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Abstract:
In this paper, we first establish the necessary conditions for the existence, uniqueness, and stability of solutions
to system (1) by applying an alternative fixed-point theorem. We then provide specific examples and utilize the
Banach fixed-point numerical method to demonstrate the applicability and reliability of our approach; notably,
one of these examples is solved numerically in full, and the results from this numerical approximation further
confirm the effectiveness and accuracy of the proposed method. These results verify the feasibility of the
proposed approach for approximating solutions to complex fractional differential systems.
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1. Introduction

Fractional calculus, an extension of classical calculus,
has seen significant advancements due to its ability to
generalize differentiation and integration to non-integer
orders [1]. The concept, initially suggested by mathe-
maticians such as Joseph Fourier, has become instru-
mental in solving complex differential equations, par-
ticularly in fields where classical methods are insuffi-
cient to capture certain dynamical behaviors [2]. The
Caputo derivative, a notable improvement on the tradi-
tional Riemann-Liouville derivative, introduced integer-
order initial conditions, providing a more practical tool
for modeling fractional-order systems [3]. The devel-
opment of various definitions of fractional derivatives,

including Grunwald-Letnikov, Riemann-Liouville, Hil-
fer, and Caputo derivatives, has enabled more accurate
representations of physical, engineering, and biologi-
cal phenomena [4, 5, 6, 7]. These fractional operators
are particularly useful in describing systems with mem-
ory and hereditary properties, common in disciplines
such as control theory, viscoelasticity, and signal pro-
cessing [8, 9, 10, 11]. The versatility of fractional cal-
culus has made it increasingly relevant in the qualita-
tive analysis of solutions to fractional differential equa-
tions (FDEs), leading to extensive research on the ex-
istence, uniqueness, and stability of solutions for these
equations [12, 13, 14, 5, 15, 16]. Ulam raised the stabil-
ity issue of solutions to functional equations related to
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group homomorphisms in 1940. Subsequently, Hyers
provided a positive solution to the Ulam question in Ba-
nach spaces, marking a significant advancement. Since
then, numerous articles have explored various general-
izations of the Ulam problem. Additionally, researchers
have investigated the stability of Hyers-Ulam (HU) and
Hyers-Ulam-Rassias (HUR) and other generalizations
using fractional derivatives [17, 18, 19].

Motivated by the work in [20, 4], this paper focuses
on coupled fractional differential equations, which fre-
quently arise in applications involving interconnected
dynamic systems. Such coupled systems often exhibit
complex behavior that can only be accurately described
through fractional derivatives. Here, we consider a sys-
tem defined by Hilfer and weighted Caputo derivatives,
aiming to establish sufficient conditions for the exis-
tence, uniqueness, and stability of its solutions. By em-
ploying an alternative fixed-point theorem, we derive
criteria that ensure these qualitative properties for the
system under study.

To validate our theoretical findings, we provide il-
lustrative examples and apply the Banach fixed-point
method as a numerical approach to approximate solu-
tions. In this context, one of the examples has been
solved numerically, demonstrating the convergence of
iterative computations toward the desired solution.This
numerical method, based on complete metric spaces and
the Banach fixed-point theorem, enables the analysis of
existence, uniqueness, and stability of solutions, in line
with similar strategies employed in references such as
[21, 22, 23]. The examples, particularly the one solved
numerically, clearly illustrate the effectiveness and ac-
curacy of the proposed approach in handling systems
characterized by memory effects governed by fractional
dynamics. This study contributes to a deeper under-
standing of fractional differential systems by offering
a structured framework for analyzing coupled systems
involving Hilfer and weighted Caputo derivatives, sup-
porting future applications in applied mathematics and
engineering.


ℋD𝑖,Υ;𝛼

0+ 𝑥(𝑡) = 𝜇1 (𝑡, 𝑥(𝑡), 𝑦(𝑡)), 𝑡 ∈ (0,Ψ] ,
𝑐
𝑚D

𝑖,𝛼
0+ 𝑦(𝑡) = 𝜇2 (𝑡, 𝑥(𝑡), 𝑦(𝑡)), 𝑡 ∈ (0,Ψ] ,

I1−𝛽;𝛼
0+ 𝑥(0+) = 𝑥0, 𝑥0 ∈ R,

𝑦(0) = 𝑦0, 𝑦0 ∈ R,
(1)

where 𝜇1, 𝜇2 : (0,Ψ] ×R2 → R are the given functions.
The weighted function 𝑚(𝑡) for 𝑡 ∈ (0,Ψ] is nonzero,
and 𝛼 : (0,Ψ] → R+ is strictly increasing such that
𝛼 ∈ C1 (0,Ψ] with 𝛼′ (𝑡) ≠ 0 for all 𝑡 ∈ (0,Ψ]. There-
fore, ℋD𝑖,Υ;𝛼

0+ (.) is the 𝛼-Hilfer fractional derivative of
order 0 < 𝑖 ≤ 1 and type 0 ≤ Υ ≤ 1, further 𝑐

𝑚D
𝑖,𝛼
0+ (.)

is the weighted generalized Caputo fractional derivative
(WCFD) of order 0 < 𝑖 ≤ 1 concerning the function
𝛼, and I1−𝛽;𝛼

0+ (.) is the Riemann-Liouville fractional in-
tegral of order 1 − 𝛽, in which 𝛽 = 𝑖 + Υ(1 − 𝑖). Let
C𝑛 [𝛼, 𝜃] be the space of 𝑛 differentiable functions with
each of derivatives is continuous.

2. Preliminaries
This section contains the important theorems, lemmas,
and definitions that are pertinent to main results.

Theorem 2.1 ([24]) [Banach fixed point] Suppose con-
tractive mapping Φ : ℎ → ℎ with constant 0 ≤ 𝑞 < 1
so that nonempty closed set ℎ be in a Banach space Ξ.
Thus:

1. There is the unique 𝑗∗ ∈ ℎ such that 𝑗∗ = Φ( 𝑗∗).

2. For any 𝑗0 ∈ ℎ, the sequence { 𝑗𝑛} ⊂ ℎ is defined
by 𝑗𝑛+1 = Φ( 𝑗𝑛), 𝑛 ∈ N, converges to 𝑗∗:

∥ 𝑗𝑛 − 𝑗∗∥Ξ → 0, as 𝑛 → ∞.

Theorem 2.2 ([25]) [Alternative fixed point] Consider
generalized complete metric space (Ξ,Θ), and Lips-
chitz mapping Φ : Ξ −→ Ξ with constant 𝑞 < 1. Then,
for some 𝑖 ∈ Ξ either,

Θ(Φ𝑚 (𝑖),Φ𝑚+1 (𝑖)) = +∞ (𝑚 ≥ 0),

or we can find a natural number 𝑚0 such that:

Θ(Φ𝑚 (𝑖),Φ𝑚+1 (𝑖)) < +∞ (∀𝑚 ≥ 𝑚0),

then the followings are true:

1. The fixed point 𝑗 of Φ is the convergence point of
the sequence {Φ𝑛 (𝑖)};

2. In the set Λ = { 𝑗∗ ∈ Ξ : Θ(Φ𝑚 (𝑖), 𝑗∗) < +∞}, 𝑗 is
the unique fixed point of Φ;

3. For all 𝑗∗ ∈ Λ, Θ( 𝑗∗, 𝑗) ≤ 1
1−𝑞Θ( 𝑗∗,Φ( 𝑗∗)).

Definition 2.3 ([5]) Assume the gamma function Γ. A
generalization of the exponential function is the Mittag-
Leffler function given by

𝐸𝑖 (𝜇) :=
∞∑
𝜏=0

𝜇𝜏

Γ(𝜏𝑖 + 1) , 𝑖 ∈ C, Re(𝑖) > 0. (2)

Definition 2.4 ([4, 7]) Suppose (𝜃, 𝑖) on the real line R,
so that 𝑖 > 0. Furthermore, assume positive and non-
decreasing monotone function 𝛼(𝑡) on (𝜃, 𝑖] which has
a continuous derivative 𝛼′ (𝑡) on (𝜃, 𝑖). The 𝛼-Hilfer and
weighted fractional integrals of a function 𝑥, concerning
𝛼, on [𝜃, 𝑖] are defined by

I𝑖;𝛼𝛼+ 𝑥(𝑡) =
1

Γ(𝑖)

