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Abstract:
This article investigates the solvability and stability of a nonlinear tripled system of fractional integro-
differential equations via integral boundary conditions. We prove the fundamental existence and uniqueness
results for the solution using powerful methods from nonlinear functional analysis, including the Banach
fixed-point theorem. Crucially, we gauge the system’s resistance to small perturbations using Ulam-Hyers
stability analysis. Our results confirm that approximate solutions are close to the true solution, providing
an essential resilience measure for complex models in which memory and hereditary traits are captured by
fractional derivatives. Finally, an illustrative example has been presented to validate the stated theoretical
results.
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1. Introduction

Fractional derivatives are often considered more accu-
rate than ordinary (integer-order) derivatives for model-
ing complex, real-world systems primarily because they
inherently incorporate memory and hereditary prop-
erties into the model, a crucial feature that classical
integer-order models typically neglect [1]. While or-
dinary derivatives are local operators whose value de-
pends only on the immediate neighborhood of a point,
fractional derivatives are non-local operators whose def-
inition involves an integral, meaning the current state
depends on the entire history of the function’s process
[2]. This long-term memory capability allows fractional
differential equations (FDEs) to more adequately de-
scribe phenomena like anomalous diffusion, viscoelas-
ticity, and biological kinetics, often providing a better fit

to experimental data with fewer parameters compared to
high-order classic models [3].

The application of FDEs has recently intensified
across multidisciplinary fields, leveraging their non-
local nature to model systems that exhibit memory ef-
fects and long-range dependence with high fidelity. In
biomathematics, FDEs are increasingly used to model
complex biological phenomena, such as the spread of
infectious diseases (epidemiology) and the movement
of biomolecules in crowded cellular environments, cap-
turing the anomalous (non-Fickian) diffusion more ac-
curately than classical models [4]. Furthermore, in en-
gineering and control theory, new research focuses on
using fractional operators for the enhanced design of
dynamic systems, including robust fractional-order con-
trol algorithms and the precise modeling of materials
like viscoelastic polymers and electrical circuits with
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fractal, where the memory of past stresses or charges
significantly influences the current behavior [5, 6]. This
trend is facilitated by the development of novel ana-
lytical and numerical methods, often based on integral
transforms, to solve complex fractional-order equations
that were previously intractable [7]. For more applica-
tions, see [8, 9, 10].

The mathematical notion known as Ulam’s type sta-
bility was first proposed by Stanislaw Ulam in 1940
and subsequently refined by Donald Hyers. This con-
cept addresses the resilience of solutions to differential
equations, specifically describing their behavior when
subject to small disturbances (perturbations) in the ini-
tial conditions or the equation itself. In essence, it
serves to quantify a system’s stability and responsive-
ness to these minor errors [11, 12]. The work of Ulam
and Hyers focused on the stability properties of various
integer-order differential equations, resulting in the for-
malized notion of Hyers-Ulam stability for Cauchy func-
tional equations. Their findings provided stronger con-
clusions regarding key functions like polynomials, iso-
metric mappings, and convex functions. Following their
foundational contributions, countless researchers have
extended and generalized Hyer’s framework. The sub-
sequent literature now features extensive investigations
into many generalized stability concepts of Ulam type
[13, 14, 15, 16, 17, 18, 19, 20].

Tripled fractional derivatives and tripled fixed points
play an important role in advancing modern mathemati-
cal modeling and analysis, particularly for complex sys-
tems with memory, nonlocal interactions, and multi-
stage dynamics. A tripled fractional derivative extends
classical fractional calculus by capturing three interde-
pendent rates of change, allowing more accurate de-
scriptions of phenomena such as viscoelastic materi-
als, anomalous diffusion, and coupled biological or eco-
nomic processes. Similarly, tripled fixed points general-
ize fixed-point theory to settings where three mappings
or variables interact simultaneously, providing power-
ful tools for proving existence, uniqueness, and stability
of solutions to nonlinear systems, for more details, see
[21, 22, 23, 24, 25].

Integro-differential equations are essential mathemat-
ical tools for modeling complex systems where the rate
of change depends on both the current state and a histor-
ical accumulation of data, a feature particularly preva-
lent in viscoelasticity, population dynamics, and epi-
demiology [26, 27]. Recent advancements have seen
integro-differential equations applied to modern fron-
tiers such as neuroscience, where fractional integro-
differential equations are used to model the long-term
memory effects of EEG signals for emotion recogni-
tion [28], and stochastic viral modeling, where par-
tial integro-differential equations approximate the un-
predictable spread of infections in compartmental sys-
tems. These equations typically require specific initial
or boundary conditions such as the Caputo fractional
derivative to maintain physically interpretable integer-
order initial states to ensure the existence and unique-

ness of solutions in non-local environments [29, 30].
By incorporating integral operators, these models effec-
tively capture hereditary properties and time lags that
standard differential equations often overlook, making
them indispensable for high-fidelity simulations in fluid
mechanics, bio-chemical reactions, and neural network
dynamics [31].

The practical implications of these findings extend
across various disciplines that rely on complex differ-
ential systems constrained by integral boundary condi-
tions. In the realm of hydrogeology, for example, frac-
tional integro-differential equations serve as a critical
tool for modeling the complexities of subsurface wa-
ter flow [32], while chemical engineers utilize similar
frameworks to investigate reaction-diffusion processes
[33, 34]. Because the utility of these mathematical mod-
els in fields such as population dynamics or circulatory
system analysis depends on their predictive reliability,
establishing the absolute stability of solutions is essen-
tial for their real-world application [35].

Integral boundary conditions are crucial in mathemat-
ical modeling because they allow the constraints of a
physical system to be defined not just at discrete points
but by requiring that an integral quantity of the unknown
function (or its derivatives) over a specified domain
must satisfy a certain value. This approach is essential
in fields where conservation laws or cumulative effects
govern the system’s behavior. For instance, integral
boundary conditions are commonly used in phase field
models to describe electric or thermal transport phenom-
ena and appear naturally in the study of certain second-
order differential equations related to steady-state diffu-
sion with reactions. Furthermore, the study of the exis-
tence and uniqueness of solutions to problems involving
FDEs frequently incorporates integral boundary condi-
tions, making them a significant focus in contemporary
analysis [36, 37].

To see the practical importance of integral boundary
conditions, consider this real-world example{

𝜃′′ + 𝑔 (𝜓) ℎ (𝜓, 𝜃) = 0,
𝜃 (𝑐1) = 0, 𝛼𝜃′ (𝑐2) − 𝜃 (𝛾) = 0,

where 𝑐1 < 𝜓 < 𝑐2, 0 < 𝛾 ≤ 1, 𝛼 > 0 and 𝑐1, 𝑐2 ∈ R.
This is a thermoregulator model for the one-dimensional
heat equation. It has well-defined solutions for a heated
bar where a control system modulates the heat input
based on temperature measurements from a sensor at
position 𝛾. The formulation extends the heat equation
to include nonlinear gradient terms and time-varying
sources. In this more general setup, a controller at 𝛾
regulates the heated bar’s heat output using temperature
data from multiple sensors distributed along its length.
It can be stated as

𝜃′′ − ℎ (𝜓, 𝜃, 𝜃′) = 0,

𝜃 (𝑐1) = 0, 𝜃′ (𝑐2) =
𝑐2∫
𝑐1

𝜃 (𝑟) 𝑑𝑘 (𝑟) (𝛾) = 0.

Building on prior work concerning integro-systems with
fractional order derivatives, we aim to extend the re-
sults of [20, 38]. Integro-differential equations are
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critical tools, as they model complex systems where
current states depend on both instantaneous rates of
change and accumulated past effects. Despite their im-
portance, studies investigating Ulam-type stability for
integro-differential equations with fractional derivatives
are scarce. Furthermore, while extensive research exists
on FDEs, Ulam’s stability for tripled systems subject to
integral boundary conditions remains an open area. The
proposed system is as follows:

𝑐𝐷𝜅1𝑢 (𝜁) = 𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁)) ,
𝜁 ∈ 𝑉 = [0, 1],

𝑐𝐷𝜅2𝑣 (𝜁) = 𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁)) , 𝜁 ∈ 𝑉,
𝑐𝐷𝜅3𝑤 (𝜁) = 𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁)) , 𝜁 ∈ 𝑉,
𝜛𝑢 (0) + 𝜏𝑢′ (0) = 𝛿

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟,

𝜛𝑢 (1) + 𝜏𝑢′ (1) = 𝛿
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟,

𝜛̃𝑣 (0) + 𝜏̃𝑣′ (0) = 𝛿̃
∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟,

𝜛̃𝑣 (1) + 𝜏̃𝑣′ (1) = 𝛿̃
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟,

𝜛̂𝑤 (0) + 𝜏̂𝑤′ (0) = 𝛿̂
∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟,

𝜛̂𝑤 (1) + 𝜏̂𝑤′ (1) = 𝛿̂
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟,

(1)
where 𝑐𝐷𝜅1 , 𝑐𝐷𝜅2 and 𝑐𝐷𝜅3 are the Caputo fractional
derivatives with orders 𝜅1, 𝜅2, 𝜅3 ∈ (0, 1], respectively.
Moreover, 𝑙, 𝑙̃, 𝑙̂, 𝑚, 𝑚, 𝑚 : R → R, 𝜛, 𝜛̃, 𝜛̂, 𝛿, 𝛿̃, 𝛿̂ >
0 and 𝜏, 𝜏̃, 𝜏̂ ≥ 0 are real numbers. Furthermore,
𝜙1, 𝜙2, 𝜙3 : 𝑉 × R3 → R and Ω𝑤 ,Ω𝑢,Ω𝑣 : 𝑉 × 𝑉 →
[0,∞) such that

Ω𝑤 (𝜁) =
∫ 𝜁

0 𝜑 (𝜁, 𝑟) 𝑤 (𝑟) 𝑑𝑟,
Ω𝑢 (𝜁) =

∫ 𝜁

0 𝜑 (𝜁, 𝑟) 𝑢 (𝑟) 𝑑𝑟,
Ω𝑣 (𝜁) =

∫ 𝜁

0 𝜑 (𝜁, 𝑟) 𝑣 (𝑟) 𝑑𝑟.

The motivations of this manuscript is summarized as fol-
lows:

(1) This study investigates a system of nonlinear frac-
tional integro-differential equations (1) governed
by integral boundary conditions, addressing sys-
tems where memory and hereditary properties are
central.

