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Abstract 
 

In this study, a new unit interval distribution defined on the unit interval is developed through a 

power transformation approach and termed the Power Unit Haq (PUH) distribution. Several key 

statistical properties of the new distribution are derived, including incomplete moments, 

moments, and associated measures, moment generating function, hazard function, mean residual 

life function, and Rényi entropy. The parameters of the proposed distribution are estimated using 

five estimation approaches, and their performance is evaluated through extensive Monte Carlo 

simulations. The flexibility and practical relevance of the new distribution are further 

demonstrated by utilizing three real datasets-one involving radiation, reactor pump failures, and 

kidney dialysis patients. The proposed distribution exhibits superior fitting performance 

compared to established competing unit interval distributions. Additionally, Bayesian estimation 

of the model parameter is carried out, enhancing the distribution’s applicability for real-world 

scenarios. 
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1. Introduction 
 

Compositional data analysis plays a crucial role in 

various scientific and applied disciplines, including 

radiology, hydrology, economics, sociology, 

environmental sciences, psychology, epidemiology, and 

insurance risk management. Such types of datasets often 

appear in the form of proportions, fractions, or 

percentages that are naturally constrained to the unit 

interval support [0,1] [1]. Since these measurements lie 

between [0,1]. The classical probability distributions 

defined on the real line may fail to adequately represent 

the inherent underlying properties. Consequently, the 

derivation of statistical distributions that operate 

exclusively within the unit interval has become 

increasingly interval. For example, in psychology, 

proportions and percentages are important in assessing 

probabilities, such as the fraction of mental activity 

associated with a specific region. In the field of 

economics, variables such as capital structure, market 

share, and the proportion of income spent on non-

permanent expenses are frequently measured within unit 

intervals. The probability models defined on the 

bounded interval are noted for their failure rate (hazard 

function) shapes, resembling increasing and bathtub 

curves. The development of current probability 

distributions using appropriate methodologies has fueled 

the derivation of extended models. Various modified 
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models have been extensively derived over the last 

decades for the analysis of real-world data sets in 

different areas. The extended or generalized 

distributions can be derived by adding one or more 

parameters to the baseline models, using mixture 

approaches, or other approaches that provide good 

flexibility in analyzing datasets in the field. The common 

generalization strategies are generalization are 

Azzalini’s approach [2], Beta-G family [3], transmuted-

G family [4], Kumaraswamy-G family [5], Fréchet-G 

family [6], Weibull-G family [7], and Lindley power 

series [8], inverted Nadarajah–Haghighi power series 

[9], and weighted distributions [10].  

The concept of variable power transformation has 

sparked widespread attention in probability models and 

statistical analysis. Power transformation has been 

widely utilized to propose a variety of adaptable 

probability distributions that improve the analysis 

capacity of real-world data across various disciplines. 

Several important models have been introduced using 

this approach, for example, the power half-logistic 

distribution [11] expands on the half-logistic distribution 

by including a power component, allowing for more 

versatility in modeling skewed data. Further extensions 

include the power Lomax distribution [12], power 

Raleigh distribution [13], power Erlang distribution 

[14], power inverted Topp–Leone [15], power modified 

Kies-exponential distribution [16], power inverted 

Nadarajah–Haghighi distribution [17], and power Quasi-

Xgamma distribution [18].  

The Unit Haq (UH) distribution was recently proposed 

by [19] using log transformation. The cumulative 

distribution function (CDF) and probability density 

function (PDF) of the UH distribution are presented 

below, respectively.  

 

𝐹(𝑧; 𝜃) = (
(1 + 𝜃)2 − 𝜃 ln 𝑧 +

𝜃2(ln 𝑧)2

2
(1 + 𝜃)2

) 𝑧𝜃 , 

𝜃 > 0,   0 < 𝑧 < 1 

 

and 
 

𝑓(𝑧; 𝜃) =
𝜃2

(1 + 𝜃)2
 (2 + 𝜃 +

𝜃(ln 𝑧)2

2
) 𝑧𝜃 − 1. 

 

Motivated by the above-discussed considerations, a new 

generalization of the UH distribution is proposed using 

a power transformation of the random variable, and the 

resultant model is named the Power Unit Haq (PUH) 

distribution. The main objectives of this study are as 

follows: 

• The prime aim of this was to introduce a power 

unit Haq distribution that would enhance the 

flexibility of the unit-Haq distribution. We 

derived and explored its various statistical 

properties. 

• To derive its main reliability characteristics, 

including survival, hazard function, mean residual 

life, and entropy. 

• To estimate the distribution parameters using five 

different estimation methods and perform an 

extensive simulation study to examine the 

behavior of these derived estimators.  

• The practical relevance and flexibility of the new 

model are demonstrated using three datasets 

related to radiation, engineering, and kidney 

patients. 

• Another key objective was to perform a Bayesian 

analysis.  

The rest of the study is planned as follows. Section 2 is 

based on the derivation of a new distribution and 

analysis of its density behavior. Theoretical properties 

are derived and explored in Section 3. In Section 4, the 

model parameters are estimated using five different 

estimation methods. An extensive Monte Carlo 

simulation study is conducted with different parameter 

choices and sample sizes in the same section. The 

flexibility of the new distribution is explored using three 

datasets in Section 5. Section 6 is devoted to Bayesian 

analysis. The key findings, along with concluding 

remarks, are presented in Section 7. 

 

2. Derivation of New Distribution 

 

The Power Unit Haq distribution is introduced in this 

section. The CDF of the PUH distribution is given by  

 

𝐹(𝑧; 𝜃, 𝛼) = (1 −
𝜃𝛼 ln 𝑧

(1+𝜃)2 +
𝜃2(𝛼 ln 𝑧)2

2(1+𝜃)2 ) 𝑧𝜃𝛼 .                (1) 

 

Some CDF curves for different choices of parameters are 

presented in Figure 2. 

The PDF corresponding to equation (1) is  

 

𝑓(𝑧; 𝜃, 𝛼) =
𝛼𝜃2

(1+𝜃)2  (2 + 𝜃 +
𝜃𝛼2(ln 𝑧)2

2
) 𝑧𝛼𝜃 − 1.    (2) 

 

Now we explore the behavior function of the density 

function for different choices of parameters as presented 

in Figure 1. It is observed that the density function of 

PUH distribution shows decreasing and increasing 

trends.  

 

3. Statistical Characteristics 

 

In this section, we derived and explored various 

statistical properties of the PUH distribution. The key 

properties are survival function, hazard function, 

moments, reversed hazard function, cumulative hazard 
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Figure 1. PDF curves of PUH distribution based on different choices of parameters 

 

 

Figure 2. CDF curves of PUH distribution based on different choices of parameters 

 

function, moment generating function, Rényi entropy, 

and mean residual life function.  

 

3.1. Survival Function 

 

The survival function for PUH distribution is defined as  

 

𝑆(𝑧; 𝜃, 𝛼) = 1 − (1 −
𝜃𝛼 ln 𝑧

(1 + 𝜃)2
+

𝜃2(𝛼 ln 𝑧)2

2(1 + 𝜃)2
) 𝑧𝜃𝛼 . 

 

Survival function plots based on some parameter values 

are presented in Figure 3.  

 

3.2. Hazard Function 

 

The hazard function is also known as “the failure of an 

event”. The hazard function of the PUH distribution is 

 

ℎ(𝑧; 𝜃, 𝛼) =

𝛼𝜃2

(1 + 𝜃)2  (2 + 𝜃 +
𝜃𝛼2(ln 𝑧)2

2
) 𝑧𝛼𝜃 − 1

1 − (1 −
𝜃𝛼 ln 𝑧

(1 + 𝜃)2 +
𝜃2(𝛼 ln 𝑧)2

2(1 + 𝜃)2 ) 𝑧𝜃𝛼

. 

 

Hazard function plots based on some parameter values 

are presented in Figure 4.  

 

 

 

 

3.3. Reverse Hazard Function 

 

The reverse hazard function for the PUH distribution is 

given below. 

  𝑟(𝑧; 𝜃, 𝛼) =

𝛼𝜃2

(1 + 𝜃)2  (2 + 𝜃 +
𝜃𝛼2(ln 𝑧)2

2
)

(1 −
𝜃𝛼 ln 𝑧

(1 + 𝜃)2 +
𝜃2(𝛼 ln 𝑧)2

2(1 + 𝜃)2 ) z
. 

 

3.4. Cumulative Hazard Function 

 

The cumulative hazard function is defined as  

𝐻(𝑧; 𝜃, 𝛼) = log {1 − (1 −
𝜃𝛼 ln 𝑧

(1 + 𝜃)2 +
𝜃2(𝛼 ln 𝑧)2

2(1 + 𝜃)2 ) 𝑧𝜃𝛼}. 

3.5. Incomplete moments 

 

In this section, we calculate incomplete moments for the 

PUH distribution. The incomplete moments are 

important tools for analyzing different metrics, such as 

Pietra and Gini indices, and Lorenz curves, especially 

for income distributions. The Incomplete moments may 

be defined as 

𝑀𝑟(𝑝) = ∫ 𝑧𝑟

𝑝

0

𝑔(𝑧; 𝜃, 𝛼)𝑑𝑧, 
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Figure 3. Survival function curves of PUH distribution based on different choices of parameters 

 

 
Figure 4. Hazard function curves of PUH distribution based on different choices of parameters 

 

Now using the density function (2). Thus, the r-th 

incomplete moments are 

𝑀𝑟(𝑝) =
𝛼𝜃2

(1 + 𝜃)2
 ∫ 𝑧𝑟+𝛼𝜃 − 1  (2 + 𝜃 +

𝜃𝛼2(ln 𝑧)2

2
) 𝑑𝑧

𝑝

0

, 

              =
𝛼𝜃2

(1 + 𝜃)2
[(2 + 𝜃) ∫ 𝑧𝑟+𝛼𝜃 − 1  𝑑𝑧

𝑝

0

+
𝜃𝛼2

2
∫ (ln 𝑧)2𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

𝑝

0

], 

               =
𝛼𝜃2

(1 + 𝜃)2
 [

(2 + 𝜃)𝑝𝑟+𝛼𝜃

𝑟 + 𝛼𝜃
+

𝜃𝛼2𝑝𝑟+𝛼𝜃

2(𝑟 + 𝛼𝜃)3
(2 + ((𝑟 + 𝛼𝜃)2(ln 𝑝)2 − 2(𝑟 + 𝛼𝜃) ln 𝑝))].  

3.6. Moments 

The r-th moment of PUH distribution is defined as:  

𝐸(𝑍𝑟) = ∫ 𝑧𝑟

1

0

𝑔(𝑧; 𝜃, 𝛼)𝑑𝑧, 

Using the density function (2) 

𝐸(𝑍𝑟) =
𝛼𝜃2

(1 + 𝜃)2
 

             × ∫ 𝑧𝑟+𝛼𝜃 − 1 (2 + 𝜃 +
𝜃𝛼2(ln 𝑧)2

2
) 𝑑𝑧

1

0

, 

             =
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
 ∫ 𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

1

0

                    (4) 

             +
𝜃3𝛼3

2(1 + 𝜃)2
∫ (ln 𝑧)2𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

1

0

, 

𝐸(𝑍𝑟) =
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2(𝑟 + 𝛼𝜃)
+

𝛼2𝜃3

(1 + 𝜃)2(𝑟 + 𝛼𝜃)3
. 

 

The expression of the first four ordinary moments of 

PUH distribution is obtained from equation (4).  

 

𝐸(𝑍) =
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

1 + 𝛼𝜃
+

𝛼2𝜃

(1 + 𝛼𝜃)3
], 
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𝐸(𝑍2) =  
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

2 + 𝛼𝜃
+

𝛼2𝜃

(2 + 𝛼𝜃)3
], 

𝐸(𝑍3) =  
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

3 + 𝛼𝜃
+

𝛼2𝜃

(3 + 𝛼𝜃)3
], 

𝐸(𝑍4) =  
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

4 + 𝛼𝜃
+

𝛼2𝜃

(4 + 𝛼𝜃)3
]. 

