1

𝑟𝑠−𝛽𝑢
𝐵6 (𝑟) 𝑑𝑟

=
𝑏1

Γ(𝑟3 − 𝑟1)Γ (𝛽3 + 1) (1 + 𝜌3)∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−𝑟1−1

𝑟𝑠−𝛽3

𝑟
7
12

ln(1000) 𝑑𝑟

+ 𝑏2

Γ(𝑟3 − 𝑟2)Γ (𝛽3 + 1) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑟)𝑟3−𝑟2−1

𝑟𝑠−𝛽3

𝑟
7
12

ln(1000) 𝑑𝑟

=
2

ln(1000)Γ( 8
27 )Γ

(
1
9 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −
1
27 −1 𝑟

4
9 𝑑𝑟

+ 1

ln(1000)Γ( 2
9 )Γ

(
1
9 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −
1
9 −1 𝑟

4
9 𝑑𝑟

=
2Γ

(
4
9 + 1

)
ln(1000)Γ( 8

27 + 4
9 + 1)Γ

(
1
9 + 1

) 𝜌
4
9

(1 + 𝜌3)

+
Γ

(
4
9 + 1

)
ln(1000)Γ( 2

9 + 4
9 + 1)Γ

(
1
9 + 1

) 𝜌
4
9

(1 + 𝜌3)

= 0.44532
𝜌

4
9

(1 + 𝜌3)
,

which implies that

sup
𝜌∈[0,+∞)

(
0.44532

𝜌
4
9

(1 + 𝜌3)

)
≤ 0.44532 × 0.51

≈ 0.2271129 = 𝐾7.

Also, we have

2∑
𝑘=1

|𝑐𝑘 |
1

Γ(𝑡𝑢 − 𝑡𝑘)Γ (𝜅𝑢 + 1) (1 + 𝜌𝜇)

×
∫ 𝜌

0

(𝜌 − 𝑡)𝑡𝑢−𝑡𝑘−1

𝑡𝑠−𝜅𝑢
𝐵8 (𝑡) 𝑑𝑡

=
𝑐1

Γ(𝑡3 − 𝑡1)Γ (𝜅3 + 1) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑡)𝑡3−𝑡1−1

𝑡𝑠−𝜅3
𝐵8 (𝑡) 𝑑𝑡

+ 𝑐2

Γ(𝑡3 − 𝑡2)Γ (𝜅3 + 1) (1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑡)𝑡3−𝑡2−1

𝑡𝑠−𝜅3
𝐵8 (𝑡) 𝑑𝑡

=
1

Γ( 1
4 − 1

16 )Γ
(

1
10 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑡) 1
4 −

1
16 −1

𝑡
1
4 −

1
10

𝑡
7
12

ln(1000) 𝑑𝑡

+ 1

Γ( 1
4 − 1

8 )Γ
(

1
10 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0

(𝜌 − 𝑡) 1
4 −

1
8 −1

𝑡
1
4 −

1
10

𝑡
7
12

ln(1000) 𝑑𝑡

=
1

ln(1000)Γ( 3
16 )Γ

(
1
10 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑡) 1

4 −
1
16 −1 𝑡

13
30 𝑑𝑡

+ 1

ln(1000)Γ( 1
8 )Γ

(
1
10 + 1

)
(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑡) 1

4 −
1
8 −1 𝑡

13
30 𝑑𝑡

=
Γ

(
13
30 + 1

)
ln(1000)Γ( 3

16 + 13
30 + 1)Γ

(
1
10 + 1

) 𝜌
13
30

(1 + 𝜌3)
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+
Γ

(
13
30 + 1

)
ln(1000)Γ( 1

8 + 13
30 + 1)Γ

(
1
10 + 1

) 𝜌
13
30

(1 + 𝜌3)

= 0.30201
𝜌

13
30

(1 + 𝜌3)
,

which yields,

sup
𝜌∈[0,+∞)

(
0.30201

𝜌
13
30

(1 + 𝜌3)

)
≤ 0.75448 × 0.52

≈ 0.1570468 = 𝐾8.