∫ 𝑡

𝜃
𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1 𝑥(𝑠)𝑑𝑠, (3)

and

𝑚I
𝑖,𝛼
0+ 𝑦(𝑡) = 𝑚−1 (𝑡)

Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝑦(𝑠)𝑑𝑠,

(4)

respectively.
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Definition 2.5 ([4, 7]) Suppose non-decreasing 𝛼 ∈
C𝑞 [𝜃, 𝑖] with 𝛼′ (𝑡) ≠ 0 for 𝑡 ∈ [𝜃, 𝑖], and 𝑥 ∈ C𝑞 [𝜃, 𝑖].
Further let 𝑖 ∈ (𝑞 − 1, 𝑞), and 𝑞 ∈ N. The fractional
derivatives of a function 𝑥 of type 0 ≤ Υ ≤ 1 and order
𝑖 is defined by

ℋD𝑖,Υ;𝛼
𝑡+0

𝑥(𝑡) = IΥ(𝑞−𝑖);𝛼
𝑡+0

(
1

𝛼′ (𝑡)
𝑑

𝑑𝑡

)𝑞
I(1−Υ) (𝑞−𝑖);𝛼
𝑡+0

𝑥(𝑡),

and

𝑐
𝑚D

𝑖,𝛼
0+ 𝑦(𝑡) = 𝑚I

𝑞−𝑖,𝛼
0+ 𝑚(𝑡)

(
1

𝛼′ (𝑡)
𝑑

𝑑𝑡

)𝑞
𝑦(𝑡).

Theorem 2.6 ([4, 7]) Let 𝑥, 𝑦 ∈ C1 [0, 𝑖], 𝑖 ∈ (0, 1) and
Υ ∈ [0, 1], then

ℋD𝑖,Υ;𝛼
0+ I𝑖;𝛼0+ 𝑥(𝑡) = 𝑥(𝑡),

𝑐
𝑚D

𝑖;𝛼
0+ 𝑚I

𝑖;𝛼
0+ 𝑦(𝑡) = 𝑦(𝑡),

I𝑖;𝛼0+
ℋD𝑖,Υ;𝛼

0+ 𝑥(𝑡) = 𝑥(𝑡)

− (𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) I(1−Υ) (1−𝑖);𝛼
0+ 𝑥0,

𝑚I
𝑖;𝛼
0+

𝑐
𝑚D

𝑖;𝛼
0+ 𝑦(𝑡) = 𝑦(𝑡) − 𝑚(0)𝑦0

𝑚(𝑡) .

Lemma 2.7 ([18]) Considering the continuous func-
tions 𝜇𝑖 : (0,Ψ] ×R2 → R for 𝑖 = 1, 2. Then, the system
(1) is equivalent to

(𝑥(𝑡), 𝑦(𝑡)) =
(
(𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) 𝑥0

+ 1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇1 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠,

𝑚(0)𝑦0

𝑚(𝑡) + 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡)

− 𝛼(𝑠))𝑖−1𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠
)
.

Definition 2.8 Suppose 𝜑 ∈ C((0,Ψ],R), if for each
(𝑥, 𝑦) ∈ C((0,Ψ],R) × C((0,Ψ],R) the following con-
dition is verified:

��� (𝛼(𝑡 )−𝛼(0) )𝛽−1

Γ (𝛽) 𝑥0 + 1
Γ (𝑖)

∫ 𝑡

0 𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1

×𝜇1 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠 − 𝑥(𝑡) | ≤ 𝜑(𝑡),���𝑚(0)𝑦0
𝑚(𝑡 ) + 𝑚−1 (𝑡 )

Γ (𝑖)
∫ 𝑡

0 𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1

×𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠 − 𝑦(𝑡) | ≤ 𝜑 (𝑡 )
𝑚(𝑡 )

(5)

then the system (1) is HUR stable and there ex-
ist positive constants 𝜎1, 𝜎2 and a solution (ℎ, 𝑧) ∈
C((0,Ψ],R) × C((0,Ψ],R) of (1) such that

|ℎ(𝑡) − 𝑥(𝑡) | ≤ 𝜎1𝜑(𝑡), 𝑡 ∈ (0,Ψ),
|𝑧(𝑡) − 𝑦(𝑡) | ≤ 𝜎2

𝜑(𝑡)
𝑚(𝑡) , 𝑡 ∈ (0,Ψ). (6)

To simplify, we define Ω := C((0,Ψ],R) ×C((0,Ψ],R).

Remark 2.9 In particular, when 𝜑(𝑡) = 𝐸𝑖 (−|(𝛼(𝑡) −
𝛼(0))𝑖 |), the system is said to be Hyers-Ulam-Mittag-
Leffler (HUML) stable.

3. HUR stability
In this section, we prove the existence of a unique so-
lution for the system (1). Further, the stability result
of HUR for the system (1), according to the alternative
fixed point theorem is investigated. For more details, re-
fer to [20].

Lemma 3.1 Let 𝜑 ∈ C((0,Ψ],R), and
(𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)) ∈ Ω for 𝑡 ∈ (0,Ψ], if
we define a mapping 𝜙 : Ω ×Ω → [0,+∞], by

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), ((𝑥2 (𝑡), 𝑦2 (𝑡))) :=

inf
{
𝑐1 ≥ 0 : |𝑥1 (𝑡) − 𝑥2 (𝑡) | ≤ 𝑐1𝜑(𝑡)

}
(7)

+ inf
{
𝑐2 ≥ 0 : |𝑦1 (𝑡) − 𝑦2 (𝑡) | ≤ 𝑐2

𝜑(𝑡)
𝑚(𝑡)

}
.

Then we demonstrate that (Ω, 𝜙) constitutes a general-
ized metric space.

Proof. For every 𝑡 ∈ (0,Ψ] we show that
𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡))) = 0 if and only
if (𝑥1 (𝑡), 𝑦1 (𝑡)) = (𝑥2 (𝑡), 𝑦2 (𝑡)). Assume
𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡))) = 0, then for all
(𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)) ∈ Ω, and 𝑡 ∈ (0,Ψ], we
have:

inf
{
𝑐1 ≥ 0 : |𝑥1 (𝑡) − 𝑥2 (𝑡) | ≤ 𝑐1𝜑(𝑡)

}
+ inf

{
𝑐2 ≥ 0 : | (𝑦1 (𝑡) − 𝑦2 (𝑡)) | ≤ 𝑐2

𝜑(𝑡)
𝑚 (𝑡)

}
= 0,

so for every 𝑡 ∈ (0,Ψ] we have (𝑥1 (𝑡), 𝑦1 (𝑡)) =
(𝑥2 (𝑡), 𝑦2 (𝑡)), and conversely.
This can be easily demonstrated

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)))
= 𝜙 ((𝑥2 (𝑡), 𝑦2 (𝑡)), (𝑥1 (𝑡), 𝑦1 (𝑡))) ,

For every (𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)) ∈ Ω, and 𝑡 ∈
(0,Ψ], we have

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)))

= inf
{
𝑐1 ≥ 0 : |𝑥1 (𝑡) − 𝑥2 (𝑡) | ≤ 𝑐1𝜑(𝑡)

}
+ inf

{
𝑐2 ≥ 0 : | (𝑦1 (𝑡) − 𝑦2 (𝑡)) | ≤ 𝑐2

𝜑(𝑡)
𝑚 (𝑡)

}
= inf

{
𝑐1 ≥ 0 : |𝑥2 (𝑡) − 𝑥1 (𝑡) | ≤ 𝑐1𝜑(𝑡)

}
+ inf

{
𝑐2 ≥ 0 : | (𝑦2 (𝑡) − 𝑦1 (𝑡)) | ≤ 𝑐2

𝜑(𝑡)
𝑚 (𝑡)

}
= 𝜙 ((𝑥2 (𝑡), 𝑦2 (𝑡)), (𝑥1 (𝑡), 𝑦1 (𝑡))) .