(2) By leveraging the Banach fixed-point theorem in
the framework of nonlinear functional analysis,
we establish rigorous proof for the existence and
uniqueness of the solution.

(3) We systematically apply Ulam-Hyers stability cri-
teria to quantify the system’s resilience to perturba-
tions. This analysis ensures a high degree of close-
ness between approximate and exact solutions.

(4) The stability results confirm the model’s well-
posedness and fundamental dependability, ensur-
ing it remains robust under the fluctuating condi-
tions typical of complex physical systems.

(5) The theoretical framework is substantiated through
a series of illustrative applications, demonstrating
a high degree of correlation between our numerical
results and the established analytical findings.

2. Basic facts and hypotheses
In this section, we lay the groundwork for our investi-
gation by introducing essential concepts, notations, and
preliminary results. These foundations are critical for
maintaining clarity and rigor throughout the following
derivations and proofs. Specifically, we state the neces-
sary lemmas that will be directly utilized in the subse-
quent parts to establish our main theorems.

Definition 2.1 [24]

(i) For the function 𝑣 : (0, 1) → R, the Caputo frac-
tional derivative with order 𝜅 > 0 is described as

𝑐𝐷𝜅𝑣(𝜁) = 1
Γ(𝜎 − 𝜅)

∫ 𝜁

0
(𝜁 − 𝑟)𝜎−𝜅−1𝑣 (𝜎) (𝑟)𝑑𝑟,

𝜎 = [𝜅] + 1.

(ii) For the function 𝑣 : (0, 1) → R, the Riemann-
Liouville fractional derivative with order 𝜅 > 0 is
given by

𝐼 𝜅𝑣(𝜁) = 1
Γ(𝜎 − 𝜅)

(
𝑑

𝑑𝜁

)𝜎∫ 𝜁

0
(𝜁 − 𝑟)𝜎−𝜅−1𝑣(𝑟)𝑑𝑟,

𝜎 = [𝜅] + 1,

provided the integral exists, where [𝜅] stands for
the integer part of 𝜅 and Γ (.) is the Euler gamma
function.

Lemma 2.2 [24] For any real number 𝜅 > 0,

(i) the solution of the FDE

𝑐𝐷𝜅𝑣 (𝜁) = 0

is

𝑣 (𝜁) = 𝜌0 + 𝜌1𝜁 + 𝜌2𝜁
2 + · · · + 𝜌𝜎−1𝜁

𝜎−1,

(ii) the solution of the FDE

𝑐𝐷𝜅𝑣 (𝜁) = ℏ (𝜁)

is given by

𝐼 𝜅(𝑐𝐷𝜅𝑣(𝜁))= 𝐼 𝜅𝑣(𝜁)+𝜌0+𝜌1𝜁+𝜌2𝜁
2+· · ·+𝜌𝜎−1𝜁

𝜎−1,

where 𝜎 = [𝜅] + 1, 𝜌𝑖 ∈ R, 𝑖 = 1, 2, · · · , 𝜎 − 1.

Lemma 2.3 [25] Assume that ℏ, 𝜑1, 𝜑2 ∈ 𝐶 ( [𝑉,R]).
The fractional problem

𝑐𝐷𝜅𝑣 (𝜁) = ℏ (𝜁) , 𝜁 ∈ 𝑉 = [0, 1],
𝜛𝑢 (0) + 𝜏𝑢′ (0) = 𝛿

∫ 1
0 𝜑1 (𝑟) 𝑑𝑟,

𝜛𝑢 (1) + 𝜏𝑢′ (1) = 𝛿
∫ 1
0 𝜑2 (𝑟) 𝑑𝑟,

has the following unique solution:

𝑣 (𝜁) =
∫ 1

0
𝐹𝜅 (𝜁, 𝑟) ℏ (𝑟) 𝑑𝑟 +

𝛿

𝜛2 [(𝜛 (1 − 𝜁) + 𝜏)∫ 1

0
𝜑1 (𝑟) 𝑑𝑟 + (𝜏 +𝜛𝜁)

∫ 1

0
𝜑2 (𝑟) 𝑑𝑟

]
,
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where 𝐹𝜅 (𝜁, 𝑟) is the Green’s function defined by

𝐹𝜅 (𝜁, 𝑟) =



𝜛 (𝜁 −𝑟 ) 𝜅−1+(𝜏−𝜛𝜁 ) (1−𝑟 ) 𝜅−1

𝜛Γ (𝜅 ) 𝑟 ≤ 𝜁,
+ 𝜏 (𝜏−𝜛𝜁 ) (1−𝑟 ) 𝜅−2

𝜛2Γ (𝜅−1) ,

(𝜏−𝜛𝜁 ) (1−𝑟 ) 𝜅−1

𝜛Γ (𝜅 ) 𝜁 ≤ 𝑟.
+ 𝜏 (𝜏−𝜛𝜁 ) (1−𝑟 ) 𝜅−2

𝜛2Γ (𝜅−1) ,

Now, assume that 𝐴 = {𝑣(𝜁) : 𝑣 ∈ 𝐶 (𝑉)} is a Ba-
nach space under the norm ∥𝑣∥𝐴 = max𝜁 ∈𝑉 |𝑣(𝜁) | .
Then, the norm on product space is described as
∥(𝑢, 𝑣, 𝑤)∥Θ=𝐴×𝐴×𝐴 = ∥𝑢∥𝐴 + ∥𝑣∥𝐴 + ∥𝑤∥𝐴 . Clearly,
(Θ, ∥(., ., .)∥Θ) is a Banach space too. Furthermore, the
cone 𝐵 ⊂ Θ is given by

𝐵 = (𝑢, 𝑣, 𝑤) ∈ Θ : 𝑢 (𝜁) ≥ 0, 𝑣 (𝜁) ≥ 0, and 𝑤 (𝜁) ≥ 0.

Now, to transform our problem to a fixed point prob-
lem, we define the operator ℑ : Θ → Θ as

ℑ (𝑢, 𝑣, 𝑤) (𝜁) = ©­«
ℑ𝜅1 (𝑢, 𝑣, 𝑤) (𝜁)
ℑ𝜅2 (𝑣, 𝑤, 𝑢) (𝜁)
ℑ𝜅3 (𝑤, 𝑢, 𝑣) (𝜁)

ª®¬

=



∫ 1
0 𝐹𝜅1 (𝜁, 𝑟) 𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟)) 𝑑𝑟
+ 𝛿

𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟

]
,∫ 1

0 𝐹𝜅2 (𝜁, 𝑟) 𝜙2 (𝑟, 𝑤 (𝑟) , 𝑢 (𝑟) ,Ω𝑢 (𝑟)) 𝑑𝑟
+ 𝛿

𝜛2

[
(𝜛̃ (1 − 𝜁) + 𝜏̃)

∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟

+ (𝜏̃ + 𝜛̃𝜁)
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟

]
,∫ 1

0 𝐹𝜅3 (𝜁, 𝑟) 𝜙3 (𝑟, 𝑢 (𝑟) , 𝑣 (𝑟) ,Ω𝑣 (𝑟)) 𝑑𝑟
+ 𝛿

𝜛2

[
(𝜛̂ (1 − 𝜁) + 𝜏̂)

∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟

+ (𝜏̂ + 𝜛̂𝜁)
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟

]
.

The fixed point of the operator ℑ is equivalent to the
solution of the tripled system (1). To establish the exis-
tence and uniqueness of this solution, we need the sub-
sequent hypotheses:

(𝐻1) For 𝜁 ∈ 𝑉 = [0, 1], there exists
𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑒1, 𝑒2, 𝑒3, 𝑒4 ∈ 𝐶 (𝑉,R+)
such that

|𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁)) | ≤ 𝑎1 (𝜁)
+𝑎2 (𝜁) |𝑣 (𝜁) | + 𝑎3 (𝜁) |𝑤 (𝜁) | + 𝑎4 (𝜁) |Ω𝑤 (𝜁) | ,

|𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁)) | ≤ 𝑏1 (𝜁)
+𝑏2 (𝜁) |𝑤 (𝜁) | + 𝑏3 (𝜁) |𝑢 (𝜁) | + 𝑏4 (𝜁) |Ω𝑢 (𝜁) | ,

|𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁)) | ≤ 𝑒1 (𝜁)
+𝑒2 (𝜁) |𝑢 (𝜁) | + 𝑒3 (𝜁) |𝑣 (𝜁) | + 𝑒4 (𝜁) |Ω𝑣 (𝜁) | ,

for 𝑢 (𝜁) , 𝑣 (𝜁) , 𝑤 (𝜁) ∈ 𝐶 (𝑉,R) with

𝑎∗𝑖 = sup
𝜁 ∈𝑉

𝑎𝑖 (𝜁) , 𝑏∗𝑖 = sup
𝜁 ∈𝑉

𝑏𝑖 (𝜁) ,

𝑒∗𝑖 = sup
𝜁 ∈𝑉

𝑒𝑖 (𝜁) , 𝑖 = 1, 2, 3, 4.

(H2) For 𝜁 ∈ 𝑉 , there exist 𝑁𝑙 , 𝑁𝑚, 𝑁𝑙̃ , 𝑁𝑚̃, 𝑁𝑙̂ , and 𝑁𝑚̂

such that

|𝑙 (𝑢 (𝜁)) | ≤ 𝑁𝑙 |𝑢 (𝜁) | ,
|𝑚 (𝑢 (𝜁)) | ≤ 𝑁𝑚 |𝑢 (𝜁) | ,���̃𝑙 (𝑢 (𝜁))��� ≤ 𝑁𝑙̃ |𝑢 (𝜁) | ,
|𝑚 (𝑢 (𝜁)) | ≤ 𝑁𝑚̃ |𝑢 (𝜁) | ,���̂𝑙 (𝑢 (𝜁))��� ≤ 𝑁𝑙̂ |𝑢 (𝜁) | ,
|𝑚 (𝑢 (𝜁)) | ≤ 𝑁𝑚̂ |𝑢 (𝜁) | ,

for all 𝑢 (𝜁) ∈ 𝐶 (𝑉,R+). In addition, there exist
positive real constants Υ𝑙 ,Υ𝑚,Υ𝑙̃ ,Υ𝑚̃,Υ𝑙̂ , and Υ𝑚̂

such that

|𝑙 (𝑢) − 𝑙 (𝑢∗) | ≤ Υ𝑙 |𝑢 − 𝑢∗ | ,
|𝑚 (𝑢) − 𝑚 (𝑢∗) | ≤ Υ𝑚 |𝑢 − 𝑢∗ | ,���̃𝑙 (𝑢) − 𝑙̃ (𝑢∗)��� ≤ Υ𝑙̃ |𝑢 − 𝑢

∗ | ,
|𝑚 (𝑢) − 𝑚 (𝑢∗) | ≤ Υ𝑚̃ |𝑢 − 𝑢∗ | ,���̂𝑙 (𝑢) − 𝑙̂ (𝑢∗)��� ≤ Υ𝑙̂ |𝑢 − 𝑢

∗ | ,
|𝑚 (𝑢) − 𝑚 (𝑢∗) | ≤ Υ𝑚̂ |𝑢 − 𝑢∗ | ,

for each 𝜁 ∈ 𝑉 and all 𝑢, 𝑢∗ ∈ 𝐶 (𝑉,R).