 

The variance of the PUH distribution is 

 

𝑉𝑎𝑟(𝑍) =
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

2 + 𝛼𝜃
+

𝛼2𝜃

(2 + 𝛼𝜃)3
] 

                − {
𝛼𝜃2

(1 + 𝜃)2
[

2 + 𝜃

1 + 𝛼𝜃
+

𝛼2𝜃

(1 + 𝛼𝜃)3
]}

2

. 

 

The coefficients of skewness (CS) and kurtosis (CK) can 

be obtained using the following expressions:  

 

𝐶𝑆(𝑍) =
𝐸(𝑍3) − 3𝐸(𝑍2)𝐸(𝑍) + 2(𝐸(𝑍))

3

(𝐸(𝑍2) − (𝐸(𝑍))
2

)

3
2

, 

and  

 

𝐶𝐾(𝑍) = 

𝐸(𝑍4) − 4𝐸(𝑍3)𝐸(𝑍) + 6𝐸(𝑍2)(𝐸(𝑍))
2

− 3(𝐸(𝑍))
3

(𝐸(𝑍2) − (𝐸(𝑍))
2

)
2 . 

 

Table 1 shows the mean, variance, CV, skewness, and 

kurtosis for the PUH distribution at different 𝜃 and 𝛼 

values. We also plotted these measures via heatmaps and 

presented them in Figure 5. 

As the parameters 𝜃 increase, an interesting pattern 

emerges: the mean and variance of the distribution 

consistently rise, reflecting a shift towards higher 

expected values. At the same time, the skewness and 

kurtosis exhibit contrasting behavior, showing a 

decreasing trend.  

3.7. Rényi Entropy 

The Rényi entropy for the random variable Z is defined 

as  

𝐻𝛿(𝑍) =
1

1 − 𝛿
log [∫ 𝑓(𝑧; 𝛼, 𝜃)𝛿 𝑑𝑧

1

0

], 

𝐻𝛿(𝑍) =
1

1−𝛿
×                                                                  (6) 

log [∫ {
𝛼𝜃2

(1 + 𝜃)2  (2 + 𝜃 +
𝜃𝛼2(ln 𝑧)2

2
) 𝑧𝛼𝜃 − 1}

𝛿

𝑑𝑧

1

0

], 

 

Consider  

𝐼 = ∫ {
𝛼𝜃2

(1 + 𝜃)2
 (2 + 𝜃 +

𝜃𝛼2(ln 𝑧)2

2
) 𝑧𝛼𝜃 − 1}

𝛿

𝑑𝑧

1

0

, 

 

𝐼 = (
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
)

𝛿

∫ (1 +
𝜃𝛼2 (ln 𝑧)2

2(2 + 𝜃)
)

𝛿

𝑧𝛿(𝛼𝜃 −1) 𝑑𝑧

1

0

, 

Now using the following binomial expansion (1 +

𝑥)𝜂 = ∑ (
𝜂
𝑖

)∞
𝑘=0 𝑥𝑘 

𝐼 = (
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
)

𝛿

 

   × ∑ (
𝛿
𝑘

)

∞

𝑘=0

(
𝜃𝛼2

2(2 + 𝜃)
)

𝑘

∫ 𝑧𝛿(𝛼𝜃 −1) (ln 𝑧)2𝑘 𝑑𝑧
1

0

, 

 

𝐼 = (
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
)

𝛿

 

   × ∑ (
𝛿
𝑘

)

∞

𝑘=0

(
𝜃𝛼2

2(2 + 𝜃)
)

𝑘
ⅇ2𝑘𝑖𝜋Γ(1 + 2𝑖)

(1 + 𝛿(𝛼𝜃 − 1))
2𝑘+1. 

The final expression is 

𝐻𝛿(𝑍) =
1

1 − 𝛿
log [(

𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
)

𝛿

∑ (
𝛿
𝑘

)

∞

𝑘=0

(
𝜃𝛼2

2(2 + 𝜃)
)

𝑘
ⅇ2𝑘𝑖𝜋Γ(1 + 2𝑖)

(1 + 𝛿(𝛼𝜃 − 1))
2𝑘+1] 

 

3.8. Mean Residual Life 

The mean residual life (MRL) represents the expected 

lifetime given that the random variable Z has already 

survived beyond time 𝑡. The MRL for PUH distribution 

is defined as 

𝑀(𝑡) =
1

𝑆(𝑡)
∫ 𝑧𝑓(𝑧)

1

𝑡

𝑑𝑧 − 𝑡   𝑓𝑜𝑟 𝑡 > 0. 

 

(7) 

 

We have  

∫ 𝑧𝑓(𝑧)

1

𝑡

𝑑𝑧 =
𝛼𝜃2

(1 + 𝜃)2
 

                    × ∫ (2 + 𝜃 +
𝜃(ln 𝑧𝛼)2

2
) 𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

𝑧

0

, 
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∫ 𝑧𝑓(𝑧)

1

𝑡

𝑑𝑧 =
𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2
∫ 𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

𝑧

0

+
𝜃3𝛼3

2(1 + 𝜃)2
∫ (ln 𝑧)2𝑧𝑟+𝛼𝜃 − 1 𝑑𝑧

𝑧

0

, 

∫ 𝑧𝑓(𝑧)

1

𝑡

𝑑𝑧 =
𝛼3𝜃3 (2 − 𝑡𝑟+𝛼𝜃 (2 + (𝑟 + 𝛼𝜃) ln 𝑡 ((𝑟 + 𝛼𝜃) ln 𝑡 − 2)))

2(1 + 𝜃)2(𝑟 + 𝛼𝜃)3
−

(𝑡𝑟+𝛼𝜃 − 1)𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2(𝑟 + 𝛼𝜃)
. 

Table 1.  Moments and associated measures for the PUH distribution based on some choices of parameters  

 

Parameters  Measures  

𝛼 𝜃 E(Z) E(𝑍2) E(𝑍3) E(𝑍4) Var(Z) CV(Z) CS(Z) CK(Z) 

0.1 

0.1 0.00172 0.00086 0.00058 0.00043 0.00086 17.0642 22.6637 579.056 

0.5 0.02650 0.01356 0.00911 0.00686 0.01285 4.27786 5.53659 36.0074 

1.0 0.06837 0.03574 0.02420 0.01830 0.03107 2.57802 3.19776 13.0699 

2.0 0.14866 0.08089 0.05558 0.04234 0.05879 1.63100 1.82933 5.36659 

3.0 0.21711 0.12242 0.08527 0.06543 0.07528 1.26375 1.25896 3.41062 

5.0 0.32510 0.19467 0.13897 0.10806 0.08897 0.91751 0.67186 2.18285 

0.5 

0.1 0.00835 0.00425 0.00285 0.00214 0.00418 7.73501 10.1694 117.640 

0.5 0.11467 0.06234 0.04294 0.03277 0.04919 1.93419 2.24649 7.22243 

1.0 0.25926 0.15200 0.10787 0.08368 0.08478 1.12312 0.99249 2.72048 

2.0 0.45833 0.30041 0.22396 0.17867 0.09034 0.65579 0.12728 1.75608 

3.0 0.57600 0.40671 0.31481 0.25695 0.07493 0.47523 -0.28114 1.95945 

5.0 0.70457 0.54489 0.44453 0.37551 0.04847 0.31248 -0.72002 2.71030 

1.0 

0.1 0.01640 0.00835 0.00563 0.00425 0.00808 5.48314 7.18635 59.5011 

0.5 0.20165 0.11467 0.08066 0.06234 0.07401 1.34909 1.37554 3.70529 

1.0 0.40625 0.25926 0.19141 0.15200 0.09422 0.75558 0.32946 1.79991 

2.0 0.62551 0.45833 0.36267 0.30041 0.06707 0.41401 -0.45646 2.15971 

3.0 0.72949 0.57600 0.47656 0.40671 0.04384 0.28703 -0.82668 2.95150 

5.0 0.82626 0.70457 0.61442 0.54489 0.02186 0.17895 -1.19484 4.21335 

1.5 

0.1 0.02447 0.01239 0.00835 0.00631 0.01179 4.43712 5.83769 39.8376 

0.5 0.27308 0.16053 0.11467 0.08947 0.08596 1.07362 0.94763 2.62021 

1.0 0.50400 0.34111 0.25926 0.20962 0.08709 0.58554 -0.01742 1.74805 

2.0 0.71354 0.55733 0.45833 0.38970 0.04819 0.30766 -0.76760 2.76996 

3.0 0.80128 0.66978 0.57600 0.50560 0.02773 0.20783 -1.10839 3.83727 

5.0 0.87693 0.78121 0.70457 0.64176 0.01221 0.12603 -1.42157 5.23072 

2.0 

0.1 0.03275 0.01640 0.01105 0.00835 0.01533 3.77988 5.01127 29.8376 

0.5 0.33333 0.20165 0.14583 0.11467 0.09053 0.90267 0.67036 2.14918 

1.0 0.57407 0.40625 0.31600 0.25926 0.07669 0.48239 -0.24805 1.88792 

2.0 0.76800 0.62551 0.52867 0.45833 0.03569 0.24599 -0.97098 3.33391 

3.0 0.84293 0.72949 0.64352 0.57600 0.01896 0.16336 -1.28620 4.54389 

5.0 0.90471 0.82626 0.76051 0.70457 0.00776 0.09739 -1.55663 5.94055 

2.5 

0.1 0.04132 0.02042 0.01373 0.01038 0.01871 3.31017 4.42968 23.7355 

0.5 0.38485 0.23896 0.17471 0.13827 0.09085 0.78321 0.46788 1.92349 

1.0 0.62682 0.45953 0.36439 0.30269 0.06663 0.41180 -0.41781 2.08507 

2.0 0.80504 0.67541 0.58268 0.51288 0.02732 0.20532 -1.11673 3.82470 

3.0 0.87014 0.77089 0.69242 0.62875 0.01374 0.13471 -1.40986 5.10804 

5.0 0.92226 0.85592 0.79862 0.74861 0.00536 0.07939 -1.64666 6.45995 

3.0 

0.1 0.05021 0.02447 0.01640 0.01239 0.02195 2.95091 3.98681 19.6061 

0.5 0.42933 0.27308 0.20165 0.16053 0.08875 0.69390 0.30989 1.81853 

1.0 0.66797 0.50400 0.40625 0.34111 0.05782 0.35998 -0.55006 2.29681 

2.0 0.83188 0.71354 0.62551 0.55733 0.02152 0.17636 -1.22711 4.24734 

3.0 0.88931 0.80128 0.72949 0.66978 0.01040 0.11468 -1.50120 5.56524 

5.0 0.93435 0.87693 0.82626 0.78121 0.00392 0.06702 -1.71108 6.85535 
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Figure 5. Heatmap plots of mean, Var, skewness, and Kurtosis 

 

Put in equation (7)  

𝑀(𝑡) =
1

𝑆(𝑡)
{

𝛼3𝜃3 (2 − 𝑡𝑟+𝛼𝜃 (2 + (𝑟 + 𝛼𝜃) ln 𝑡 ((𝑟 + 𝛼𝜃) ln 𝑡 − 2)))

2(1 + 𝜃)2(𝑟 + 𝛼𝜃)3 −
(𝑡𝑟+𝛼𝜃 − 1)𝛼𝜃2(2 + 𝜃)

(1 + 𝜃)2(𝑟 + 𝛼𝜃)
} − 𝑡. 

