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Abstract:
This paper investigates the numerical solution of a three-dimensional time–space fractional functional partial
differential equation involving Caputo fractional derivatives in time and Riesz fractional derivatives in space.
Owing to the inherent difficulties associated with fractional operators, such as weakly singular kernels and
strong nonlocality, conventional numerical methods often encounter limitations in terms of accuracy and
computational efficiency. To address these challenges, a hybrid numerical scheme is developed in which the
Caputo fractional derivative is discretized by means of cubic spline interpolation, providing high-order tem-
poral accuracy, while advanced meshless techniques are employed for the spatial approximation of the Riesz
fractional derivative, thereby effectively managing its global support and singular behavior. The resulting
fully discrete scheme is rigorously analyzed, and its unconditional stability is established using the energy
method. Extensive numerical experiments on various three-dimensional domains demonstrate the high ac-
curacy of the proposed method, with convergence rates consistent with the theoretical analysis, as well as
favorable computational efficiency. Overall, the proposed approach offers a robust and flexible computa-
tional framework for the numerical treatment of complex fractional models arising in physics, engineering,
and applied sciences.
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1. Introduction
Fractional calculus has become an essential mathemat-
ical tool for the modeling of complex dynamical sys-
tems exhibiting memory effects and nonlocal interac-
tions [1, 2, 3, 4, 5, 6, 7, 8]. In particular, the Ca-
puto fractional derivative is extensively employed in
time-fractional formulations due to its ability to incor-
porate initial conditions in terms of integer-order deriva-
tives, thereby preserving physical consistency and inter-
pretability. This operator effectively characterizes tem-
poral memory phenomena arising in viscoelastic mate-
rials, anomalous diffusion processes, and biological sys-
tems. On the other hand, the Riesz fractional derivative
serves as a symmetric and nonlocal spatial operator that

generalizes the classical Laplacian and is well suited
for describing anomalous transport mechanisms such
as Lévy flights and turbulent diffusion, where conven-
tional diffusion operators are inadequate. The combina-
tion of Caputo and Riesz fractional derivatives yields a
comprehensive time–space fractional framework capa-
ble of capturing both long-range temporal dependence
and spatial heterogeneity. Such fractional models have
been successfully applied across a wide range of sci-
entific and engineering disciplines, including physics,
biology, finance, and engineering. Owing to their in-
trinsic nonlocality and mathematical flexibility, frac-
tional differential operators offer improved modeling ac-
curacy and enhanced adaptability compared with classi-
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cal integer-order counterparts, particularly for systems
defined on irregular geometries or heterogeneous media.

We consider the following three-dimensional time-
space fractional functional partial differential equation:

𝐶𝐷
𝛽
𝑡 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −

(
𝐷𝛼𝑥 𝑢 + 𝐷𝛼𝑦 𝑢 + 𝐷𝛼𝑧 𝑢

)
(1)

+𝜆(𝑢𝑝 (𝑥, 𝑦, 𝑧, 𝑡)

+
∫
Ω
𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁)𝑢(𝜉, 𝜂, 𝜁 , 𝑡) 𝑑𝜉𝑑𝜂𝑑𝜁),

subject to the initial condition:

𝑢(𝑥, 𝑦, 𝑧, 0) = 𝑢0 (𝑥, 𝑦, 𝑧), ∀(𝑥, 𝑦, 𝑧) ∈ Ω,

and the boundary condition:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 0, ∀(𝑥, 𝑦, 𝑧) ∈ 𝜕Ω, 𝑡 ∈ [0, 𝑇] .

For 𝛽 ∈ (0, 1), the Caputo fractional derivative of a func-
tion 𝑢(𝑡) is defined by:

𝐶𝐷
𝛽
𝑡 𝑢(𝑡) =

1
Γ(1 − 𝛽)

∫ 𝑡

0

𝑢′ (𝜏)
(𝑡 − 𝜏)𝛽 𝑑𝜏. (2)

This is equivalently expressed using the Riemann–
Liouville integral 𝐼1−𝛽 as:

𝐶𝐷
𝛽
𝑡 𝑢(𝑡) = 𝐼1−𝛽

(
𝑑

𝑑𝑡
𝑢(𝑡)

)
. (3)

For 𝛼 ∈ (1, 2), the Riesz fractional derivative [9] in one
spatial dimension is defined via left and right Riemann–
Liouville derivatives as:

𝐷𝛼𝑥 𝑢(𝑥) = − 1
2 cos(𝜋𝛼/2)

(
−∞𝐷

𝛼
𝑥 𝑢(𝑥) + 𝑥𝐷

𝛼
∞𝑢(𝑥)

)
.

(4)
The left-sided and right-sided Riemann–Liouville frac-
tional derivatives are defined by [10]:

−∞𝐷
𝛼
𝑥 𝑢(𝑥) =

1
Γ(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑥𝑛

∫ 𝑥

−∞

𝑢(𝑠)
(𝑥 − 𝑠)𝛼−𝑛+1 𝑑𝑠,

(5)

𝑥𝐷
𝛼
∞𝑢(𝑥) =

(−1)𝑛
Γ(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑥𝑛

∫ ∞

𝑥

𝑢(𝑠)
(𝑠 − 𝑥)𝛼−𝑛+1 𝑑𝑠,

(6)

where 𝑛 = ⌈𝛼⌉ is the smallest integer greater than or
equal to 𝛼. In this model, 𝑢(𝑥, 𝑦, 𝑧, 𝑡) is the unknown
scalar field representing the state of the system over
space and time, Ω ⊂ R3 is the bounded spatial domain
with boundary 𝜕Ω, 𝑡 ∈ [0, 𝑇] is the time interval of inter-
est, 𝛽 ∈ (0, 1) is the order of the Caputo time-fractional
derivative capturing memory effects, 𝛼 ∈ (1, 2) is the
order of the Riesz space-fractional derivative represent-
ing anomalous diffusion, 𝐷𝛼𝑞 for 𝑞 = 𝑥, 𝑦, 𝑧 are the one-
dimensional Riesz fractional derivatives in each spatial
direction, 𝜆 ∈ R is a scalar parameter scaling the non-
linear source term, 𝑝 > 1 is the exponent in the power-
law nonlinearity, 𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁) is a symmetric ker-
nel function modeling long-range interactions across
space, and 𝑢0 (𝑥, 𝑦, 𝑧) is the prescribed initial condition
of the system.