(H3) For 𝜁 ∈ 𝑉, there exist 𝑁𝜌1 , 𝑁𝜌2 , and 𝑁𝜌3 such that∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 ≤ 𝑁𝜌1 ,∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 ≤ 𝑁𝜌2 ,∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 ≤ 𝑁𝜌3 .

Moreover, we assume

𝐷1 =
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎1 (𝑟)𝑑𝑟 < ∞,

𝐸1 =
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎2 (𝑟)𝑑𝑟

+
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎3 (𝑟)𝑑𝑟

+𝑁𝜌1

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎4 (𝑟)𝑑𝑟

+
(
𝛿 (𝜛 + 𝜏) (𝑁𝑙 + 𝑁𝑚)

𝜛2

)
<

1
3
,

𝐷2 =
∫ 1

0

��𝐹𝜅2 (𝜁, 𝑟)
�� 𝑏1 (𝑟)𝑑𝑟 < ∞,

𝐸2 =
∫ 1

0

��𝐹𝜅2 (𝜁, 𝑟)
�� 𝑏2 (𝑟)𝑑𝑟

+
∫ 1

0

��𝐹𝜅2 (𝜁, 𝑟)
�� 𝑏3 (𝑟)𝑑𝑟

+𝑁𝜌2

∫ 1

0

��𝐹𝜅2 (𝜁, 𝑟)
�� 𝑏4 (𝑟)𝑑𝑟

+
(
𝛿̃ (𝜛̃ + 𝜏̃)

(
𝑁𝑙̃ + 𝑁𝑚̃

)
𝜛̃2

)
<

1
3
,
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and

𝐷3 =
∫ 1

0

��𝐹𝜅3 (𝜁, 𝑟)
�� 𝑒1 (𝑟)𝑑𝑟 < ∞,

𝐸3 =
∫ 1

0

��𝐹𝜅3 (𝜁, 𝑟)
�� 𝑒2 (𝑟)𝑑𝑟 +∫ 1

0

��𝐹𝜅3 (𝜁, 𝑟)
�� 𝑒3 (𝑟)𝑑𝑟

+𝑁𝜌3

∫ 1

0

��𝐹𝜅3 (𝜁, 𝑟)
�� 𝑒4 (𝑟)𝑑𝑟

+
©­­«
𝛿̂ (𝜛̂ + 𝜏̂)

(
𝑁𝑙̂ + 𝑁𝑚̂

)
𝜛̂2

ª®®¬ <
1
3
.

(H4) For each 𝜁 ∈ 𝑉, there exist constants
Υ𝜙1 ,Υ𝜙2 ,Υ𝜙3 , Υ̃𝜙1 , Υ̃𝜙2 , Υ̃𝜙3 , Υ̂𝜙1 , Υ̂𝜙2Υ̂𝜙3 > 0
such that

|𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁))
−𝜙1

(
𝜁, 𝑣∗ (𝜁) , 𝑤∗ (𝜁) ,Ω𝑤∗ (𝜁)

)���
≤ Υ𝜙1 |𝑣 (𝜁) − 𝑣∗ (𝜁) |

+Υ̃𝜙1 |𝑤 (𝜁) − 𝑤∗ (𝜁) |

+Υ̂𝜙1

���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
��� ,

|𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁))
−𝜙2

(
𝜁, 𝑤∗ (𝜁) , 𝑢∗ (𝜁) ,Ω𝑢∗ (𝜁)

)���
≤ Υ𝜙2 |𝑤 (𝜁) − 𝑤∗ (𝜁) |

+Υ̃𝜙2 |𝑢 (𝜁) − 𝑢∗ (𝜁) |

+Υ̂𝜙2

���Ω𝑢 (𝜁) −Ω𝑢∗ (𝜁)
��� ,

and

|𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁))
−𝜙3

(
𝜁, 𝑢∗ (𝜁) , 𝑣∗ (𝜁) ,Ω𝑣∗ (𝜁)

)���
≤ Υ𝜙3 |𝑢 (𝜁) − 𝑢∗ (𝜁) |

+Υ̃𝜙3 |𝑣 (𝜁) − 𝑣∗ (𝜁) |

+Υ̂𝜙3

���Ω𝑣 (𝜁) −Ω𝑣∗ (𝜁)
��� ,

for all 𝑢, 𝑣, 𝑤, 𝑢∗, 𝑣∗, 𝑤∗ ∈ 𝐶 (𝑉,R).

(H5) We assume that

(i) ℜ1 = 𝐺 𝜅3𝜛𝜏̂

(
Υ𝜙3 + Υ̃𝜙3 + Υ̂𝜙3𝑁𝜌3

)
+Υ𝜛𝜏̃ ,

where Υ𝜛𝜏̃ =
𝛿 (𝜛+𝜏̃ ) (Υ𝑙̃+Υ𝑚̃)

𝜛2 and

𝐺 𝜅3𝜛𝜏̂ = max
𝜁 ∈[0,1]

����∫ 1

0
𝐹𝜅3 (𝜁, 𝑟) 𝑑𝑟

����
=

1
Γ (1 + 𝜅3)

+ 2 (𝜛̂ + 𝜏̂)
Γ (1 + 𝜅3)

+
2
(
𝜏̂2 + 𝜛̂𝜏̂

)
𝜛̂2Γ (𝜅3)

,

(ii) ℜ2 = 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 + Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
+Υ𝜛𝜏 ,

where Υ𝜛𝜏 = 𝛿 (𝜛+𝜏 ) (Υ𝑙+Υ𝑚 )
𝜛2 and

𝐺 𝜅1𝜛𝜏̃ = max
𝜁 ∈[0,1]

����∫ 1

0
𝐹𝜅1 (𝜁, 𝑟) 𝑑𝑟

����
=

1
Γ (1 + 𝜅1)

+ 2 (𝜛̃ + 𝜏̃)
Γ (1 + 𝜅1)

+
2
(
𝜏̃2 + 𝜛̃𝜏̃

)
𝜛̃2Γ (𝜅1)

,

(iii) ℜ3 = 𝐺 𝜅2𝜛𝜏

(
Υ𝜙2 + Υ̃𝜙2 + Υ̂𝜙2𝑁𝜌2

)
+Υ𝜛𝜏̂ ,

where Υ𝜛𝜏̂ =
𝛿 (𝜛+𝜏̂ ) (Υ𝑙̂

+Υ𝑚̂)
𝜛2 and

𝐺 𝜅2𝜛𝜏 = max
𝜁 ∈[0,1]

����∫ 1

0
𝐹𝜅2 (𝜁, 𝑟) 𝑑𝑟

����
=

1
Γ (1 + 𝜅2)

+ 2 (𝜛 + 𝜏)
Γ (1 + 𝜅2)

+
2
(
𝜏2 +𝜛𝜏

)
𝜛2Γ (𝜅2)

.

3. Existence theorem
This section establishes the existence and uniqueness of
the solution for the system (1) under hypotheses (H1)-
(H5).
Theorem 3.1 Via the hypotheses (H1)-(H5), the frac-
tional problem (1) has a unique solution, provided that

ℜ = max {ℜ1,ℜ2,ℜ3} < 1.

Proof. Assume that 𝜆 is a positive number such that

𝜆 = max
{

2𝐷1

1 − 2𝐸1
,

2𝐷2

1 − 2𝐸2
,

2𝐷3

1 − 2𝐸3

}
.

Define a set𝑈 as

𝑈 = {(𝑢, 𝑣, 𝑤) ∈ Θ : ∥(𝑢, 𝑣, 𝑤)∥Θ ≤ 𝜆} .
We begin with prove that the ℑ maps 𝑈 into itself. In-
deed, for 𝜁 ∈ 𝑉 and by the assertions (H1)-(H3), one
has ��ℑ𝜅1 (𝑢, 𝑣, 𝑤) (𝜁)

��
≤

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� |𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟)) | 𝑑𝑟

+ 𝛿

𝜛2

[
| (𝜛 (1 − 𝜁) + 𝜏) |

∫ 1

0
|𝑙 (𝑢 (𝑟)) | 𝑑𝑟

+ |(𝜏 +𝜛𝜁) |
∫ 1

0
|𝑚 (𝑢 (𝑟)) | 𝑑𝑟

]
≤

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎1 (𝑟) 𝑑𝑟

+
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� [𝑎2 (𝑟) |𝑣 (𝑟) |] 𝑑𝑟

+
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� [𝑎3 (𝑟) |𝑤 (𝑟) |] 𝑑𝑟

+
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� [𝑎4 (𝑟) |Ω𝑤 (𝜁) |] 𝑑𝑟

+ 𝛿

𝜛2

[
| (𝜛 + 𝜏) |

∫ 1

0
|𝑙 (𝑢 (𝑟)) | 𝑑𝑟

+ |(𝜏 +𝜛) |
∫ 1

0
|𝑚 (𝑢 (𝑟)) | 𝑑𝑟

]
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≤
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎1 (𝑟) 𝑑𝑟

+𝜆
[∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎2 (𝑟) 𝑑𝑟

+
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎3 (𝑟) 𝑑𝑟

+𝑁𝜌1

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� 𝑎4 (𝑟) 𝑑𝑟

+ 𝛿 (𝜛 + 𝜏) (𝑁𝑙 + 𝑁𝑚)
𝜛2

]
= 𝐷1 + 𝜆𝐸1.

Maximizing both sides of the inequality over the set ℑ
gives 

ℑ𝜅1 (𝑢, 𝑣, 𝑤)




𝐴
≤ 𝜆

3
.

Similarly, we have



ℑ𝜅2 (𝑣, 𝑤, 𝑢) (𝜁)



𝐴
≤ 𝜆

3
and



ℑ𝜅3 (𝑤, 𝑢, 𝑣) (𝜁)



𝐴
≤ 𝜆

3
.