 

4. Estimation of Parameters 

 

In this section, we estimate the model parameters of the 

PUH distribution using five different approaches. The 

considered estimation approaches are maximum 

likelihood (ML), Anderson Darling (AD), Cramer von 

Mises (CVM), Ordinary Least Squares (OLS), and 

Weighted Least Squares (WLS). An extensive 

simulation study is utilized to illustrate behavior and 

identify the efficient estimation method. The A statistic 

is defined as  

A = −𝑛 −
1

𝑛
∑(2𝑖 − 1)

𝑛

𝑖=1

[log[𝐹(𝑧(𝑖); Θ̂)]

+ log[1 − 𝐹(𝑧(𝑛+1−𝑖); Θ̂)]], 

 

4.1. Maximum Likelihood Estimation 

Let 𝑧1, 𝑧2, … , 𝑧𝑛 be a random sample of size 𝑛 taken from 

the PUH distribution. The likelihood function is given 

by 

𝐿(𝜃, 𝛼) = ∏
𝛼𝜃2

(1 + 𝜃)2
 (2 + 𝜃 +

𝜃(ln 𝑧𝑖
𝛼)2

2
) 𝑧𝑖

𝛼𝜃 − 1

𝑛

𝑖=1

. 

 Thus, the log-likelihood function for the sample is 

 

𝑙(𝜃, 𝛼) = 𝑛 log(𝛼) + 2𝑛 log(𝜃) − 2𝑛 log(1 + 𝜃) 

              + ∑ log (2 + 𝜃 +
𝜃𝛼2(ln 𝑧𝑖)2

2
)

𝑛

𝑖=1
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              +(𝛼𝜃 −  1) ∑ log(𝑧𝑖)

𝑛

𝑖=1

. 

 

To find the MLE for 𝜃 and 𝛼, we differentiate the 𝑙(𝜃, 𝛼) 

with respect to 𝜃 and 𝛼. 

 

𝜕𝑙(𝜃, 𝛼)

𝜕𝜃
=

2𝑛

𝜃
−

2𝑛

1 + 𝜃
+ ∑

2 + 𝛼2(ln 𝑧𝑖)
2

4 + 2𝜃 + 𝜃𝛼2(ln 𝑧𝑖)
2

𝑛

𝑖=1

 

                +𝛼 ∑ log(𝑧𝑖)

𝑛

𝑖=1

, 

 

and 

 

𝜕𝑙(𝜃, 𝛼)

𝜕𝛼
=

𝑛

𝛼
+ ∑

2𝛼(ln 𝑧𝑖)
2

4 + 2𝜃 + 𝜃𝛼2(ln 𝑧𝑖)2

𝑛

𝑖=1

 

                +𝜃 ∑ log(𝑧𝑖)

𝑛

𝑖=1

. 

 

The parameter estimates based on the ML approach are 

attained by solving the above equations simultaneously. 

As the exact solution of the above equations is not 

possible, we will utilize an iterative procedure using the 

R language.  

4.2. Anderson Darling Estimation 

Consider the random sample (𝑧1, 𝑧2, … , 𝑧𝑛) is drawn 

from the PUH distribution and the 𝑍(1), 𝑍(2), … , 𝑍(𝑛) is 

the ordered sample. The Aderson Darling estimates 

(ADEs) for the parameters 𝜃 and 𝛼 are acquired by 

minimizing the following distance.

𝐴𝐷𝐸(𝜃, 𝛼) = −𝑛 − ∑
2𝑖 − 1

𝑛

𝑛

𝑖=1

  × [log[𝐹(𝑧(𝑖); 𝜃, 𝛼)] + log[1 − 𝐹(𝑧(𝑛+1−𝑖); 𝜃, 𝛼)]]

4.3. Cramer-von Mises Estimation 

The Cramer-von Mises estimates (CVME) for the 

parameters 𝜃 and 𝛼 can be gained by minimizing the 

following expression for the parameters.  

𝐶𝑉𝑀𝐸(𝜃, 𝛼) =
1

12𝑛
+ ∑  (𝐹(𝑧(𝑖)) −

2𝑖 − 1

2𝑛
)

2𝑛

𝑖=1

, 

 

and 

𝐶𝑉𝑀(𝜃, 𝛼) =
1

12𝑛
+ ∑ [(1 −

𝜃𝛼 ln 𝑧(𝑖)

(1 + 𝜃)2
+

𝜃2(𝛼 ln 𝑧(𝑖))
2

2(1 + 𝜃)2
) 𝑧(𝑖)

𝜃𝛼 −
2𝑖 − 1

2𝑛
]

2𝑛

𝑖=1

. 

 

4.4. Ordinary Least Squares Estimation 

Let 𝑍(1), 𝑍(2), … , 𝑍(𝑛) is the ordered sample of size 

𝑛 drawn from the PUH distribution. The Ordinary Least-

Squares estimates (OLSE) for the PUH distribution 

parameters are attained by minimizing the following 

difference between the empirical and theoretical 

cumulative distribution functions. 

𝑂𝐿𝑆𝐸(𝜃, 𝛼) = ∑  [(1 −
𝜃𝛼 ln 𝑧(𝑖)

(1 + 𝜃)2
+

𝜃2(𝛼 ln 𝑧(𝑖))
2

2(1 + 𝜃)2
) 𝑧(𝑖)

𝜃𝛼 −
𝑖

𝑛 + 1
]

2𝑛

𝑖=1

.  

 

4.5. Weighted Ordinary Least Squares Estimation 

A random sample is taken (𝑧1, 𝑧2, … , 𝑧𝑛) from the 

proposed distribution. The Weighted Least Squares 

estimates (WLSE) for the distribution’s parameters can 

be obtained by minimizing the distance.  

 

𝑊𝐿𝑆𝐸(𝜃, 𝛼) = ∑
(𝑛 + 1)2(𝑛 + 2)

𝑖(𝑛 − 𝑖 + 1)
[(1 −

𝜃𝛼 ln 𝑧(𝑖)

(1 + 𝜃)2
+

𝜃2(𝛼 ln 𝑧(𝑖))
2

2(1 + 𝜃)2
) 𝑧(𝑖)

𝜃𝛼 −
𝑖

𝑛 + 1
]

2𝑛

𝑖=1

.  

 

4.6. Monte Carlo Simulation  

In this subsection, a Monte Carlo simulation study is 

presented for a comprehensive analysis of the 

performance of five estimation methods for the PUH 

distribution. The random samples are generated from 

PUH distribution for various choices of parameter values 

with sample sizes (𝑛 = 20, 50, 100, 200, and 300). The 

simulation is repeated for 𝑁 =10,000 times for all 
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sample sizes with a combination of parameter choices. 

The results from these simulations will be compared 

based on the following criteria:  

Absolute Bias (AB): The AB measures the average 

absolute distance of the estimator from the true 

parameter values.  

𝐴𝐵(𝜑̂) =
1

𝑁
∑|𝜑̂𝑖 − 𝜑|

𝑁

𝑖=1

. 

Mean Squared Error (MSE): The MSE measures the 

average squared deviation of the estimator from the true 

parameter value.  

𝑀𝑆𝐸(𝜑̂) =
1

𝑁
∑ (𝜑̂𝑖 − 𝜑)2𝑁

𝑖=1 . 

Mean Relative Error (MRE): The MRE deals with the 

average relative distance of the estimator from the true 

parameter.  

𝑀𝑅𝐸(𝜑̂) =
1

𝑁
∑ |

𝜑̂𝑖 − 𝜑

𝜑
|

𝑁

𝑖=1

. 

Tables 2-10 exhibit simulation results for AB, MRE, and 

MSE using various sample sizes and 𝜃 and 𝛼 values. 

Further, we also plot the heatmaps based on MSE values 

for each set of parameters presented in Figures 6 and 7.  

It is interesting to note that:  

• The ADE and MLE approaches are the most 

effective estimators based on MSE and AB 

criteria. These methods deliver the most accurate 

parameter estimations with the fewest errors.  

• The CVME approach performs moderately, but 

with somewhat higher AB and MSE, making it 

less trustworthy than the ADE and MLE.  

• The OLS and WLS estimation methods have 

higher AB and MSE for small values of sample 

size but improve with an increase in sample size.  

• For high sample sizes such as n>100, all the 

estimation approaches improve, but the MLE and 

ADE remain the best methods.  
 

5. Application 
 

The current section evaluates PUH distribution’s 

applicability and flexibility by analyzing its performance 

on three real-life datasets. These considered datasets are 

related to kidney dialysis patients, the duration between 

secondary reactor pump failures, and radiation. We aim 

to determine if the PUH distribution can appropriately 

analyze these real-world datasets. We also fit and 

evaluate different renowned unit interval distributions 

such as Beta distribution, Kumaraswamy distribution, 

Unit-Haq (UH) distribution, Unit-Xgamma (UXg) 

distribution, and generalized exponential uniform 

distribution (GEUD) [20]. These probability models are 

commonly utilized in the literature to describe unit 

interval datasets, each with varying degrees of skewness, 

tail behavior, and form flexibility. Their probability 

density functions are summarized below. 

• Beta distribution: A random variable 𝑍 follows 

a Beta distribution with parameters 𝛼 > 0 and 

𝛽 > 0 if its PDF is  
 

f(𝑧; 𝛼, 𝛽) =
1

𝐵(𝛼, 𝛽)
𝑧𝛼−1(1 − 𝑧)𝛽−1,        

0 < 𝑧 < 1.  

 

• Kumaraswamy distribution: Kumaraswamy 

distribution with parameters 𝛼 > 0 and 𝛽 > 0 

PDF 

f(𝑧; 𝛼, 𝛽) = 𝛼𝛽𝑧𝛼−1(1 − 𝑧𝛼)𝛽−1,        

0 < 𝑧 < 1. 

  

• GEU distribution: The density function of the 

GEU distribution is 
 

f(𝑧; 𝛼, 𝛽) =
𝛼𝛽𝑧𝛽−1

(1 − 𝑧𝛽)2
exp {−𝛼 (

𝑧𝛽

1 − 𝑧𝛽
)},      

 0 < 𝑧 < 1. 

 

• UH distribution: The density function of the 

unit Haq distribution is  
 

f(𝑧; 𝛼) =
𝛼2

(1 + 𝛼)2
 (2 + 𝛼 +

𝛼(ln(𝑧))2

2
) 𝑧𝛼 − 1,         

0 < 𝑧 < 1. 

In the context of the comparative analysis, we analyze 

the ability of the PUH distribution to capture the data 

pattern and whether it serves better based on statistical 

values such as the log-likelihood value, AIC, BIC, 

Anderson Darling Statistic (A), Kolmogorov Smirnov 

Statistic (KS), and Cramer von Mises Statistic (W). The 

AIC and BIC are defined as  

 

AIC = −2𝑙(Θ̂) + 2𝑘, 

𝐵𝐼𝐶 = −2𝑙(Θ̂) + 𝑘 log(𝑛), 

where 𝑙(Θ̂) is the maximized log-likelihood, 𝑘 is the 

number of parameters, and 𝑛 is the sample size.  