To estimate 𝐿1, we can write

1
Γ(𝑟𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−1 ∥𝐹 (𝜌, 0, 0)∥ 𝑑𝑟

=
1

Γ( 1
3 )(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −1 𝑟
1
8 𝑑𝑟

=
Γ( 1

8 + 1)
Γ( 1

3 + 1
8 + 1)

𝜌
1
8

(1 + 𝜌3)

= 1.0633921
𝜌

1
8

(1 + 𝜌3)
,

it follows that

sup
𝜌∈[0,+∞)

(
1.0633921

𝜌
1
8

(1 + 𝜌3)

)
≤ 1.0633921 × 0.57

≈ 0.6061335 = 𝐿1<∞.

To evaluate 𝐿2, we have

1
Γ(𝑡𝑢) (1 + 𝜌𝜇)

∫ 𝜌

0
(𝜌 − 𝑟)𝑡𝑢−1




𝐹 (𝜌, 0, 0)


 𝑑𝑟
=

1
Γ( 1

4 ) (1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

4 −1 𝑟
1
9 𝑑𝑟

=
Γ

(
1
9 + 1

)
Γ( 1

4 + 1
9 + 1)(1 + 𝜌3)

𝜌
1
9

(1 + 𝜌3)

= 1.063904
𝜌

1
9

(1 + 𝜌3)
,

hence,

sup
𝜌∈[0,+∞)

(
1.063904

𝜌
1
9

(1 + 𝜌3)

)
≤ 1.063904 × 0.58

≈ 0.6170645 = 𝐿2<∞.

Also, we have

2∑
𝑗=1

��𝑏 𝑗

�� 1
Γ(𝑟𝑢 − 𝑟 𝑗 )(1 + 𝜌𝜇)

×
∫ 𝜌

0
(𝜌 − 𝑟)𝑟𝑢−𝑟 𝑗−1 ∥𝐺 (𝜌, 0, 0)∥ 𝑑𝑟

=
𝑏1

Γ(𝑟3 − 𝑟1) (1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟3−𝑟1−1 ∥𝐺 (𝜌, 0, 0)∥ 𝑑𝑟

+ 𝑏2

Γ(𝑟3 − 𝑟2) (1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟)𝑟3−𝑟2−1 ∥𝐺 (𝜌, 0, 0)∥ 𝑑𝑟

=
2

Γ( 1
3 − 1

27 )(1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −
1
27 −1 𝑟

1
3

ln(81) 𝑑𝑟

+ 1
Γ( 1

3 − 1
9 ) (1 + 𝜌3)

∫ 𝜌

0
(𝜌 − 𝑟) 1

3 −
1
9 −1 𝑟

1
3

ln(81) 𝑑𝑟

=
2Γ

(
1
3 + 1

)
ln(81)Γ( 8

27 + 1
3 + 1)

𝜌
1
3

(1 + 𝜌3)

+
Γ

(
1
3 + 1

)
ln(81)Γ( 2

9 + 1
3 + 1)

𝜌
1
3

(1 + 𝜌3)

= 0.681483
𝜌

1
3

(1 + 𝜌3)
,

taking sup𝜌∈[0,+∞) , we can write

sup
𝜌∈[0,+∞)

(
0.681483

𝜌
1
3

(1 + 𝜌3)

)
≤ 0.681483 × 0.59

≈ 0.4020749=𝐿3<∞.

