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Abstract

This paper investigated-the existence, uniqueness, and stability behavior of a class of nonlin-
ear implicit coupled neutral fractional differential equations governed by the Caputo-Atangana-
Baleanu derivative. The existence of solutions was obtained by applying Krasnoselskii’s
fixed point theorem;. whereas the Banach contraction principle was employed to establish
both exis-tence and uniqueness results. Furthermore, several important stability concepts
were analyzed, namely Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias-stability, and generalized Ulam-Hyers-Rassias stability. To illustrate the applicability
of the “developed theory, suitable examples were presented, validating the solvability and

stability results for the proposed system.
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1 Introduction

Fractional calculus, a field of mathematics that generalizes the operations of differentiation and
integration to non-integer orders, offers a powerful framework for modeling complex systems with

memory and non-local behavior. Unlike classical calculus, which is inherently local, fractional
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calculus incorporates the entire history of a function to determine its future state, making it partic-
ularly well-suited for describing phenomena in fields such as physics, engineering, and finance [1,2].
The theory’s origins can be traced back to a 1695 letter between Guillaume de 'Hopital and Got-
tfried Leibniz, where the question of a half-order derivative was first posed [3]. Since then, various
definitions of fractional derivatives and integrals have been developed, with the Riemann-Liouville
(RL) and Caputo definitions being among the most widely used [1,5]. These tools have found
practical applications in modeling viscoelastic materials, anomalous diffusion, and the control of
dynamical systems, providing a more accurate description of real-world phenomena that traditional

integer-order models fail to capture [0, 7].

The Atangana-Baleanu-Caputo (ABC) derivative is a significant contribution to fractional cal-
culus, distinguished by its use of the non-local and non-singular Mittag-Léffler kernel. This unique
property allows the ABC derivative to model systems with memory and hereditary effects more
effectively than traditional fractional derivatives that use a singular power-law kernel. Its applica-
tions span various scientific and engineering disciplines. For example, it has been used to model
complex phenomena in finance, such as asset flow dynamics, by more accurately representing long-
term market behavior and investor decisions. In epidemiology, ABC fractional models have been
developed to study the spread of infectious diseases like polio and influenza, providing a more
realistic understanding of disease dynamics by incorporating memory and population-level effects.
Furthermore, its applications extend to biomechanics for modeling processes like bone remodeling,
and in image processing where ABC-fractional masks have been used for image denoising. This
derivative has also been applied to model physical processes such as heat transfer and to analyze
the stability of dynamic systems, demonstrating its versatility and effectiveness in capturing the

intricate, non-local behavior of realsworld systems [3—13].

Neutral type equations are'a cornerstone of fractional differential equation (FDE) theory, with
broad applications across natural sciences and industry. These equations, which involve the deriva-
tive of the unknown function at the current time and the derivative of the unknown function with
a time delay, are particularly challenging to analyze due to their unique qualities. Despite these
complexities, they have proven instrumental in modeling diverse processes in biology, engineering,
and physics. Examples of their use include modeling the dynamics of infectious diseases like in epi-
demiology, controlling satellite orbits and electromechanical systems, and analyzing cellular neural
networks; stock exchanges, and population dynamics. Their utility also extends to fields such as ar-
tificial intelligence and pharmacokinetics. In recent years, the mathematical community has shown
a significant and growing interest in these impulsive equations, reflecting their importance and the

ongoing effort to overcome the analytical hurdles they present [11—16].

Researchers have made significant strides in the analysis of FDEs, particularly in understanding
their existence, uniqueness, and stability under various conditions. Mahto et al. [I7], for example,
have investigated Caputo impulsive FDEs and their applications, while Guo et al. [18] have also
contributed to the study of impulsive FDEs. Further extending this area, authors in references

[19-21] have delved into neutral type impulsive FDEs, detailing their unique conditions.

A major direction of contemporary research has centered on the study of implicit fractional

differential equations, owing to their ability to describe complex dynamical processes in which
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the derivative term appears in an implicit form and the system behavior depends strongly on
memory effects. In this context, several authors have employed the Caputo fractional derivative
to establish fundamental qualitative results, including the existence and uniqueness of solutions as
well as the determination of suitable intervals for solution existence for different classes of such
problems [22,23]. Extending these developments, Asma et al. [24] investigated the existence and
stability of implicit fractional differential equations by means of the Atangana—Baleanu—Caputo
derivative, which is characterized by a non-singular and non-local kernel, thereby offering.a more
realistic framework for certain physical and engineering applications. Subsequently, Soewbakiya et
al. [25] advanced this line of research by studying the existence, uniqueness, and stability of a class
of nonlinear implicit neutral fractional differential equations involving the same-ABC derivative.
These contributions collectively highlight the increasing interest in employing modern fractional
operators with generalized kernels to address more sophisticated nonlinear. models and to obtain
deeper qualitative insights into their solution structure and long-term behavior. For further related

developments and complementary results, we refer the reader to [26-33].

Kucche et al. [31] significantly advanced the study of nonlinear implicit FDEs by proving the
existence of solutions for these complex systems. Their work uniquely employed the ABC deriva-
tive, which is characterized by its non-singular Mittag-Leffler kernel. This approach is particularly
valuable for modeling systems with memory and hereditary properties. The study established
these existence results under specific boundary and non-local initial conditions, which are critical
for accurately representing real-world physical and engineering phenomena. This research, along-
side other key contributions [24, 25, 31], provides a robust theoretical framework for analyzing the
behavior of intricate systems, demonstrating the effectiveness of advanced fractional calculus in

addressing complex problems.

Building upon the foundational work discussed above, this study is motivated to investigate
the non-linear implicit coupled neutral FDEs. Specifically, we focus on systems that incorporate
the Atangana—Baleanu/derivative in the Caputo sense, leveraging its non-singular kernel to more

accurately model complex phenomena. This approach allows us to consider a system of the following

form:
AEEDL [ (s) — T (5,9 (5), 6(5))]
=R (s, w<s>,¢< ), ABCDE [ (s) = (5,4 (5),¢(s))]) , s € T =[0,1],
APEDL (¢ () — ha (5,9 (5), 6(s))] (1.1)
= Ra (5,9 (s), 8(5), 7 DL [d(s) — hz (5,9 (5) , 6(s))]) »
¥ (0) = v, ¢(0) = ¢o.
where ABCDf represents the Atangana-Baleanu derivative in the Caputo sense with order p €

(0,1), % (s) € C(T,R), hy, hy € C(T xR x R,R), Ry, Ry € C (T x R}, R) (R* =R x R x R) are
continuous functions and v, ¢9 € Ri. Moreover, the non-linear functions 7 (0, (0),#(0)) = 0,

ha (07 (0 (0) 7¢(0)) =0,

h1 (0,4 (0) , $(0)) =0,
ha (0,4 (0) , $(0)) =0,
Ry (0,4 (0),6(0),ABC DL [ (0) — hy (0,45 (0) ,$(0))]) =0,
Ry (0,4 (0), ¢(0),2BC DL [ (0) — 2 (0,4 (0), $(0))]) = 0
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The motivation of this paper arises from the growing importance of fractional differential equations
in modeling complex dynamical phenomena with memory and hereditary effects, where classical
integer-order models often fail to provide an accurate description. In particular, the fractional
equation associated with system (1.1) offers a flexible framework for representing such processes,
which calls for a rigorous theoretical investigation of its solvability and stability behavior. Motivated
by these challenges, this work develops a comprehensive analytical study of the considered problem.
The main innovations of the paper lie in employing the Banach fixed point theorem to.establish
existence and uniqueness of solutions, while Krasnoselskii’s fixed point theorem is utilized to derive
further existence results under more general assumptions. Moreover, a detailed stability analysis is
presented through several important notions of Ulam stability, including Ulam-Hyers, generalized
Ulam-Hyers, Ulam-Hyers-Rassias, and generalized Ulam-Hyers-Rassias stability, which clarify the
sensitivity of solutions to small perturbations. Finally, an illustrative example is included to confirm

the applicability and effectiveness of the obtained theoretical results.