Numerical methods are essential tools for solving
mathematical models that cannot be treated analytically
or for which exact solutions are difficult to obtain. In
fractional models involving derivatives of non-integer
order, analytical solutions are often complicated or un-
available due to the intrinsic memory and nonlocal prop-
erties of fractional calculus. Numerical methods pro-
vide efficient and accurate approximations of such so-
lutions and enable the investigation of real-world phe-
nomena described by fractional differential equations,
including anomalous diffusion, viscoelastic materials,
and control systems, where classical integer-order mod-
els are inadequate. By discretizing both time and space,
numerical methods transform complex fractional prob-
lems into solvable algebraic systems, thereby facilitat-
ing simulation, prediction, and analysis in engineering,
physics, biology, and finance. Consequently, numerical
techniques are indispensable for the practical applica-
tion of fractional models. Among various numerical ap-
proaches, spline-based methods have been extensively
investigated. Lakestani et al. [11] developed an oper-
ational matrix of fractional derivatives using B-spline
functions, providing a flexible and accurate tool for frac-
tional problems. Similarly, Zahra and Elkholy [12] em-
ployed cubic splines to solve fractional differential equa-
tions, highlighting the effectiveness of spline approxi-
mations in fractional calculus. Advanced spline tech-
niques have also been utilized for time-fractional non-
linear partial differential equations. Majeed et al. [13]
proposed an extended cubic B-spline method for the
time-fractional modified Burgers’ equation, demonstrat-
ing its efficiency in nonlinear settings. More recently,
Sorgentone et al. [14] introduced a spline-based frame-
work for space–time fractional convection–diffusion
problems, further extending the applicability of spline
methods to multidimensional fractional models. Isoge-
ometric analysis (IGA) has emerged as a powerful nu-
merical approach for fractional partial differential equa-
tions. Ge et al. [15] developed space–time continu-
ous and time-discontinuous Galerkin schemes based
on IGA to accurately capture the nonlinear dynamics
of time-fractional equations. Earlier, Feng et al. [16]
investigated numerical methods for forward and back-
ward problems in time–space fractional diffusion equa-
tions, emphasizing the necessity of robust schemes for
inverse problems. Shifted polynomial collocation tech-
niques have been proposed for multidimensional frac-
tional partial differential equations. Anjuman et al. [17]
applied the shifted Legendre–Gauss–Lobatto colloca-
tion method to a three-dimensional time–space frac-
tional reaction–advection–diffusion equation, achiev-
ing high accuracy with spectral convergence. Within
the framework of finite difference methods, Zhao et
al. [18] presented a fast finite difference scheme for
three-dimensional time-dependent space-fractional dif-
fusion equations with fractional derivative boundary
conditions, significantly reducing computational cost.
Wang et al. [19] introduced an alternating-direction im-
plicit spectral Galerkin method for multi-term fractional
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diffusion problems in three dimensions, addressing the
challenges associated with high-dimensional fractional
operators. Meshfree and particle-based methods have
also been employed for the numerical solution of frac-
tional partial differential equations. Lin et al. [4] pro-
posed a reproducing kernel particle method for irregu-
lar domains, illustrating the flexibility of meshfree tech-
niques. Bohaienko [20] developed parallel finite dif-
ference algorithms for space-fractional diffusion equa-
tions with 𝜓-Caputo derivatives, enhancing computa-
tional efficiency in high-dimensional settings. Zhu
et al. [21] further advanced meshless approaches for
high-dimensional multi-term time–space fractional par-
tial differential equations on convex domains. Finite
volume and generalized finite difference methods have
been investigated for handling space-fractional opera-
tors. Zhang et al. [22] introduced a vertex-centered
finite volume method for multi-term fractional Bloch–
Torrey equations, while Sun et al. [23] proposed a gen-
eralized finite difference method for multidimensional
space-fractional diffusion equations. Polynomial-based
high-order schemes and Lagrange polynomial methods
provide effective alternatives for distributed-order frac-
tional models. Ghoreyshi et al. [24] developed two high-
order numerical schemes based on Lagrange polynomi-
als for time-fractional partial integro-differential equa-
tions on non-rectangular domains, ensuring both high
accuracy and numerical stability.

Hybrid numerical methods have been proposed for
fractional diffusion models involving Caputo and Riesz
derivatives. Derakhshan et al. [2] presented a hybrid
scheme with high accuracy for solving time-space frac-
tional diffusion models, combining spatial discretiza-
tion techniques with fractional time operators. Mixed
finite element methods are useful for higher-order time-
fractional models with Riesz space-fractional deriva-
tives of distributed order. Irandoust-Pakchin and De-
rakhshan [3] investigated such methods with stability
analysis, proving their effectiveness in complex frac-
tional PDEs. Optimal solvers and preconditioning tech-
niques have been developed for two-dimensional Riesz
space fractional nonlinear reaction-diffusion equations.
Qu et al. [25] proposed a novel fourth-order scheme
combined with optimal preconditioners to enhance con-
vergence rates. For fractional advection-diffusion equa-
tions, Shahbazi et al. [26] introduced fractional ex-
ponential fitting and adapted backward differentiation
formula (BDF) methods, improving numerical stability
and accuracy. Earlier foundational works by Yang et
al. [27] and Ray and Sahoo [28] laid important ground-
work in numerical methods for fractional PDEs with
Riesz space derivatives and analytical approximate so-
lutions respectively, influencing subsequent numerical
algorithm developments. Meshless methods have re-
ceived considerable attention due to their flexibility in
complex geometries and irregular domains. Owolabi
and Atangana [29] solved nonlinear Schrödinger equa-
tions with Riesz derivatives using meshless methods.
Shen et al. [30] investigated fundamental and numer-