Now, consider for 𝑖 = 1, ..., 4; there exist constants 𝑔𝑖
such that 𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡))) = 𝑔1 +𝑔2 and
𝜙 ((𝑥2 (𝑡), 𝑦2 (𝑡)), (𝑥3 (𝑡), 𝑦3 (𝑡))) = 𝑔3 + 𝑔4. Then, we
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have 

|𝑥1 (𝑡) − 𝑥2 (𝑡) | ≤ 𝑔1𝜑(𝑡),

|𝑦1 (𝑡) − 𝑦2 (𝑡) | ≤ 𝑔2
𝜑(𝑡)
𝑚 (𝑡) ,

|𝑥2 (𝑡) − 𝑥3 (𝑡) | ≤ 𝑔3𝜑(𝑡),

|𝑦2 (𝑡) − 𝑦3 (𝑡) | ≤ 𝑔4
𝜑(𝑡)
𝑚 (𝑡) ,

(8)

according to the triangular property in absolute magni-
tudes, we can define 𝑘1 = 𝑔1 + 𝑔3 and 𝑘2 = 𝑔2 + 𝑔4 such
that:

|𝑥1 (𝑡) − 𝑥3 (𝑡) | ≤ |𝑥1 (𝑡) − 𝑥2 (𝑡) |
+ |𝑥2 (𝑡) − 𝑥3 (𝑡) | ≤ 𝑘1𝜑(𝑡),

|𝑦1 (𝑡) − 𝑦3 (𝑡) | ≤ |𝑦1 (𝑡) − 𝑦2 (𝑡) |
+ |𝑦2 (𝑡) − 𝑦3 (𝑡) | ≤ 𝑘2

𝜑(𝑡)
𝑚(𝑡) .

(9)

If we consider the above relationships for 𝑘1, 𝑘2 and the
sum of their infimum values, we obtain:

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥3 (𝑡), 𝑦3 (𝑡)))
= inf {𝑘1 ≥ 0 : |𝑥1 (𝑡) − 𝑥3 (𝑡) | ≤ 𝑘1𝜑(𝑡)}

+ inf
{
𝑘2 ≥ 0 : |𝑦1 (𝑡) − 𝑦3 (𝑡) | ≤ 𝑘2

𝜑(𝑡)
𝑚 (𝑡)

}
≤ 𝑘1 + 𝑘2

= (𝑔1 + 𝑔2) + (𝑔3 + 𝑔4)
= 𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)))
+ 𝜙 ((𝑥2 (𝑡), 𝑦2 (𝑡)), (𝑥3 (𝑡), 𝑦3 (𝑡))) .

Now, we demonstrate the completeness of (Ω, 𝜙). Con-
sider a Cauchy sequence {(𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡))}𝜐 . This means
that for any positive number 𝑖, there exists a natural N𝑖

such that for all 𝜐, 𝑘 ⩾ N𝑖 , we have:

𝜙((𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡)), (𝑥𝑘 (𝑡), 𝑦𝑘 (𝑡))) < 𝑖.

With definition (7), for all 𝑡 ∈ (0,Ψ] there exists 𝑖1 and
𝑖2 such that 𝑖 = 𝑖1 + 𝑖2, and then we can express:

|𝑥𝜐 (𝑡) − 𝑥𝑘 (𝑡) | ⩽ 𝑖1𝜑(𝑡),
|𝑦𝜐 (𝑡) − 𝑦𝑘 (𝑡) | ⩽ 𝑖2

𝜑(𝑡)
𝑚 (𝑡) .

(10)

Let 𝑡 ∈ (0,Ψ] is fixed, so the sequence
{(𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡))}𝜐 is a Cauchy sequence in R2 and,
due to the completeness of R2, converges for each
𝑡 ∈ (0,Ψ]. Consequently, we can define a function
(𝑥(𝑡), 𝑦(𝑡)) : (0,Ψ] × (0,Ψ] → R2 by

(𝑥(𝑡), 𝑦(𝑡)) = lim
𝜐→∞

(𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡)) .

Given that 𝜑(𝑡) is continuous and bounded over the
compact interval [0,Ψ]. Thus, (10) implies that
{(𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡))}𝜐 converges uniformly to (𝑥(𝑡), 𝑦(𝑡)) in
the usual topology of R2. Hence, (𝑥, 𝑦) ∈ Ω. If we sup-
pose 𝑘 approaches to infinity, for 𝑖 > 0 a natural N𝑖

exists such that for 𝜐 ⩾ N𝑖 it follows from (10) that
|𝑥𝜐 (𝑡) − 𝑥(𝑡) | ⩽ 𝑖1𝜑(𝑡),
|𝑦𝜐 (𝑡) − 𝑦(𝑡) | ⩽ 𝑖2

𝜑(𝑡)
𝑚 (𝑡) ,

(11)

for all posetive 𝑖 there exists natural N𝑖 such that for all
𝜐 > N𝑖 considering equation (7), we obtain

𝜙((𝑥(𝑡), 𝑦(𝑡)), (𝑥𝜐 (𝑡), 𝑦𝜐 (𝑡))) ⩽ 𝑖.

This indicates that the Cauchy sequence{(𝑥𝜐 , 𝑦𝜐)} con-
verges to (𝑥, 𝑦) in (Ω, 𝜙), demonstrating the complete-
ness of (Ω, 𝜙).

Theorem 3.2 Suppose (𝑥, 𝑦) ∈ Ω satisfies (5) and
I1−𝛽;𝛼
0+ 𝑥 (0+) = 𝑥0 ∈ R. Considering 𝜑 ∈ C ((0,Ψ],R) ,

and conditions (𝑀1),(𝑀2) hold:

(𝑀1) Exists 𝑤 ∈ (0, 1) that

I𝑖;𝛼0+ 𝜑(𝑡) = 1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0)(𝛼(𝑡) − 𝛼(𝑡0))𝑖−1𝜑(𝑡0)𝑑𝑡0

≤ 𝑤𝜑(𝑡), (12)

𝑚I
𝑖;𝛼
0+

𝜑(𝑡)
𝑚(𝑡) (13)

=
𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑡0)𝛼′ (𝑡0)(𝛼(𝑡) − 𝛼(𝑡0))𝑖−1 𝜑(𝑡0)

𝑚(𝑡0)
𝑑𝑡0

≤ 𝑤
𝜑(𝑡)
𝑚(𝑡) .

(𝑀2) If 𝜇1, 𝜇2 ∈ C
(
(0,Ψ] × R2,R

)
, then positive con-

stants 𝛿 and 𝜖 exist so

|𝜇1 (𝑡, 𝑞1, 𝑞2) − 𝜇1 (𝑡, 𝜆1, 𝜆2) |
≤ 𝛿 (|𝑞1 − 𝜆1 | + 𝑚(𝑡) |𝑞2 − 𝜆2 |) , 𝑞𝑡 , 𝜆𝑡 ∈ R,

|𝜇2 (𝑡, 𝑞1, 𝑞2) − 𝜇2 (𝑡, 𝜆1, 𝜆2) |
≤ 𝜖

(
𝑚−1 (𝑡) |𝑞1 − 𝜆1 | + |𝑞2 − 𝜆2 |

)
, 𝑞𝑡 , 𝜆𝑡 ∈ R,

(𝛿 + 𝜖)𝑤 < 1.

(14)

Thus the unique solution of the system (1) is (ℎ, 𝑧) ∈
Ω such that

(ℎ(𝑡), 𝑧(𝑡)) =
(
(𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) ℎ0 +

1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇1 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠,

𝑚(0)𝑧0

𝑚(𝑡) + 𝑚−1 (𝑡)
Γ(𝑖) ×∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠

)
,

in which, we have I1−𝛽;𝛼
0+ ℎ (0+) := 𝑥0 ∈ R, and 𝜆 :=

(𝛿 + 𝜖)𝑤
|𝑥(𝑡) − ℎ(𝑡) | ≤

( 𝑐1

1 − 𝜆

)
𝜑(𝑡),

|𝑦(𝑡) − 𝑧(𝑡) | ≤
( 𝑐2

1 − 𝜆

) 𝜑(𝑡)
𝑚 (𝑡) .

(15)

Proof. Assume that (𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)) ∈ Ω
and 𝑡 ∈ (0,Ψ] define a mapping 𝜙 : Ω × Ω → [0,+∞]
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by

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), ((𝑥2 (𝑡), 𝑦2 (𝑡)))

= inf
{
𝑐1 ≥ 0 : |𝑥1 (𝑡) − 𝑥2 (𝑡) | ≤ 𝑐1𝜑(𝑡)

}
(16)

+ inf
{
𝑐2 ≥ 0 : |𝑦1 (𝑡) − 𝑦2 (𝑡) | ≤ 𝑐2

𝜑(𝑡)
𝑚 (𝑡)

}
.