Hence,

∥ℑ (𝑢, 𝑣, 𝑤)∥Θ =


ℑ𝜅1 (𝑢, 𝑣, 𝑤)




𝐴

+


ℑ𝜅2 (𝑣, 𝑤, 𝑢) (𝜁)




𝐴
+



ℑ𝜅3 (𝑤, 𝑢, 𝑣) (𝜁)



𝐴
≤ 𝜆.

This proves that, ℑ is maps𝑈 into itself.
Next, we show that ℑ is a contraction mapping. For

each 𝜁 ∈ 𝑉, by the assumptions (H2)-(H5), we can write��ℑ𝜅1 (𝑢, 𝑣, 𝑤) (𝜁) − ℑ𝜅1 (𝑢∗, 𝑣∗, 𝑤∗) (𝜁)
�� (2)

≤
∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� |𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟))

−𝜙1

(
𝑟, 𝑣∗ (𝑟) , 𝑤∗ (𝑟) ,Ω𝑤∗ (𝑟)

)��� 𝑑𝑟
+ 𝛿

𝜛2

[
| (𝜛 (1 − 𝜁) + 𝜏) |

∫ 1

0
|𝑙 (𝑢 (𝑟)) − 𝑙 (𝑢∗ (𝑟)) | 𝑑𝑟

+ |(𝜏 +𝜛𝜁) |
∫ 1

0
|𝑚 (𝑢 (𝑟)) − 𝑚 (𝑢∗ (𝑟)) | 𝑑𝑟

]
≤

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� (Υ𝜙1 |𝑣 (𝜁) − 𝑣∗ (𝜁) |

+Υ̃𝜙1 |𝑤 (𝜁) − 𝑤∗ (𝜁) | + Υ̂𝜙1

���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
���)

+𝛿 (𝜛 + 𝜏)
𝜛2

(
Υ𝑙

∫ 1

0
|𝑢 (𝑟) − 𝑢∗ (𝑟) | 𝑑𝑟

+Υ𝑚

∫ 1

0
|𝑢 (𝑟) − 𝑢∗ (𝑟) | 𝑑𝑟

)
≤ 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 |𝑣 (𝑟) − 𝑣∗ (𝑟)

��
+Υ̃𝜙1 |𝑤 (𝑟) − 𝑤∗ (𝑟) | + Υ̂𝜙1

���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
���)

+𝛿 (𝜛 + 𝜏) (Υ𝑙 + Υ𝑚)
𝜛2 |𝑢 (𝑟) − 𝑢∗ (𝑟) | .

Since���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
��� (3)

=

����∫ 𝜁

0
𝜑 (𝜁, 𝑟) 𝑤 (𝑟) 𝑑𝑟

−
∫ 𝜁

0
𝜑 (𝜁, 𝑟) 𝑤∗ (𝑟) 𝑑𝑟

����
≤

∫ 𝜁

0
|𝜑 (𝜁, 𝑟) | |𝑤 (𝑟) − 𝑤∗ (𝑟) | 𝑑𝑟

≤ 𝑁𝜌1 |𝑤 (𝑟) − 𝑤∗ (𝑟) | .

It follows from (2) and (3) that��ℑ𝜅1 (𝑢, 𝑣, 𝑤) (𝜁) − ℑ𝜅1 (𝑢∗, 𝑣∗, 𝑤∗) (𝜁)
��

≤ 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 |𝑣 (𝑟) − 𝑣∗ (𝑟) |

+
(
Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
|𝑤 (𝑟) − 𝑤∗ (𝑟) |

)
+𝛿 (𝜛 + 𝜏) (Υ𝑙 + Υ𝑚)

𝜛2 |𝑢 (𝑟) − 𝑢∗ (𝑟) | .

Maximizing both sides of the inequality over ℑ𝜅1 yields,

ℑ𝜅1 (𝑢, 𝑣, 𝑤) − ℑ𝜅1 (𝑢∗, 𝑣∗, 𝑤∗)



𝐴

(4)
≤ 𝐺 𝜅1𝜛𝜏̃Υ𝜙1 ∥𝑣 − 𝑣∗∥𝐴
+𝐺 𝜅1𝜛𝜏̃

(
Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
∥𝑤 − 𝑤∗∥𝐴

+𝛿 (𝜛 + 𝜏) (Υ𝑙 + Υ𝑚)
𝜛2 ∥𝑢 − 𝑢∗∥𝐴 .

Similarly, we have

ℑ𝜅2 (𝑣, 𝑤, 𝑢) − ℑ𝜅 (𝑣∗, 𝑤∗, 𝑢∗)



𝐴

≤ 𝐺 𝜅2𝜛𝜏Υ𝜙2 ∥𝑤 − 𝑤∗∥𝐴
+𝐺 𝜅2𝜛𝜏

(
Υ̃𝜙2 + Υ̂𝜙2𝑁𝜌2

)
∥𝑢 − 𝑢∗∥𝐴

+
𝛿̂ (𝜛̂ + 𝜏̂)

(
Υ𝑙̂ + Υ𝑚̂

)
𝜛̂2 ∥𝑣 − 𝑣∗∥𝐴 ,

and

ℑ𝜅3 (𝑤, 𝑢, 𝑣) − ℑ𝜅 (𝑤∗, 𝑢∗, 𝑣∗)



𝐴

(5)
≤ 𝐺 𝜅3𝜛𝜏̂Υ𝜙3 ∥𝑢 − 𝑢∗∥𝐴
+𝐺 𝜅3𝜛𝜏̂

(
Υ̃𝜙3 + Υ̂𝜙3𝑁𝜌3

)
∥𝑣 − 𝑣∗∥𝐴

+
𝛿̃ (𝜛̃ + 𝜏̃)

(
Υ𝑙̃ + Υ𝑚̃

)
𝜛̃2 ∥𝑤 − 𝑤∗∥𝐴 .

From (4)-(5), we get

∥ℑ (𝑢, 𝑣, 𝑤) − ℑ (𝑢∗, 𝑣∗, 𝑤∗)∥Θ
≤ ℜ ∥(𝑢, 𝑣, 𝑤) − (𝑢∗, 𝑣∗, 𝑤∗)∥Θ ,

where Θ = 𝐴 × 𝐴 × 𝐴. Since ℜ < 1, ℑ is a contraction
mapping. By employing Banach’s fixed-point theorem,
we conclude that ℑ has a unique fixed point, which is a
unique solution to the tripled problem (1).
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4. Stability results
This section is devoted to investigating the Ulam-type
stability characteristics of the proposed coupled system
(1). Specifically, we aim to determine the conditions un-
der which small perturbations in the system’s equations
lead only to small changes in its solutions, confirming
its robustness.

Assume the following inequality holds for some real
number ℓ = max

{
ℓ𝜅1 , ℓ𝜅2 , ℓ𝜅3

}
> 0 :

|𝑐𝐷𝜅1𝑢 (𝜁) − 𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁)) | ≤ ℓ𝜅1 , 𝜁 ∈ 𝑉,
|𝑐𝐷𝜅2𝑣 (𝜁) − 𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁)) | ≤ ℓ𝜅2 , 𝜁 ∈ 𝑉,
|𝑐𝐷𝜅3𝑤 (𝜁) − 𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁)) | ≤ ℓ𝜅3 , 𝜁 ∈ 𝑉.

(6)
Motivated by the definitions of Ulam stability in [20],

we introduce the definitions below:

Definition 4.1 The tripled system (1) exhibits Ulam-
Hyers stability if, for every solution (𝑢, 𝑣, 𝑤) ∈ Θ of
the inequality (1), there exists a unique exact solution
(𝑢, 𝑣, 𝑤) ∈ Θ of the problem (6) such that

| (𝑢, 𝑣, 𝑤) (𝜁) − (𝑢, 𝑣, 𝑤) (𝜁) | ≤ 𝐺 𝜅1𝜅2𝜅3𝜛𝜏𝜛𝜏̃𝜛𝜏̂ℓ, 𝜁 ∈ 𝑉.

Definition 4.2 The tripled system (1) exhibits gen-
eralized Ulam-Hyers stability if, for every solution
(𝑢, 𝑣, 𝑤) ∈ Θ of the inequality (1), there exists a func-
tion 𝐽 (𝜁) ∈ 𝐶 (RR+) with 𝐽 (0) = 0 and there exists a
unique exact solution (𝑢, 𝑣, 𝑤) ∈ Θ of (6) such that

| (𝑢, 𝑣, 𝑤) (𝜁) − (𝑢, 𝑣, 𝑤) (𝜁) | ≤ 𝐽 (ℓ), 𝜁 ∈ 𝑉.

Remark 4.3 A trio (, 𝑣, 𝑤) is considered a so-
lution of the system (6) if there exist functions
𝐾 (𝑢), 𝐿 (𝑣), 𝑀 (𝑤) ∈ 𝐶 (𝑉,R) such that

(i) For all 𝜁 ∈ 𝑉, |𝐾 (𝜁) | ≤ ℓ𝜅1 , |𝑀 (𝜁) | ≤ ℓ𝜅2 and
|𝐿 (𝜁) | ≤ ℓ𝜅3 ;

(ii)
𝑐𝐷𝜅1𝑢 (𝜁) = 𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁)) + 𝐾 (𝜁), 𝜁 ∈ 𝑉,
𝑐𝐷𝜅2𝑣 (𝜁) = 𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁)) + 𝑀 (𝜁), 𝜁 ∈ 𝑉,
𝑐𝐷𝜅3𝑤 (𝜁) = 𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁)) + 𝐿 (𝜁), 𝜁 ∈ 𝑉.