ical solutions of Riesz fractional advection-dispersion
equations. Yuan et al. [31] advanced numerical model-
ing of Riesz space fractional advection–dispersion equa-
tions with meshfree approaches, providing accurate re-
sults in high-dimensional problems. Improved numer-
ical methods for Riesz space fractional PDEs were de-
veloped by Rahman et al. [32], focusing on feasibil-
ity and accuracy. Nguyen et al. [33] reviewed mesh-
less methods comprehensively, discussing implementa-
tion aspects and practical considerations. The enforce-
ment of essential boundary conditions in meshless ap-
proximations using finite elements was studied by Kro-
ngauz and Belytschko [34], while Shivanian [35] ap-
plied meshless local Petrov–Galerkin methods to non-
linear wave equations with moving least squares ap-
proximation. Li [36] proposed meshless Galerkin al-
gorithms for boundary integral equations, demonstrat-
ing the versatility of meshfree techniques in integral for-
mulations. Atluri et al. [1] analyzed thin beams us-
ing meshless local Petrov–Galerkin methods with gen-
eralized moving least squares interpolations, extending
meshless applications to structural mechanics. Assari
et al. [5] developed meshless methods based on mov-
ing least squares for nonlinear integral equations on non-
rectangular domains, emphasizing robustness in com-
plex geometries. Chowdhury et al. [37] proposed an
element-free Galerkin method based on modified mov-
ing least squares approximations, enhancing numerical
stability and accuracy.

Recent advances in numerical methods for fractional
and nonlocal models have significantly improved the ac-
curacy and efficiency of simulations in applied mathe-
matics. Luo et al. [38] developed a second-order ac-
curate, robust, and efficient ADI Galerkin technique for
solving three-dimensional nonlocal heat models arising
in viscoelasticity. This method demonstrated superior
stability compared to traditional approaches. Efficient
alternating direction implicit (ADI) methods have also
been explored for distributed-order fractional integro-
differential equations. Guo et al. [39] proposed nu-
merical schemes that reduce computational cost while
maintaining high accuracy for multi-dimensional prob-
lems. Similarly, Qiu et al. [40] investigated general-
ized tempered-type integrodifferential equations, high-
lighting the flexibility of their approach with respect to
varying kernel functions. In the context of nonlinear
fractional wave models, Nikan et al. [41] conducted a
detailed numerical simulation of the fractional regular-
ized long-wave equation relevant to ion acoustic plasma
waves. Moreover, for financial applications, Nikan et al.
[42] introduced an improved local radial basis function
method for pricing options under the time-fractional
Black–Scholes model, showing its practical effective-
ness in quantitative finance. Additionally, the study of
fractional fluid dynamics has seen notable contributions.
Nikan et al. [43] presented a numerical solution for
the fractional Rayleigh–Stokes model in a heated gen-
eralized second-grade fluid, illustrating the capability
of fractional models to capture complex flow behavior.
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Nikan et al. [44] also proposed a numerical approach for
pricing American and European options using a time-
fractional Black–Scholes model, demonstrating its ef-
fectiveness in financial decision-making. Overall, these
works collectively demonstrate the growing importance
of robust and efficient numerical methods in addressing
fractional, nonlocal, and integro-differential problems
in various scientific and engineering fields.

The incorporation of Caputo fractional derivatives
in time and Riesz fractional derivatives in space intro-
duces intrinsic nonlocal behavior and singular kernels,
which pose significant challenges for both analytical
and numerical solutions. Conventional numerical meth-
ods often encounter limitations in accuracy and effi-
ciency when addressing these complexities, particularly
in three-dimensional domains with irregular geometries.
To overcome these obstacles, the present study develops
a hybrid numerical scheme that combines cubic spline
interpolation in time with meshless spatial discretiza-
tion. The cubic spline approach ensures high-order tem-
poral accuracy for the Caputo fractional derivative, cap-
turing the memory effects inherent in fractional dynam-
ics with minimal discretization error. Simultaneously,
the meshless method provides a flexible and accurate
approximation of the Riesz fractional derivative, effec-
tively managing its global support and singular behav-
ior without the need for structured meshes. While cubic
spline and meshless techniques have been investigated
individually in the context of fractional partial differen-
tial equations, the novelty of the proposed framework
lies in their rigorous integration into a fully discrete
scheme. This unified approach allows for simultaneous
control over temporal and spatial discretization errors,
leading to enhanced stability and provable convergence.
Furthermore, the method is well-suited to handle non-
linear terms and nonlocal interactions represented by
integral kernels, which frequently appear in fractional
functional PDEs. The combination of high-order tem-
poral accuracy, precise spatial approximation, and theo-
retical convergence guarantees distinguishes this work
from existing spline-based or meshless schemes, of-
fering a robust and efficient tool for solving complex
three-dimensional fractional problems. Numerical ex-
periments confirm the method’s reliability, efficiency,
and potential applicability across a broad class of frac-
tional functional equations.

The rest of this manuscript is summarized and con-
cluded as follows. In Section 2, we introduce a novel
discretization technique for the Caputo fractional deriva-
tive based on cubic spline interpolation. This approach
enhances temporal accuracy and provides a smooth rep-
resentation of the solution in time. In Section 3, we
construct a meshless discretization method for the Riesz
fractional derivative, leveraging radial basis functions
to avoid the limitations of grid-based schemes and ef-
fectively capture spatial nonlocality. In Section 4, we
develop a fully discrete numerical scheme by combin-
ing the cubic spline and meshless approximations. This
integrated framework facilitates the efficient and flexi-

ble simulation of the time–space fractional model. In
Section 5, we rigorously analyze the convergence prop-
erties of the proposed scheme and establish its numer-
ical stability under appropriate assumptions. Theoreti-
cal results guarantee that the method reliably approxi-
mates the true solution as discretization parameters are
refined. In Section 6, we present a series of numerical
experiments to validate the performance of the proposed
method. The results confirm the schemes accuracy, con-
vergence order, and ability to handle various fractional
parameters and nonlinearities. Finally, in Section 7, we
summarize the main findings, highlight the advantages
of the proposed method, and outline potential directions
for future research in fractional differential equations.