2 Basic facts

This section lays out the theoretical foundation for our study. We start by defining key terms and
concepts, then present our main propositions and.theorems. These essential results are the building

blocks for the analysis and conclusions that. follow.

Definition 2.1. [l] For the function-i.€ C (T,R), the left RL integral of order p > 0 can be

written as

RLEGINS) = —— /0 (s — 0P (0 de.

I'(p)
Definition 2.2. [35] Fot ¢/ € H! (a,b) and a < b, the ABC derivative of order p € [0, 1] is given
by
ABC p(s—¢)”
D? [y
W=7 / v [ —p ] e

where A(p)(is ammormalizing positive function fulfills A(0) = A(1) = 1 and ¢, is the Mittag-Leffler
function.

Definition 2.3. [35] For the function ¢ € C' (T, R), the Atangana-Baleanu fractional integral of

order p > 0 is defined by

ABPSZI_JS p SS_ p—1
6(5) = TR0 6 + 5 L -0 e

Lemma 2.4. [90]If0 < p <1, then
I (YPIDL) (W (s) = W (s) = (0).

Theorem 2.5. [77] (Ascoli—Arzeld’s theorem) A subset ) of continuous functions on a compact
Hausdorff metric space © is relatively compact precisely when it is both uniformly bounded and

equicontinuous.
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Theorem 2.6. [75] (Banach’s FP theorem) On a Banch space (O, ||.||), every contraction

mapping has a unique FP. Moreover, if
1Sp1 = Se2|| < Aller — @2, for all 1,92 €O,
then the mapping S : © — © has a FP, that is, there exists g € © such that g = Ipg.

Definition 2.7. [39] An element (¢1,p2) € © x O is said to be a coupled FP of a mapping
$:0x0 =0 if o1 = I(p1, p2) and @2 = (2, ¢1).

Theorem 2.8. [75] (Krasnoselskii’s FP theorem) In a Banach space O, let*U be a bounded,
closed, and convex subset. Consider two mappings, 31,2 : U — O such that

(Z) %1@0 + %2¢ € Ua fOT’ all 7/%(;5 € Ua

(ii) 31 is a contraction,

(i1i) o is completely continuous,

then, the equation ¥ = 19 + I has a solution on UL

3 Assertions and auxiliary lemma

In this section, we have transformed the original equation (1.1) into an equivalent fractional integral
equation under certain hypotheses. This is a crucial step, as it allows us to leverage powerful tools
from fractional calculus to analyze the existence and uniqueness of its solutions, which we will

present in the next section.

Assume that © = C' (Y) x.C'(T) the Banach space equipped with the norm
1, o)lle = I¥lleery + l12ller

where C'(T)is, the space of continuous-real values functions on T = [0,1] and [[¢|cy) =

sup {|¥(s)| s € X}.

(A1) (The functions R; € C (T X R3,R) and for v, gb,g,qz, gE,Ee C (T,R), there exists a constant
Ng, > 0 such that

H%i (5,9, 6,6) — R (3’ 0.6, 5) H

< N [[e ) - d )| + o)~ 3 + e ) €]

forse T and i=1,2.

(A2) The functions ®; € C (T X R3,R) and for ¢, ¢,£ € C(Y,R), there exist positive constants
Ng; 1 Ng, 5, Ny, 5, and Ng, , such that

3,10 3,29

IRi (5,9, 0, Ol < Ny + Nagg, [0l + Ny 5 [0 + Vo, o [I€I] 7= 1,2,

forse Y.
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(A3) The functions h; € C' (T x R x R,R) and for v, ¢, b eC (Y,R), there exist positive con-
stants My, ,, Mp, ,, and Mp, such that

i (5,6, 8) = i (5.9,8) | < M, ([0 () = @ 9)]| + [0 () = 35)]

My, = h; (5,0,0
hi,2 {?gfﬁ” 1(37 ) )H:

and Mp, = max{Mhi’l,Mhiyz} ,fori=1,2.
(A4) For r > 0, define the set A, as A, = {(¢,¢) € © : (¢, ¢)||g < r} such that

(%0, o) || + NY ( ORI (p))
1—<Mh1+M52+N2* (ﬁjtm))

r=

where

Ng. N, Ny, N,
Nik = <N§‘E1,1 + N§R2,1 + Ria” R Ra,1 §R2,1>

1_N§R1,4 1—N§}32’4

and

N§R1,4 (N%m + N§R1,3) N§R2,4 (N§R22 + N§R2,3) '

NI = Ngfg -+ Ngg —+ NgR + Ngcg =+
2 1,2 2,2 1,3 2,3 1= N§R1,4 1— N§R274

Lemma 3.1. Assume that h; € C (T x R xR/R)), and R; € C (Y x R* R) (i = 1,2) are continu-
ous functions, the pair (¢, ¢) € © is a solution to the problem (1.1) if

W (s) = o+ (s w<>,¢<s>+ﬁéﬁl( W (s),6(s),APC DE [ (s) —

+agi Jo (8 =77 R (E(E), 9(6),4PC DE [ (€) — b (€, (€) , $(€))]) e,

¢ (s) = ¢o+h2<sw<>,¢<s>>+k(;; Ro (5,9 () 0(5),PC DE [ (5) = ha (5,9 (5), 6(5))])
2 (6,9(€), 0(8),*PC DE [ (€) = ha (4 (€) , $(€))]) dé

ha (s, (), (s))])

A(p)F(p) fO
(3.1)

Proof. By affecting the first side of the equation (1.1) by 4BI¥, we have
A1 (YPODL [ (5) — I (s, (5) , 6(5))])
= APIL (R (5,0 (5), 0(5), P DE ) () = i (s, (5) . 6(5))])) -

From' Lemma 2.4, we can write

(¥ () = hn (5,9 (s), &(5))) = (¥ (0) = 7 (0,4 (0), $(0)))
=PI (R (5,9 (), 6(5), 27 DLW (5) = (5,90 (5) , 6(s))])) -

hence

P (s) = h1(s,9(s),0(s)) — o
= A1 (Ri (5,9 () 0(5), 279 DL (5) — u (5,9 (5) , 6(5))])) -

From Definition 2.3, we have

P (s) = h1(s,9 (s),0(s)) — o
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1—p )
= A v ,(5),APC DE [ (5) — i (5,9 (), (5))])

R R ABC B
AT () /0< 7 R (E9(€), (€)1 DL (&) — I (€, (€) . 9(9))]) &,

or equivalently

Y(s) = Yot (s,¢<s>,¢<s>>+mml (5,9 (5),0(),"PC DLW () — hu (5,9 (), &(5))])
Y p)”r( ) /0 5= 0P R (60 (€), $E)ATC D[ (€) — (€1 (€)  GlEN) k.