Lemma 4.4 For any solution (𝑢, 𝑣, 𝑤) ∈ Θ to the prob-
lem (6), the following inequalities are fulfilled:

���𝑢 (𝜁) − ∫ 1
0 𝐹𝜅1 (𝜁, 𝑟) 𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟)) 𝑑𝑟

− 𝛿
𝜛2

[
(𝜛(1 − 𝜁) + 𝜏)

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟

+(𝜏 +𝜛𝜁)
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟

] ��� ≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 ,���𝑣 (𝜁) − ∫ 1
0 𝐹𝜅2 (𝜁, 𝑟) 𝜙2 (𝑟, 𝑤 (𝑟) , 𝑢 (𝑟) ,Ω𝑢 (𝑟)) 𝑑𝑟

− 𝛿
𝜛2

[
(𝜛̃ (1 − 𝜁) + 𝜏̃)

∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟

+(𝜏̃ + 𝜛̃𝜁)
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟

] ��� ≤ 𝐺 𝜅2𝜛𝜏̃ℓ𝜅2 ,���𝑤 (𝜁) −
∫ 1
0 𝐹𝜅3 (𝜁, 𝑟) 𝜙3 (𝑟, 𝑢 (𝑟) , 𝑣 (𝑟) ,Ω𝑣 (𝑟)) 𝑑𝑟

− 𝛿
𝜛2

[
(𝜛̂ (1 − 𝜁) + 𝜏̂)

∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟

+(𝜏̂ + 𝜛̂𝜁)
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟

] ��� ≤ 𝐺 𝜅3𝜛𝜏̂ℓ𝜅3 , 𝜁 ∈ 𝑉.

Proof. It follows from Remark 4.3 (ii) that

𝑐𝐷𝜅1𝑢 (𝜁) =
𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁)) + 𝐾 (𝜁), 𝜁 ∈ 𝑉,

𝑐𝐷𝜅2𝑣 (𝜁) =
𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁)) + 𝑀 (𝜁), 𝜁 ∈ 𝑉,

𝑐𝐷𝜅3𝑤 (𝜁) =
𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁)) + 𝐿 (𝜁), 𝜁 ∈ 𝑉,
𝜛𝑢 (0) + 𝜏𝑢′ (0) = 𝛿

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟,

𝜛𝑢 (1) + 𝜏𝑢′ (1) = 𝛿
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟,

𝜛̃𝑣(0) + 𝜏̃𝑣′ (0) = 𝛿̃
∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟,

𝜛̃𝑣(1) + 𝜏̃𝑣′ (1) = 𝛿̃
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟,

𝜛̂𝑤(0) + 𝜏̂𝑤′ (0) = 𝛿̂
∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟,

𝜛̂𝑤(1) + 𝜏̂𝑤′ (1) = 𝛿̂
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟.

(7)

By Lemma 2.3, the solution of (7) is given by

𝑢 (𝜁) =
∫ 1
0 𝐹𝜅1 (𝜁, 𝑟) 𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟)) 𝑑𝑟
+

∫ 1
0 𝐹𝜅1 (𝜁, 𝑟) 𝐾 (𝑟)𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟

]
, 𝜁 ∈ 𝑉,

𝑣 (𝜁) =
∫ 1
0 𝐹𝜅2 (𝜁, 𝑟) 𝜙2 (𝑟, 𝑤 (𝑟) , 𝑢 (𝑟) ,Ω𝑢 (𝑟)) 𝑑𝑟
+

∫ 1
0 𝐹𝜅2 (𝜁, 𝑟) 𝑀 (𝑟)𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛̃ (1 − 𝜁) + 𝜏̃)

∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟

+ (𝜏̃ + 𝜛̃𝜁)
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟

]
, 𝜁 ∈ 𝑉,

𝑤 (𝜁) =
∫ 1
0 𝐹𝜅3 (𝜁, 𝑟) 𝜙3 (𝑟, 𝑢 (𝑟) , 𝑣 (𝑟) ,Ω𝑣 (𝑟)) 𝑑𝑟

+
∫ 1
0 𝐹𝜅3 (𝜁, 𝑟) 𝐿 (𝑟)𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛̂ (1 − 𝜁) + 𝜏̂)

∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟

+ (𝜏̂ + 𝜛̂𝜁)
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟

]
𝜁 ∈ 𝑉.

(8)

Applying Remark 4.3 (i) in the first equation of (8) and
using the hypothesis (H5), we can write���𝑢 (𝜁) − ∫ 1

0 𝐹𝜅1 (𝜁, 𝑟) 𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟)) 𝑑𝑟

− 𝛿
𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1
0 𝑙 (𝑢 (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1
0 𝑚 (𝑢 (𝑟)) 𝑑𝑟

] ���
≤

���∫ 1
0 𝐹𝜅1 (𝜁, 𝑟) 𝐾 (𝑟)𝑑𝑟

���
≤

∫ 1
0

��𝐹𝜅1 (𝜁, 𝑟) 𝐾 (𝑟)
�� 𝑑𝑟 ≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 .

Similarly, we have���𝑣(𝜁) − ∫ 1
0 𝐹𝜅2 (𝜁, 𝑟)𝜙2 (𝑟, 𝑤 (𝑟) , 𝑢 (𝑟) ,Ω𝑢 (𝑟)) 𝑑𝑟

− 𝛿
𝜛2

[
(𝜛̃ (1 − 𝜁) + 𝜏̃)

∫ 1
0 𝑙̃ (𝑣 (𝑟)) 𝑑𝑟

+ (𝜏̃ + 𝜛̃𝜁)
∫ 1
0 𝑚 (𝑣 (𝑟)) 𝑑𝑟

] ��� ≤ 𝐺 𝜅2𝜛𝜏̃ℓ𝜅2 ,

and ���𝑤(𝜁) − ∫ 1
0 𝐹𝜅3 (𝜁, 𝑟)𝜙3 (𝑟, 𝑢(𝑟), 𝑣(𝑟),Ω𝑣 (𝑟))𝑑𝑟

− 𝛿
𝜛2

[
(𝜛̂ (1 − 𝜁) + 𝜏̂)

∫ 1
0 𝑙̂ (𝑤 (𝑟)) 𝑑𝑟

+ (𝜏̂ + 𝜛̂𝜁)
∫ 1
0 𝑚 (𝑤 (𝑟)) 𝑑𝑟

] ��� ≤ 𝐺 𝜅3𝜛𝜏̂ℓ𝜅3 .

for each 𝜁 ∈ 𝑉. This finishes the required.
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Theorem 4.5 The fractional order tripled system (1) is
Ulam-Hyers stable and also generalized Ulam-Hyers sta-
ble, provided that the hypotheses (H3)-(H5) are satisfied
and

Λ = (1−Υ𝜛𝜏)
[
(1−Υ𝜛𝜏̃) (1−Υ𝜛𝜏̂)−Υ𝜅2𝜛𝜏̂Υ𝜅2𝜛𝜏

]
−Υ𝜅1𝜛𝜏̃

[
Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏̂) + Υ𝜅2𝜛𝜏̂Υ𝜅3𝜛𝜏

]
−Υ𝜅1𝜛𝜏̃

[
Υ𝜅2𝜛𝜏̂Υ𝜅2𝜛𝜏 + (1 − Υ𝜛𝜏̃) Υ𝜅3𝜛𝜏

]
≠ 0.

Proof. Suppose that (𝑢, 𝑣, 𝑤) ∈ Θ is a unique solution
to the fractional system (1), and (𝑢∗, 𝑣∗, 𝑤∗) ∈ Θ is a
unique solution to the following problem:



𝑐𝐷𝜅1𝑢∗ (𝜁) = 𝜙1
(
𝜁, 𝑣∗ (𝜁) , 𝑤∗ (𝜁) ,Ω𝑤∗ (𝜁)

)
,

𝜁 ∈ 𝑉 = [0, 1],
𝑐𝐷𝜅2𝑣∗ (𝜁) = 𝜙2 (𝜁, 𝑤∗ (𝜁), 𝑢∗ (𝜁),Ω𝑢∗ (𝜁)), 𝜁 ∈ 𝑉,
𝑐𝐷𝜅3𝑤∗ (𝜁) = 𝜙3 (𝜁, 𝑢∗ (𝜁), 𝑣∗ (𝜁),Ω𝑣∗ (𝜁)), 𝜁 ∈ 𝑉,
𝜛𝑢∗ (0) + 𝜏𝑢∗′ (0) = 𝛿

∫ 1
0 𝑙 (𝑢∗ (𝑟)) 𝑑𝑟,

𝜛𝑢∗ (1) + 𝜏𝑢∗′ (1) = 𝛿
∫ 1
0 𝑚 (𝑢∗ (𝑟)) 𝑑𝑟,

𝜛̃𝑣∗ (0) + 𝜏̃𝑣∗′ (0) = 𝛿̃
∫ 1
0 𝑙̃ (𝑣∗ (𝑟)) 𝑑𝑟,

𝜛̃𝑣∗ (1) + 𝜏̃𝑣∗′ (1) = 𝛿̃
∫ 1
0 𝑚 (𝑣∗ (𝑟)) 𝑑𝑟,

𝜛̂𝑤∗ (0) + 𝜏̂𝑤∗′ (0) = 𝛿̂
∫ 1
0 𝑙̂ (𝑤∗ (𝑟)) 𝑑𝑟,

𝜛̂𝑤∗ (1) + 𝜏̂𝑤∗′ (1) = 𝛿̂
∫ 1
0 𝑚 (𝑤∗ (𝑟)) 𝑑𝑟.

By Lemmas 2.3 and 4.4, the solution of the above system
can be expressed as



𝑢∗𝜁) =
∫ 1
0 𝐹𝜅1 (𝜁, 𝑟)𝜙1 (𝑟, 𝑣∗ (𝑟), 𝑤∗ (𝑟),Ω𝑤∗ (𝑟))𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1
0 𝑙 (𝑢∗ (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1
0 𝑚 (𝑢∗ (𝑟)) 𝑑𝑟

]
,

𝑣∗ (𝜁) =
∫ 1
0 𝐹𝜅2 (𝜁, 𝑟)𝜙2 (𝑟, 𝑤∗ (𝑟), 𝑢∗ (𝑟),Ω𝑢∗ (𝑟))𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛̃ (1 − 𝜁) + 𝜏̃)

∫ 1
0 𝑙̃ (𝑣∗ (𝑟)) 𝑑𝑟

+ (𝜏̃ + 𝜛̃𝜁)
∫ 1
0 𝑚 (𝑣∗ (𝑟)) 𝑑𝑟

]
,

𝑤∗ (𝜁) =
∫ 1
0 𝐹𝜅3 (𝜁, 𝑟)𝜙3 (𝑟, 𝑢∗ (𝑟), 𝑣∗ (𝑟),Ω𝑣∗ (𝑟))𝑑𝑟

+ 𝛿
𝜛2

[
(𝜛̂ (1 − 𝜁) + 𝜏̂)

∫ 1
0 𝑙̂ (𝑤∗ (𝑟)) 𝑑𝑟

+ (𝜏̂ + 𝜛̂𝜁)
∫ 1
0 𝑚 (𝑤∗ (𝑟)) 𝑑𝑟

]
, 𝜁 ∈ 𝑉.