According to Lemma 3.1 (Ω, 𝜙) is a generalized metric
space. Step 1. In this step, we prove the contractionary
of the operator 𝐻 : Ω → Ω that is defined by

𝐻 (𝑥 (𝑡) , 𝑦 (𝑡)) =
(
(𝛼 (𝑡) − 𝛼 (0))𝛽−1

Γ (𝛽) 𝑥0 (17)

+ 1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇1 (𝑠, 𝑥(𝑠), 𝑦(𝑠)) 𝑑𝑠,

𝑚 (0) 𝑦0

𝑚 (𝑡) + 𝑚−1 (𝑡)
Γ (𝑖) ×∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

)
.

Based on the fundamental theorem of calculus,
we can conclude that 𝐻 (𝑥(𝑡), 𝑦(𝑡)) is continu-
ously differentiable on the interval [0,Ψ] , since
(𝑥(𝑡), 𝑦(𝑡)) is a continuous function, which implies
that 𝐻 (𝑥(𝑡), 𝑦(𝑡)) ∈ Ω. We claim that 𝐻 is con-
tractive on Ω. Let (𝑥(𝑡), 𝑦(𝑡)), (ℎ(𝑡), 𝑧(𝑡)) ∈ Ω, and
𝜙 ((𝑥(𝑡), 𝑦(𝑡)), (ℎ(𝑡), 𝑧(𝑡))) = 𝑏 so that 𝑏 ∈ [0,∞] be a
constant. With definition of metric (7), for all 𝑡 ∈ (0,Ψ]
there are 𝑏1, 𝑏2 so 𝑏 = 𝑏1 + 𝑏2. Furthermore, we can
express: 

|𝑥 (𝑡) − ℎ (𝑡) | ≤ 𝑏1𝜑(𝑡),

|𝑦 (𝑡) − 𝑧 (𝑡) | ≤ 𝑏2
𝜑(𝑡)
𝑚 (𝑡) .

(18)

From (7) and (17), we can deduce that����� 1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)
(
𝛼(𝑡) − 𝛼(𝑠)

) 𝑖−1
𝜇1

(
𝑠, 𝑥(𝑠), 𝑦(𝑠)

)
𝑑𝑠

− 1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)
(
𝛼(𝑡)−𝛼(𝑠)

) 𝑖−1
𝜇1

(
𝑠, ℎ(𝑠), 𝑧(𝑠)

)
𝑑𝑠

�����
=

����� 1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)
(
𝛼(𝑡) − 𝛼(𝑠)

) 𝑖−1

×
(
𝜇1

(
𝑠, 𝑥(𝑠), 𝑦(𝑠)

)
− 𝜇1

(
𝑠, ℎ(𝑠), 𝑧(𝑠)

) )
𝑑𝑠

�����
≤ 1

Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)
(
𝛼(𝑡) − 𝛼(𝑠)

) 𝑖−1

×
���𝜇1

(
𝑠, 𝑥(𝑠), 𝑦(𝑠)

)
− 𝜇1

(
𝑠, ℎ(𝑠), 𝑧(𝑠)

) ��� 𝑑𝑠,
using (14) we have:

≤ 𝛿

Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1 |𝑥(𝑠) − ℎ(𝑠) | 𝑑𝑠

+ 𝛿

Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡)−𝛼(𝑠))𝑖−1 |𝑦(𝑠) − 𝑧(𝑠) | 𝑑𝑠,

by utilizing (18) and (𝑀1), we get:

≤ 𝛿

Γ (𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼 (𝑡) − 𝛼 (𝑠))𝑖−1 𝑏1𝜑(𝑠)𝑑𝑠

+ 𝛿

Γ (𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼 (𝑡) − 𝛼 (𝑠))𝑖−1 𝑏2𝜑(𝑠)𝑑𝑠

≤ 𝛿(𝑏1 + 𝑏2)
Γ (𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼 (𝑡) − 𝛼 (𝑠))𝑖−1 𝜑(𝑠)𝑑𝑠

≤ 𝛿(𝑏′
1 + 𝑏

′
2)𝑤𝜑(𝑡). (19)

Similarly, with the help of relations (7) and (17), we can
deduce that�����𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

− 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠

�����
=

�����𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1 (𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))

− 𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠)))𝑑𝑠
�����

≤ 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝑚(𝑠) |𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠))

− 𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠)) |𝑑𝑠,

using (14) we have:

≤ 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1

× 𝜖
(
𝑚−1 (𝑠) |𝑥(𝑠) − ℎ(𝑠) | + |𝑦(𝑠) − 𝑧(𝑠) |

)
𝑑𝑠

=
𝜖𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1 |𝑥(𝑠) − ℎ(𝑠) | 𝑑𝑠

+𝜖𝑚
−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1|𝑦(𝑠) − 𝑧(𝑠) |𝑑𝑠,

by utilizing (18) and (𝑀1), we get:

≤ 𝜖𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝑏1𝜑(𝑠)𝑑𝑠

+ 𝜖𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝑏2

𝜑(𝑠)
𝑚 (𝑠) 𝑑𝑠

≤ 𝑚−1 (𝑡) 𝜖 (𝑏1 + 𝑏2)
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜑(𝑠)𝑑𝑠

≤ 𝜖 (𝑏′
1 + 𝑏

′
2)𝑤

𝜑(𝑡)
𝑚(𝑡) . (20)

So due to (19)-(20), and 𝜙 ((𝑥(𝑡), 𝑦(𝑡)), (ℎ(𝑡), 𝑧(𝑡))) =
𝑏, we can derive:

𝜙
(
𝐻 (𝑥(𝑡), 𝑦(𝑡)), 𝐻 (ℎ(𝑡), 𝑧(𝑡))

)
≤ (𝜖 + 𝛿)𝑤𝜙

(
(𝑥(𝑡), 𝑦(𝑡)), (ℎ(𝑡), 𝑧(𝑡))

)
. (21)

Due to (𝑀2), we get 𝐻 is contractionary.

Step 2. Let (𝑥(𝑡), 𝑦(𝑡)) ∈ Ω, then we try to illustrate
that 𝜙

(
(𝑥(𝑡), 𝑦(𝑡)) , 𝐻 (𝑥(𝑡), 𝑦(𝑡))

)
< ∞. According to
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(7), and (17), we have

𝜙
(
(𝑥(𝑡), 𝑦(𝑡)) , 𝐻 (𝑥(𝑡), 𝑦(𝑡))

)
=

𝜙

(
(𝑥(𝑡), 𝑦(𝑡)),

(
(𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) 𝑥0

1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1 𝜇1 (𝑠, 𝑥(𝑠), 𝑦(𝑠)) 𝑑𝑠,

𝑚(0)𝑦0

𝑚(𝑡) + 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1

×𝜇2 (𝑠, 𝑥 (𝑠) , 𝑦 (𝑠)) 𝑑𝑠
))

= inf

{
𝑐1 > 0 :

�����𝑥 (𝑡) − (𝛼 (𝑡) − 𝛼 (0))𝛽−1

Γ (𝛽) 𝑥0

+ 1
Γ (𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼 (𝑡) − 𝛼 (𝑠))𝑖−1

×𝜇1 (𝑠, 𝑥 (𝑠) , 𝑦 (𝑠))𝑑𝑠
����� < 𝑐1𝜑(𝑡)

}
+ inf

{
𝑐2 > 0 :

�����𝑦 (𝑡) − 𝑚 (0) 𝑦0

𝑚 (𝑡)

+𝑚−1 (𝑡)
Γ (𝑖)

∫ 𝑡

0
𝑚 (𝑠) 𝛼′ (𝑠) (𝛼 (𝑡) − 𝛼 (𝑠))𝑖−1

×𝜇2 (𝑠, 𝑥(𝑠), 𝑦(𝑠)) 𝑑𝑠
����� < 𝑐2

𝜑(𝑡)
𝑚 (𝑡)

}
< 𝑐1 + 𝑐2, (22)

from (5), we have 𝑐1 = 𝑐2 = 1; therefore, the inequality
𝑐1 + 𝑐2 ≤ 2 < ∞ holds. Now, according to the Theorem
2.2, we can find the element (ℎ, 𝑧) in Ω that satisfies the
following conditions:

1. The sequence {𝐻𝑚 (𝑥(𝑡), 𝑦(𝑡))} converges to the
fixed point (ℎ(𝑡), 𝑧(𝑡)) ∈ 𝐻;

2. (ℎ(𝑡), 𝑧(𝑡)) ∈ Ω∗ is the unique fixed point of 𝐻,
such that,

𝐻 (ℎ(𝑡), 𝑧(𝑡)) =
(
(𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) ℎ0

+ 1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇1 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠,

𝑚(0)𝑧0

𝑚(𝑡) + 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠)(𝛼(𝑡) − 𝛼(𝑠))𝑖−1

× 𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠
)
,

which
Ω∗ = {(𝑥(𝑡), 𝑦(𝑡)) ∈ Ω : 𝜙(𝐻 ((𝑥◦ (𝑡), 𝑦◦ (𝑡)) ,
(𝑥(𝑡), 𝑦(𝑡)))) < ∞}.