The KS statistic is given by  

 

KS =
𝑠𝑢𝑝

𝑧
|𝐹𝑛(𝑧) − 𝐹(𝑧; Θ̂)|, 

where 𝐹𝑛(𝑧) denotes the empirical distribution function 

and 𝐹(𝑧; Θ̂) is the fitted CDF. 
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Table 2. PUH distribution parameter estimates for the parameters 𝜃 = 0.5 and 𝛼 = 0.5 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 0.48685 0.50962 0.49978 0.51611 0.51172 

AB 0.01315 0.00962 0.00022 0.01611 0.01172 

MRE 0.02630 0.01925 0.00044 0.03223 0.02344 

MSE 0.01133 0.01382 0.01449 0.01424 0.01365 

𝛼 

AE 0.52407 0.50585 0.52057 0.49728 0.50122 

AB 0.02407 0.00585 0.02057 0.00272 0.00122 

MRE 0.04813 0.01171 0.04114 0.00544 0.00244 

MSE 0.00500 0.00505 0.00827 0.00750 0.00622 

50 

𝜃 

AE 0.49302 0.50291 0.49783 0.50424 0.50639 

AB 0.00698 0.00291 0.00217 0.00424 0.00639 

MRE 0.01395 0.00582 0.00434 0.00848 0.01277 

MSE 0.00570 0.00643 0.00679 0.00692 0.00646 

𝛼 

AE 0.51162 0.50408 0.51075 0.49979 0.49960 

AB 0.01162 0.00408 0.01075 0.00021 0.00040 

MRE 0.02323 0.00816 0.02150 0.00042 0.00079 

MSE 0.00225 0.00258 0.00343 0.00340 0.00272 

75 

𝜃 

AE 0.49336 0.50404 0.49890 0.50580 0.50554 

AB 0.00664 0.00404 0.00110 0.00580 0.00554 

MRE 0.01328 0.00809 0.00220 0.01160 0.01108 

MSE 0.00358 0.00410 0.00468 0.00468 0.00444 

𝛼 

AE 0.50685 0.50086 0.50753 0.49952 0.50033 

AB 0.00685 0.00086 0.00753 0.00048 0.00033 

MRE 0.01370 0.00173 0.01506 0.00097 0.00066 

MSE 0.00126 0.00156 0.00226 0.00218 0.00178 

100 

𝜃 

AE 0.49543 0.49991 0.49843 0.50621 0.50475 

AB 0.00457 0.00009 0.00157 0.00621 0.00475 

MRE 0.00915 0.00018 0.00314 0.01243 0.00950 

MSE 0.00246 0.00288 0.00336 0.00356 0.00359 

𝛼 

AE 0.50563 0.50255 0.50657 0.49780 0.50058 

AB 0.00563 0.00255 0.00657 0.00220 0.00058 

MRE 0.01125 0.00510 0.01314 0.00439 0.00116 

MSE 0.00091 0.00111 0.00160 0.00165 0.00133 

200 

𝜃 

AE 0.49787 0.50006 0.49791 0.50276 0.49921 

AB 0.00213 0.00006 0.00209 0.00276 0.00079 

MRE 0.00427 0.00011 0.00418 0.00553 0.00157 

MSE 0.00109 0.00111 0.00174 0.00179 0.00152 

𝛼 

AE 0.50315 0.50071 0.50392 0.49884 0.50147 

AB 0.00315 0.00071 0.00392 0.00116 0.00147 

MRE 0.00631 0.00142 0.00785 0.00233 0.00294 

MSE 0.00037 0.00042 0.00085 0.00075 0.00064 

300 

𝜃 

AE 0.49697 0.49895 0.49974 0.50130 0.50028 

AB 0.00303 0.00105 0.00026 0.00130 0.00028 

MRE 0.00607 0.00211 0.00052 0.00259 0.00055 

MSE 0.00064 0.00065 0.00115 0.00129 0.00104 

𝛼 

AE 0.50291 0.50135 0.50165 0.49930 0.50147 

AB 0.00291 0.00135 0.00165 0.00070 0.00147 

MRE 0.00583 0.00269 0.00329 0.00141 0.00293 

MSE 0.00024 0.00026 0.00051 0.00060 0.00042 
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Table 3. PUH distribution parameter estimates for the parameters 𝜃 = 0.5 and 𝛼 = 1.0 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 0.49122 0.51055 0.49716 0.51503 0.50969 

AB 0.00878 0.01055 0.00284 0.01503 0.00969 

MRE 0.01756 0.02109 0.00568 0.03006 0.01938 

MSE 0.01345 0.01292 0.01425 0.01457 0.01263 

𝛼 

AE 1.04478 1.00736 1.04763 0.99564 0.99886 

AB 0.04478 0.00736 0.04763 0.00436 0.00114 

MRE 0.04478 0.00736 0.04763 0.00436 0.00114 

MSE 0.02180 0.02050 0.03270 0.03005 0.02363 

50 

𝜃 

AE 0.49649 0.50809 0.49892 0.50774 0.50240 

AB 0.00351 0.00809 0.00108 0.00774 0.00240 

MRE 0.00701 0.01618 0.00216 0.01548 0.00480 

MSE 0.00644 0.00676 0.00748 0.00733 0.00712 

𝛼 

AE 1.02660 1.00293 1.01526 0.99402 1.00642 

AB 0.02660 0.00293 0.01526 0.00598 0.00642 

MRE 0.02660 0.00293 0.01526 0.00598 0.00642 

MSE 0.00989 0.00991 0.01430 0.01418 0.01137 

75 

𝜃 

AE 0.49832 0.50152 0.49957 0.50426 0.49948 

AB 0.00168 0.00152 0.00043 0.00426 0.00052 

MRE 0.00337 0.00304 0.00086 0.00852 0.00103 

MSE 0.00453 0.00418 0.00439 0.00475 0.00424 

𝛼 

AE 1.01536 1.00353 1.01520 0.99833 1.00695 

AB 0.01536 0.00353 0.01520 0.00167 0.00695 

MRE 0.01536 0.00353 0.01520 0.00167 0.00695 

MSE 0.00673 0.00673 0.00851 0.00884 0.00789 

100 

𝜃 

AE 0.49785 0.50272 0.49822 0.50798 0.49974 

AB 0.00215 0.00272 0.00178 0.00798 0.00026 

MRE 0.00430 0.00544 0.00356 0.01597 0.00053 

MSE 0.00307 0.00326 0.00369 0.00374 0.00342 

𝛼 

AE 1.00832 1.00284 1.01430 0.99248 1.00370 

AB 0.00832 0.00284 0.01430 0.00752 0.00370 

MRE 0.00832 0.00284 0.01430 0.00752 0.00370 

MSE 0.00421 0.00519 0.00696 0.00681 0.00523 

200 

𝜃 

AE 0.49711 0.49900 0.49831 0.50435 0.49935 

AB 0.00289 0.00100 0.00169 0.00435 0.00065 

MRE 0.00577 0.00200 0.00338 0.00870 0.00129 

MSE 0.00150 0.00175 0.00176 0.00200 0.00157 

𝛼 

AE 1.00751 1.00443 1.00601 0.99693 1.00236 

AB 0.00751 0.00443 0.00601 0.00307 0.00236 

MRE 0.00751 0.00443 0.00601 0.00307 0.00236 

MSE 0.00210 0.00256 0.00328 0.00334 0.00251 

300 

𝜃 

AE 0.50012 0.50053 0.49925 0.50069 0.50279 

AB 0.00012 0.00053 0.00075 0.00069 0.00279 

MRE 0.00023 0.00105 0.00151 0.00139 0.00558 

MSE 0.00106 0.00103 0.00115 0.00119 0.00105 

𝛼 

AE 1.00178 0.99999 1.00296 1.00022 1.00038 

AB 0.00178 0.00001 0.00296 0.00022 0.00038 

MRE 0.00178 0.00001 0.00296 0.00022 0.00038 

MSE 0.00139 0.00152 0.00208 0.00196 0.00160 
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Table 4. PUH distribution parameter estimates for the parameters 𝜃 = 0.5 and 𝛼 = 1.5 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 0.48687 0.50809 0.49816 0.51299 0.51630 

AB 0.01313 0.00809 0.00184 0.01299 0.01630 

MRE 0.02625 0.01619 0.00368 0.02598 0.03259 

MSE 0.01213 0.01250 0.01419 0.01453 0.01382 

𝛼 

AE 1.57377 1.50891 1.55695 1.49713 1.49403 

AB 0.07377 0.00891 0.05695 0.00287 0.00597 

MRE 0.04918 0.00594 0.03797 0.00191 0.00398 

MSE 0.04913 0.04666 0.07221 0.06194 0.05821 

50 

𝜃 

AE 0.49449 0.50127 0.50085 0.51124 0.50750 

AB 0.00551 0.00127 0.00085 0.01124 0.00750 

MRE 0.01103 0.00254 0.00171 0.02248 0.01499 

MSE 0.00573 0.00690 0.00739 0.00693 0.00707 

𝛼 

AE 1.53185 1.51269 1.52179 1.48185 1.49910 

AB 0.03185 0.01269 0.02179 0.01815 0.00090 

MRE 0.02124 0.00846 0.01452 0.01210 0.00060 

MSE 0.01911 0.02416 0.02971 0.02752 0.02382 

75 

𝜃 

AE 0.49586 0.50100 0.50080 0.50629 0.49959 

AB 0.00414 0.00100 0.00080 0.00629 0.00041 

MRE 0.00829 0.00201 0.00159 0.01258 0.00082 

MSE 0.00414 0.00446 0.00450 0.00465 0.00402 

𝛼 

AE 1.52698 1.50931 1.51734 1.49313 1.50304 

AB 0.02698 0.00931 0.01734 0.00687 0.00304 

MRE 0.01799 0.00620 0.01156 0.00458 0.00202 

MSE 0.01345 0.01499 0.01906 0.02011 0.01392 

100 

𝜃 

AE 0.50016 0.50264 0.49887 0.50468 0.49914 

AB 0.00016 0.00264 0.00113 0.00468 0.00086 

MRE 0.00033 0.00529 0.00226 0.00936 0.00171 

MSE 0.00336 0.00352 0.00390 0.00373 0.00321 

𝛼 

AE 1.51527 1.50471 1.51456 1.49509 1.50612 

AB 0.01527 0.00471 0.01456 0.00491 0.00612 

MRE 0.01018 0.00314 0.00971 0.00328 0.00408 

MSE 0.01008 0.01172 0.01562 0.01452 0.01117 

200 

𝜃 

AE 0.50038 0.50182 0.50136 0.50366 0.50050 

AB 0.00038 0.00182 0.00136 0.00366 0.00050 

MRE 0.00076 0.00364 0.00273 0.00731 0.00099 

MSE 0.00144 0.00177 0.00165 0.00176 0.00163 

𝛼 

AE 1.50698 1.49869 1.50666 1.49325 1.50186 

AB 0.00698 0.00131 0.00666 0.00675 0.00186 

MRE 0.00465 0.00088 0.00444 0.00450 0.00124 

MSE 0.00442 0.00585 0.00715 0.00726 0.00547 

300 

𝜃 

AE 0.50180 0.50186 0.49794 0.49972 0.49977 

AB 0.00180 0.00186 0.00206 0.00028 0.00023 

MRE 0.00359 0.00371 0.00411 0.00056 0.00047 

MSE 0.00102 0.00104 0.00109 0.00126 0.00106 

𝛼 

AE 1.50273 1.49930 1.50702 1.50113 1.50385 

AB 0.00273 0.00070 0.00702 0.00113 0.00385 

MRE 0.00182 0.00047 0.00468 0.00075 0.00257 

MSE 0.00318 0.00354 0.00452 0.00502 0.00390 
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Table 5. PUH distribution parameter estimates for the parameters 𝜃 = 1.0 and 𝛼 = 0.5
 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 0.99916 1.00578 1.01397 1.01363 1.01708 