2. Discretization of Caputo Fractional
Derivative Using Cubic Spline

In this section, we construct a high-order discretization
of the Caputo fractional derivative based on cubic spline
interpolation in time. Consider a uniform time grid
{𝑡 𝑗 }𝑁𝑗=0 with step size Δ𝑡, and denote 𝑢 𝑗 = 𝑢(𝑡 𝑗 ). Let
𝑆(𝑡) be the natural cubic spline that interpolates the
function 𝑢(𝑡) at the nodes {𝑡 𝑗 }. On each subinterval
[𝑡 𝑗−1, 𝑡 𝑗 ], the spline 𝑆(𝑡) takes the form:

𝑆(𝑡) = 𝑎 𝑗 + 𝑏 𝑗 (𝑡 − 𝑡 𝑗−1) + 𝑐 𝑗 (𝑡 − 𝑡 𝑗−1)2 + 𝑑 𝑗 (𝑡 − 𝑡 𝑗−1)3,

where the coefficients 𝑎 𝑗 , 𝑏 𝑗 , 𝑐 𝑗 , 𝑑 𝑗 are determined by
the interpolation conditions 𝑆(𝑡 𝑗 ) = 𝑢 𝑗 , 𝑆(𝑡 𝑗−1) = 𝑢 𝑗−1,
and the continuity of the first and second derivatives
across the grid points. The natural spline boundary con-
ditions impose that the second derivative vanishes at the
endpoints, i.e.,

𝑆′′ (𝑡0) = 𝑆′′ (𝑡𝑁 ) = 0.

In this work, we denote by 𝐶4 ( [0, 𝑇]) the space of func-
tions 𝑢 : [0, 𝑇] → R that are four times continuously
differentiable with respect to time 𝑡, i.e.,

𝑢 ∈ 𝐶4 ([0, 𝑇]) ⇐⇒
𝑢, 𝑢′, 𝑢′′, 𝑢′′′, 𝑢′′′′ exist and are continuous on [0, 𝑇] .

Similarly, 𝐶3,2 ([0, 𝑇] × Ω) denotes the space of func-
tions 𝑢 : [0, 𝑇] × Ω → R that are three times continu-
ously differentiable with respect to time 𝑡 and twice con-
tinuously differentiable with respect to the spatial vari-
ables (𝑥, 𝑦, 𝑧) ∈ Ω, that is,

𝑢 ∈ 𝐶3,2 ([0, 𝑇] ×Ω) ⇐⇒
𝜕𝑚𝑢

𝜕𝑡𝑚
,

𝜕ℓ𝑢

𝜕𝑥𝑖𝜕𝑦 𝑗𝜕𝑧𝑘
exist and are continuous for

𝑚 ≤ 3, 𝑖 + 𝑗 + 𝑘 ≤ 2.

These smoothness assumptions ensure the validity of
the high-order temporal and spatial discretizations used
in the cubic spline and meshless methods, respec-
tively. For consistency, we assume throughout the the-
oretical analysis that the exact solution 𝑢 belongs to
𝐶3,2 ([0, 𝑇]×Ω), which provides sufficient regularity for
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error estimation while encompassing the requirements
of time derivatives up to third order and spatial deriva-
tives up to second order.

Theorem 2.1 Let 𝑢(𝑥, 𝑦, 𝑧, 𝑡) be sufficiently smooth
with respect to time on the interval [0, 𝑇] for each fixed
spatial point (𝑥, 𝑦, 𝑧) ∈ Ω, and let 𝑆𝑡 (𝑡) be the natu-
ral cubic spline interpolant of 𝑢(𝑥, 𝑦, 𝑧, 𝑡) at the discrete
time nodes {𝑡𝑘}𝑛𝑘=0, with uniform time stepΔ𝑡. Then, the
Caputo fractional derivative of order 0 < 𝛽 < 1 at time
𝑡 = 𝑡𝑛 can be approximated by

𝐶𝐷
𝛽
𝑡 𝑢(𝑥, 𝑦, 𝑧, 𝑡𝑛) ≈

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 (7)

+2𝑐 𝑗𝜃2
𝑗𝐵

(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
+ O(Δ𝑡2−𝛽),

where 𝑆′𝑡 (𝑡) = 𝑏 𝑗 + 2𝑐 𝑗 (𝑡 − 𝑡 𝑗−1) + 3𝑑 𝑗 (𝑡 − 𝑡 𝑗−1)2

is the derivative of the cubic spline over the interval
[𝑡 𝑗−1, 𝑡 𝑗 ], 𝜃 𝑗 = 𝑡𝑛 − 𝑡 𝑗−1, and 𝐵 (𝑘 )

𝑗 =
∫ Δ𝑡/𝜃 𝑗
0

𝑧𝑘

(1−𝑧)𝛽 𝑑𝑧

for 𝑘 = 0, 1, 2. The approximation yields an error of
order O(Δ𝑡2−𝛽), provided that 𝑢 ∈ 𝐶4 ( [0, 𝑇]).