Hence, we get

|𝑢 (𝜁) − 𝑢∗ (𝜁) |

=

����𝑢(𝜁) − ∫ 1

0
𝐹𝜅1 (𝜁, 𝑟)𝜙1 (𝑟, 𝑣∗ (𝑟), 𝑤∗ (𝑟),Ω𝑤∗ (𝑟))𝑑𝑟

− 𝛿

𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1

0
𝑙 (𝑢∗ (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1

0
𝑚 (𝑢∗ (𝑟)) 𝑑𝑟

] ����

≤
����𝑢(𝜁) − ∫ 1

0
𝐹𝜅1 (𝜁, 𝑟)𝜙1 (𝑟, 𝑣(𝑟), 𝑤(𝑟),Ω𝑤 (𝑟))𝑑𝑟

− 𝛿

𝜛2

[
(𝜛 (1 − 𝜁) + 𝜏)

∫ 1

0
𝑙 (𝑢 (𝑟)) 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1

0
𝑚 (𝑢 (𝑟)) 𝑑𝑟

] ����
+

����∫ 1

0
𝐹𝜅1 (𝜁, 𝑟) [𝜙1 (𝑟, 𝑣 (𝑟) , 𝑤 (𝑟) ,Ω𝑤 (𝑟))

−𝜙1

(
𝑟, 𝑣∗ (𝑟) , 𝑤∗ (𝑟) ,Ω𝑤∗ (𝑟)

)]
𝑑𝑟

���
+

���� 𝛿𝜛2

[
(𝜛(1 − 𝜁) + 𝜏)

∫ 1

0
[𝑙 (𝑢(𝑟)) − 𝑙 (𝑢∗ (𝑟))] 𝑑𝑟

+ (𝜏 +𝜛𝜁)
∫ 1

0
[𝑚(𝑢(𝑟)) − 𝑚 (𝑢∗ (𝑟))] 𝑑𝑟

] ����
≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 +

∫ 1

0

��𝐹𝜅1 (𝜁, 𝑟)
�� (Υ𝜙1 |𝑣 (𝜁) − 𝑣∗ (𝜁) |

+Υ̃𝜙1 |𝑤 (𝜁) − 𝑤∗ (𝜁) | + Υ̂𝜙1

���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
���)

+𝛿 (𝜛 + 𝜏)
𝜛2

(
Υ𝑙

∫ 1

0
|𝑢 (𝑟) − 𝑢∗ (𝑟) | 𝑑𝑟

+Υ𝑚

∫ 1

0
|𝑢 (𝑟) − 𝑢∗ (𝑟) | 𝑑𝑟

)
≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 + 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 |𝑣 (𝑟) − 𝑣∗ (𝑟) | +(

Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
|𝑤 (𝑟) − 𝑤∗ (𝑟) |

)
+𝛿 (𝜛 + 𝜏) (Υ𝑙 + Υ𝑚)

𝜛2 |𝑢 (𝑟) − 𝑢∗ (𝑟) |

≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 + Υ𝜅1𝜛𝜏̃ |𝑣 (𝑟) − 𝑣∗ (𝑟) |
+Υ𝜅1𝜛𝜏̃ |𝑤 (𝑟) − 𝑤∗ (𝑟) | + Υ𝜛𝜏 |𝑢 (𝑟) − 𝑢∗ (𝑟) | ,

where Υ𝜅1𝜛𝜏̃ = 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 + Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
and

Υ𝜛𝜏 = 𝛿 (𝜛+𝜏 ) (Υ𝑙+Υ𝑚 )
𝜛2 . Therefore, one has

(1 − Υ𝜛𝜏) ∥𝑢 − 𝑢∗∥𝐴 ≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 (9)
+Υ𝜅1𝜛𝜏̃ ∥𝑣 − 𝑣∗∥𝐴 + Υ𝜅1𝜛𝜏̃ ∥𝑤 − 𝑤∗∥𝐴 .

Similarly, we have

(1 − Υ𝜛𝜏̃) ∥𝑣 − 𝑣∗∥𝐴 ≤ 𝐺 𝜅2𝜛𝜏̃ℓ𝜅2 (10)
+Υ𝜅2𝜛𝜏̂ ∥𝑤 − 𝑤∗∥𝐴 + Υ𝜅2𝜛𝜏̂ ∥𝑢 − 𝑢∗∥𝐴 ,

and

(1 − Υ𝜛𝜏̂) ∥𝑤 − 𝑤∗∥𝐴 ≤ 𝐺 𝜅3𝜛𝜏̂ℓ𝜅3 (11)
+Υ𝜅3𝜛𝜏 ∥𝑢 − 𝑢∗∥𝐴 + Υ𝜅2𝜛𝜏 ∥𝑣 − 𝑣∗∥𝐴 ,

where Υ𝜅2𝜛𝜏̂ = 𝐺 𝜅2𝜛𝜏̂

(
Υ𝜙2 + Υ̃𝜙2 + Υ̂𝜙2𝑁𝜌2

)
,

Υ𝜅3𝜛𝜏 = 𝐺 𝜅3𝜛𝜏

(
Υ𝜙3 + Υ̃𝜙3 + Υ̂𝜙3𝑁𝜌3

)
, Υ𝜛𝜏̃ =

𝛿 (𝜛+𝜏̃ ) (Υ𝑙̃+Υ𝑚̃)
𝜛2 and Υ𝜛𝜏̂ =

𝛿 (𝜛+𝜏̂ ) (Υ𝑙̂
+Υ𝑚̂)

𝜛2 .
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Equations (9)-(11) allow us to write

(1 − Υ𝜛𝜏) ∥𝑢 − 𝑢∗∥𝐴 − Υ𝜅1𝜛𝜏̃ ∥𝑣 − 𝑣∗∥𝐴
−Υ𝜅1𝜛𝜏̃ ∥𝑤 − 𝑤∗∥𝐴 ≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1 ,

(1 − Υ𝜛𝜏̃) ∥𝑣 − 𝑣∗∥𝐴 − Υ𝜅2𝜛𝜏̂ ∥𝑤 − 𝑤∗∥𝐴
−Υ𝜅2𝜛𝜏̂ ∥𝑢 − 𝑢∗∥𝐴 ≤ 𝐺 𝜅2𝜛𝜏̃ℓ𝜅2 ,

(1 − Υ𝜛𝜏̂) ∥𝑤 − 𝑤∗∥𝐴 − Υ𝜅3𝜛𝜏 ∥𝑢 − 𝑢∗∥𝐴
−Υ𝜅2𝜛𝜏 ∥𝑣 − 𝑣∗∥𝐴 ≤ 𝐺 𝜅3𝜛𝜏̂ℓ𝜅3 .

The equation can be expressed in a matrix form as

©­«
(1 − Υ𝜛𝜏) −Υ𝜅1𝜛𝜏̃ −Υ𝜅1𝜛𝜏̃

−Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏̃) −Υ𝜅2𝜛𝜏̂

−Υ𝜅3𝜛𝜏 −Υ𝜅2𝜛𝜏 (1 − Υ𝜛𝜏̂)
ª®¬

× ©­«
∥𝑢 − 𝑢∗∥𝐴
∥𝑣 − 𝑣∗∥𝐴
∥𝑤 − 𝑤∗∥𝐴

ª®¬ ≤ ©­«
𝐺 𝜅1𝜛𝜏ℓ𝜅1

𝐺 𝜅2𝜛𝜏̃ℓ𝜅2

𝐺 𝜅3𝜛𝜏̂ℓ𝜅3

ª®¬ .
Using the inverse of the matrix, one can write

©­«
∥𝑢 − 𝑢∗∥𝐴
∥𝑣 − 𝑣∗∥𝐴
∥𝑤 − 𝑤∗∥𝐴

ª®¬ ≤ 1
Λ

©­«
Λ1 Λ2 Λ3
Λ4 Λ5 Λ6
Λ7 Λ8 Λ9

ª®¬ ©­«
𝐺 𝜅1𝜛𝜏ℓ𝜅1

𝐺 𝜅2𝜛𝜏̃ℓ𝜅2

𝐺 𝜅3𝜛𝜏̂ℓ𝜅3

ª®¬ ,
(12)

where

Λ = (1 − Υ𝜛𝜏) [(1 − Υ𝜛𝜏̃) (1 − Υ𝜛𝜏̂)
−Υ𝜅2𝜛𝜏̂Υ𝜅2𝜛𝜏

]
−Υ𝜅1𝜛𝜏̃

[
Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏̂) + Υ𝜅2𝜛𝜏̂Υ𝜅3𝜛𝜏

]
−Υ𝜅1𝜛𝜏̃

[
Υ𝜅2𝜛𝜏̂Υ𝜅2𝜛𝜏 + (1 − Υ𝜛𝜏̃) Υ𝜅3𝜛𝜏

]
≠ 0,

Λ1 = (1 − Υ𝜛𝜏̃) (1 − Υ𝜛𝜏̂) − Υ𝜅2𝜛𝜏Υ𝜅2𝜛𝜏̂ ,
Λ2 = −Υ𝜅1𝜛𝜏̃ (1 − Υ𝜛𝜏̂) − Υ𝜅1𝜛𝜏̃Υ𝜅2𝜛𝜏̂ ,
Λ3 = Υ𝜅1𝜛𝜏̃Υ𝜅2𝜛𝜏̂ + Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏̃) ,
Λ4 = −Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏̂) − Υ𝜅2𝜛𝜏̂Υ𝜅3𝜛𝜏

Λ5 = (1 − Υ𝜛𝜏) (1 − Υ𝜛𝜏̂) − Υ𝜅1𝜛𝜏̃Υ𝜅3𝜛𝜏 ,
Λ6 = −Υ𝜅2𝜛𝜏̂ (1 − Υ𝜛𝜏) − Υ𝜅1𝜛𝜏̃Υ𝜅2𝜛𝜏̂

Λ7 = Υ𝜅2𝜛𝜏̂Υ𝜅2𝜛𝜏 + Υ𝜅3𝜛𝜏 (1 − Υ𝜛𝜏̃) ,
Λ8 = −Υ𝜅2𝜛𝜏 (1 − Υ𝜛𝜏) − Υ𝜅1𝜛𝜏̃Υ𝜅3𝜛𝜏 ,
Λ9 = (1 − Υ𝜛𝜏) (1 − Υ𝜛𝜏̂) − Υ𝜅1𝜛𝜏̃Υ𝜅2𝜛𝜏̂ .