AB 0.00084 0.00578 0.01397 0.01363 0.01708 

MRE 0.00084 0.00578 0.01397 0.01363 0.01708 

MSE 0.03274 0.03128 0.04053 0.03448 0.03550 

𝛼 

AE 0.52895 0.51117 0.53048 0.49601 0.50851 

AB 0.02895 0.01117 0.03048 0.00399 0.00851 

MRE 0.05790 0.02235 0.06095 0.00799 0.01702 

MSE 0.00676 0.00635 0.01418 0.00989 0.00956 

50 

𝜃 

AE 0.99263 1.00023 1.00602 1.01277 1.00417 

AB 0.00737 0.00023 0.00602 0.01277 0.00417 

MRE 0.00737 0.00023 0.00602 0.01277 0.00417 

MSE 0.01400 0.01342 0.01900 0.01794 0.01661 

𝛼 

AE 0.51693 0.50467 0.51351 0.49849 0.50148 

AB 0.01693 0.00467 0.01351 0.00151 0.00148 

MRE 0.03387 0.00935 0.02703 0.00302 0.00296 

MSE 0.00279 0.00279 0.00521 0.00415 0.00356 

75 

𝜃 

AE 0.98971 0.99788 1.00280 1.00401 1.00341 

AB 0.01029 0.00212 0.00280 0.00401 0.00341 

MRE 0.01029 0.00212 0.00280 0.00401 0.00341 

MSE 0.00781 0.00876 0.01277 0.01130 0.01139 

𝛼 

AE 0.51165 0.50540 0.50970 0.49859 0.50218 

AB 0.01165 0.00540 0.00970 0.00141 0.00218 

MRE 0.02329 0.01080 0.01939 0.00282 0.00437 

MSE 0.00166 0.00174 0.00321 0.00296 0.00235 

100 

𝜃 

AE 0.99282 0.99846 1.00288 1.00446 1.00148 

AB 0.00718 0.00154 0.00288 0.00446 0.00148 

MRE 0.00718 0.00154 0.00288 0.00446 0.00148 

MSE 0.00588 0.00539 0.00883 0.00803 0.00856 

𝛼 

AE 0.50984 0.50551 0.50373 0.50038 0.50266 

AB 0.00984 0.00551 0.00373 0.00038 0.00266 

MRE 0.01967 0.01102 0.00746 0.00075 0.00533 

MSE 0.00112 0.00116 0.00202 0.00234 0.00191 

200 

𝜃 

AE 0.99645 0.99588 1.00267 1.00378 1.00003 

AB 0.00355 0.00412 0.00267 0.00378 0.00003 

MRE 0.00355 0.00412 0.00267 0.00378 0.00003 

MSE 0.00195 0.00248 0.00412 0.00411 0.00401 

𝛼 

AE 0.50413 0.50346 0.50337 0.49924 0.50262 

AB 0.00413 0.00346 0.00337 0.00076 0.00262 

MRE 0.00825 0.00692 0.00674 0.00153 0.00525 

MSE 0.00037 0.00045 0.00106 0.00102 0.00089 

300 

𝜃 

AE 0.99642 0.99816 1.00251 1.00364 1.00134 

AB 0.00358 0.00184 0.00251 0.00364 0.00134 

MRE 0.00358 0.00184 0.00251 0.00364 0.00134 

MSE 0.00107 0.00104 0.00265 0.00283 0.00256 

𝛼 

AE 0.50301 0.50183 0.50134 0.49871 0.50011 

AB 0.00301 0.00183 0.00134 0.00129 0.00011 

MRE 0.00601 0.00366 0.00267 0.00258 0.00021 

MSE 0.00018 0.00022 0.00069 0.00071 0.00057 
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Table 6. PUH distribution parameter estimates for the parameters 𝜃 = 1.0 and 𝛼 = 1.0 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 1.00079 1.01297 1.01041 1.01693 1.01766 

AB 0.00079 0.01297 0.01041 0.01693 0.01766 

MRE 0.00079 0.01297 0.01041 0.01693 0.01766 

MSE 0.03930 0.03283 0.03611 0.03662 0.03439 

𝛼 

AE 1.05655 1.02019 1.05498 0.99615 1.00605 

AB 0.05655 0.02019 0.05498 0.00385 0.00605 

MRE 0.05655 0.02019 0.05498 0.00385 0.00605 

MSE 0.03043 0.03131 0.05125 0.03679 0.03731 

50 

𝜃 

AE 1.00377 1.00191 1.00731 1.01066 1.00186 

AB 0.00377 0.00191 0.00731 0.01066 0.00186 

MRE 0.00377 0.00191 0.00731 0.01066 0.00186 

MSE 0.01780 0.01719 0.01946 0.01770 0.01661 

𝛼 

AE 1.02416 1.00745 1.03099 0.99499 1.00958 

AB 0.02416 0.00745 0.03099 0.00501 0.00958 

MRE 0.02416 0.00745 0.03099 0.00501 0.00958 

MSE 0.01310 0.01393 0.01975 0.01822 0.01369 

75 

𝜃 

AE 0.99997 1.00861 1.00100 1.00540 1.00016 

AB 0.00003 0.00861 0.00100 0.00540 0.00016 

MRE 0.00003 0.00861 0.00100 0.00540 0.00016 

MSE 0.01111 0.01109 0.01167 0.01170 0.01104 

𝛼 

AE 1.02158 1.00487 1.01972 0.99478 1.00998 

AB 0.02158 0.00487 0.01972 0.00522 0.00998 

MRE 0.02158 0.00487 0.01972 0.00522 0.00998 

MSE 0.00849 0.00815 0.01284 0.01202 0.01025 

100 

𝜃 

AE 1.00362 1.00753 1.00487 1.00281 1.00139 

AB 0.00362 0.00753 0.00487 0.00281 0.00139 

MRE 0.00362 0.00753 0.00487 0.00281 0.00139 

MSE 0.00830 0.00846 0.00897 0.00800 0.00859 

𝛼 

AE 1.01131 1.00372 1.01531 0.99593 1.00978 

AB 0.01131 0.00372 0.01531 0.00407 0.00978 

MRE 0.01131 0.00372 0.01531 0.00407 0.00978 

MSE 0.00596 0.00674 0.00897 0.00825 0.00757 

200 

𝜃 

AE 1.00193 0.99933 1.00297 1.00424 1.00171 

AB 0.00193 0.00067 0.00297 0.00424 0.00171 

MRE 0.00193 0.00067 0.00297 0.00424 0.00171 

MSE 0.00419 0.00394 0.00445 0.00409 0.00441 

𝛼 

AE 1.00678 1.00258 1.00578 0.99863 1.00276 

AB 0.00678 0.00258 0.00578 0.00137 0.00276 

MRE 0.00678 0.00258 0.00578 0.00137 0.00276 

MSE 0.00265 0.00308 0.00435 0.00411 0.00354 

300 

𝜃 

AE 0.99806 1.00390 1.00264 1.00064 1.00117 

AB 0.00194 0.00390 0.00264 0.00064 0.00117 

MRE 0.00194 0.00390 0.00264 0.00064 0.00117 

MSE 0.00263 0.00257 0.00291 0.00288 0.00259 

𝛼 

AE 1.00492 0.99879 0.99893 0.99744 1.00218 

AB 0.00492 0.00121 0.00107 0.00256 0.00218 

MRE 0.00492 0.00121 0.00107 0.00256 0.00218 

MSE 0.00166 0.00223 0.00276 0.00256 0.00204 
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Table 7. PUH distribution parameter estimates for the parameters 𝜃 = 1.0 and 𝛼 = 1.5 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 1.00728 1.00435 1.01229 1.00782 1.01938 

AB 0.00728 0.00435 0.01229 0.00782 0.01938 

MRE 0.00728 0.00435 0.01229 0.00782 0.01938 

MSE 0.03513 0.03108 0.03928 0.03383 0.03670 

𝛼 

AE 1.59327 1.51473 1.58543 1.49782 1.50517 

AB 0.09327 0.01473 0.08543 0.00218 0.00517 

MRE 0.06218 0.00982 0.05695 0.00146 0.00345 

MSE 0.06895 0.06185 0.10644 0.08958 0.08180 

50 

𝜃 

AE 1.00024 1.00469 1.00666 1.00353 1.00955 

AB 0.00024 0.00469 0.00666 0.00353 0.00955 

MRE 0.00024 0.00469 0.00666 0.00353 0.00955 

MSE 0.01671 0.01700 0.01822 0.01724 0.01671 

𝛼 

AE 1.54165 1.51065 1.54566 1.49851 1.50912 

AB 0.04165 0.01065 0.04566 0.00149 0.00912 

MRE 0.02776 0.00710 0.03044 0.00099 0.00608 

MSE 0.02971 0.02822 0.04683 0.03968 0.03617 

75 

𝜃 

AE 1.00082 1.00602 1.00164 1.00481 1.00904 

AB 0.00082 0.00602 0.00164 0.00481 0.00904 

MRE 0.00082 0.00602 0.00164 0.00481 0.00904 

MSE 0.01090 0.01063 0.01192 0.01138 0.01036 

𝛼 

AE 1.52939 1.50609 1.53258 1.50117 1.50632 

AB 0.02939 0.00609 0.03258 0.00117 0.00632 

MRE 0.01959 0.00406 0.02172 0.00078 0.00421 

MSE 0.01835 0.01962 0.02963 0.02330 0.02075 

100 

𝜃 

AE 0.99994 1.00086 0.99854 1.00687 1.00291 

AB 0.00006 0.00086 0.00146 0.00687 0.00291 

MRE 0.00006 0.00086 0.00146 0.00687 0.00291 

MSE 0.00731 0.00771 0.00847 0.00823 0.00766 

𝛼 

AE 1.52094 1.50674 1.52522 1.49845 1.50718 

AB 0.02094 0.00674 0.02522 0.00155 0.00718 

MRE 0.01396 0.00450 0.01681 0.00103 0.00479 

MSE 0.01252 0.01570 0.01966 0.02086 0.01584 

200 

𝜃 

AE 1.00179 1.00456 1.00107 0.99918 1.00113 

AB 0.00179 0.00456 0.00107 0.00082 0.00113 

MRE 0.00179 0.00456 0.00107 0.00082 0.00113 

MSE 0.00407 0.00398 0.00426 0.00402 0.00402 

𝛼 

AE 1.51267 1.50466 1.51154 1.49753 1.50392 

AB 0.01267 0.00466 0.01154 0.00247 0.00392 

MRE 0.00845 0.00311 0.00769 0.00165 0.00261 

MSE 0.00669 0.00701 0.01108 0.00931 0.00807 

300 

𝜃 

AE 1.00023 0.99961 1.00419 1.00382 0.99901 

AB 0.00023 0.00039 0.00419 0.00382 0.00099 

MRE 0.00023 0.00039 0.00419 0.00382 0.00099 

MSE 0.00239 0.00289 0.00289 0.00295 0.00241 

𝛼 

AE 1.50647 1.50042 1.50767 1.49656 1.50118 

AB 0.00647 0.00042 0.00767 0.00344 0.00118 

MRE 0.00431 0.00028 0.00512 0.00229 0.00079 

MSE 0.00393 0.00483 0.00679 0.00708 0.00500 
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Table 8. PUH distribution parameter estimates for the parameters 𝜃 = 1.5 and 𝛼 = 0.5 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 1.53410 1.53020 1.55047 1.52040 1.52840 