3. If (𝑥(𝑡), 𝑦(𝑡)) ∈ Ω∗, and 𝜆 := (𝜖 + 𝛿)𝑤, then we
have

𝜙 ((𝑥(𝑡), 𝑦(𝑡)) , (ℎ(𝑡), 𝑧(𝑡)))

≤ 1
1 − 𝜆

𝜙 (𝐻 (𝑥(𝑡), 𝑦(𝑡)) , (𝑥(𝑡), 𝑦(𝑡))) .

From (22) we get

𝜙 ((𝑥(𝑡), 𝑦(𝑡)) , (ℎ(𝑡), 𝑧(𝑡))) ≤ 1
1 − 𝜆

(𝑐1 + 𝑐2).

Then 
|𝑥(𝑡) − ℎ(𝑡) | ≤

( 𝑐1

1 − 𝜆

)
𝜑(𝑡),

|𝑦(𝑡) − 𝑧(𝑡) | ≤
( 𝑐2

1 − 𝜆

) 𝜑(𝑡)
𝑚 (𝑡) .

(23)

4. HUML stability
This section demonstrates that the system (1) has a solu-
tion and the solution of (1) is unique. Further, the stabil-
ity of HUML for (1) according to the alternative fixed
point theorem is investigated. For more details, refer to
[20].

Lemma 4.1 If 𝛼 ∈ C1 ((0,Ψ], [0, 1]), and there exists
𝑤

′ ∈ (0, 1) such that

I𝑖;𝛼0+ 𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |)

=
1

Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0) (𝛼(𝑡) − 𝛼 (𝑡0))𝑖−1

× 𝐸𝑖 (−|(𝛼(𝑡0) − 𝛼(0))𝑖 |)𝑑𝑡0
≤ 𝑤

′
𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |), (24)

𝑚I
𝑖;𝛼
0+

𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |)
𝑚(𝑡)

=
𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑡0)𝛼′ (𝑡0) (𝛼(𝑡) − 𝛼 (𝑡0))𝑖−1

× 𝐸𝑖 (−|(𝛼(𝑡0) − 𝛼(0))𝑖 |)
𝑚(𝑡0)

𝑑𝑡0

≤ 𝑤
′ 𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |)

𝑚(𝑡) . (25)

Proof. We prove relation (24).

1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0)(𝛼(𝑡)−𝛼(𝑡0))𝑖−1𝐸𝑖 (−|(𝛼(𝑡0)−𝛼(0))𝑖 |)𝑑𝑡0

=
1

Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0) (𝛼(𝑡) − 𝛼 (𝑡0))𝑖−1

×
∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼 (𝑡0) − 𝛼(0))𝑘𝑖
Γ(𝑘𝑖 + 1) 𝑑𝑡0

=
1

Γ(𝑖)

∞∑
𝑘=0

(−1)𝑘𝑖
Γ(𝑘𝑖 + 1)

×
∫ 𝑡

0
𝛼′ (𝑡0) (𝛼(𝑡) − 𝛼 (𝑡0))𝑖−1 (𝛼 (𝑡0) − 𝛼(0))𝑘𝑖 𝑑𝑡0,

if we choose 𝑠 = (𝛼 (𝑡0) − 𝛼(0)), then:

=
1

Γ(𝑖)

∞∑
𝑘=0

(−1)𝑘𝑖
Γ(𝑘𝑖 + 1)

∫ 𝛼(𝑡 )−𝛼(0)

0
(𝛼(𝑡) − 𝛼(0) − 𝑠)𝑖−1𝑠𝑘𝑖𝑑𝑠

=
1

Γ(𝑖)

∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0))𝑖−1

Γ(𝑘𝑖 + 1)

×
∫ 𝛼(𝑡 )−𝛼(0)

0

(
1 − 𝑠

𝛼(𝑡) − 𝛼(0)

) 𝑖−1
𝑠𝑘𝑖𝑑𝑠,
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let 𝑧 =
𝑠

𝛼(𝑡) − 𝛼(0) ,

=
1

Γ(𝑖)

∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0)) (𝑘+1)𝑖−1

Γ(𝑘𝑖 + 1)

×
∫ 1

0
(1 − 𝑧)𝑖−1𝑧𝑘𝑖𝑑𝑧

=
1

Γ(𝑖)

∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0)) (𝑘+1)𝑖−1Γ(𝑘𝑖 + 1)Γ(𝑖)
Γ(𝑘𝑖 + 1)Γ((𝑘 + 1)𝑖 + 1)

=
∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0)) (𝑘+1)𝑖−1

Γ((𝑘 + 1)𝑖 + 1)

=
∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0))𝑘𝑖 (𝛼(𝑡) − 𝛼(0))𝑖−1

(𝑘 + 1)𝑖Γ((𝑘 + 1)𝑖) ,

Similarly, using the properties of the gamma function,
we have

1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0)(𝛼(𝑡)−𝛼(𝑡0))𝑖−1𝐸𝑖 (−|(𝛼(𝑡0)−𝛼(0))𝑖 |)𝑑𝑡0

=
∞∑
𝑘=0

(−1)𝑘𝑖 (𝛼(𝑡) − 𝛼(0))𝑘𝑖 (𝛼(𝑡) − 𝛼(0))𝑖−1

(𝑘 + 1)𝑖(𝑘𝑖 + 𝑖 − 1) · · · (𝑘𝑖 + 1)Γ(𝑘𝑖 + 1)

=
∞∑
𝑘=0

(𝛼(𝑡) − 𝛼(0))𝑖−1

(𝑘 + 1)𝑖(𝑘𝑖 + 𝑖 − 1) · · · (𝑘𝑖 + 1)

× 𝐸𝑖 (−|(𝛼(𝑡0) − 𝛼(0))𝑖 |),

where 𝛼 is bounded, because 𝛼 ∈ C1 ((0,Ψ] , [0, 1]), so
there exists a positive costant 𝑤′ such that we can write:

1
Γ(𝑖)

∫ 𝑡

0
𝛼′ (𝑡0) (𝛼(𝑡) − 𝛼 (𝑡0))𝑖−1

× 𝐸𝑖 (−|(𝛼(𝑡0) − 𝛼(0))𝑖 |)𝑑𝑡0
≤ 𝑤

′
𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |),

therefore

I𝑖;𝛼0+ 𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |) ≤ 𝑤
′
𝐸𝑖 (−|(𝛼(𝑡) − 𝛼(0))𝑖 |).

In the same way (25) is also proved.

Corollary 4.2 (Ω, 𝜙) is a generalized metric space if a
mapping 𝜙 : Ω ×Ω → [0,+∞] is defind by

𝜙 ((𝑥1 (𝑡), 𝑦1 (𝑡)), ((𝑥2 (𝑡), 𝑦2 (𝑡))) (26)
= inf

{
𝑐1≥ 0: |𝑥1 (𝑡)−𝑥2 (𝑡) | ≤ 𝑐1𝐸𝑖 (−|(𝛼(𝑡)−𝛼(0))𝑖 |)

}
+inf

{
𝑐2 ≥ 0: |𝑦1 (𝑡)−𝑦2 (𝑡) | ≤𝑐2

𝐸𝑖 (−|(𝛼(𝑡)−𝛼(0))𝑖 |)
𝑚 (𝑡)

}
,

when (𝑥1 (𝑡), 𝑦1 (𝑡)), (𝑥2 (𝑡), 𝑦2 (𝑡)) ∈ Ω and 𝑡 ∈ (0,Ψ] .