Proof: We start from the spline-based approximation of
the Caputo fractional derivative at time 𝑡𝑛:

𝐶𝐷
𝛽
𝑡 𝑢(𝑥, 𝑦, 𝑧, 𝑡𝑛) =

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

∫ 𝑡 𝑗

𝑡 𝑗−1

𝑆′𝑡 (𝑡)
(𝑡𝑛 − 𝑡)𝛽

𝑑𝑡+𝑅𝑛,

where 𝑆𝑡 (𝑡) is the natural cubic spline interpolant of
𝑢(𝑥, 𝑦, 𝑧, 𝑡), 𝑆′𝑡 (𝑡) its derivative, and 𝑅𝑛 denotes the lo-
cal truncation error of the spline-based approximation,
satisfying

|𝑅𝑛 | = O(Δ𝑡2−𝛽).
On each subinterval [𝑡 𝑗−1, 𝑡 𝑗 ], the spline derivative is
given by

𝑆′𝑡 (𝑡) = 𝑏 𝑗 + 2𝑐 𝑗 (𝑡 − 𝑡 𝑗−1) + 3𝑑 𝑗 (𝑡 − 𝑡 𝑗−1)2,

with coefficients 𝑏 𝑗 , 𝑐 𝑗 , 𝑑 𝑗 determined from the spline
construction. Defining

𝜃 𝑗 = 𝑡𝑛 − 𝑡 𝑗−1,

and substituting the variable

𝜉 = 𝑡 − 𝑡 𝑗−1,

so that 𝜉 ∈ [0,Δ𝑡], we have

𝑡 = 𝜉 + 𝑡 𝑗−1, 𝑡𝑛 − 𝑡 = 𝜃 𝑗 − 𝜉, 𝑑𝑡 = 𝑑𝜉,

and the integral becomes∫ 𝑡 𝑗

𝑡 𝑗−1

𝑆′𝑡 (𝑡)
(𝑡𝑛 − 𝑡)𝛽

𝑑𝑡 =
∫ Δ𝑡

0

𝑏 𝑗 + 2𝑐 𝑗𝜉 + 3𝑑 𝑗𝜉2

(𝜃 𝑗 − 𝜉)𝛽
𝑑𝜉.

This integral splits into three parts:∫ Δ𝑡

0

𝑏 𝑗 + 2𝑐 𝑗𝜉 + 3𝑑 𝑗𝜉2

(𝜃 𝑗 − 𝜉)𝛽
𝑑𝜉 = 𝑏 𝑗

∫ Δ𝑡

0

1
(𝜃 𝑗 − 𝜉)𝛽

𝑑𝜉

+2𝑐 𝑗
∫ Δ𝑡

0

𝜉

(𝜃 𝑗 − 𝜉)𝛽
𝑑𝜉 + 3𝑑 𝑗

∫ Δ𝑡

0

𝜉2

(𝜃 𝑗 − 𝜉)𝛽
𝑑𝜉.

Introducing the change of variables

𝑧 =
𝜉

𝜃 𝑗
=⇒ 𝜉 = 𝑧𝜃 𝑗 , 𝑑𝜉 = 𝜃 𝑗𝑑𝑧,

we get
𝜃 𝑗 − 𝜉 = 𝜃 𝑗 (1 − 𝑧),

∫ Δ𝑡

0

𝜉𝑘

(𝜃 𝑗 − 𝜉)𝛽
𝑑𝜉 = 𝜃𝑘+1

𝑗

∫ Δ𝑡/𝜃 𝑗

0

𝑧𝑘

(1 − 𝑧)𝛽 𝑑𝑧

= 𝜃𝑘+1
𝑗 𝐵 (𝑘 )

𝑗 ,

for 𝑘 = 0, 1, 2. Hence, the integral on [𝑡 𝑗−1, 𝑡 𝑗 ] becomes∫ 𝑡 𝑗

𝑡 𝑗−1

𝑆′𝑡 (𝑡)
(𝑡𝑛 − 𝑡)𝛽

𝑑𝑡 = 𝑏 𝑗𝜃 𝑗𝐵
(0)
𝑗 +2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 +3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗 .

Summing over all subintervals 𝑗 = 1, . . . , 𝑛 and includ-
ing the truncation error 𝑅𝑛, we obtain

𝐶𝐷
𝛽
𝑡 𝑢(𝑥, 𝑦, 𝑧, 𝑡𝑛) =

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗

+2𝑐 𝑗𝜃2
𝑗𝐵

(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
+ O(Δ𝑡2−𝛽).

This completes the proof.

The semi-discrete numerical method approximates
the Caputo fractional time derivative by employing cu-
bic spline interpolation, as detailed in Theorem 2.1.
This approach effectively transforms the fractional in-
tegral into a weighted sum of spline coefficients. Con-
sequently, it eliminates the need for direct evaluation of
temporal integrals, converting the problem into a sys-
tem of discrete time equations. Meanwhile, the spatial
fractional derivatives and nonlinear terms are preserved
in their continuous form. This simplification allows the
numerical method to focus on computations at discrete
time levels, facilitating efficient and accurate time step-
ping. Thus, the fully discrete scheme can be expressed
as

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 + 2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
= −

(
𝐷𝛼𝑥 𝑢

𝑛 + 𝐷𝛼𝑦 𝑢𝑛 + 𝐷𝛼𝑧 𝑢𝑛
)

+𝜆
(
(𝑢𝑛) 𝑝 +

∫
Ω
𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁)𝑢𝑛 (𝜉, 𝜂, 𝜁) 𝑑𝜉𝑑𝜂𝑑𝜁

)
.

Theorem 2.2 Let 𝑢(𝑥, 𝑦, 𝑧, 𝑡) be the exact solution of
Eq. (1) with sufficiently smooth initial and bound-
ary data. Assume 𝑢𝑛 is the numerical solution ob-
tained from the semi-discrete scheme defined by the cu-
bic spline discretization of the Caputo fractional deriva-
tive as in Equation (8). Then, there exists a constant
𝐶 > 0, independent of the time step Δ𝑡, such that the
error 𝑒𝑛 = 𝑢(𝑡𝑛) − 𝑢𝑛 satisfies

∥𝑒𝑛∥ ≤ 𝐶 (Δ𝑡)2−𝛽 , 0 < 𝛽 < 1.
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Proof: Define the error function at time 𝑡𝑛 as 𝑒𝑛 =
𝑢(𝑡𝑛) − 𝑢𝑛, where 𝑢(𝑡𝑛) is the exact solution and 𝑢𝑛 is
the numerical approximation. The semi-discrete frac-
tional derivative operator D𝛽

num, constructed via cubic
spline interpolation, approximates the Caputo fractional
derivative. Applying it to the exact solution, we write