Finally, to evaluate 𝐿4, we have

2∑
𝑘=1

|𝑐𝑘 |
1

Γ(𝑡𝑢 − 𝑡𝑘) (1 + 𝜌𝜇)

×
∫ 𝜌

0
(𝜌 − 𝑟)𝑡𝑢−𝑡𝑘−1




𝐺 (𝜌, 0, 0)



 𝑑𝑟

=
𝑐1

Γ(𝑡3 − 𝑡1)(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟)𝑡3−𝑡1−1




𝐺 (𝜌, 0, 0)



 𝑑𝑟

+ 𝑐2

Γ(𝑡3 − 𝑡2)(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟)𝑡3−𝑡2−1




𝐺 (𝜌, 0, 0)



 𝑑𝑟

=
1

Γ( 1
4 − 1

16 )(1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟) 1

16 −
1
8 −1 𝑟

1
3

ln(1000) 𝑑𝑟

+ 1
Γ( 1

4 − 1
8 ) (1 + 𝜌3)

×
∫ 𝜌

0
(𝜌 − 𝑟) 1

16 −
1
4 −1 𝑟

1
3

ln(1000) 𝑑𝑟
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=
Γ

(
1
3 + 1

)
ln(1000)Γ( 3

16 + 1
3 + 1)

𝜌
1
3

(1 + 𝜌3)

+
Γ

(
1
3 + 1

)
ln(1000)Γ( 1

8 + 1
3 + 1)

𝜌
1
3

(1 + 𝜌3)

= 0.29169
𝜌

1
3

(1 + 𝜌3)
,

it follows that

sup
𝜌∈[0,+∞)

(
0.29169

𝜌 1
3

(1 + 𝜌3)

)
≤ 0.29169 × 0.59

≈ 0.1721014 = 𝐿4 < ∞.

Based on what has been calculated, we conclude that∑8
𝑖=1 𝐾𝑖 = 0.7980389 < 1 and 𝐿𝑘 > 0, for 𝑘 = 1, . . . , 4.

Therefore, all requirements of Theorem 3.2 are fulfilled.
Hence, the problem (11) possesses a unique solution on
the unbounded interval [0,+∞).

5. Numerical simulations
In this section, we present a modified Adams-Bashforth-
Moulton predictor-corrector scheme [12, 33, 34] for the
numerical solution of coupled system of nonlinearmulti-
termCaputo FDEs. The class of equations under consid-
eration is given by:

3∑
𝑗=1
𝜆ℜ 𝑗

𝐶𝐷
𝛼ℜ 𝑗

𝑡 ℜ(𝑡) = 𝑓ℜ
(
𝑡,ℜ(𝑡),I𝛽 [ℑ](𝑡)

)
,

3∑
𝑗=1
𝜆ℑ 𝑗

𝐶𝐷
𝛼ℑ 𝑗

𝑡 ℑ(𝑡) = 𝑓ℑ (𝑡,ℑ(𝑡),I𝜅 [ℜ](𝑡)) ,

where 𝐶𝐷𝛼
𝑡 denotes the Caputo fractional derivative of

order 0 < 𝛼 < 1, and the memory-dependent terms are
fractional integrals:

I𝛽 [ℑ](𝑡) =
1

Γ(𝛽)

∫ 𝑡

0
(𝑡 − 𝜏)𝛽−1ℑ(𝜏) 𝑑𝜏,

I𝜅 [ℜ](𝑡) = 1
Γ(𝜅)

∫ 𝑡

0
(𝑡 − 𝜏)𝜅−1ℜ(𝜏) 𝑑𝜏,

Let 𝑡𝑛 = 𝑛ℎ, 𝑛 = 0, 1, . . . , 𝑁 be a uniform grid on [0, 𝑇]
with step size ℎ = 𝑇

𝑁 . The fractional integrals are ap-
proximated using the trapezoidal quadrature rule:

I𝛽 [ℑ](𝑡𝑛) ≈
ℎ𝛽

Γ(𝛽)

𝑛−1∑
𝑗=0

(𝑡𝑛 − 𝑡 𝑗 )𝛽−1ℑ(𝑡 𝑗 ),

I𝜅 [ℜ](𝑡𝑛) ≈
ℎ𝜅

Γ(𝜅)

𝑛−1∑
𝑗=0

(𝑡𝑛 − 𝑡 𝑗 )𝜅−1ℜ(𝑡 𝑗 ).