Similarly, one has

6(s) = do+ha(s,0(s),6(5) + LRy (5,7 (s), B(5),2PC DL [ (s) bl (5, 0 (5) , 6(s))])

Alp)
P T ] ABC {
TR0 /0 (5 =€) R (& (), 4(€),"7 DL [ (§) =2 (&9 (€) , 6())]) dE.
This completes the proof. O

4 Existence and uniqueness results

This section presents a comprehensive analysis of the existence and uniqueness of a solution for the

problem under consideration.

Theorem 4.1. Let h; € C (YT xR xR/R), and R; € C (T xR R) (i =1,2) are continuous
functions and the pair (1, ¢) € © iswa solution to the problem (1.1). Then, the problem (1.1) has
a unique solution, provided that the assertions (Ay)-(A4) hold and

N2

I

1= My, . Ny,
v, Mh +8N—/N Nm + a1 gﬁ\jz) <
A(p)

R, 1
: + My, , +
1_N§ﬁ‘ii> A(p)L(p) < ! 1 — Ny,

fori=1,2.
Proof. Define the operator B : A, — A, as

B (4, ¢)(s) = (B1 (¢, ) (s), B2 (¢, ) (s))

where
By (4,0) (s) = ¢ (s) = vo + I (5,9 (5) , 8(s))
+55 R (5,0 (), 8(5),5C DE [ () — P (5,9 (5) , 6(s))])
gy Jo (5 =77 R (€4(€),6(6),APC DE [ (€) — hu (&9 (€) . #())]) e,
Bs (¢,) (s) = <z><> o + 2 (s, (s) , ¥(5))
+1(%(sw<> ¢<>ABCDU[ (s) = 2 (5,9 (), ¥(5))])
e Jo (5 =7 R (6,4 (6),4(6),4PC DI [ (€) — ha (€,4(€) , 6(€))]) dE

It follows from the assertions (Ag) and (Ag) that

1B1 (¥, ¢) (s)]]
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< ol 1 (5, (5),6()) = P (s,0,0)] + [ (5,0, 0)]
g R (5,0 6) . 0(6). A€ DL 0 (8) =B (5,0 (5) . 0(5))])|
o | 5= 97 R (6 (€017 D2 () (6, (€) ©)]) | de
< goll + Ma, (9] + 18 ()1) + M
08 [N+ Ny 6 5) o Nt 16 5)] + Ny [APODE [ (5) = (5.0 (2]

p * -1
Ay ¢
X [N§R1,1 + N%1,2 ‘w (5)‘ + N§R1,3 |¢ (5)’ + N?Rl,4 ‘ABCDE [w (é) —h (&lﬁ (5) 7¢(£))]|] dé'(4'1)

On the other hand,

[APCDL [ (5) = (5,0 (), 6(s))]]
R1 (5,9 (), 6(5), " DL b (s) — P (5,9 (5), ()]
< [Ng%l,l + N§R1,2 W (S)| + N§R1,3 ‘gb (S)‘ + N§R1,4 |ABCD§ [w (5) - (57¢ (5) 7¢(5))]|] )

which implies that

[4PCDL [ (s) = hu (5,9 (5), 6(9))]| <

From (4.2) in (4.1), we get

1B1 (¢, ¢) ()]

1ol + Mg, 3-(ll ()] + Nl (s)]1) + M, ,

1=p
AN {le,l + N%Lz |¢ (8)| + N?R1,3 |¢ (S)|

A(p)
Ny Ny Ny
Vi ([ o )]+ o 6
1,4 1,4 1,4

L ° _ p 1
+A(,0)F(p)/0 (s =€) {N§R11+N§R12|¢( )|+N§R13|¢(8)|
N%11 Nﬂ?lg

) , %13
# N (o + T 6+ o o (o)) fae
Hd]o” +Mﬁ1 HW ¢)” +7{N§R11 (N§R12 +N§R13) H(l/} ¢)||

<N§R1,4N§R1a1 T N%LALN%LQ + N?R174N§R1,3 H(w ¢)”)}
1— Ng,, 1 — Ny, , ’
p ’ p=1
_ N. N. N
o | 6= 0 N (Vi + M) 6]
<N§R1,4N§Rl,1 n N§R1’4N§R1,2 + N§R1,4N§R1,3 H(w ¢)H> } dé‘
1- N%lA 1= NERIA |

IN

IN

where Mpy, = max {Mp, ,, My, ,} . By the assertion (A4), one has

1B1 (¥, ¢) (s)]]
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L—p
HUJOH + Mfur + W {N§R1,1 + (N§R1,2 + N§R1,3) r
<Nﬂ?1,4Nﬂ?1,1 + N§R1,4N§R1,2 + N%1,4N3‘31,3 7“) }
1-— N%IA 1-— NS?:1,4
1°
PRI D) o+ o+ o)
<N§R1,4N§R1,1 4 N§R1,4N§R1,2 + N§R1,4N§R1,3 7“) }
1-— Nmm 1— N§R174

IN

IN

N§R1 4N§R1 1 1— P 1
Pol| + <N§R + +
ol Y 1-Ngy, J \A(p)  A(p)T(p)

Ny Ny o + Ny Ny l—p L
+ < My, + ( Ng, , + Ny, ) + —2 L ’ ’ + r.(4.3
{ 1 ( 1,2 1,3) 1 _ ]\]yel’4 A ) (p) ( )

Similarly, one can write

B2 (¢,7) (s)]|
N§R2,4N?R2,1 I—p 1
< llgoll + <N§R24 "1 N, ) (A(p) O 1))
Ny s Niy o + Niylo Vo5 \ (1 - p 1
+ {Mﬁz + ((Nmz,z + Nyyy) + 1 — Ny, , ) <A(p) " A(p)L(p + 1)) } td)

where My, = max {Mp, , Mp,, | . It follows from (4.3) in (4.4) that

1B (¥, ¢) (s)]]
1By (0, 0) (s)]| + || B2 (¢, 32) ()l

N§R24Nﬁ21 N%14N%11 1—p 1
O R ¥
I, o 1- N§R2,4 1- N§R1,4 A(p) A(p)r(p + 1)
N§R1,4N§R1,2 + N§R1,4N§R1,3

1— Ngy,

IA

IN

+ {Mhl + Mpy, + {(Nﬁ)‘h,z + Nﬂ“‘:z,z + Nﬂ?l,s + NQRZ,S) +

+ N§R2,4N§}32,2+N§"32,4N§Rz,3] <1_P+ 1 )}T
V'~ Ny, , Alp) — A(p)T(p)

— I+ 7 (50 + 5o
1

A(p)I(p)

+ (Mhl + My, + N3 (

< r

i(pg) i A(p)F(p)>) '

Therefore, B (A,) C A, for r > 0. Now, we prove that B is a contraction. Indeed, by the assertions
(A1) and (Aj3), we have
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P 1 ABC pyp .
NGO / (s — €7 [Ri (6,0 (€), 6(6) 4B D2 [ (€) — hi (6,1 (€) , 4(£)))