𝐶𝐷
𝛽
𝑡 𝑢(𝑡𝑛) = D𝛽

num𝑢(𝑡𝑛) + 𝑅𝑛,

where 𝑅𝑛 denotes the local truncation error arising from
the spline approximation. From the theory of spline ap-
proximations for fractional derivatives, it is known that
the truncation error satisfies the bound

∥𝑅𝑛∥ ≤ 𝐶 (Δ𝑡)2−𝛽 ,

where 𝐶 is a positive constant independent of Δ𝑡, and
0 < 𝛽 < 1 is the fractional order in time. Next, consider
the semi-discrete numerical scheme applied to the ap-
proximate solution 𝑢𝑛. Subtracting this scheme from the
above expression yields the error equation as follows:

D𝛽
num𝑒

𝑛 = −
(
𝐷𝛼𝑥 𝑒

𝑛 + 𝐷𝛼𝑦 𝑒𝑛 + 𝐷𝛼𝑧 𝑒𝑛
)

+𝜆
(
𝑢𝑝 (𝑡𝑛) − (𝑢𝑛) 𝑝 +

∫
Ω
𝐾 (·)

(
𝑢(𝑡𝑛) − 𝑢𝑛

) )
+ 𝑅𝑛.

To analyze the error, we take the inner product in the
Hilbert space 𝐿2 (Ω) with the error function 𝑒𝑛, then

⟨D𝛽
num𝑒

𝑛, 𝑒𝑛⟩ = −
∑

𝜂=𝑥,𝑦,𝑧

⟨𝐷𝛼𝜂𝑒𝑛, 𝑒𝑛⟩

+𝜆⟨𝑢𝑝 (𝑡𝑛) − (𝑢𝑛) 𝑝 , 𝑒𝑛⟩

+𝜆
〈∫

Ω
𝐾 (·) (𝑢(𝑡𝑛) − 𝑢𝑛), 𝑒𝑛

〉
+ ⟨𝑅𝑛, 𝑒𝑛⟩.

Since the Riesz fractional derivatives 𝐷𝛼𝜂 are known to
be self-adjoint and positive semi-definite operators, it
follows that

⟨𝐷𝛼𝜂𝑒𝑛, 𝑒𝑛⟩ ≥ 0.

Consequently,

−
∑
𝜂

⟨𝐷𝛼𝜂𝑒𝑛, 𝑒𝑛⟩ ≤ 0,

which contributes a non-positive term to the error evo-
lution. Next, consider the nonlinear terms. By the local
Lipschitz continuity of the function 𝑓 (𝑢) = 𝑢𝑝 , there
exists a constant 𝐿𝑝 > 0 such that

∥𝑢𝑝 (𝑡𝑛) − (𝑢𝑛) 𝑝 ∥ ≤ 𝐿𝑝 ∥𝑒𝑛∥.

Similarly, assuming the integral operator defined by the
kernel 𝐾 is bounded with operator norm 𝑀𝐾 , we have



∫

Ω
𝐾 (·) (𝑢(𝑡𝑛) − 𝑢𝑛)





 ≤ 𝑀𝐾 ∥𝑒𝑛∥.

Using these bounds, the nonlinear inner product terms
satisfy

𝜆⟨𝑢𝑝 (𝑡𝑛) − (𝑢𝑛) 𝑝 , 𝑒𝑛⟩ + 𝜆
〈∫

Ω
𝐾 (·) (𝑢(𝑡𝑛) − 𝑢𝑛), 𝑒𝑛

〉
≤ 𝜆(𝐿𝑝 + 𝑀𝐾 )∥𝑒𝑛∥2.

Regarding the discrete fractional derivative operator, it
can be shown that

⟨D𝛽
num𝑒

𝑛, 𝑒𝑛⟩ ≥ 1
2
D𝛽

num∥𝑒𝑛∥2,

where

D𝛽
num∥𝑒𝑛∥2 :=

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

𝑤 𝑗 ,𝑛
(
∥𝑒 𝑗 ∥2 − ∥𝑒 𝑗−1∥2)

is a positive definite discrete fractional difference quo-
tient that generalizes the classical difference quotient to
fractional order 𝛽. Combining all inequalities, we have

1
2
D𝛽

num∥𝑒𝑛∥2 ≤ 𝜆(𝐿𝑝 + 𝑀𝐾 )∥𝑒𝑛∥2 + ⟨𝑅𝑛, 𝑒𝑛⟩.

To handle the term involving the truncation error, apply
the Cauchy–Schwarz inequality, thus

⟨𝑅𝑛, 𝑒𝑛⟩ ≤ ∥𝑅𝑛∥∥𝑒𝑛∥.

Then applying Young’s inequality for any 𝜖 > 0, we
have

∥𝑅𝑛∥∥𝑒𝑛∥ ≤ 1
2𝜖

∥𝑅𝑛∥2 + 𝜖

2
∥𝑒𝑛∥2.

Setting 𝜖 = 1 for simplicity, we get:

⟨𝑅𝑛, 𝑒𝑛⟩ ≤ 1
2
∥𝑅𝑛∥2 + 1

2
∥𝑒𝑛∥2.

Hence,

D𝛽
num∥𝑒𝑛∥2 ≤ 2𝜆(𝐿𝑝 + 𝑀𝐾 )∥𝑒𝑛∥2 + ∥𝑅𝑛∥2 + ∥𝑒𝑛∥2,

or equivalently,

D𝛽
num∥𝑒𝑛∥2 ≤ 𝐶1∥𝑒𝑛∥2 + 𝐶2∥𝑅𝑛∥2,

where

𝐶1 = 2𝜆(𝐿𝑝 + 𝑀𝐾 ) + 1, 𝐶2 = 1.

Finally, applying the discrete fractional Grönwall in-
equality, which states that for any sequence 𝑦𝑛 satisfying

D𝛽
num𝑦

𝑛 ≤ 𝐶1𝑦
𝑛 + 𝐶2 (Δ𝑡)2𝑚,

with constants 𝐶1, 𝐶2 > 0 and 𝑚 > 0, it follows that

𝑦𝑛 ≤ 𝐶 (Δ𝑡)2𝑚

for some constant 𝐶 independent of 𝑛 and Δ𝑡. Also,

𝑚 = 2 − 𝛽.