The general multi-term Caputo equation:
𝑚∑
𝑗=1
𝜆 𝑗

𝐶𝐷
𝛼𝑗

𝑡 𝑦(𝑡) = 𝑓 (𝑡, 𝑦(𝑡)),

𝑦 (𝑘 ) (0) = 𝑦𝑘 , 𝑘 = 0, . . . , 𝑛 − 1,

is equivalent to the Volterra-type integral equation:

𝑦(𝑡) =
𝑛−1∑
𝑘=0

𝑦 (𝑘 ) (0)
𝑘!

𝑡𝑘 + 1
𝜆1Γ(𝛼1)

∫ 𝑡

0
(𝑡 − 𝜏)𝛼1−1

×
 𝑓 (𝜏, 𝑦(𝜏)) −

𝑚∑
𝑗=2
𝜆 𝑗

𝐶𝐷
𝛼𝑗
𝜏 𝑦(𝜏)

 𝑑𝜏.
Let 𝐹𝑗 := 𝑓 (𝑡 𝑗 , 𝑦 𝑗 ) − ∑𝑚

𝑖=2 𝜆𝑖
𝐶𝐷𝛼𝑖

𝑡 𝑦 𝑗 . Then the
Adams-Bashforth-Moulton predictor–corrector method
proceeds in two stages:

Predictor (order 1):

𝑦̂𝑛 =
𝑛−1∑
𝑘=0

𝑦 (𝑘 ) (0)
𝑘!

𝑡𝑘𝑛 + 1
𝜆1Γ(𝛼1)

𝑛−1∑
𝑗=0

𝑏 (𝛼1 )
𝑛− 𝑗 𝐹𝑗 ,

Corrector (order 2):

𝑦𝑛 =
𝑛−1∑
𝑘=0

𝑦 (𝑘 ) (0)
𝑘!

𝑡𝑘𝑛+
1

𝜆1Γ(𝛼1)
©­«𝑎 (𝛼1 )

0 𝐹𝑛 +
𝑛−1∑
𝑗=0

𝑎 (𝛼1 )
𝑛− 𝑗 𝐹𝑗

ª®¬ ,
with quadrature weights:

𝑎 (𝛼)𝑘 = ℎ𝛼 [(𝑘 + 1)𝛼 − 𝑘𝛼] , 𝑏 (𝛼)𝑘 = 𝑎 (𝛼)𝑘 .

Caputo derivatives of order 𝛼 ∈ (0, 1) are approximated
by discrete convolution:

𝐶𝐷𝛼
𝑡 𝑦(𝑡𝑛) ≈

1
ℎ𝛼

𝑛∑
𝑘=0

𝑤 (𝛼)
𝑘 𝑦𝑛−𝑘 ,

where the weights 𝑤 (𝛼)
𝑘 are computed recursively:

𝑤 (𝛼)
0 = 1, 𝑤 (𝛼)

𝑘 =

(
1 − 𝛼 + 1

𝑘

)
𝑤 (𝛼)

𝑘−1, 𝑘 ≥ 1.

This scheme enables stable and accurate simulation of
nonlinear coupled systems with memory effects, and is
well-suited for fractional-order dynamics with multiple
terms.

Example 5.1 Consider the problem (11) with the non-
linear source terms:

𝑓ℜ (𝜌,ℜ,I𝛽3 ) = 𝜌1/2 · 9 sin(ℜ)
+𝜌1/20𝑒2 · tan−1 (I𝛽3 (ℑ)) + 𝜌1/8,

𝑓ℑ (𝜌,ℑ,I𝜅3 ) = 𝜌1/2 · 10 sin(ℑ)
+𝜌1/20𝑒2 · tan−1 (I𝜅3 (ℜ)) + 𝜌1/9.