—®i (6,0 ABCDF’[M&) h (69(9,0©)] )] ae
: M; (e e ol lov -5
=t o550
+ABCDP[ () = i (5, (5) , 0(s))] =€ DL [ () = (5,0 (5),6(5) )|
o L o i e @ -6 )~ 35
+[APCDL W (5) = b (5.9 () 6(5)] =P DE [ (5) = b (s, B30, 0(9)) ] | €. (45)

for 4 = 1,2. On the other hand, by (1.1), we get

[A5CDL [ () = R (5,0 (5) (s
(

o
|

>t
—~
w
<

~ —~
»& e
7
v
—
=

A
&
<
w

which implies that

‘ABCD” [¥ (s) — B8, (s) , (s))] —*P¢ D2 [@5 (s) = hi (s, v (s), 5(5))} ‘

< N% (= 6 )| + [0 () = S]] ) - (4.6)
From (4.6) in (4.5), we.obtain for i = 1,2,
|B: .0 ()~ B: (3.6) )
< M; (Hw 26|+ o) - 5)])
A( R [Hw e+l -sol
s (@ -t @]+ Jow -]
+A(5me,I [l - )|+ H¢><s>—$@H
e (e @ =) + o 0 - a0
< <Mf +1A(p§’ (Nﬂfe +1ivf?v%>
i (#2853
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Since ¥; < 1 (i = 1,2), we can use Theorem 2.6 and get B (¢, ¢) = (¢, ¢), for (¢, ¢) € A,. Hence,
the operator B has a unique coupled FP, which is a unique solution to the problem (3.1). ]

Our next goal in this part is to study the existence of a solution for the system (1.1) by applying

Krasnoselskii’s FP theorem.

Theorem 4.2. Under assertions (A1)-(A4), the problem (1.1) has a solution provided that
2(Mp, + Mp,) <1
Proof. Define the operators By, By : A, — A, as

Bl (wa ¢) = (Bll (1/}7 ¢) 7B12 (¢7 w)) ’
Bo (T/Jaéb) = (-821 (¢7¢) , Baa (¢a QIZ)))

Ba1 (¥,9) (s) = 5c5%1 (s, (8)705(3) ABC DL [ (s)= I (5,9 (s), 0(s))]) (48)
i I (5= 7 R (609,002 BELGD) - b € w< >, sonae, "
B22(

o (s =TT Ry (6,00 (), 9(8),45 DE [ (€) — hz(wm ¢(£))]) d¢

we can finish the proof if we can prove that the pair (i, ¢) € A,, is a solution to the equation

(1, ¢) = B1 (¥, ¢) + B2 (¢, ¢) , where A= {(1,¢) € © 1 |[(1),d)[lg < 1} is a closed bounded and
convex subset of ©. We split the preofi.onto the following steps:

\

6.9) (8) = 55R2 (5,9 (), 8(5), P DR () — ha (5,9 (5) , 6(5))])
_p
(P)I(

Step 1: Claim that for (¢, ¢) € Ay, By (¢, ¢) + B2 (¥, ¢) € A,. Using the assertion (Agz) and (4.8), we

can write

1B1 (b s = [[(B11 (¥, 9), Biz (6,%))]|

(@0, Go) | + (17 (5,9 (), p(s))| + 72 (5,9 (), B(s))

1(@0; o)l + (171 (5,9 (5), ¢(s)) = B (5,0, 0)[| + |[7a (s, 0, 0)]]

+ 112 (5,4 (s), ¢(s)) — Rz (s,0,0)[| + ||z (s, 0,0

10, oIl + (M, + Mg, ) (1 ()| + 16 ($)1]) + My o + My

1(%0, @)l + (M, + Mi,) [|(¥, @) || + (M, + Mp,) - (4.9)

IN N

IN A

where My, = max {My, ,, My, ,} and My, = max {My,,, Mp,,} Again by (4.8) and the
hypothesis (As), we have

B2 (¢, 0)|| = [|(Ba1 (v, ¢) , Bz (6, )|

1Ba1 (¢, §)|| + [| B2z (&, ¢

Ko [P 0 (5), 6(5):4 DE [ (5) = i (3. (5) ()|

P
AT

IN

/0 (s eyt Ry (&, (€),¢(£),*PC DL (&) — ha (&9 (£) . 6(€))])| dE
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T e (5.6 (9, 906):45C D26 (9) — i (56 (). 6(5)

+A@ﬁwﬂL418—0“4%2@mwa,wachDﬂw@>—mmaw@%¢@nnpg
< m {Ng,, + Ng, o + (Np,, + Niyo) 1901 + (N s + Ny y) 116

+ Ny o [D2 [0 (€) = hu (€9 (), §E)]| + Novy,y [DE [ (6) — bz (€,4 (€) , ()]}

+A(p§;<p) {NR1s + Ny + (N + Nogo) [0l + (N s + Ny ) (1€

+ Ny, g | DS [ () = 1 (&, (€) , 9(€))]] + Ny y [ DE [0 (€) — P2 (&, 1(€)0(€))]| (4.10)
Using (4.2), we obtain

N§R1,1 N§R1,2 N§R1,3

D) = b (€:0/(€) 6] £ Ty + o [0 T oy o ()] (@)
Similarly
DP B < NQ?Q,I N%‘iz,Q NERQ,3 4192
D21 (€)= a6, (0) SO < Tme— i ()] + T ()] (412

It follows from (4.11)-(4.12) that

N%1,4N§R1,1 N§R2,4N§R2,1
1_N§R1,4 1—N§RQ’4

N§R1,4 (N%LQ + N%I,S)
1-— N§R174

N%2,4 (N§R2,2 + Ngﬁzﬁ) 1—p 1°
T e, ) I ¢)”} (i + o) 4

From (4.9), (4.13) and the hypotheses (Ay4), we have

HBQ (1/%¢)|| < {N§R1,1+N§R1,2+

+ <N§R1,2 + N§R2,2 + Nﬂ?l,a + N§R2,3 +

Bt (¥, 0)|| + (| B2 (¥, )
[ (%0, do)|

+ <Mh,1 + Mﬁz + N§R1,1 + Nﬂ‘h,z +

IN A

NW1,4N§RL1 i N§R2,4N§Rz,1> <1 —p 1 )
1= Ny,  1=Nn,y, ) \Alp)  Ap)T(p)

N§R1,4 (Nm1,2 + N§R1,3)
1-— N¥E1,4

+ <Mﬁ1 + Mﬁz + N§R1,2 + N§R2,2 + N§R1,3 + N§R2,3 +

1—p 1
<508 * 5 1o

| (%0, @o) || + Ny <1A(_pl)0 + A(p)ll“(p)
< r,

IN

1—p 1
+ Mp, + My, +N*< + >r
) LR AR ()

which implies that By (¢, ¢) + Ba (1, ¢) € A, for ¢, ¢ € A, r > 0, where N and NJ are
defined in the hypotheses (A4).
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Step 2: Show that Bj is a contraction mapping. Indeed, for ¢, ¢ € A,, by the assertion (A3), we have

Step 3:

By (v,6) — By (.)|

)
= |0 (), 60) ~ (59 (5).09)|
)
|

|12 (5.0 5) 0(5)) - hz(w(),a(s)H
< Mml(’l/} — 1 (s) $(S)>
e -5 o)

< 2 (Mﬁ1 + MEQ)

(¥ (),6 () = (4(),8(5)) |

where My, = max { My, |, My, ,} and My, = max { My, s, My,5} - Since 2 (Mp, + Mp,) < 1

we conclude that By is a contraction.

i

Prove that the operator By is completely continuous.. For this, we show firstly that By is
continuous on A,. Assume that ¥, ¢n, ¥, ¢ € A, such that lim, o0 (Vn, Pn) = (¥, ¢), that
is, limy,—00 ¥ = ¥ and lim,— o ¢y, = ¢.