Taking the square root, we obtain

∥𝑒𝑛∥ ≤ 𝐶 (Δ𝑡)𝑚,

which demonstrates that the semi-discrete scheme con-
verges in time with order 𝑚 = 2 − 𝛽.
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3. Discretization of the Riesz Fractional
Derivative Using Meshless Method

The Riesz fractional derivative plays a fundamental role
in modeling anomalous diffusion phenomena in multi-
dimensional domains, especially within the context of
fractional partial differential equations (PDEs). It is de-
fined as the symmetric combination of the left and right
Riemann–Liouville fractional derivatives, which makes
it inherently nonlocal in nature. Discretizing the Riesz
derivative using traditional mesh-based methods can be
particularly challenging due to the presence of singular
kernels and its global support characteristics. In con-
trast, meshless methods provide a flexible and efficient
alternative by approximating derivatives through scat-
tered nodes, eliminating the need for mesh connectivity.
Among these meshless techniques, moving least squares
(MLS) approximations are widely used, as they enable
localized and smooth representations of fractional op-
erators, facilitating accurate and stable numerical solu-
tions.

For bounded domains [𝑎, 𝑏], the truncated form of
Eq. (4) is given by:

𝐷𝛼𝑥 𝑢(𝑥) = − 1
2 cos

(
𝜋𝛼
2

) (
𝑎𝐷

𝛼
𝑥 𝑢(𝑥) + 𝑥𝐷

𝛼
𝑏 𝑢(𝑥)

)
. (8)

The left Riemann–Liouville fractional derivative is de-
fined as:

𝑎𝐷
𝛼
𝑥 𝑢(𝑥) =

1
Γ(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑥𝑛

∫ 𝑥

𝑎

𝑢(𝑠)
(𝑥 − 𝑠)𝛼−𝑛+1 𝑑𝑠, (9)

and the right Riemann–Liouville fractional derivative is
defined as:

𝑥𝐷
𝛼
𝑏 𝑢(𝑥) =

(−1)𝑛
Γ(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑥𝑛

∫ 𝑏

𝑥

𝑢(𝑠)
(𝑠 − 𝑥)𝛼−𝑛+1 𝑑𝑠, (10)

in which 𝑛 = ⌈𝛼⌉. Using quadrature and interpola-
tion techniques, we approximate the integrals given by
Eqs. (9) and (10) as follows:

𝑎𝐷
𝛼
𝑥 𝑢(𝑥𝑖) ≈

𝑁∑
𝑗=1

𝑤 (𝐿)
𝑗 (𝑥𝑖)𝑢(𝑥 𝑗 ), (11)

𝑥𝐷
𝛼
𝑏 𝑢(𝑥𝑖) ≈

𝑁∑
𝑗=1

𝑤 (𝑅)
𝑗 (𝑥𝑖)𝑢(𝑥 𝑗 ),

in which𝑤 (𝐿)
𝑗 and 𝑤 (𝑅)

𝑗 are fractional weights obtained
using a meshless kernel approximation, typically com-
puted via Gauss–Jacobi quadrature. In a meshless
method, the function 𝑢(𝑥) is approximated by

𝑢(𝑥) ≈
𝑁∑
𝑗=1

𝜙 𝑗 (𝑥) 𝑢(𝑥 𝑗 ),

where the shape functions 𝜙 𝑗 (𝑥) (such as radial basis
functions or moving least squares kernels) satisfy the in-
terpolation property 𝜙 𝑗 (𝑥𝑖) = 𝛿𝑖 𝑗 . The fractional deriva-

tive at the node 𝑥𝑖 is then approximated as:

𝐷𝛼𝑥 𝑢(𝑥𝑖) ≈ (12)

− 1
2 cos

(
𝜋𝛼
2

) 𝑁∑
𝑗=1

(
𝑤 (𝐿)
𝑗 (𝑥𝑖) + 𝑤 (𝑅)

𝑗 (𝑥𝑖)
)
𝑢(𝑥 𝑗 ),

which leads to the compact matrix form

𝐷𝛼𝑥 𝑢 ≈ − 1
2 cos

(
𝜋𝛼
2

)𝑊𝑢,
where𝑊 ∈ R𝑁×𝑁 is the weight matrix with entries

𝑊𝑖 𝑗 = 𝑤
(𝐿)
𝑗 (𝑥𝑖) + 𝑤 (𝑅)

𝑗 (𝑥𝑖).

The implementation of the proposed meshless scheme
relies critically on the choice of radial basis functions
(RBFs), the size of the support domains, and the con-
struction of the discrete weight matrices. Let {𝑥𝑖}𝑁𝑖=1 de-
note the set of spatial nodes in the domain Ω. For each
node 𝑥𝑖 , we define a local support domain Ω𝑖 contain-
ing its neighboring nodes. The function 𝑢(𝑥) is approxi-
mated locally using a linear combination of radial basis
functions 𝜙(∥𝑥 − 𝑥 𝑗 ∥) centered at the nodes 𝑥 𝑗 ∈ Ω𝑖:

𝑢(𝑥) ≈
∑
𝑗∈Ω𝑖

𝜆 𝑗 𝜙(∥𝑥 − 𝑥 𝑗 ∥),

where the coefficients 𝜆 𝑗 are determined by enforcing
interpolation conditions at the neighboring nodes. The
discrete Riesz fractional derivative in the 𝑥-direction at
node 𝑥𝑖 is then approximated by