From (12), we can write
∥𝑢 − 𝑢∗∥𝐴 ≤ Λ1𝐺𝜅1𝜛𝜏ℓ𝜅1

Λ + Λ2𝐺𝜅2𝜛𝜏ℓ𝜅2
Λ + Λ3𝐺𝜅3𝜛𝜏ℓ𝜅3

Λ ,

∥𝑣 − 𝑣∗∥𝐴 ≤ Λ4𝐺𝜅1𝜛𝜏ℓ𝜅1
Λ + Λ5𝐺𝜅2𝜛𝜏ℓ𝜅2

Λ + Λ6𝐺𝜅3𝜛𝜏ℓ𝜅3
Λ ,

∥𝑤 − 𝑤∗∥𝐴 ≤ Λ7𝐺𝜅1𝜛𝜏ℓ𝜅1
Λ + Λ8𝐺𝜅2𝜛𝜏ℓ𝜅2

Λ + Λ9𝐺𝜅3𝜛𝜏ℓ𝜅3
Λ .

Therefore

∥𝑢 − 𝑢∗∥𝐴 + ∥𝑣 − 𝑣∗∥𝐴 + ∥𝑤 − 𝑤∗∥𝐴
≤ 𝐺 𝜅1𝜛𝜏ℓ𝜅1

Λ
(Λ1 + Λ4 + Λ7)

+
𝐺 𝜅2𝜛𝜏̃ℓ𝜅2

Λ
(Λ2 + Λ5 + Λ8)

+
𝐺 𝜅3𝜛𝜏̂ℓ𝜅3

Λ
(Λ3 + Λ6 + Λ9) .

It follows that

∥(𝑢, 𝑣, 𝑤) − (𝑢∗, 𝑣∗, 𝑤∗)∥ ≤ 𝐺 𝜅1𝜅2𝜅3𝜛𝜏𝜛𝜏̃𝜛𝜏̂ℓ,

where ℓ = max
{
ℓ𝜅1 , ℓ𝜅2 , ℓ𝜅3

}
and

𝐺 𝜅1𝜅2𝜅3𝜛𝜏𝜛𝜏̃𝜛𝜏̂ =
𝐺 𝜅1𝜛𝜏 (Λ1 + Λ4 + Λ7)

Λ

+
𝐺 𝜅2𝜛𝜏̃ (Λ2 + Λ5 + Λ8)

Λ
+
𝐺 𝜅3𝜛𝜏̂ (Λ3 + Λ6 + Λ9)

Λ
.

Consequently, the preceding inequality implies the
Ulam-Hyers stability of the tripled system (1). More-
over, the inequality can be succinctly expressed as:

∥(𝑢, 𝑣, 𝑤) − (𝑢∗, 𝑣∗, 𝑤∗)∥ ≤ 𝐽 (ℓ),with 𝐽 (0) = 0.

This inequality confirms the generalized Ulam-Hyers
stability of the proposed tripled problem (1).

5. Illustrative applications
In this section, we transition from theoretical derivation
to practical application by presenting a series of illustra-
tive cases that demonstrate the utility of our model. To
validate the core findings regarding existence, unique-
ness, and Ulam-Hyers stability, we provide a detailed
numerical example that substantiates our analytical re-
sults with concrete data.

The significance of a tripled system of fractional
integro-differential equations under integral boundary
conditions lies in its ability to model complex, intercon-
nected phenomena that possess memory and non-local
interactions as follows:

• Biological Memory and Heredity: Unlike classical
calculus, fractional derivatives capture the history
of a biological process. In a tripled system, this rep-
resents the co-evolution of three interacting species
or biomarkers where the rate of change depends on
past states, such as in multi-strain viral dynamics or
nutrient-phytoplankton-zooplankton cycles.

• Physical Anomalous Diffusion: In physics, these
systems describe anomalous transport in porous or
fractal media, where the tripled nature accounts for
the coupling between temperature, pressure, and
concentration, and the fractional order represents
the sub-diffusive movement of particles that don’t
follow standard Brownian motion.

• Non-local Feedback: The use of integral boundary
conditions is physically significant because it im-
plies the system is governed by a weighted aver-
age or total mass/energy constraint over a spatial
domain rather than just fixed values at the edges.
This is crucial for modeling closed-loop biological
systems or thermal equilibrium in a rod where the
total heat energy is regulated.

• Viscoelastic Synergy: In materials science, a
tripled system can represent the interaction be-
tween stress, strain, and internal damping in com-
plex polymers, where integro-differential terms ac-
curately reflect the material’s ability to dissipate en-
ergy over time.
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Now, to validate the the theoretical results, we intro-
duced the following example:

Example 5.1 Assume that the following fractional
tripled system:

𝑐𝐷
1
2 𝑢(𝜁) = 1

90𝜁 2

[
|𝑣 (𝜁 ) |

1+|𝑣 (𝜁 ) | +
|𝑤 (𝜁 ) |

1+|𝑤 (𝜁 ) |

]
+

𝜁∫
0

sin(𝑟 𝜁 )
50 𝑤(𝑟)𝑑𝑟,

𝑐𝐷
1
3 𝑣 (𝜁) = 𝑒−𝜁

50

[
|𝑤 (𝜁 ) |

1+|𝑤 (𝜁 ) | +
|𝑣 (𝜁 ) |

1+|𝑣 (𝜁 ) |

]
+

𝜁∫
0

2
𝑟4+89𝑣 (𝑟) 𝑑𝑟,

𝑐𝐷
1
4𝑤 (𝜁) = 1

75 [𝜁 sin 𝑢 (𝜁) + 𝜁 cos 𝑢 (𝜁)]

+
𝜁∫

0

𝑒−(𝑟−𝜁 )

40 𝑢 (𝑟) 𝑑𝑟,

𝑢 (0) + 𝑢′ (0) =
∫ 1
0

|𝑢(𝑟 ) |
14+|𝑢(𝑟 ) | 𝑑𝑟,

𝑢 (1) + 𝑢′ (1) =
∫ 1
0

|𝑢(𝑟 ) |
16+|𝑢(𝑟 ) | 𝑑𝑟,

𝑣 (0) + 𝑣′ (0) = 1
20

∫ 1
0 sin 𝑣 (𝑟) 𝑑𝑟,

𝑣 (1) + 𝑣′ (1) = 1
25

∫ 1
0 sin 𝑣 (𝑟) 𝑑𝑟,

𝑤 (0) + 𝑤′ (0) = 1
30

∫ 1
0 cos𝑤 (𝑟) 𝑑𝑟,

𝑤 (1) + 𝑤′ (1) = 1
35

∫ 1
0 cos𝑤 (𝑟) 𝑑𝑟,

(13)
for 𝜁 ∈ 𝑉 = [0, 1]. Clearly, system (13) is another form
of the system (1) with 𝜅1 = 1

2 , 𝜅2 = 1
3 , 𝜅3 = 1

4 , 𝜛 =

𝜛̃ = 𝜛̂ = 1, 𝛿 = 𝛿̃ = 𝛿̂ = 1, 𝜏 = 𝜏̃ = 𝜏̂ = 1, 𝑙 (𝑢 (𝑟)) =
|𝑢(𝑟 ) |

14+|𝑢(𝑟 ) | , 𝑚 (𝑢 (𝑟)) = |𝑢(𝑟 ) |
16+|𝑢(𝑟 ) | , 𝑙̃ (𝑣 (𝑟)) =

1
20 sin 𝑣 (𝑟) ,

𝑚 (𝑣 (𝑟)) = 1
25 sin 𝑣 (𝑟) , 𝑙̂ (𝑤 (𝑟)) = 1

30 cos𝑤 (𝑟) ,

𝑚 (𝑤 (𝑟)) = 1
35 cos𝑤 (𝑟) , Ω𝑤 (𝜁) =

𝜁∫
0

sin(𝑟 𝜁 )
50 𝑤 (𝑟) 𝑑𝑟,

Ω𝑤 (𝜁) =
𝜁∫

0

2
𝑟4+89𝑣 (𝑟) 𝑑𝑟, Ω

𝑣 (𝜁) =
𝜁∫

0

𝑒−(𝑟−𝜁 )

40 𝑣 (𝑟) 𝑑𝑟

and

𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁))

= 1
90𝜁 2

[
|𝑣 (𝜁 ) |

1+|𝑣 (𝜁 ) | +
|𝑤 (𝜁 ) |

1+|𝑤 (𝜁 ) |

]
+

𝜁∫
0

sin(𝑟 𝜁 )
50 𝑤 (𝑟) 𝑑𝑟,

𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁))

= 𝑒−𝜁

50

[
|𝑤 (𝜁 ) |

1+|𝑤 (𝜁 ) | +
|𝑢(𝜁 ) |

1+|𝑣 (𝜁 ) |

]
+

𝜁∫
0

2
𝑟4+89𝑢 (𝑟) 𝑑𝑟,

𝑐𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁))

= 1
75 [𝜁 sin 𝑢 (𝜁) + 𝜁 cos 𝑣 (𝜁)] +

𝜁∫
0

𝑒−(𝑟−𝜁 )

40 𝑣 (𝑟) 𝑑𝑟.