According to the assertion (Aj), one has
Jim Ry (s, ¢ ()50 (5), 7 DE [n (5) = b (5,9n (5) , 6n(5))])
= R (5,9 ()03 DLW (s) — hu (5,9 (), 6(5))])

and

Yitn R (5, U (5), 6u(5). 57 D [0 (5) = e (5, 0 ), 6u(5))
R (5,9 (), 0(), 7€ DL [ ) — B (5,00 (5), 6(5)))

Also, for-s € T, we have

sup [R1 (s, vn (5), 6n(5),"7 DL [thn () — Fn (5,90 (5) , $(5)))])

seT

— R1 (5,9 (), 6(5),"PC DL [p (s) — B (5,9 (5), 6(s))]) |
= 0,

and

sup [Rs (s, ¥n (5), 8n(5),"7C DL [ (5) = iz (5,9n (5) , 6n(5))])

seYT

— Ry (5,0 (5),6(s),* P DL (s) — ha (5,0 (5), 8(5))])]
= 0.

On the other hand, for s € T, we can write

B2 (¥, ¢n) (s) — B2 (¢, 9) (s)]]
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[(Ba1 (¢ns ¢n) (8) + B2z (¢ns1hn) (8)) — (Ba1 (¥, ¢) () + B2 (¢, 9) (s))|

< |1 Bot (¥n, ¢n) (5) — Bar (10, 8) (s)|| + | B2z (6, ¥n) (5) — Baa (6,) (s)]]
< 1A(‘p)p sup R1 (5,90 (5), 6n (), 259 D8 [y (5) — By (5, (), dn(5))])
— Ry (5,9 (s), 0(s),*PC DL [ (s) — ha (5,7 (s) , 6(s))])]
_r [ s )1
+A(p)F(p) /0 (s=¢)
X sup Ry (&, (€), 6n(€),*PC DL [y, (&) — Tir (&, %0 (€) , dn(6))])]
- &el (5 U (€) 6 (€),APC D2 by (€) — h1 (€, ¢ (€), D0 (€))])] dE
(p) sup mg (5,n (5), n(5),2PC DX [, (5) — Pz (s:4hn(s), dn(s))])
— Ro (5, (s),8(5),*PC DL ¢ (s) — ha (5,9 (5) , B ()]
p ’ . 1
AN / (=0
x sup 1R2 (€, (£), n(€),2PC D2 (¢ (€)= ha (€,90n (£) , 90 (9))])|
— Ro (&,9n (€), 6n(€),25C D2 [dy (&) T2 (&, % (£) , $n(€))]) | dE
< (5 o)
- \Alp)  AP)T(p)
{i‘é%? Ry (5,0n (5), (0 EC DL b (5) — ha (5,0 (5) , n(s))])

— Ry (5,0 (s), ¢(s)2ECDL [ (s) — Ty (5,7 (s), 6(5))])]
+50p [Ra (s, g (515 6n(5),7C DL 1gn () = o (5,6 (5) , 6m(5))])

— Ro (5,40 (8)5 8(5),4 77 DL (6 (5) — bz (5, (), &(s))])] } -

Similar to (4.13), we have

| B2y, ¢n) (s) — B2 (¢, ¢) (s)]]

N 1P Ng, ,N; Ny, ,N:
( 1Y + ) {N§R1,1 + N&el L+ R1,44VR1 1 + R2,44 VR 1
Alp) — A(p)T(p) * 1-Ng,, 1—Ng,,

Ngp Ny, , + Ny Ny Ng., ., + Ny
v <N§R1,2 + Nigyp + N,y + Ny, + 1,4( 1,2 1,3) n 2,4( 2,2 2,3)

1— Ny, , 1— Ng,,
X ||(¢n7¢n) - (¢,¢)H

— 0asn— oo. (4.14)

IN

Therefore, By is continuous on A,.

Next, we prove that Bs is a relatively compact. It is sufficient to prove that Bs is a uniformly

bounded and equicontinuous. From (4.13), and the definition of A, we get

1Bs (6, 0)]| < (1A(‘p§’ n A(p;(p>){zv%l,1+zvm+

+ (Nﬂ‘h,z + N§R2,2 + N§R1,3 + N§R2,3 +

N§R1,4N§R1,1 N%QAN?RQJ
1-— NgcglA 1-— N§R2,4
N§R1,4 (Niﬁ‘d,z + N§R1,3)

1-— N§R174
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" N?RQA (N§R2,2 + N§R2‘3)> 7‘}

1-— NgR2y4
< rn

Hence, Bj is a uniformly bounded. Now, we prove that for (¢, ¢) € ©, the mapping Bj is
equicontinuous. Let 0 < s1 < s9 < 1, then by (4.14), we have

| B2 (¥, ¢) (s2) — B2 (¥, ¢) (s1)]
1-— — P Y Nxg., N
< P + (82 31) ) {N§R1 ) + N§R1 , + R1,44VR1 1 + Ra2,44VR2 1
Alp) — A(p)T(p) ’ * 0 1-Ng,,  1-—dNpy,
N§R1,4 (N§R1,2 + N§R1,3)
1-— N§R1,4

+ (Nyh,z + N§R2,2 + N%L:a + N§R2,3 +

N§R2,4 (Nﬂ?z,z + N§R2,3)
1-— ]\73:32’4

— 0 as s9 — s1.

) } (¥, ¢) (52) — (¥,0) (s1)]

Hence, Bs is equicontinuous for i, ¢ € A,. by Ascoli=Arzela’s theorem, we conclude that Bs
is a relatively compact. Therefore, all requirements of Theorem 2.8 are fulfilled. Then, there
exists the pair (¢, ¢) € © such that (¢, ¢) = Bi(1, ¢) + Ba (1, ¢), which means (1, ¢) is a
coupled FP of the operator B, which is a‘solution to the problem (1.1)

5 Stability results

Stability analysis has become one of the central themes in the theory of fractional differential
equations, since it.provides essential information about the sensitivity, robustness, and long-term
behavior of solutions under perturbations in initial data or system parameters. Owing to the
memory-dependent, nature of fractional operators, stability results for such systems are often richer
and more-delicate than those for classical differential equations. Recent studies have established
variousforms of stability, including Lyapunov stability, Mittag—Leffler stability, finite-time stability,
and seyeral Ulam-type stabilities for equations involving Caputo, Caputo—Fabrizio, Atangana—
Baleanu, Hilfer, and generalized fractional derivatives. These investigations have been carried
out for diverse classes of models such as delay systems, impulsive problems, stochastic equations,
and integro-differential systems, demonstrating the broad applicability of fractional methods in
engineering, physics, biology, and control theory. In particular, recent contributions in [11—11]
have provided new criteria and refined techniques for analyzing stability properties of nonlinear
fractional systems, further enriching the theoretical framework and motivating continued research

in this rapidly developing area.