Proof. Similarly to Lemma 3.1, we can prove this corol-
lary.

Corollary 4.3 Suppose (𝑥, 𝑦) ∈ Ω satisfies (5) and
I1−𝐶;𝛼
0+ 𝑥 (0+) = 𝑥0 ∈ R. Let the following condition

hold:

(𝑀 ′
1) If 𝜇1, 𝜇2 ∈ C

(
(0,Ψ] × R2,R

)
, then positive con-

stants 𝛿 and 𝜖 exist so

|𝜇1 (𝑡, 𝑞1, 𝑞2) − 𝜇1 (𝑡, 𝜆1, 𝜆2) |
≤ 𝛿 ( |𝑞1 − 𝜆1 | + 𝑚(𝑡) |𝑞2 − 𝜆2 |) , 𝑞𝑡 , 𝜆𝑡 ∈ R,

|𝜇2 (𝑡, 𝑞1, 𝑞2) − 𝜇2 (𝑡, 𝜆1, 𝜆2) |
≤ 𝜖

(
𝑚−1 (𝑡) |𝑞1 − 𝜆1 | + |𝑞2 − 𝜆2 |

)
, 𝑞𝑡 , 𝜆𝑡 ∈ R,

(𝛿 + 𝜖)𝑤′
< 1,

(27)

where 𝑤
′ is introduced in Lemma 4.1.

Thus the unique solution of the system (1) is (ℎ, 𝑧) ∈
Ω such that

(ℎ(𝑡), 𝑧(𝑡)) =
(
(𝛼(𝑡) − 𝛼(0))𝛽−1

Γ(𝛽) ℎ0

+ 1
Γ(𝑖)

∫ 𝑡

0
𝛼

′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1𝜇1 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠,

𝑚(0)𝑧0

𝑚(𝑡) + 𝑚−1 (𝑡)
Γ(𝑖)

∫ 𝑡

0
𝑚(𝑠)𝛼′ (𝑠) (𝛼(𝑡) − 𝛼(𝑠))𝑖−1

× 𝜇2 (𝑠, ℎ(𝑠), 𝑧(𝑠))𝑑𝑠
)
,

in which I1−𝑐;𝛼
0+ ℎ (0+) = 𝑥0 ∈ R,

|𝑥(𝑡)−ℎ(𝑡) | ≤
( 𝑐1

1−𝜆′

)
𝐸𝑖

(
−|(𝛼(𝑡)−𝛼(0))𝑖 |

)
,

|𝑦(𝑡)−𝑧(𝑡) | ≤
( 𝑐2

1−𝜆′

) 𝐸𝑖
(
−|(𝛼(𝑡)−𝛼(0))𝑖 |

)
𝑚 (𝑡) .

(28)

Proof. Similarly to Theorem 3.2, we can prove this
corollary.

5. Application
This section applies the main result to solve the follow-
ing examples.

Example 5.1 The fractional differential system

ℋD
1
2 ,Υ;sin(𝑡 )
0+ 𝑥(𝑡) =
tanh(𝑡 + 𝑥(𝑡) + 𝑦(𝑡)) (1 + sech2 (𝑡))

20
, 𝑡 ∈

(
0, 𝜋

2
]
,

𝑐
1+sech2 (𝑡 )D

1
2 ,sin(𝑡 )
0+ 𝑦(𝑡) =

tan−1 (𝑡 + 𝑥(𝑡) + 𝑦(𝑡))
20(1 + sech2 (𝑡))

, 𝑡 ∈
(
0, 𝜋

2
]
,

I1−𝛽;sin(𝑡 )
0+ 𝑥(0+) = 𝑥0, 𝑥0 ∈ R,

𝑦(0) = 𝑦0, 𝑦0 ∈ R,
(29)

is an example of the system (1). I1−𝛽;sin(𝑡 )
0+ (.) is the

Riemann-Liouville fractional integral according to the
function sin(𝑡) and the order 1−𝛽, such that 𝛽 =

1
2
+1

2
Υ.

Furthermore, ℋD
1
2 ,Υ;sin(𝑡 )
0+ (.) is the sin(𝑡)-Hilfer frac-

tional derivative of type 0 ≤ Υ ≤ 1 with order 1
2
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and 𝑐
1+sech2 (𝑡 )D

1
2 ,sin(𝑡 )
0+ (.) is the weighted generalized Ca-

puto fractional derivative (WCFD) of order 1
2

.
First, we choose

(𝑥(𝑡), 𝑦(𝑡)) :=
(
(sin(𝑡) − sin(0))𝛽−1

Γ(𝛽) 𝑥0,

(1 + sech2 (0))𝑦0

1 + sech2 (𝑡)

)
∈ C((0, 𝜋

2
],R) × C((0, 𝜋

2
],R),

such that for any 𝑡 ∈
(
0, 𝜋

2
]
, we have����� (sin(𝑡) − sin(0))𝛽−1

Γ(𝛽) 𝑥0 +
1

Γ( 1
2 )

∫ 𝑡

0
cos(𝑠)

× tanh(𝑠 + 𝑥(𝑠) + 𝑦(𝑠)) (1 + sech2 (𝑠))
20

√
sin(𝑡) − sin(𝑠)

𝑑𝑠 − 𝑥(𝑡)
�����

=

����� 1
Γ( 1

2 )

∫ 𝑡

0
cos(𝑠)

× tanh(𝑠 + 𝑥(𝑠) + 𝑦(𝑠)) (1 + sech2 (𝑠))
20

√
sin(𝑡) − sin(𝑠)

𝑑𝑠

�����
≤ 1

10
√
𝜋

�����∫ 𝑡

0

cos(𝑠)𝑑𝑠√
sin(𝑡) − sin(𝑠)

����� ,
let 𝛼 = sin(𝑠) and 𝑑𝛼 = cos(𝑠)𝑑𝑠 , we have

≤ 1
10
√
𝜋

�����∫ sin(𝑡 )

0

𝑑𝛼√
sin(𝑡) − 𝛼

�����
=

1
10
√
𝜋

���2(−√
sin(𝑡))

���
≤ 1

5
√
𝜋
≤

∞∑
𝑠=0

| sin(𝑡) | 𝑠2 (−1)𝑠
Γ( 𝑠2 + 1) ,

that is, we get��� (sin(𝑡) − sin(0))𝛽−1

Γ(𝛽) 𝑥0 +
1

Γ(0.5)

∫ 𝑡

0
cos(𝑠)

× tanh(𝑠 + 𝑥(𝑠) + 𝑦(𝑠)) (1 + sech2 (𝑠))
20

√
sin(𝑡) − sin(𝑠)

𝑑𝑠 − 𝑥(𝑡)
���

≤ 𝐸 1
2

(
−| sin 1

2 (𝑡) |
)
. (30)

Also, we have����� (1+sech2 (0))𝑦0

1 + sech2 (𝑡)
+ 1

(1+sech2 (𝑡))Γ( 1
2 )

∫ 𝑡

0
(1+sech2 (𝑠))

× cos(𝑠) tan−1 (𝑠 + 𝑥(𝑠) + 𝑦(𝑠))
20(1 + sech2 (𝑠))

√
sin(𝑡) − sin(𝑠)

𝑑𝑠 − 𝑦(𝑡)
�����

=
1

(1+sech2 (𝑡))Γ( 1
2 )

�����∫ 𝑡

0
cos(𝑠) tan−1 (𝑠+𝑥(𝑠)+𝑦(𝑠))

20
√

sin(𝑡)−sin(𝑠)
𝑑𝑠

�����
≤ 1

20(1 + sech2 (𝑡))√𝜋

�����∫ 𝑡

0

cos(𝑠)√
sin(𝑡) − sin(𝑠)

𝑑𝑠

����� ,

let 𝛼 = sin(𝑠) and 𝑑𝛼 = cos(𝑠)𝑑𝑠, we can write

≤ 1
20(1 + sech2 (𝑡))√𝜋

�����∫ sin(𝑡 )

0

𝑑𝛼√
sin(𝑡) − 𝛼

�����
≤ 1

20(1 + sech2 (𝑡))√𝜋

���2(−√
sin(𝑡))

���
≤ 1

10
√
𝜋(1 + sech2 (𝑡))

≤ 1
(1 + sech2 (𝑡))

∞∑
𝑠=0

| sin(𝑡) | 𝑠2 (−1)𝑠
Γ( 𝑠2 + 1) ,

that is, we get���� (1+sech2 (0))𝑦0

1+sech2 (𝑡)
+ 1

(1+sech2 (𝑡))Γ( 1
2 )

∫ 𝑡

0
(1+sech2 (𝑠))

× cos(𝑠) tan−1 (𝑡+𝑥(𝑡)+𝑦(𝑡))
20(1+sech2 (𝑠))

√
sin(𝑡)−sin(𝑠)

𝑑𝑠−𝑦(𝑡)
����

≤
𝐸 1

2
(−|(sin(𝑡)) 1

2 |)

1 + sech2 (𝑡)
. (31)

From relations (30) and (31), we conclude that (𝑥, 𝑦)
satisfies in the inequity (5).