The fractional derivative orders and coefficients are
given by:

𝑟 =
{ 1

27 ,
1
9 ,

1
3
}
, 𝜆ℜ = {2, 1, 1},

𝑡 =
{ 1

16 ,
1
8 ,

1
4
}
, 𝜆ℑ = {1, 1, 1}.

In Figure 1 shows numerical results obtained for nonlin-
ear coupled systems with memory effects for different
fractional integral values of 𝛽3 and 𝜅3, with initial con-
ditionsℜ(0) = 0 and ℑ(0) = 0 during the time interval
𝜌 ∈ [0, 1]. From these results, we show that computa-
tional methods have been carried out to demonstrate the
feasibility of the investigated theory.
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Figure 1. The behavior at 𝛽3 and 𝜅3, with initial conditionsℜ(0) = 0
and ℑ(0) = 0 during the time interval 𝜌 ∈ [0, 1]

Example 5.2 We consider a nonlinear system describ-
ing two interacting variables, ℜ(𝜌) and ℑ(𝜌), using
multi-term Caputo fractional derivatives:

𝐶𝐷0.3
𝜌 ℜ(𝜌) + 𝐶𝐷0.6

𝜌 ℜ(𝜌) + 𝐶𝐷0.9
𝜌 ℜ(𝜌)

= −𝑎ℜ(𝜌)3 + 𝑏 tanh(ℑ(𝜌)) + 𝜌0.2,

𝐶𝐷0.2
𝜌 ℑ(𝜌) + 𝐶𝐷0.4

𝜌 ℑ(𝜌) + 𝐶𝐷0.7
𝜌 ℑ(𝜌)

= −𝑐ℑ(𝜌)2 + 𝑑 sin(I𝜅3 [ℜ](𝜌)) + 𝜌0.1,

where 𝑎 = 1.5, 𝑏 = 2, 𝑐 = 1, 𝑑 = 2.5. The model
includes memory effects, nonlinear feedback, and exter-
nal inputs. It can describe neural processes like adapta-
tion and memory. See Teka et al. [35] for related mod-
els using fractional dynamics in neuroscience. The sim-
ulation results of this nonlinear system, shown in Fig-
ure 2, reveal how memory and nonlinear feedback in-
fluence the behavior of the variables ℜ(𝜌) and ℑ(𝜌)
for different fractional integral values of 𝜅3, with initial
conditions ℜ(0) = 0.1 and ℑ(0) = 0.2, over the time
interval 𝜌 ∈ [0, 4]. The inclusion of multi-term frac-
tional derivatives leads to gradual, memory-dependent
changes, capturing nonlocal temporal effects. The cubic
decay and hyperbolic tangent terms introduce saturation
phenomena, while the fractional integral I𝛾 [ℜ](𝜌) en-
ables the past behavior of ℜ to modulate the evolution
of ℑ. This dynamic coupling gives rise to complex tem-
poral patterns, potentially resembling neural adaptation
or delayed responses. Overall, the model demonstrates
how fractional operators and memory terms can yield
more realistic and adaptable system dynamics than tra-
ditional integer-order formulations.

Example 5.3 We consider the following system de-
scribing two interacting processes, ℜ(𝜌) and ℑ(𝜌),
which may represent, for example, the infected and re-
covered populations in a fractional epidemic model:

𝐶𝐷0.3
𝜌 ℜ(𝜌) + 𝐶𝐷0.6

𝜌 ℜ(𝜌)
= −𝛼ℜ(𝑡)ℑ(𝜌) + 𝛽I𝛽

3 [ℜ](𝜌),

𝐶𝐷0.4
𝜌 ℑ(𝜌) + 𝐶𝐷0.8

𝜌 ℑ(𝜌)
= 𝛾ℜ(𝜌) − 𝛿ℑ(𝜌) + log

(
1 +

��I𝜅
3 [ℑ](𝜌)