AB 0.03410 0.03020 0.05047 0.02040 0.02840 

MRE 0.02274 0.02013 0.03365 0.01360 0.01893 

MSE 0.06743 0.07151 0.10300 0.09489 0.08426 

𝛼 

AE 0.53208 0.51124 0.53343 0.50004 0.50776 

AB 0.03208 0.01124 0.03343 0.00004 0.00776 

MRE 0.06416 0.02247 0.06686 0.00009 0.01553 

MSE 0.00765 0.00670 0.01311 0.01027 0.00897 

50 

𝜃 

AE 1.49760 1.50836 1.52989 1.50687 1.49832 

AB 0.00240 0.00836 0.02989 0.00687 0.00168 

MRE 0.00160 0.00558 0.01992 0.00458 0.00112 

MSE 0.02740 0.02778 0.04196 0.03771 0.03507 

𝛼 

AE 0.51620 0.50914 0.51426 0.49788 0.50547 

AB 0.01620 0.00914 0.01426 0.00212 0.00547 

MRE 0.03240 0.01828 0.02852 0.00424 0.01094 

MSE 0.00264 0.00310 0.00538 0.00457 0.00366 

75 

𝜃 

AE 1.50018 1.50278 1.51816 1.49993 1.51229 

AB 0.00018 0.00278 0.01816 0.00007 0.01229 

MRE 0.00012 0.00185 0.01211 0.00005 0.00820 

MSE 0.01680 0.01505 0.02525 0.02591 0.02522 

𝛼 

AE 0.51342 0.50648 0.50896 0.49955 0.50364 

AB 0.01342 0.00648 0.00896 0.00045 0.00364 

MRE 0.02685 0.01295 0.01791 0.00090 0.00727 

MSE 0.00159 0.00167 0.00318 0.00296 0.00268 

100 

𝜃 

AE 1.49845 1.50287 1.50652 1.50254 1.50722 

AB 0.00155 0.00287 0.00652 0.00254 0.00722 

MRE 0.00103 0.00191 0.00435 0.00169 0.00481 

MSE 0.00933 0.01068 0.01951 0.01819 0.01831 

𝛼 

AE 0.50813 0.50591 0.50466 0.50008 0.50304 

AB 0.00813 0.00591 0.00466 0.00008 0.00304 

MRE 0.01626 0.01182 0.00933 0.00016 0.00607 

MSE 0.00092 0.00113 0.00211 0.00232 0.00182 

200 

𝜃 

AE 1.49511 1.49897 1.50347 1.50052 1.50414 

AB 0.00489 0.00103 0.00347 0.00052 0.00414 

MRE 0.00326 0.00069 0.00231 0.00035 0.00276 

MSE 0.00282 0.00320 0.00875 0.00906 0.00794 

𝛼 

AE 0.50368 0.50308 0.50488 0.50091 0.50115 

AB 0.00368 0.00308 0.00488 0.00091 0.00115 

MRE 0.00735 0.00616 0.00977 0.00182 0.00229 

MSE 0.00026 0.00034 0.00116 0.00110 0.00086 

300 

𝜃 

AE 1.49566 1.49877 1.50672 1.50150 1.50324 

AB 0.00434 0.00123 0.00672 0.00150 0.00324 

MRE 0.00289 0.00082 0.00448 0.00100 0.00216 

MSE 0.00134 0.00134 0.00637 0.00572 0.00550 

𝛼 

AE 0.50301 0.50122 0.50285 0.49926 0.50050 

AB 0.00301 0.00122 0.00285 0.00074 0.00050 

MRE 0.00602 0.00244 0.00570 0.00148 0.00099 

MSE 0.00016 0.00013 0.00079 0.00069 0.00061 
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Table 9. PUH distribution parameter estimates for the parameters 𝜃 = 1.5 and 𝛼 = 1.0 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 1.56017 1.52995 1.57689 1.53460 1.52286 

AB 0.06017 0.02995 0.07689 0.03460 0.02286 

MRE 0.04011 0.01997 0.05126 0.02307 0.01524 

MSE 0.08744 0.07310 0.11769 0.08932 0.07497 

𝛼 

AE 1.06376 1.01357 1.06597 0.99707 1.00701 

AB 0.06376 0.01357 0.06597 0.00293 0.00701 

MRE 0.06376 0.01357 0.06597 0.00293 0.00701 

MSE 0.03179 0.02762 0.05044 0.04117 0.03322 

50 

𝜃 

AE 1.51541 1.51880 1.51767 1.50958 1.50353 

AB 0.01541 0.01880 0.01767 0.00958 0.00353 

MRE 0.01027 0.01254 0.01178 0.00639 0.00235 

MSE 0.03573 0.03461 0.03983 0.03182 0.03488 

𝛼 

AE 1.03219 1.01227 1.02033 1.00288 1.00725 

AB 0.03219 0.01227 0.02033 0.00288 0.00725 

MRE 0.03219 0.01227 0.02033 0.00288 0.00725 

MSE 0.01353 0.01428 0.01991 0.01921 0.01615 

75 

𝜃 

AE 1.51233 1.51132 1.51184 1.50938 1.51315 

AB 0.01233 0.01132 0.01184 0.00938 0.01315 

MRE 0.00822 0.00755 0.00789 0.00625 0.00877 

MSE 0.02152 0.02079 0.02539 0.02338 0.02234 

𝛼 

AE 1.02068 1.00281 1.02236 0.99673 1.00874 

AB 0.02068 0.00281 0.02236 0.00327 0.00874 

MRE 0.02068 0.00281 0.02236 0.00327 0.00874 

MSE 0.00916 0.00925 0.01370 0.01162 0.01017 

100 

𝜃 

AE 1.50753 1.50451 1.51077 1.49990 1.50558 

AB 0.00753 0.00451 0.01077 0.00010 0.00558 

MRE 0.00502 0.00301 0.00718 0.00007 0.00372 

MSE 0.01620 0.01515 0.01787 0.01699 0.01708 

𝛼 

AE 1.01352 0.99984 1.01574 0.99517 1.00406 

AB 0.01352 0.00016 0.01574 0.00483 0.00406 

MRE 0.01352 0.00016 0.01574 0.00483 0.00406 

MSE 0.00647 0.00653 0.00957 0.00905 0.00742 

200 

𝜃 

AE 1.50483 1.50325 1.50530 1.50293 1.50652 

AB 0.00483 0.00325 0.00530 0.00293 0.00652 

MRE 0.00322 0.00217 0.00353 0.00195 0.00435 

MSE 0.00833 0.00781 0.00896 0.00926 0.00807 

𝛼 

AE 1.00747 1.00620 1.00673 0.99920 1.00373 

AB 0.00747 0.00620 0.00673 0.00080 0.00373 

MRE 0.00747 0.00620 0.00673 0.00080 0.00373 

MSE 0.00300 0.00352 0.00460 0.00458 0.00384 

300 

𝜃 

AE 1.49888 1.50114 1.50418 1.50440 1.50138 

AB 0.00112 0.00114 0.00418 0.00440 0.00138 

MRE 0.00074 0.00076 0.00279 0.00293 0.00092 

MSE 0.00505 0.00487 0.00649 0.00544 0.00537 

𝛼 

AE 1.00378 0.99775 1.00683 1.00061 1.00348 

AB 0.00378 0.00225 0.00683 0.00061 0.00348 

MRE 0.00378 0.00225 0.00683 0.00061 0.00348 

MSE 0.00193 0.00199 0.00311 0.00304 0.00235 
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Table 10. PUH distribution parameter estimates for the parameters 𝜃 = 1.5 and 𝛼 = 1.5 

 

𝑛 Para. Est. MLE ADE CVME OLSE WLSE 

20 

𝜃 

AE 1.55225 1.52767 1.58509 1.50471 1.51439 

AB 0.05225 0.02767 0.08509 0.00471 0.01439 

MRE 0.03484 0.01844 0.05672 0.00314 0.00959 

MSE 0.09004 0.07474 0.10986 0.07534 0.07687 

𝛼 

AE 1.58963 1.50765 1.58427 1.49193 1.49525 

AB 0.08963 0.00765 0.08427 0.00807 0.00475 

MRE 0.05975 0.00510 0.05618 0.00538 0.00317 

MSE 0.07353 0.06014 0.11907 0.08540 0.08462 

50 

𝜃 

AE 1.52075 1.51523 1.51308 1.50908 1.50748 

AB 0.02075 0.01523 0.01308 0.00908 0.00748 

MRE 0.01383 0.01016 0.00872 0.00606 0.00499 

MSE 0.03607 0.03509 0.03709 0.03770 0.03440 

𝛼 

AE 1.54092 1.50538 1.55375 1.49963 1.52189 

AB 0.04092 0.00538 0.05375 0.00037 0.02189 

MRE 0.02728 0.00359 0.03583 0.00024 0.01459 

MSE 0.03124 0.03062 0.04925 0.04339 0.03824 

75 

𝜃 

AE 1.50981 1.50781 1.52052 1.51083 1.51300 

AB 0.00981 0.00781 0.02052 0.01083 0.01300 

MRE 0.00654 0.00521 0.01368 0.00722 0.00867 

MSE 0.02131 0.02188 0.02573 0.02551 0.02165 

𝛼 

AE 1.53394 1.50917 1.53661 1.49759 1.50932 

AB 0.03394 0.00917 0.03661 0.00241 0.00932 

MRE 0.02262 0.00611 0.02441 0.00160 0.00621 

MSE 0.01968 0.02116 0.03318 0.02640 0.02109 

100 

𝜃 

AE 1.50785 1.50601 1.51193 1.50596 1.50999 

AB 0.00785 0.00601 0.01193 0.00596 0.00999 

MRE 0.00523 0.00401 0.00795 0.00397 0.00666 

MSE 0.01557 0.01704 0.01848 0.01769 0.01726 

𝛼 

AE 1.51587 1.50773 1.51627 1.49738 1.49419 

AB 0.01587 0.00773 0.01627 0.00262 0.00581 

MRE 0.01058 0.00515 0.01085 0.00174 0.00387 

MSE 0.01457 0.01602 0.02245 0.01917 0.01630 

200 

𝜃 

AE 1.50292 1.50214 1.51028 1.49965 1.50544 

AB 0.00292 0.00214 0.01028 0.00035 0.00544 

MRE 0.00195 0.00143 0.00685 0.00023 0.00363 

MSE 0.00831 0.00804 0.00871 0.00858 0.00846 

𝛼 

AE 1.51292 1.50340 1.50634 1.50723 1.49875 

AB 0.01292 0.00340 0.00634 0.00723 0.00125 

MRE 0.00861 0.00227 0.00422 0.00482 0.00083 

MSE 0.00679 0.00773 0.00971 0.01036 0.00736 

300 

𝜃 

AE 1.50337 1.49928 1.50200 1.50351 1.50650 

AB 0.00337 0.00072 0.00200 0.00351 0.00650 

MRE 0.00224 0.00048 0.00133 0.00234 0.00434 

MSE 0.00514 0.00533 0.00595 0.00582 0.00545 

𝛼 

AE 1.50590 1.50386 1.50819 1.49964 1.50426 

AB 0.00590 0.00386 0.00819 0.00036 0.00426 

MRE 0.00393 0.00257 0.00546 0.00024 0.00284 

MSE 0.00414 0.00509 0.00684 0.00634 0.00531 
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Figure 6. Heatmap of MSEs for 𝜃 based on different estimation methods and sample sizes 

 

 
 

Figure 7. Heatmap of MSEs for 𝛼 based on different estimation methods and sample sizes
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The A statistic is defined as  

A = −𝑛 −
1

𝑛
∑(2𝑖 − 1)

𝑛

𝑖=1

[log[𝐹(𝑧(𝑖); Θ̂)] + log[1 − 𝐹(𝑧(𝑛+1−𝑖); Θ̂)]], 

where 𝑧(𝑖) are the order observations.  

The W statistic is given by  

W =
1

12𝑛
+ ∑ [𝐹(𝑧(𝑖); Θ̂) −

2𝑖 − 1

2𝑛
]

2𝑛

𝑖=1

. 

We also illustrate the flexibility of the PUH distribution 

using graphical representations of the density function, 

cumulative distribution function, hazard function, 

profile log-likelihood, and contour plots through this 

comparative analysis.  The findings of this assessment 

will shed light on the PUH distribution’s possible 

benefits over current probability models and 

applicability for real-world uses.  

Data Set I (Kidney Dialysis Patients):  

The first dataset is about the times of kidney dialysis 

patients studied by [21]. The data observations are  
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Some key descriptive measures are derived from the first 

dataset and presented in Table 11. These provide insight 

into its central tendency, dispersion index, and general 

distribution. Then again, some non-parametric plots like 

the TTT plot, box plot, violin plot, and Q-Q plot in 

Figure 8 elaborate further on the characteristics of the 

kidney dialysis patient’s dataset.  

The TTT plot shows an upside-down bathtub shape, 

which indicates a certain pattern in the data's failure rate 

or hazard function. The box plot, violin plot, and finally, 

the Q-Q plot indicate that there is a right skewness in this 

dataset, meaning that there is a heavier tail towards the 

right, possibly indicating a departure from normality.  