Now, we check condition (𝑀 ′
1) for the system

(29). For any arbitrary (ℎ(𝑡), 𝑧(𝑡)), (𝑥(𝑡), 𝑦(𝑡)) ∈
C((0, 𝜋

2 ],R) × C((0, 𝜋
2 ],R) and every 𝑡 ∈ (0, 𝜋

2 ], we
have

(1 + sech2 (𝑡))
��� tanh(𝑡 + 𝑥(𝑡) + 𝑦(𝑡))

20

− tanh(𝑡 + ℎ(𝑡) + 𝑧(𝑡))
20

���
≤ (1 + sech2 (𝑡))

20
|𝑡 + 𝑥(𝑡) + 𝑦(𝑡) − (𝑡 + ℎ(𝑡) + 𝑧(𝑡)) |

≤ 1
10

(
|𝑥(𝑡) − ℎ(𝑡) | + (1 + sech2 (𝑡)) |𝑦(𝑡) − 𝑧(𝑡) |

)
.

(32)
And

(1 + sech2 (𝑡))−1
���� tan−1 (𝑡 + 𝑥(𝑡) + 𝑦(𝑡))

20
(33)

− tan−1 (𝑡 + ℎ(𝑡) + 𝑧(𝑡))
20

����
≤ (1 + sech2 (𝑡))−1

20
|𝑥(𝑡) + 𝑦(𝑡) − ℎ(𝑡) − 𝑧(𝑡) |

≤ 1
20

(
(1 + sech2 (𝑡))−1 |𝑥(𝑡) − ℎ(𝑡) | + |𝑦(𝑡) − 𝑧(𝑡) |

)
.

According to Lemma (4.1), for 0 < 𝑤 < 1, the following
relations are obtained:

I
1
2 ;sin(𝑡 )
0+ 𝐸 1

2
(−|(sin(𝑡) − sin(0)) 1

2 |)

≤ 𝑤𝐸 1
2
(−|(sin(𝑡) − sin(0)) 1

2 |), (34)

1+sech2 (𝑡 ) I
1
2 ;sin(𝑡 )
0+

𝐸 1
2
(−|(sin(𝑡) − sin(0)) 1

2 |)

1 + sech2 (𝑡)

≤ 𝑤
𝐸 1

2
(−|(sin(𝑡) − sin(0)) 1

2 |)

1 + sech2 (𝑡)
. (35)
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Due to 𝜆 =
3𝑤
20

< 1 and Corollary 4.3, we derive that
there exists (𝑝, 𝑞) ∈ C((0, 𝜋

2 ],R) × C((0, 𝜋
2 ],R) such

that it satisfies in the system (29), which is unique and
we also have

|𝑥(𝑡) − 𝑝(𝑡) | ≤
( 𝑐1

1 − 𝜆

)
𝐸 1

2

(
−|(sin(𝑡)) 1

2 |
)
,

|𝑦(𝑡) − 𝑞(𝑡) | ≤
( 𝑐2

1 − 𝜆

) 𝐸 1
2

(
−|(sin(𝑡)) 1

2 |
)

1 + sech2 (𝑡)
,

(36)

for any 𝑡 ∈ (0, 𝜋
2
].

Example 5.2 Assume the following fractional differen-
tial system.

ℋD
1
2 ,

1
3 ;sin(𝑡 )

0+ 𝑥(𝑡)

=
(𝑥(𝑡) + 𝑦(𝑡)) (2 + cos(𝑡))

60
, 𝑡 ∈

(
0, 𝜋

2
]
,

𝑐
2+cos(𝑡 )D

1
2 ,sin(𝑡 )
0+ 𝑦(𝑡)

=
𝑥(𝑡) + 𝑦(𝑡)

60(2 + cos(𝑡)) , 𝑡 ∈
(
0, 𝜋

2
]
,

I
1
3 ;sin(𝑡 )
0+ 𝑥(0+) = 0,
𝑦(0) = 0,

(37)
where I

1
3 ;sin(𝑡 )
0+ (.) is the Riemann-Liouville frac-

tional integral of order 1
3

according to the function

sin(𝑡). Furthermore, ℋD
1
2 ,

1
3 ;sin(𝑡 )

0+ (.) is the sin(𝑡)-

Hilfer fractional derivative of type 1
3

with order 1
2

and 𝑐
2+cos(𝑡 )D

1
2 ,sin(𝑡 )
0+ (.) is the weighted generalized Ca-

puto fractional derivative (WCFD) of order 1
2

.

First, we choose (𝑥(𝑡), 𝑦(𝑡)) = (0.25, 0), for any 𝑡 ∈(
0, 𝜋

2
]
, we have����� 1
Γ( 1

2 )

∫ 𝑡

0
cos(𝑠) 0.25(2 + cos(𝑠))

60
√

sin(𝑡) − sin(𝑠)
𝑑𝑠 − 0.25

�����
≤

�����3(0.25)
60

√
𝜋

∫ 𝑡

0

cos(𝑠)𝑑𝑠√
sin(𝑡) − sin(𝑠)

− 0.25

����� ,
let 𝛼 = sin(𝑠) and 𝑑𝛼 = cos(𝑠)𝑑𝑠, we have

≤
����� 0.25
20

√
𝜋

∫ sin(𝑡 )

0

𝑑𝛼√
sin(𝑡) − 𝛼

− 0.25

�����
=

����2(0.25)
20

√
𝜋

(−
√

sin(𝑡)) − 0.25
����

≤ 0.25
10
√
𝜋
+ 0.25 = 0.264 ≤

∞∑
𝑠=0

| sin(𝑡) | 𝑠2 (−1)𝑠
Γ( 𝑠2 + 1) ,

that is, we get����� 1
Γ( 1

2 )

∫ 𝑡

0
cos(𝑠) 0.25(2 + cos(𝑠))

60
√

sin(𝑡) − sin(𝑠)
𝑑𝑠 − 0.25

�����
≤ 𝐸 1

2
(−|(sin(𝑡)) 1

2 |). (38)

Also, we have����� 1
(2 + cos(𝑡))Γ( 1

2 )

∫ 𝑡

0
(2 + cos(𝑠)) cos(𝑠)

× 0.25
60

√
sin(𝑡) − sin(𝑠)(2 + cos(𝑡))

𝑑𝑠

�����
=

0.25
60(2 + cos(𝑡))Γ( 1

2 )

�����∫ 𝑡

0

cos(𝑠)√
sin(𝑡) − sin(𝑠)

𝑑𝑠

����� ,
let 𝛼 = sin(𝑠) and 𝑑𝛼 = cos(𝑠)𝑑𝑠, we can write

≤ 0.25
60(2 + cos(𝑠))√𝜋

�����∫ sin(𝑡 )

0

𝑑𝛼√
sin(𝑡) − 𝛼

�����
≤ 0.25

60(2 + cos(𝑠))√𝜋

���2(−√
sin(𝑡))

���
≤ 0.25

30
√
𝜋(2 + cos(𝑠))

≤ 1
(2 + cos(𝑠))

∞∑
𝑠=0

| sin(𝑡) | 𝑠2 (−1)𝑠
Γ( 𝑠2 + 1) ,

that is, we get����� 1
(2 + cos(𝑡))Γ( 1

2 )

∫ 𝑡

0
(2 + cos(𝑠)) cos(𝑠)

× 0.25
60

√
sin(𝑡) − sin(𝑠)(2 + cos(𝑡))

𝑑𝑠

�����
≤

𝐸 1
2
(−|(sin(𝑡)) 1

2 |)
2 + cos(𝑡) . (39)

Now, we check condition (𝑀 ′
1) for the system (37).