Motivated to the recent results [11—14], in this section, we conduct a detailed stability analysis

of the system described by the equation (1.1) as follows:
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Definition 5.1. We define the solution (1, ¢) of the equation (1.1) to be UH-stable if we can find
a constant p > 0 and £ = max {e1,e2} > 0 ledas to, for all solution (¢, ¢) € O,

|4BODE [ (5) — By (5,9 (5) , p(5))]
— R1 (5,9 (5),6(s),*PC DE[ (s) — Ta (5, (), 0(s))]) | < €1,
[4BEDE [ (s) — ho (s, (s), 8(s))]

— Ry (sw(s),cb(s),ABCD”[ ¢(s) = ha (5,9 (5), ¢(s))])| < e,

for s € T =[0,1], we have

1%, ¢) = (%, 97| < e,

where (1%, ¢*) is a unique solution of the problem (1.1). Moreover, a solution (), ®) of the equation
(1.1) is defined as generalized UH-stable if there exists a function @ : (0, 00) = (0, 00) with Q(0) =0
such that

Definition 5.2. We define the solution (¢, ¢) of the equation.(1.1) to be UHR-stable for a con-
tinuous function § = max {61,602} € © if we can find a eonstant p > 0 and ¢ = max {e1,e2} > 0
implies that, for each solution (1, ¢) € O,

[4BCDE [ (s) — T (5,4 (s) , B(s)))
— Ry (s, (), 0(),2BC DE [h.(5) — T (5,9 (), 6(s))])| < 61 (s) en,
[4BEDL (¢ (s) — ha (5,4(s) 3 (s))]

— Ry (5,7 (), ¢(s),2BCDE [¢(s) —

(5.2)

ha (s, (s),6(s))])| < 02 (s) e2,
for s € T, we have
1(¥, ) — (%, ¢7)|| < 0 (s) e,
where (¢*, ¢*) is a unique.solution of the problem (1.1).
Definition 5.3. We define the solution (1, ¢) of the problem (1.1) to be generalized UHR-stable

for a continuous function § = max {6;,602} € © if we can find a constant p > 0 such that, for each
solution (¢s%) €O as follows:

[4BEDE [ (s) — T (5,4 (s) , B(5))]
= R (5,90 (5), 0(s),PC DL (5) — hu (5,4 (5) , 8(5))])| < 01 (s),
[4BCDE (¢ (s) — B2 (5,4 (5) , b(s))]
— Ra (s, w(S),qﬁ(S),ABC DE [p(s) = ha (s, (5), 6(s))]) | < 02 (s),
for s € T, we have

1%, ¢) = (", @)l < b (s) ,

where (¢*, ¢*) is a unique solution to the problem (1.1).

Remark 5.4. The pair (¢,¢) € © is a solution of (5.1) if and only if there exists a function
p = max{p1,p2} € C(Y) depending on v, and ¢ such that for s € T,

(i) [p1(s)] < e1 and [pa(s)| < e,
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APCDL (5) = ha (5,9 (5), (s))]
—R1 (5,0 (s),6(5), PO DL [ (s) — Ta (5,9 (5), 6(5))]) — pa(s) =0,
APCDLD (5) = ha (5,9 (5) , 6(5))]
— R (5,9 (5), 0(5),17C DL[p(s) — ha (5,9 (5) , ¢(5))]) | — p2(s) = 0.

Remark 5.5. The pair (¢,9) € © is a solution of (5.1) if and only if there exists the function
p = max{p1,p2} € C(Y) depending on 1, and ¢ such that for s € T,

(i) [pr(s)] < O1(s)er and [pa(s)] < ba(s)es,

(i)
ABCDLY (s) = ha (5,7 (5), 6(5))]
—R1 (5,9 (5), ¢(5)," P DL (5) — hu (5,9 (5), S(s))]) — pa(s) =0,
ABCDL 1 (5) = ha (5,9 (s)  ¢())]
— Ro (5,0 (5), 8(5),"7C DL [8(s) — Dz (5,95}, 0(5))]) | — p2(s) = 0.

Remark 5.6. The pair (¢,1) € © is a solution of (5.1).if-and only if exists the function p =
max{p1,p2} € C(Y) depending on v, and ¢ such that for s € T,

(i) [p1(s)] < 01(s) and [p2(s)] < Oa(s),

(i)

APCDL ) (s) = b (858(s) , (s))]
—Ru (5,9 (5), A(NFC DL () = ha (5,9 (5), 6())]) = pals) =0,
APCDLD (s) 7 b (5,9 (5)  6(3))]
= R (5,0(5), &(5),PC DL [d(s) — ha (5,9 (5), &(5))]) | — pa(s) = 0.

Lemma 5.7. Assume that (¢, ¢) € © = C (T) x C(Y) is a solution to the problem

([ ABEDE[Y (s) — hu (5,9 (5) , 6(5))]
=01 (5,9 (5),6(5),2PC DL [ (5) = hu (5, (), 6(5))]) + pu(s), s €T,
ABCDL1p (5) = ha (5,4 (s) , o(5))] (5-4)
=Rs (s, w< ), 8(5),4PC DL [¢(s) — ha (5,7 (5) , 0())]) + 1 (s),
¥ (0) = o, ¢(0) = ¢o.

Then, the pair (¢, ¢) satisfies the following relations:

[ = Br (v, @)l < Qpe1 and [ — Ba (6, 9)|| < Qe

where

_ _(1-p 1
= = (A<p> * A<p>r<p>> |

Proof. Assume that (1, ¢) € © is a solution to (1.1),

0(5) = Br (6,0) + 50 () + 5o [ 5= 97 ()
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and

69 =Ba(60) + g T () + ot [ -0 ms)de

Using Remark 5.4, one has

1—p PE1L ® -1
B() - Bl < G ek s [T ortae

1-— P €1
" A(p)T(p)

_ 1—p 1 .
B (A(p) * A(p)F(p)> '
= Qplé‘l, (55)

and

_ 1—08 pE2 53_ 1
6~ Bato)] < G Fer i [ o

1-p €9
Ap) 2 T AT

_ 1—p 1
- (Am)+A@HWﬁ>@
= Qp2€2. (56)

O]

Theorem 5.8. Via the assertions (A1 )-(A4), the system (1.1) is UH-stable and generalized UH-
stable, provided that V; < 1 (i = 1,2),,~where V; is defined by Theorem /.1.

~

Proof. Assume that (1, ¢) € ©.is.a Solution and (¢, ¢) € © is a unique solution of (1.1), then

|@.0)- @)= w.0) - BW¢M
= |@0) - Bw.o) + B, 9) - B, 3)
< w.0) = B9l +||Bw.¢) — B@.9)|
= (.0) = (B1 (,9), B2 (6,0l + | B, 0) - B@,9)|
I = By (6, 0)]l + llo = Bz (6, 9)]| + || B, 0) — B&,3)||.  (5.7)

It follows from Theorem 4.1 (Inequality (4.7)), Lemma 5.7 (inequalities (5.5) and(5.6)) and (5.7)
that

IN

|w.9)-@.9)

IA

Qpue1 + ez + 9| (0,0) - (0,9)
20 + ¥ |(0,0) - (B,9).