Table 12 displays the estimates of the parameters and the 

model selection criteria for the kidney dialysis patient’s 

dataset. Figure 9 visually shows the estimated PDF, 

CDF, and hazard function which provide insights into 

the dataset’s distributional features. Additionally, it 

includes the profile log-likelihood and contour plots 

which illustrate the stability and reliability of the 

parameter estimates obtained through kidney dialysis 

patients’ data.  

Model comparison reveals the best fit provided by the 

PUH distribution, which provides the minimum AIC and 

BIC values, non-significant test results for KS, A, and W 

tests, and an adequate fit to the data. The other models, 

such as Kumaraswamy and Beta distributions, also 

present acceptable fits, though the PUH model 

outperforms these models when refereed by the criteria 

of information. Contrasting this, the models of GEUD 

and UXg performed rather poorly with larger 

information criteria and significant goodness-of-fit test 

results, whereas UH only reached borderline adequacy.

 

Table 11. Some descriptive statistics for the kidney dialysis patients’ dataset 

n Min. Max. Mean Median Variance Skewness  Kurtosis 

22 0.08333 0.91667 0.37738 0.30000 0.06107 0.76505 2.42188 

 

 

 
Figure 8. Box, TTT, Q-Q, and Violin plots for the kidney dialysis patient’s dataset 
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Table 12. The parameter estimates and model selection measures for the kidney dialysis patient’s dataset 

 

Model Estimate (S.E.)  𝑙 AIC BIC 
KS 

(p-value) 

A 

(p-value) 

W 

(p-value) 

PUH 0.0959(0.0823) 23.194(21.590) 4.6205 -5.2411 -2.5767 
0.1200 

(0.8145) 

0.4156 

(0.8318) 

0.0664 

(0.7777) 

Kum 1.2651(0.2544) 2.0798(0.5714) 3.6625 -3.3249 -0.6605 
0.1377 

(0.6629) 

0.7083 

(0.5505) 

0.1203 

(0.4967) 

Beta 1.3566(0.3332) 2.1057(0.5496) 3.7776 -3.5552 -0.8908 
0.1411 

(0.6321) 

0.7162 

(0.5440) 

0.1216 

(0.4913) 

GEUD 0.5994(0.3065) 0.8216(0.3233) -1.7434 7.4869 10.151 
0.5275 

(0.0331) 

2.5764 

(0.0456) 

0.2660 

(0.0380) 

UH 1.1906(0.1734) - -0.2870 2.5740 3.9062 
0.4009 

(0.0711) 

2.0900 

(0.0824) 

0.2561 

(0.0507) 

UXg 1.3062(0.1806) - -5.1461 12.292 13.624 
0.8572 

(0.0049) 

4.2426 

(0.0067) 

0.3318 

(0.0041) 

It follows, therefore, that PUH distribution is the most 

suitable model for the kidney dialysis patient’s dataset as 

compared to these considered competitive models. 

Data Set II (Times between Failures of Secondary 

Reactor Pumps): 

The second dataset is about the duration between 

secondary reactor pump failures [22]. The data 

observations are 

0.2160 0.0150 0.4082 0.0746 0.0358 0.0199 0.0402 0.0101 0.0605 0.0954 0.1359 0.0273 

0.0491 0.3465 0.0070 0.6560 0.1060 0.0062 0.4992 0.0614 0.5320 0.0347 0.1921  

Table 13 summarizes some key descriptive 

characteristics obtained from the second dataset. Figure 

10 presents the TTT plots, Violin, box plot, and Q-Q plot 

generated using the time between failures of secondary 

reactor pump data. The box, violin, and Q-Q plots show 

favorably skewed data distribution. Furthermore, the 

TTT plot shows a bathtub-shaped failure rate in the time 

between failures of the secondary reactor pump dataset. 

Table 14 shows the parameter estimates and model 

selection measures for the reactor pump dataset.  

 

 
Figure 9. Visualization of the fitted density function, CDF, hazard function, log-likelihood, and contour plots for the kidney dialysis patient’s dataset  
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Figure 11 depicts the estimated PDF, CDF, and hazard 

function, which offers information about the dataset's 

distributional characteristics. It also provides profile log-

likelihood graphs and contour plots, which demonstrate 

the stability and reproducibility of parameter estimations 

derived from the time between failures of secondary 

reactor pump data. These graphical representations are 

essential for assessing the model's fitness and parameter 

sensitivity. Table 14 presents the parameter estimates, 

log-likelihood, information criteria, and results of the 

goodness-of-fit tests for six competing distributions 

fitted to the reactor pumps dataset. Based on the highest 

for its log-likelihood and lowest values of AIC and BIC, 

the proposed PUH distribution provides a better fit as 

compared considered competitive distributions. 

Therefore, the PUH distribution is the most suitable and 

reliable model for the reactor pumps dataset, while 

Kumaraswamy and Beta can be acceptable alternatives. 

Data Set III (Radiation):  

The third dataset examined the F1 adults of Stegobium 

paniceum produced from parents fed on peppermint 

obtained from both unirradiated and irradiated packets, 

utilizing a non-choice, non-packet test. The peppermint 

samples were exposed gamma radiation (6,8,10 KGy) or 

microwaves (1, 2, 3 min), resulting in the following adult 

counts: 148, 145, 152, 64, 64, 64, 52, 59, 57, 33, 36, 31, 

87, 85, 87, 69, 65, 67, 48, 42, 46 [23]. Later, [24] 

normalized this dataset to the bounded using the 

transformation 𝑋 = (𝑋𝑖 max(𝑋𝑖) + 1⁄ ) before applying 

the unit interval distributions  

 

 

Table 13. Some descriptive statistics for the reactor pump dataset 

𝑛 Min. Max. Mean Median Variance Skewness  Kurtosis 

23 0.0062 0.6560 0.1578 0.0614 0.0372 1.3643 3.5445 

 

 

 
Figure 10. TTT, box, violin, and Q-Q plots for the reactor pump dataset 

 

 

Table 14. The parameter estimates and model selection measures for the reactor pumps dataset 

 

Model Estimate (S.E.)  𝑙 AIC BIC 
KS 

(p-value) 

A 

(p-value) 

W 

(p-value) 

PUH 0.0077(0.0046) 146.08(91.829) 20.7112 -37.422 -35.151 
0.0812 

(0.6892) 

0.5032 

(0.7417) 

0.1308 

(0.7788) 

Kum 0.6766(0.1406) 2.9360(0.9557) 20.329 -36.659 -34.388 
0.0988 

(0.5945) 

0.5754 

(0.6696) 

0.1393 

(0.7123) 

Beta 0.6307(0.1575) 3.2317(1.0647) 20.028 -36.057 -33.786 
0.1264 

(0.4730) 

0.6886 

(0.5667) 

0.1541 

(0.5918) 

GEUD 1.3434(0.6634) 0.5298(0.1707) 18.575 -33.150 -30.879 
0.2440 

(0.1965) 

1.2484 

(0.2495) 

0.2075 

(0.2396) 

UH 0.6683(0.0976) - 15.699 -29.399 -28.263 
0.3899 

(0.0761) 

2.1236 

(0.0791) 

0.2237 

(0.1713) 

UXg 4.6480(0.8122) - 16.093 -30.186 -29.050 
0.7021 

(0.0118) 

3.9935 

(0.0089) 

0.3068 

(0.0202) 
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Figure 11. Visualization of the fitted density function, CDF, hazard function, log-likelihood, and contour plots for the reactor pumps dataset  

 
 

 

Table 15. Some descriptive statistics for the radiation dataset 

 

𝑛 Min. Max. Mean Median Variance Skewness  Kurtosis 

21 0.2026 0.9935 0.4672 0.4183 0.0551 1.2586 3.5820 

 

 

 
 

Figure 12. Box, TTT, Q-Q, and violin plots for the radiation dataset 

 

The transformed data observations are 

0.967320 0.947712 0.993464 0.418301 0.418301 0.339869 0.385621 0.372549 

0.235294 0.202614 0.568627 0.555556 0.568627 0.450980 0.424837 0.437908 

0.313725 0.274509 0.300654 0.215686 0.418301    

Table 15 presents descriptive measures for the radiation 

dataset. We also plot some non-parametric plots, such as 

TTT, violin box, and Q-Q to illustrate the nature of this 

dataset, and list them in Figure 12. The descriptive 

measures and plots indicate a positively skewed 
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distribution. Moreover, the TTT plot exhibits an 

increasing failure rate.  

Table 16: Parameter estimation and model selection 

criteria for radiation data. Figure 13 depicts the 

estimated PDF, CDF, and hazard function, which offers 

information about the dataset's distributional 

characteristics. It also provides profile log-likelihood 

graphs and contour plots, which demonstrate the 

stability and reproducibility of parameter estimations 

derived from radiation data. These graphical 

representations are essential for assessing the model's 

fitness and parameter sensitivity. 

From Table 16, it is observed that the PUH, 

Kumaraswamy, and Beta models have adequate data 

fitting, and their KS, Anderson–Darling, Cramér–von 

Mises test and p-values. But based on measures like AIC 

and BIC values, it is observed that the PUH model 

performs reasonably well compared to the other two. 

Although GEUD and UXg have extreme values of 

information criterion statistics, they are not suitable 

models because of highly significant values of the KS 

test statistics. The performance of UH is not satisfactory 

compared to the PUH distribution model. Hence, it can 

be concluded that the proposed generalization is the best 

model for radiation data. 

Table 16. The parameter estimates and model selection measures for the radiation dataset 
 

Model Estimate (S.E.)  𝑙 AIC BIC 
KS 

(p-value) 

A 

(p-value) 

W 

(p-value) 

PUH 0.1138(0.0749) 26.549(18.688) 4.7397 -5.4795 -3.3905 
0.2388 

(0.1819) 

1.3683 

(0.2112) 

0.2281 

(0.2196) 

Kum 1.3115(0.3364) 1.2377(0.3491) 0.4848 3.0302 5.1193 
0.3055 

(0.0396) 

2.3434 

(0.0605) 

0.4540 

(0.0512) 

Beta 1.3654(0.3968) 1.2691(0.3643) 0.5344 2.9311 5.0201 
0.3037 

(0.0415) 

2.3489 

(0.0601) 

0.4516 

(0.0519) 

GEUD 0.0271(0.0473) 0.2815(0.4831) -27.830 59.660 61.749 
0.7115 

(0.0000) 

18.012 

(0.0000) 

2.9541 

(0.0000) 

UH 1.5201(0.2667) - -0.5203 3.0407 4.0853 
0.3513 

(0.0112) 

2.7251 

(0.0384) 

0.5821 

(0.0238) 

UXg 0.1999(0.0300) - -56.271 114.54 115.58 
0.8164 

(0.0000) 

38.767 

(0.0000) 

4.0242 

(0.0000) 

  

 

 
Figure 13. Visualization of the fitted density function, CDF, hazard function, log-likelihood, and contour plots for the radiation dataset 
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4.4. Bayesian Analysis  

In this section, the Bayesian paradigm is used to estimate 

the PUH distribution parameters and alternative classical 

estimation methods. We utilized the Gamma distribution 

for both 𝜃 and 𝛼 parameters. Consequently, 

𝜃~𝐺𝑎𝑚𝑚𝑎(𝑎1, 𝑏1) and 𝛼~𝐺𝑎𝑚𝑚𝑎(𝑎2, 𝑏2), where 

𝑎1, 𝑏1, 𝑎2, 𝑏2 are the positive hyperparameters. The prior 

distributions for the parameters are  

𝑝1(𝜃) =
𝑏1

𝑎1

Γ(𝑎1)
𝜃𝑎1−1 exp(−𝜃𝑏1), 

and 

𝑝2(𝛼) =
𝑏2

𝑎2

Γ(𝛼2)
𝑎𝑎2−1 exp(−𝛼𝑏2).  