For any arbitrary (ℎ, 𝑧), (𝑥, 𝑦) ∈ C((0, 𝜋
2 ],R) ×

C((0, 𝜋
2 ],R) and every 𝑡 ∈ (0, 𝜋

2 ], we can write

(2 + cos(𝑡))
���𝑥(𝑡) + 𝑦(𝑡)

60
− ℎ(𝑡) + 𝑧(𝑡))

60

���
≤ (2 + cos(𝑡))

60
|𝑥(𝑡) + 𝑦(𝑡) − (ℎ(𝑡) + 𝑧(𝑡)) |

≤ 1
20

( |𝑥(𝑡) − ℎ(𝑡) | + (2 + cos(𝑡)) |𝑦(𝑡) − 𝑧(𝑡) |) ,
(40)

and

(2 + cos(𝑡))−1
����𝑥(𝑡) + 𝑦(𝑡)

60
− ℎ(𝑡) + 𝑧(𝑡)

60

����
≤ (2 + cos(𝑡))−1

60
|𝑥(𝑡) + 𝑦(𝑡) − ℎ(𝑡) − 𝑧(𝑡) |

≤ 1
60

(
(2 + cos(𝑡))−1 |𝑥(𝑡) − ℎ(𝑡) | + |𝑦(𝑡) − 𝑧(𝑡) |

)
.

(41)

According to Lemma (4.1), for 0 < 𝑤 < 1, the following
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relations are obtained:

I
1
2 ;sin(𝑡 )
0+ 𝐸 1

2
(−|(sin(𝑡) − sin(0)) 1

2 |)

≤ 𝑤𝐸 1
2
(−|(sin(𝑡) − sin(0)) 1

2 |), (42)

2+cos(𝑡 ) I
1
2 ;sin(𝑡 )
0+

𝐸 1
2
(−|(sin(𝑡) − sin(0)) 1

2 |)
2 + cos(𝑡)

≤ 𝑤
𝐸 1

2
(−|(sin(𝑡) − sin(0)) 1

2 |)
2 + cos(𝑡) . (43)

Due to𝜆 =
2𝑤
30

< 1 and Corollary 4.3, we derive that for
the system (37) there exists the unique solution (𝑝, 𝑞) ∈
C((0, 𝜋

2 ],R) × C((0, 𝜋
2 ],R), and we also have

|𝑥(𝑡) − 𝑝(𝑡) | ≤
( 𝑐1

1 − 𝜆

)
𝐸 1

2

(
−|(sin(𝑡)) 1

2 |
)
,

|𝑦(𝑡) − 𝑞(𝑡) | ≤
( 𝑐2

1 − 𝜆

) 𝐸 1
2

(
−|(sin(𝑡)) 1

2 |
)

2 + cos(𝑡) ,

(44)

for any 𝑡 ∈
(
0, 𝜋

2
]
.

6. Numerical results
The numerical method, based on complete metric
spaces and the Banach fixed-point theorem, enables the
analysis of the existence, uniqueness, and stability of so-
lutions, as discussed in references such as [21, 22, 23].
This section describes a numerical method for solving
system (37) by applying the Banach fixed-point method
(Fixed-Point Iteration). This method is an iterative pro-
cedure based on the Banach fixed-point Theorem. The
algorithm of Fixed-Point Iteration method is as follows:

1. Find the fixed point of the system under considera-
tion ( 𝑓 (𝑥) = 𝑥).

2. Choose an initial point.

3. Use the recurrence relation 𝑥𝑛+1 = 𝑓 (𝑥𝑛) and Iter-
ate repeatedly.

4. Continue the iterations until the desired accuracy
(tolerance) is achieved.

Now we apply this algorithm to system (37).

1. In Example 5.2, we discussed the existence of the
unique solution for system (37) such that

(𝑝(𝑡), 𝑞(𝑡)) =(
1

Γ( 1
2 )

∫ 𝑡

0
cos(𝑠) (𝑝(𝑠) + 𝑞(𝑠)) (2 + cos(𝑠))

60
√

sin(𝑡) − sin(𝑠)
𝑑𝑠,

1
(2 + cos(𝑡))Γ( 1

2 )

∫ 𝑡

0
(2 + cos(𝑠)) cos(𝑠)

× 𝑝(𝑠) + 𝑞(𝑠)
60

√
sin(𝑡) − sin(𝑠) (2 + cos(𝑡))

𝑑𝑠

)
.

2. We choose initial points 𝑝0 (𝑡) = 0.25, 𝑞0 (𝑡) = 0
for 𝑡 ∈ (0, 𝜋

2 ].

Figure 1. Approximation values for Example 5.2

3. We consider the recurrence relation
(𝑝𝑛+1 (𝑡), 𝑞𝑛+1 (𝑡)) = 𝐻 (𝑝𝑛 (𝑡), 𝑞𝑛 (𝑡)).

4. We compute the following points:

(𝑝1 (𝑡), 𝑞1 (𝑡)) = 𝐻 (𝑝0 (𝑡), 𝑞0 (𝑡)),
(𝑝2 (𝑡), 𝑞2 (𝑡)) = 𝐻 (𝑝1 (𝑡), 𝑞1 (𝑡)),
(𝑝3 (𝑡), 𝑞3 (𝑡)) = 𝐻 (𝑝2 (𝑡), 𝑞2 (𝑡)).

The functions 𝑝𝑖 (𝑡) and 𝑞𝑖 (𝑡) for 𝑖 = 1, 2, 3 are
computed iteratively using the recurrence relation
described above, starting from the initial points
(𝑝0 (𝑡), 𝑞0 (𝑡)). All computations have been per-
formed with an upper bounded error of 10−4.

Approximate values for any point 𝑡 ∈ [0, 1] are shown
in Figure 1, and the upper bounded error for some points
are given in Table 1.

7. Conclusion
In this study, we established the necessary conditions
for the existence, uniqueness, and stability of solutions
to the fractional differential system (1) using the alter-
native fixed point theorem. Furthermore, by present-
ing concrete examples and employing the iterative fixed
point method of Banach, we investigated the practical
applicability and numerical feasibility of the theoreti-
cal results. In particular, the numerical solution of one
of the examples confirmed the convergence behavior of
the iterative algorithm, as well as the accuracy and effi-
ciency of the proposed method. Numerical results not
only verified the correctness of the theoretical findings
but also highlighted the potential of this approach in
approximating solutions of complex fractional systems
with high accuracy. Overall, the results of this study
confirm the efficiency and favorable performance of
the proposed method, establishing it as a powerful tool
for analyzing and solving challenging problems in frac-
tional calculus and their applications. In future research,
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Table 1. Upper bounded error of Example 5.2

𝑡 𝑝3 (𝑡) 𝑞3 (𝑡) |𝑝3 (𝑡) − 𝑝2 (𝑡) | |𝑞3 (𝑡) − 𝑞2 (𝑡) |
0 0 0 0 0
0.1 1.74 × 10−6 1.94 × 10−7 8.6 × 10−5 9.6 × 10−6

0.2 4.86 × 10−6 5.46 × 10−7 1.6 × 10−4 1.9 × 10−5

0.3 8.73 × 10−6 9.93 × 10−7 2.4 × 10−4 2.8 × 10−5

0.4 1.30 × 10−5 1.50 × 10−6 3.2 × 10−4 3.7 × 10−5

0.5 1.74 × 10−5 2.06 × 10−6 3.9 × 10−4 4.6 × 10−5

0.6 2.18 × 10−5 2.65 × 10−6 4.5 × 10−4 5.4 × 10−5

0.7 2.59 × 10−5 3.26 × 10−6 5.0 × 10−4 6.3 × 10−5

0.8 2.97 × 10−5 3.87 × 10−6 5.5 × 10−4 7.1 × 10−5

0.9 3.29 × 10−5 4.47 × 10−6 5.8 × 10−4 7.9 × 10−5

1 3.56 × 10−5 5.06 × 10−6 6.1 × 10−4 8.7 × 10−5

this framework can be extended to systems with time de-
lays, variable-order fractional derivatives, or stochastic
perturbations.
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