IN

which implies that

leo) - 3.9 < e,

where ¢ = max {e1,e2} and p = max{p1,p2}. Take p; = %, the solution to the problem (1.1) is
proven to be UH-stable. Additionally, if we set the function @ (¢) = ¢, the solution satisfies the
criteria for generalized UH-stable as defined in Definition 5.1. O
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Lemma 5.9. Under the conditions in Remark 5.5, for the solution of (5.4), the following is true

[ = B1 (¥, 9)[| < Qp,61(s)er and [|v — By (¢, )| < Qpy1(s)e2

where

_ _(1—=0p 1
P = = <A<p> * A(p>r<p>> |

Proof. Let (1, ¢) € O is a solution to (1.1),

¥ (s) = By (4, 6) + 1A(‘pfp1 O+ T /0 (s €Uy (s) dE,

and

6(5) = Ba(0v0) + P o)+ ot [ (o el

From Remark 5.5, we have

. (L-pbils), e
o) =Bl < G g o G et o)
(A—p)Oils) - (e1a(s)

pi01(s)E, (5.8)

and

¢ (s) = B2 (&, ¥}, <

Theorem 5.10. Under the hypotheses (A1)-(A4), the problem (1.1) is UHR-stable and generalized
UHR-stable, whenever U; < 1 (i = 1,2), where V; is described as Theorem /.1.

-~

Proof. Assume that (¢, ¢) € © and (@Z ) € © is a unique solution of (1.1), then, we get

.0 -@.)] = e -
= ||w.0) - Bw.¢) + Bw.0) - B&,3)
(¥.9) = B, @)l + || B, 0) - B, 3)
= 1(.0) — (B1 (,9), B2 (6,0l + | B, 0) - B@.9)|
< =B @.0)l +llé - B2 (6,0)| + | Bw,6) - B@.9)|.  (5.10)

5.9

< |(w
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From Theorem 4.1 (Inequality (4.7)) and Lemma 5.9 (inequalities (5.8) and (5.9)) and (5.10), it
follows that

IN

|@.0) - @.0)] = bi)er + Qatals)es + 9| (0,0) - (0.9)]

20,0(s)e + ¥ || (1, 0) — (@, 9)| .

IN

which implies that

|s.0) - @.8)] < 2=

< 0(s)e,

for s € T, where ¢ = max {e1,e2}, p = max{p1, p2} and 0 = max{6;,02}. Let p = 12?\%, the solution
to the problem (1.1) is UHR-stable by Definition 5.2. Furthermore, if we set g'=1, by Remark 5.6
and Definition 5.3, the solution satisfies the criteria to be generalized UHR~stable. O

6 Applications under illustrative examples

To validate the claims of existence and uniqueness of solutions; this section provides some illustrative
examples. These cases act as tangible proof, showing how the theoretical principles discussed earlier
ensure a solution exists and is the only possible one. They reinforce the validity of the concepts by

connecting theory to concrete applications.

Example 6.1. Implicit coupled neutral FDEs are a highly specialized area of mathematics that
model complex systems with memory, or‘hereditary properties. While specific applications are still
an active area of research, these equations are used in various fields where traditional integer-order

differential equations are insufficient,to capture the full dynamics [1-7].

e In engineering and contrél systems, these equations are particularly useful for modeling com-
plex engineering systems. They can describe control systems with time delays and memory,

where the current.state depends on past states.

e In physics and“mechanics, they are applied to model phenomena in viscoelastic materials,
which_exhibit both viscous and elastic characteristics. the "neutral” term in the equation
accounts for the dependence of the system’s behavior on the derivative of a delayed state,

which is crucial for these materials.

e In biological systems, processes often have non-local memory effects. Coupled neutral FDEs
can model complex interactions like cellular systems and population dynamics, where the

growth of one population is influenced by the past states of another.

e In economics and finance, these equations can be used to model economic systems with long-
term memory effects. They are particularly useful for predicting asset price volatility and

other financial phenomena where past behavior influences future trends.

e In thermoelasticity and heat transfer, they are used to model heat transfer in materials with
memory. The fractional derivative can account for the non-local nature of heat conduction,
where the heat flux at a given point is influenced by the temperature history of the entire
body.
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Example 6.2. Consider the following problem:

1

¢ ABCDS% [w(s)_%(¢ (i) +¢(i)) :i+1n(§0—s)w(s)+sigés)¢(s)
+50 D [ (s) - 5 (8 () +0(9)]

ABCDI [6(s) — o (1 (2) +0(3))] = £ + Yo () + ol (s) (6.1)
A

-1 c_1 ~ cos(s
P @D 6 () — S (0 (3) +0(2)]

¥ (0) =0, ¢(0) =0,

where s = [0, 1]. Clearly, the problem (6.1) is a special case from the problem{(1.1) with p = % and

ABCDS% [¢ (s) — ef;osm (0 (2) + o2

D [0 () - T ) 02)].
Ra (5,9 (s), ¢(s), 4P DE [p(s) i
|+ 20 () + 2 B0 () - S5 (v (5) + 6(3) .

According to the condition (A3), we can write

(s, 0) — i (5.6,0) |
SO

e (|6 -3 + o) -3

() +D)

®)])-

IN

and

N

|2 (5, 0.0) =z (5,9.9) |
o~ c0s(s) s s o c08(s) s s
5 (0 (5)+06) - (v () +¢3)

= (¢ @) - 96| +]|s ) - 3))).

which implies that Mp, = My, , = %, My, = Mp,, = 7% Also, using the assertions (Aj) and (Ags),

we have

IN

Hml (5,0, 6,6) — (371@ 2 5)”

In (2 —s)

s ABC
177 %0

cos (s) 1
35

sin (s)
30

¥ (s)+ ¢ (s)+
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s In(2-s)~ sin (s)
Tat T YW

< wlv@ -0+ glew =30+ 5s 01 - 2] + 5 e - €

< sl -d6|+]se -d6)|+ e - €]
similarly,
H%z 0,0,6) = Rz (5,9,6,€) |
i e =a6)|+[s6)-d)| + Hs<s>—§<s> l.
where £ = £ (¢, ¢) and € = (J ¢>) Hence, Ny, = & and Ny, = 4. Moyeover,
IRy (5,66,
S lnio‘s)w (5) + Sigés)as @+ 2 D @y G (0 (3) o) H
< g g5 0+ 55 10+ o el
and
a0 = |2+t W)+ )
+tan;; AN lé(s)_ e_;‘:(s) (0 (2) + o ))H'
< 0l + 55 91+ =5 lel
where ¢ = g(w ¢). Hence, Ny{ = 1, Npo, = £, Ny = 75, Nigo = 250 Nis = 39, Nias = 15+
Ny, , = ==, and Ny, , =(=5. From the assertion (A4), we can evaluate Ni ~ 0.46025 and Nj ~