Now, from the condition (H2), we have

|𝑙 (𝑢 (𝜁)) | ≤ |𝑢 (𝑟) |
14 + |𝑢 (𝑟) | ≤

1
14

|𝑢 (𝜁) | ,

|𝑚 (𝑢 (𝜁)) | ≤ |𝑢 (𝑟) |
16 + |𝑢 (𝑟) | ≤

1
16

|𝑢 (𝜁) | ,���̃𝑙 (𝑣 (𝜁))��� ≤ 1
20

|sin 𝑣 (𝑟) | ≤ 1
20

|𝑣 (𝑟) | ,

|𝑚 (𝑢 (𝜁)) | ≤ 1
25

|𝑣 (𝑟) | ,

���̂𝑙 (𝑤 (𝜁))
��� ≤ 1

30
|𝑤 (𝜁) | ,

|𝑚 (𝑢 (𝜁)) | ≤ 𝑁𝑚̂ |𝑢 (𝜁) | 1
35

|𝑤 (𝜁) | ,

and

|𝑙 (𝑢) − 𝑙 (𝑢∗) | =
���� |𝑢 (𝑟) |
14 + |𝑢 (𝑟) | −

|𝑢∗ (𝑟) |
14 + |𝑢∗ (𝑟) |

����
≤ 1

14
Υ𝑙 |𝑢 − 𝑢∗ | ,

|𝑚 (𝑢) − 𝑚 (𝑢∗) | ≤ 1
16

|𝑢 − 𝑢∗ | ,���̃𝑙 (𝑣) − 𝑙̃ (𝑣∗)��� ≤ 1
20

|sin 𝑣 (𝑟) − sin 𝑣∗ (𝑟) |

≤ 1
20

|𝑣 − 𝑣∗ | ,

|𝑚 (𝑣) − 𝑚 (𝑣∗) | ≤ 1
25

|𝑣 − 𝑣∗ | ,���̂𝑙 (𝑤) − 𝑙̂ (𝑤∗)
��� ≤ 1

30
|cos𝑤 (𝑟) − cos𝑤∗ (𝑟) |

≤ 1
30

|𝑤 − 𝑤∗ | ,

|𝑚 (𝑤) − 𝑚 (𝑤∗) | ≤ 1
35

|𝑤 − 𝑤∗ | ,

Thus, 𝑁𝑙 = Υ𝑙 = 1
14 , 𝑁𝑚 = Υ𝑚 = 1

16 , 𝑁𝑙̃ = Υ𝑙̃ =
1
20 ,

𝑁𝑚̃ = Υ𝑚̃ = 1
25 , 𝑁𝑙̂ = Υ𝑙̂ =

1
30 , and 𝑁𝑚̂ = Υ𝑚̂ = 1

35 .
From the hypothesis (H3), one can write∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 =

∫ 1

0

|sin (𝑟𝜁) |
50

𝑑𝑟 ≤ 1
50
,∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 =

∫ 1

0

���� 2
𝑟4 + 98

���� 𝑑𝑟 ≤ 1
45
,∫ 1

0
|𝜑 (𝜁, 𝑟) | 𝑑𝑟 =

∫ 1

0

���� 𝑒−(𝑟−𝜁 )

40

���� 𝑑𝑟 ≤ 1
40
.

Thus, 𝑁𝜌1 =
1
50 , 𝑁𝜌2 =

1
45 , and 𝑁𝜌3 =

1
40 .

From the hypothesis (H4), we get

|𝜙1 (𝜁, 𝑣 (𝜁) , 𝑤 (𝜁) ,Ω𝑤 (𝜁))
−𝜙1

(
𝜁, 𝑣∗ (𝜁) , 𝑤∗ (𝜁) ,Ω𝑤∗ (𝜁)

)���
=

���� 1
90𝜁2

[
|𝑣 (𝜁) |

1 + |𝑣 (𝜁) | +
|𝑤 (𝜁) |

1 + |𝑤 (𝜁) |

]
+

𝜁∫
0

sin (𝑟𝜁)
50

𝑤 (𝑟) 𝑑𝑟

− 1
90𝜁2

[
|𝑣∗ (𝜁) |

1 + |𝑣∗ (𝜁) | +
|𝑤∗ (𝜁) |

1 + |𝑤∗ (𝜁) |

]
+

𝜁∫
0

sin (𝑟𝜁)
50

𝑤∗ (𝑟) 𝑑𝑟

������
≤ 1

90
|𝑣 (𝜁) − 𝑣∗ (𝜁) | + 1

90
|𝑤 (𝜁) − 𝑤∗ (𝜁) |

+ 1
50

���Ω𝑤 (𝜁) −Ω𝑤∗ (𝜁)
���
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|𝜙2 (𝜁, 𝑤 (𝜁) , 𝑢 (𝜁) ,Ω𝑢 (𝜁))
−𝜙2

(
𝜁, 𝑤∗ (𝜁) , 𝑢∗ (𝜁) ,Ω𝑢∗ (𝜁)

)���
≤

���� 𝑒−𝜁50

[
|𝑤 (𝜁) |

1 + |𝑤 (𝜁) | +
|𝑢 (𝜁) |

1 + |𝑣 (𝜁) |

]
+

𝜁∫
0

2
𝑟4 + 89

𝑢 (𝑟) 𝑑𝑟

− 𝑒−𝜁

50

[
|𝑤 (𝜁) |

1 + |𝑤 (𝜁) | +
|𝑢 (𝜁) |

1 + |𝑣 (𝜁) |

]
+

𝜁∫
0

2
𝑟4 + 89

𝑢 (𝑟) 𝑑𝑟

������
≤ 1

50
|𝑤 (𝜁) − 𝑤∗ (𝜁) | + 1

50
|𝑢 (𝜁) − 𝑢∗ (𝜁) |

+ 1
45

���Ω𝑢 (𝜁) −Ω𝑢∗ (𝜁)
���

≤ Υ𝜙2 |𝑤 (𝜁) − 𝑤∗ (𝜁) | + Υ̃𝜙2 |𝑢 (𝜁) − 𝑢∗ (𝜁) |

+Υ̂𝜙2

���Ω𝑢 (𝜁) −Ω𝑢∗ (𝜁)
��� ,

and

|𝜙3 (𝜁, 𝑢 (𝜁) , 𝑣 (𝜁) ,Ω𝑣 (𝜁))
−𝜙3

(
𝜁, 𝑢∗ (𝜁) , 𝑣∗ (𝜁) ,Ω𝑣∗ (𝜁)

)���
=

���� 1
75

[𝜁 sin 𝑢 (𝜁) + 𝜁 cos 𝑣 (𝜁)]

+
𝜁∫

0

𝑒−(𝑟−𝜁 )

40
𝑣 (𝑟) 𝑑𝑟

− 1
75

[𝜁 sin 𝑢 (𝜁) + 𝜁 cos 𝑣 (𝜁)]

+
𝜁∫

0

𝑒−(𝑟−𝜁 )

40
𝑣 (𝑟) 𝑑𝑟

������
≤ 1

75
|𝑢 (𝜁) − 𝑢∗ (𝜁) | + 1

75
|𝑣 (𝜁) − 𝑣∗ (𝜁) |

+ 1
40

���Ω𝑣 (𝜁) −Ω𝑣∗ (𝜁)
��� ,

Thus, Υ𝜙1 = Υ̃𝜙1 = 1
90 , Υ̂𝜙1 = 1

50 , Υ𝜙2 = Υ̃𝜙2 = 1
50 ,

Υ̂𝜙2 =
1
45 , Υ𝜙3 = Υ̃𝜙3 =

1
75 , and Υ̂𝜙3 =

1
40 .

From the hypothesis (H5), we have

𝐺 𝜅3𝜛𝜏̂ =
1

Γ (1 + 𝜅3)
+ 2 (𝜛̂ + 𝜏̂)
Γ (1 + 𝜅3)

+
2
(
𝜏̂2 + 𝜛̂𝜏̂

)
𝜛̂2Γ (𝜅3)

≈ 6.6196,

𝐺 𝜅1𝜛𝜏̃ =
5

Γ
(
1 + 1

2

) + 4

Γ
(

1
2

) =
5

0.88622
+ 4
√
𝜋

≈ 7.8987,

𝐺 𝜅2𝜛𝜏 =
1

Γ (1 + 𝜅2)
+ 2 (𝜛 + 𝜏)
Γ (1 + 𝜅2)

+
2
(
𝜏2 +𝜛𝜏

)
𝜛2Γ (𝜅2)

≈ 7.0924.

Moreover,

ℜ1 = 𝐺 𝜅3𝜛𝜏̂ (Υ𝜙3 + Υ̃𝜙3

+Υ̂𝜙3𝑁𝜌3 ) +
𝛿̃ (𝜛̃ + 𝜏̃)

(
Υ𝑙̃ + Υ𝑚̃

)
𝜛̃2

= 6.6196
(

1
75

+ 1
75

+ 1
40

1
40

)
+ 2

(
1
20

+ 1
25

)
≈ 0.3607 < 1,

ℜ2 = 𝐺 𝜅1𝜛𝜏̃

(
Υ𝜙1 + Υ̃𝜙1 + Υ̂𝜙1𝑁𝜌1

)
+𝛿 (𝜛 + 𝜏) (Υ𝑙 + Υ𝑚)

𝜛2

= 7.8987
(

1
90

+ 1
90

+ 1
50

1
50

)
+ 2

(
1
14

+ 1
16

)
≈ 0.4465 < 1,

and

ℜ3 = 𝐺 𝜅2𝜛𝜏

(
Υ𝜙2 + Υ̃𝜙2 + Υ̂𝜙2𝑁𝜌2

)
+
𝛿̂ (𝜛̂ + 𝜏̂)

(
Υ𝑙̂ + Υ𝑚̂

)
𝜛̂2

= 7.0924
(

1
50

+ 1
50

+ 1
45

1
45

)
+ 2

(
1
30

+ 1
35

)
≈ 0.4110 < 1.

Thus, ℜ = max {ℜ1,ℜ2,ℜ3} = 0.4465 < 1. There-
fore, all requirements of Theorem 3.1 are fulfilled and
the tripled system (13) possesses a unique solution. Ad-
ditionally, it is not difficult to see that Λ ≠ 0. Hence,
by Theorem 4.5, the tripled fractional problem (13) is
both Ulam-Hyers stability and generalized Ulam-Hyers
stability.

6. Conclusion and future work
By leveraging the Banach and Schauder fixed-point the-
orems, the solvability of nonlinear systems of fractional
integro-differential equations under integral boundary
conditions is recast as a fixed-point problem within a
suitable function space. Our investigation first estab-
lished existence and uniqueness through the Banach
fixed-point theorem and then utilized Ulam-Hyers sta-
bility analysis to quantify the system’s resilience, con-
firming that approximate solutions remain close to ex-
act ones and ensuring the model is well-posed and
physically meaningful. Despite these theoretical suc-
cesses, significant challenges remain in managing com-
putational complexity and the strictness of required con-
ditions, such as the difficulty of maintaining a contrac-
tion constant less than 1 in highly coupled systems or
constructing Green’s functions for non-local integral
boundary conditions. Furthermore, the memory ef-
fect inherent in fractional derivatives complicates stabil-
ity for tripled systems, as errors can propagate across
all coupled variables. Consequently, future research
is expected to shift toward complex coupling dynam-
ics,including non-instantaneous impulses and stochas-
tic perturbations while exploring generalized opera-
tors like Hilfer or Katugampola derivatives and hybrid
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fixed-point theorems. Ultimately, the field is mov-
ing toward prioritizing Ulam-Hyers-Rassias stability in
higher dimensions and developing optimized numerical
schemes, such as fractional-order neural networks, to
address these computationally demanding problems in
real-time.
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