��) ,
This system includes nonlinear infection coupling
(ℜ,ℑ), recovery, reinfection memory effects via inte-
grals, and logarithmic feedback—modeling population
response, immunity, or long-term exposure [36, 37].
The simulation results in Figure 3 illustrate the evolu-
tion of the infected population,ℜ(𝜌), and the recovered
population, ℑ(𝜌), over time under memory effects, for
different fractional integral values of 𝛽3 and 𝜅3, with ini-
tial conditions ℜ(0) = 0.3 and ℑ(0) = 0.1, within the
time interval 𝜌 ∈ [0, 1]. The infected group increases
initially due to active transmission, then decreases as re-
covery and memory-based reinfection mechanisms take
effect. The recovered population grows gradually, in-
fluenced by the infection rate and long-term memory.
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Figure 2. The behavior at 𝜅3, with initial conditions ℜ(0) = 0.1 and
ℑ(0) = 0.2 during the time interval 𝜌 ∈ [0, 4]

The fractional integrals I𝜈 [ℜ](𝜌) and I𝜅 [ℑ](𝜌) play a
significant role in shaping the system dynamics, demon-
strating how past states affect present behavior.

6. Conclusion and future work
Coupled multi-order FDEs play a crucial role in a wide
range of scientific and engineering applications due to
their enhanced capability to model complex phenomena
beyond the scope of classical integer-order systems. The
incorporation of fractional derivatives enables the ac-
curate representation of memory and hereditary effects
that are intrinsic to many real-world processes, includ-
ing viscoelastic behavior, anomalous diffusion, and bi-
ological interactions. In addition, the coupled structure
of these systems allows for the modeling of interdepen-
dent processes, where the evolution of one state variable
directly influences others. This feature makes them par-
ticularly well suited for describing complex networks
arising in areas such as control theory, neural networks,
and population dynamics. The multi-order formulation
further enriches their modeling flexibility by permitting
different system components to exhibit distinct memory
characteristics, thereby yielding more realistic and nu-
anced descriptions in applications ranging from finance
and signal processing to the behavior of complex mate-
rials.

In this work, we addressed the challenging problem of
establishing the existence and uniqueness of solutions
for coupled multi-order FDEs involving multiple frac-
tional orders, a class of systems that naturally arises
in many scientific and engineering contexts. By em-
ploying the Banach contraction principle, we derived
new sufficient conditions that guarantee the existence
and uniqueness of solutions. The theoretical results
were supported by a detailed illustrative example, un-
derscoring the practical applicability of the proposed
framework. To further demonstrate its effectiveness,
we implemented a modified Adams-Bashforth-Moulton
predictor–corrector scheme to obtain numerical solu-
tions. Three representative examples were examined,
modeling oscillatory systems, neural feedback dynam-
ics, and epidemic spread under memory effects. The
numerical simulations corroborated the theoretical find-
ings and clearly illustrated the impact of fractional-order
dynamics on system stability and long-term behavior.

Future research on coupled multi-order fractional dif-
ferential systems is expected to focus on the develop-
ment of more advanced analytical techniques to address
their inherent complexity. Important directions include
the investigation of qualitative properties such as vari-
ous stability notions, controllability, and observability
for broader classes of systems. The design of efficient
and accurate numerical methods, particularly for non-
linear problems, also remains a significant challenge.
Moreover, application-oriented studies aimed at inte-
grating real-time data into fractional-order models are
likely to further enhance their relevance. Finally, ex-
ploring the effects of stochastic perturbations and time
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Figure 3. The behavior at 𝛽3 and 𝜅3, with initial conditions ℜ(0) =
0.3 and ℑ(0) = 0.1 during the time interval 𝜌 ∈ [0, 1]

delays represents a promising avenue for advancing the
theory and applications of coupled multi-order FDEs.

7. Abbreviations
FDE=⇒Fractional differential equation.
DE=⇒differential equation.
RL=⇒Riemann-Liouville.
BVP=⇒boundary value problem.
FP=⇒fixed point.
BS=⇒Banach space.
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