0.10570. Choose A(p)= 1, then r > 0.558669 > 0. Under the date above, we have ¥; ~ 0.126573
and Wy =~ 0.035532: Thus, ¥; < 1 for ¢ = 1,2. Therefore all requirements of Theorem 4.1 are
fulfilled. Thensthe problem (6.1) has a unique solution. Additionally, since ¥; < 1 for i = 1,2,
the solution to'problem (6.1) exhibits UH, generalized UH, UHR, and generalized UHR stability,
as noted in Theorems 5.8 and 5.10

For'more analysis, we give the following example:

Example 6.3. Consider the following system:
( 2 s i se~ Vs an~1 (s s
ABCD? [¢ () — 5079057 (sine (s) + cos qﬁ(s))} ==+ t18(1+ﬁ§))¢ (s) + s In (1 + o (s))
ABC 3 o ,
taie  Df [¢ ($) = 572097 (sin (s) +COS¢(8))] :

ABC )} [¢ (5) — g2 (4 (s) +sin (6 (1 — s)))} S+ e lSv () + e (s)

sin(s)

+ODE [ (5) — 282 (0 () +sin (6 (1 - )]

[ ¥(0) =0, ¢(0) =0,
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where s = [0, 1]. It is clear that, the system (6.1) is another form of the system (1.1) with p =

and

S

i (5,9 (), 8(s)) = gigmer (80 (s) + cos 6(s))
iy (5, (5), 8(5)) = 52575 (¥ (5) +sin (6 (1 = 9))),

Ri (5.9 (5), 6(5), AP0 DL (5) — I (5,9 (5), 6(5)]) = gy + m )

e (146 () + goptomy ™ D [#(5) — gt (sine () + cos 6(s))

Ra (5,0 (5), 6(),A7C DE[8(5) = ha (5,3 ), 0())]) = i + strvay () + S0
Jan A5 [0(5) = 52455 (W (s) +sin (6 (1 - 5))]

From the condition (Ag), we have
th (Sa ¢7 ¢) - h’l (37 {p\v (Z> H
(sine (s) + cos¢(s)) —

84 ~

20+ 9052 (sinw (s) + cos <$(s))

% ( sin (s) — sinzZ(s)H + Hcosqﬁ(s) — cos@(s)H)

< g (lpe-d6]+ s -2

IN

and

|2 (s, .0) = ha (59,8 )]

_ stf ) aihid 1_s>>>—8jfﬁ<w<s>+sin<¢<1—s>>>\
< 35 ([#@ 2@+ sin @ -s) - 56)]).
< 5 (Pexve]+se-s6]).

which implies that My, = My, , = 45, Mp, = Mp,, = {=. Moreover, using hypotheses (A1) and
(As), one has

A

H% (8,10, ¢,6) — R (S’QZ’ 2 5) H
se”VE  tan~ 4 (s)

— T 1301+ %) +15+53 In(1+¢(s))
1 ABC % 4 .
+20(1 5 D [1/) (s) — 20+ 2051 (sint) (s) 4 cos qﬁ(s))}

- in (1+6())
mi0 I8 1sd) i U Tew
ABC 1 |: 84

bt W(

(se\/g tan~1 9 (s) s ~

T 00 V9 sin) (s HCOS%(S))DH

5 0 =7 H+ H¢ H+ Hf ~&)|

15 - £o)]

IN

~

—¢(s

IN
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Analogously,
Rz (s,0,0,€) = R2 (5,9, 6,€)|
¢

15 [le @ =00+ o -3 + e -0

where £ = £ (¢, ¢) and E: E(@, qg) . Thus, Ny, = % and Ng, = % Furthermore,

_\/g t -1
se , tan Y (s) L5
In10 ~ 18(1+s?) 15+ s3
1 ABC

) DﬁV@‘

1
< oo + 36 191+ g5 el + g5 el

H§R1 (S7w7¢7§)|| = ln(1+¢(8))

4

5
20 + 20s4

sines (o Febso)

and

cos /s 1—s
H\/ims T mars Y

sin () 4P¢ 1 Vs
D; ¢(3)—m

||§R2 (37¢,¢,§)H =

¢ (s)

30

(4 (s) + sin (6 (1 — s>>>] H

11 1 1
< -4 e — €]l
< gt el g el + 55 ligl

where ¢ —g(¢ ¢). Thus, Ny, = piiors Moy = 1 Vus = 360 Ve = 500 VRis = 160 Ny = 150

1
N§R1’4 = 40, and N§R24 = 30"

It follows from (A4) that N{. ~ 0.704051 and Nj =~ 0.1707534. Choose A(p) = 1, then r >
1.031137 > 0. Based on thewvalues above, we can find ¥ ~ 0.073378 and ¥y ~ 0.135903.Thus,
U; < 1 for i = 1,2. Therefore all assertions of Theorem 4.1 are satisfied. Hence, the system (6.2)

has a unique solution.

In addition te, since ¥; < 1 for i = 1,2, the solution to the system (6.1) is UH, generalized UH,
UHR, and generalized UHR stability, according to Theorems 5.8 and 5.10.

7 «~Conclusion and open problems

Implicit coupled neutral FDEs are crucial in nonlinear analysis because they provide a powerful
framework for modeling complex systems with nonlocal behavior, memory effects, and hereditary
properties. These equations are particularly effective in capturing intricate dynamics in fields
like physics and engineering, where the state of a system at a given moment depends not just
on its current conditions but also on its entire past history. The ”fractional” component allows
for derivatives of non-integer order, which more accurately describe real-world phenomena like
anomalous diffusion and viscoelasticity than traditional integer-order models. The ”coupled” nature
signifies that the equations involve multiple interconnected variables, making them suitable for
analyzing systems where different components influence each other. The ”implicit” and "neutral”

aspects mean that the equations can involve the derivative of the unknown function both at the
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current and delayed times, enabling the study of more general and complex types of nonlinearities
and delays. This combination makes them an essential tool for understanding and predicting the

behavior of a wide range of nonlinear systems.

So, in this paper, we investigated the existence, uniqueness, and stability of a class of nonlinear
implicit coupled neutral FDEs with the ABC derivative. We established the existence of solutions
using Krasnoselskii’s FP theorem and proved both existence and uniqueness with the Banach
contraction principle. The stability analysis covered UH, generalized UH, UHR, and generalized
UHR results. Finally, a practical example demonstrated the existence, uniqueness, and stability of

the solutions.

While significant progress has been made in the theory of implicit coupled~neutral FDEs,
several open problems remain. One major challenge is developing effective ‘and robust numerical
schemes for solving these complex equations, as their implicit and nonlocal nature makes traditional
methods computationally expensive or unstable. Another key area ig'theiinvestigation of qualitative
properties beyond existence, uniqueness, and stability, such as.the analysis of chaos, bifurcation,
and blow-up phenomena, which are often difficult to study.due to the memory effects inherent
in fractional derivatives. Furthermore, extending the theery.to more complex settings, including
those with stochastic terms or non-instantaneous impulses;‘is a crucial research direction to model
real-world systems more accurately. Moreover, exploring novel applications of these equations in
emerging fields like finance, epidemiology, and materials science, and validating the theoretical
results with experimental data, represents a.significant gap between theoretical advancements and

practical utility.
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