 

Therefore, the joint prior density function is  

 

𝑝(𝜽) ∝ 𝜃𝑎1−1𝑎𝑎2−1 exp(−𝜃𝑏1 − 𝛼𝑏2). 

 

The posterior density function is obtained as 

 

𝑝(𝜃, 𝛼|𝑥) ∝ 𝜃𝑎1−1𝑎𝑎2−1 exp(−𝜃𝑏1 − 𝛼𝑏2) 

×
𝛼𝜃2

(1 + 𝜃)2
∏  (2 + 𝜃 +

𝜃(ln 𝑧𝑖
𝛼)2

2
) 𝑧𝑖

𝛼𝜃 − 1

𝑛

𝑖=1

. 

The above posterior density function does not have a 

closed-form formulation. We will generate samples from 

the posterior density using the Markov Chain Monte 

Carlo (MCMC) approach that was developed with R 

software. A total of 1,005,000 samples were generated, 

with the first 5,000 removed as a burn-in phase to 

minimize the effect of initial values. The convergence of 

the simulated samples was assessed through trace plots 

and Geweke diagnostic tests.  

Table 17 shows the Bayesian estimates as well as other 

relevant variables such as standard deviation, standard 

error, Geweke's Z-score, and the 95% HPD range for 

both datasets.Further Trace plots, autocorrelation plots, 

and posterior density plots are all used to further analyze 

Markov chain convergence.  

Figures 14–16 show no discernible trends in the trace 

plots, indicating that the Markov chains have achieved 

convergence. 

 

Table 17. Posterior summary statistics for both datasets using the PUH distribution 

 

 Kidney dialysis patients’ data Reactor pumps data Radiation data 

Bayes Estimates 
0.1111 0.0998 0.1970 

20.545 10.790 13.961 

Standard Deviation 
0.0256 0.0268 0.0429 

4.6316 2.8849 3.1742 

HPD 
(0.0650, 0.16209) (0.0553, 0.1552) (0.1189, 0.2817) 

(11.368, 29.246) (5.5416, 16.455) (8.4937, 20.664) 

Z-score 
0.2958 -0.7728 0.4720 

-0.1624 0.7179 0.0408 
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Figure 14. The MCMC convergence diagnostics plots for the kidney dialysis patient’s dataset 

 
Figure 15. The MCMC convergence diagnostics plots for the reactor pumps dataset 

 

 
Figure 16. The MCMC convergence diagnostics plots for the radiation dataset 

 

7. Conclusion 

In this paper, a new flexible probability model for data 

supported on the unit interval has been proposed, called 

the Power Unit Haq distribution, developed through the 

power transformation approach. The new distribution in 

this paper can be applied because it provides extra 

flexibility for the modeling of unit interval distributions 

when facing real data with different patterns. A 

comprehensive set of statistical properties of the PUH 

distribution was obtained, including all its moments, 

incomplete moments, and related descriptive measures. 

Besides these, the moment generating function, hazard 

rate function, mean residual life function, and Rényi 

entropy were derived. Such theoretical results ensure 

more profound insight into the structural behavior of the 

model and emphasize its appropriateness for reliability 

analysis and modeling lifetime data on the unit interval. 
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Parameter estimation was addressed using five different 

estimation techniques, including the maximum 

likelihood method and minimum distance-based 

methods. A comprehensive Monte Carlo simulation 

study was conducted to compare the small-sample 

properties of the proposed estimators. From the 

simulation study results, it was observed that the 

proposed estimators were consistent and efficient, 

especially the maximum likelihood estimator. The 

usefulness and flexibility that can be realized using the 

PUH distribution are highlighted through the example 

applications carried out on three different datasets, 

namely the measurement data concerning radionuclides, 

the data on failures in the reactor pumps, and the patients 

on kidney dialysis. Also, a Bayesian approach has been 

developed and applied in the study, which increases the 

usefulness of the distribution when prior information or 

the estimation of uncertainty becomes necessary. In 

conclusion, it is found that PUH distribution is an 

advantageous addition to the list of unit interval 

distributions. It is one of the most tractable models with 

desirable flexibility in shape parameters, superior 

estimation capability, and outstanding empirical fitting 

performance, making it an attractive and useful tool in 

reliability studies, medical, and other applied sciences. 

Future research may explore multivariate extensions, 

regression developments to broaden its scope of 

applications. 

Funding 

This work was supported by the Deanship of Scientific 

Research, Vice Presidency for Graduate Studies and 

Scientific Research, King Faisal University, Saudi 

Arabia [KFU260085]. 

 

 

 

 

 

 

 

References 

[1] Ahsan-ul-Haq M, Farooq MU, Nagy M, Mansi AH, Habineza A, 

Marzouk W. A new flexible distribution: Statistical inference 

with application. AIP Adv. 2024; 14(3). doi: 
https://doi.org/10.1063/5.0189404 

[2] Azzalini A. A class of distributions which includes the normal 
ones. Scand J Stat. 1985; 12(2): 171–178. doi: 
https://doi.org/10.2307/4615982 

[3] Eugene N, Lee C, Famoye F. Beta-normal distribution and its 
applications. Commun Stat Theory Methods. 2002; 31(4): 497–

512. doi: https://doi.org/10.1081/STA-120003130 

[4] Shaw WT, Buckley IRC. The alchemy of probability 

distributions: beyond Gram–Charlier expansions, and a skew-

kurtotic-normal distribution from a rank transmutation map. 
arXiv. 2009: 1–8. doi: http://arxiv.org/abs/0901.0434 

[5] Cordeiro GM, de Castro M. A new family of generalized 
distributions. J Stat Comput Simul. 2011; 81(7): 883–898. 

[6] Ahsan-ul-Haq M, Elgarhy M. The odd Fréchet-G family of 
probability distributions. J Stat Appl Probab. 2018; 7(1): 189–
203. doi: https://doi.org/10.18576/jsap/070117 

[7] Bourguignon M, Silva RB, Cordeiro GM. The Weibull-G family 

of probability distributions. J Data Sci. 2014; 12(1):5 3–68. 
doi:https://doi.org/10.6339/JDS.2014.12(1).1210 

[8] Warahena-Liyanage G, Pararai M. The Lindley power series class 

of distributions: Model, properties and applications. J Comput 
Model. 2015; 5(3): 35–80. 

[9] Ahsan-ul-Haq M, Shahzad MK, Tariq S. The inverted Nadarajah–
Haghighi power series distributions. Int J Appl Comput Math. 

2024; 10(1): 1–16. doi: https://doi.org/10.1007/s40819-023-
01551-1 

[10] Fisher RA. The effect of methods of ascertainment upon the 
estimation of frequencies. Ann Eugen. 1934; 6(1): 13–25. 

[11] Krishnarani SD. On a power transformation of half-logistic 

distribution. J Probab Stat. 2016; 2016: 2084236. doi: 
https://doi.org/10.1155/2016/2084236 

[12] Rady EHHAHA, Hassanein WA, Elhaddad TA. The power 
Lomax distribution with an application to bladder cancer data. 

SpringerPlus. 2016; 5(1): 22. doi:https://doi.org/10.1186/s40064-

016-3464-y 

[13] Bhat AA, Ahmad SP. A new generalization of Rayleigh 

distribution: Properties and applications. Pak J Stat. 2020; 36(3): 
225–250. 

doi:https://doi.org/https://www.pakjs.com/wpcontent/uploads/20
20/07/36303.pdf  

[14] Aijaz, A., Qurat-ul-Ain, S., Ahmad, A., & Tripathi, R. (2021). 

An Extension of Erlang Distribution with Properties Having 
Applications In Engineering and Medical-Science. Int. J. Open 

Problems Compt. Math., 14(1), 46–73. 
doi:https://doi.org/https://www.ijopcm.org/Vol/2021/1.5.pdf  

[15] Abushal TA, Hassan AS, El-Saeed AR, Nassr SG. Power 

inverted Topp–Leone distribution in acceptance sampling plans. 
Comput Mater Contin. 2021; 67(1). 

[16] Afify AZ, Gemeay AM, Alfaer NM, Cordeiro GM, Hafez EH. 
Power-modified Kies–exponential distribution: Properties, 

classical and Bayesian inference with an application to 

engineering data. Entropy. 2022; 24(7): 883. 
doi:https://doi.org/10.3390/e24070883 

[17] Ahsan-ul-Haq M, Ahmed J, Albassam M, Aslam M. Power 

inverted Nadarajah–Haghighi distribution: Properties, estimation, 
and applications. J Math. 2022; 2022: 9514739. 

doi:https://doi.org/10.1155/2022/9514739 

[18] Alomair AM, Babar A, Ahsan-ul-Haq M, Tariq S. An improved 

extension of Xgamma distribution: Its properties, estimation and 

https://doi.org/10.57647/mathsci.2026.2002.11
https://doi.org/10.1063/5.0189404
https://doi.org/10.2307/4615982
https://doi.org/10.1081/STA-120003130
http://arxiv.org/abs/0901.0434
http://arxiv.org/abs/0901.0434
https://doi.org/10.18576/jsap/070117
https://doi.org/10.6339/JDS.2014.12(1).1210
https://doi.org/10.1007/s40819-023-01551-1
https://doi.org/10.1007/s40819-023-01551-1
https://doi.org/10.1155/2016/2084236
https://doi.org/10.1186/s40064-016-3464-y
https://doi.org/10.1186/s40064-016-3464-y
https://doi.org/https:/www.pakjs.com/wpcontent/uploads/2020/07/36303.pdf
https://doi.org/https:/www.pakjs.com/wpcontent/uploads/2020/07/36303.pdf
https://doi.org/https:/www.ijopcm.org/Vol/2021/1.5.pdf
https://doi.org/10.3390/e24070883
https://doi.org/10.1155/2022/9514739


190                                                                                                                                                                Alomair & Ahsan-ul-Haq, Math. Sci. 2026; 20(2) 
 

 

10.57647/mathsci.2026.2002.11 

application on failure time data. Heliyon. 2025; 11(2): e41976. 
doi: https://doi.org/10.1016/j.heliyon.2025.e41976 

[19] Alzahrani MR, Almohaimeed M. Analysis, inference, and 

application of unit Haq distribution to engineering data. 
Alexandria Eng J. 2025; 117: 193–204. 

[20] Ahsan-ul-Haq M, Memon AZ, Chand S. An analysis of 
generalized exponential uniform distribution. Math Probl Eng. 

2022; 2022: 1–15. doi: https://doi.org/10.1155/2022/6040943 

[21] Al-Omari AI, Alanzi ARA, Alshqaq SS. The unit two-parameter 

Mirra distribution: Reliability analysis, properties, estimation and 

applications. Alexandria Eng J. 2024; 92: 238–253. doi: 
https://doi.org/10.1016/j.aej.2024.02.063 

[22] Suprawhardana MS, Prayoto S. Total time on test plot analysis 

for mechanical components of the RSG-GAS reactor. Atom 

Indones. 1999; 25(2): 81–90. 

[23] Abdelfattah NAH, Sayed RM. Comparative efficacy of gamma 
and microwave radiation in protecting peppermint from 

infestation by drugstore beetle (Stegobium paniceum L.). Int J 

Trop Insect Sci. 2022; 42(2): 1367–1372. 

[24] Alomani G, Kayid M, Elgazar AM. Classical and Bayesian 

analysis with fitting radiation data using a new truncated 
distribution. J Radiat Res Appl Sci. 2025; 18(2): 101498. doi: 
https://doi.org/10.1016/j.jrras.2025.101498 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://doi.org/10.57647/mathsci.2026.2002.11
https://doi.org/10.1016/j.heliyon.2025.e41976
https://doi.org/10.1155/2022/6040943
https://doi.org/10.1016/j.aej.2024.02.063
https://doi.org/10.1016/j.jrras.2025.101498