𝐷𝛼𝑥 𝑢(𝑥𝑖) ≈
∑
𝑗∈Ω𝑖

𝑊 (𝑥 )
𝑖 𝑗 𝑢(𝑥 𝑗 ),

where 𝑊 (𝑥 )
𝑖 𝑗 are the meshless weights computed from

the RBF interpolation and depend on the chosen sup-
port size and the RBF type. Analogous expressions hold
for the 𝑦- and 𝑧-directions. The stability and accuracy
of the scheme strongly depend on the conditioning of
the weight matrices 𝑊 (𝑥 ) ,𝑊 (𝑦) ,𝑊 (𝑧) . Therefore, it is
important to select the RBF type (e.g., Gaussian, mul-
tiquadric) and the support size to balance approxima-
tion accuracy and numerical stability. In practice, com-
pactly supported RBFs with moderate support radii are
often preferred to ensure sparsity in the weight matri-
ces and reduce computational cost. By explicitly stating
these choices, the approximation of the Riesz fractional
derivatives can be written in a compact matrix-vector
form:

D𝛼
𝑥 u ≈ 𝑊 (𝑥 )u, D𝛼

𝑦 u ≈ 𝑊 (𝑦)u, D𝛼
𝑧 u ≈ 𝑊 (𝑧)u,

where u = [𝑢(𝑥1), 𝑢(𝑥2), . . . , 𝑢(𝑥𝑁 )]⊤ is the vector of
nodal values. This formulation highlights both the local-
ity and the global influence of the meshless approxima-
tion, providing a clear framework for the implementa-
tion, reproducibility, and numerical analysis of the pro-
posed scheme. The full three-dimensional Riesz frac-
tional derivative is given by

𝐷𝛼𝑢(𝑥, 𝑦, 𝑧) = 𝐷𝛼𝑥 𝑢 + 𝐷𝛼𝑦 𝑢 + 𝐷𝛼𝑧 𝑢.

 10.57647/mathsci.2026.2001.06

http://doi.org/10.57647/mathsci.2026.2001.06


Huntul, Math. Sci 20 (1) 2026 97

We discretize each spatial direction independently us-
ing the meshless approach which is defined in Eq. (12),
yielding

𝐷𝛼𝑢(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) ≈ (13)

− 1
2 cos

(
𝜋𝛼
2

) 𝑁∑
𝑗=1

(
𝑤 (𝑥 )
𝑗 + 𝑤 (𝑦)

𝑗 + 𝑤 (𝑧)
𝑗

)
𝑢(𝑥 𝑗 , 𝑦 𝑗 , 𝑧 𝑗 ),

where 𝑊 (𝑥 ) , 𝑊 (𝑦) , and 𝑊 (𝑧) are the directional
weight matrices constructed analogously to the one-
dimensional case. Thus, the discrete meshless approxi-
mation can be compactly expressed as

𝐷𝛼𝑢(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) ≈ (14)

− 1
2 cos

(
𝜋𝛼
2

) 𝑁∑
𝑗=1

(
𝑊 (𝑥 )
𝑖 𝑗 +𝑊 (𝑦)

𝑖 𝑗 +𝑊 (𝑧)
𝑖 𝑗

)
𝑢(𝑥 𝑗 , 𝑦 𝑗 , 𝑧 𝑗 ),

where each 𝑊 ( ·)
𝑖 𝑗 represents the fractional weight corre-

sponding to the respective spatial direction.

4. Fully Discrete Scheme via Meshless
Approximation of the Riesz Derivative

To achieve a fully discrete numerical scheme, we dis-
cretize the spatial fractional derivatives in the semi-
discrete equation (8) using a meshless method. As
described in Section 3, the three-dimensional Riesz
fractional derivative is approximated by direction-wise
meshless weights derived from moving least squares
(MLS) approximations. This approach is especially ef-
fective for irregular domains and non-uniform node dis-
tributions, allowing spatial operators to be discretized
without relying on structured meshes.

By substituting the meshless approximations of the
Riesz fractional derivatives 𝐷𝛼𝑥 𝑢𝑛, 𝐷𝛼𝑦 𝑢𝑛, and 𝐷𝛼𝑧 𝑢

𝑛

into the semi-discrete equation (8), we obtain the fol-
lowing fully discrete formulation:

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 +2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 +3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
(15)

= − 1
2 cos

(
𝜋𝛼
2

) 𝑁∑
𝑘=1

(
𝑊 (𝑥 )
𝑖𝑘 +𝑊 (𝑦)

𝑖𝑘 +𝑊 (𝑧)
𝑖𝑘

)
𝑢𝑛𝑘 +

𝜆

(
(𝑢𝑛𝑖 ) 𝑝+

∫
Ω
𝐾 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝜉, 𝜂, 𝜁)𝑢𝑛 (𝜉, 𝜂, 𝜁) 𝑑𝜉𝑑𝜂𝑑𝜁

)
,

in which 𝑢𝑛𝑖 ≈ 𝑢(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝑡𝑛) denotes the numerical ap-
proximation at node 𝑖 and time step 𝑛. The terms𝑊 (𝑥 )

𝑖𝑘 ,
𝑊

(𝑦)
𝑖𝑘 , and 𝑊 (𝑧)

𝑖𝑘 represent the meshless weights associ-
ated with the Riesz fractional derivatives in the 𝑥-, 𝑦-,
and 𝑧-directions, respectively. Additionally, 𝜃 𝑗 = 𝑡𝑛−𝑡 𝑗 ,
and the coefficients 𝑏 𝑗 , 𝑐 𝑗 , and 𝑑 𝑗 arise from the Caputo
time discretization using cubic spline interpolation. The
volume integral in the nonlocal nonlinear term can be ef-
ficiently approximated using quadrature rules as∫

Ω
𝐾 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝜉, 𝜂, 𝜁) 𝑢𝑛 (𝜉, 𝜂, 𝜁) 𝑑𝜉 𝑑𝜂 𝑑𝜁 (16)

≈
𝑁∑
𝑘=1

𝜔𝑘 𝐾 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝑥𝑘 , 𝑦𝑘 , 𝑧𝑘) 𝑢𝑛𝑘 ,

in which 𝜔𝑘 denote the integration weights correspond-
ing to the spatial node distribution. Substituting Eq. (16)
into Eq. (15), the fully discrete form at each node 𝑥𝑖 be-
comes:

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 + 2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
(17)

= − 1
2 cos

(
𝜋𝛼
2

) 𝑁∑
𝑘=1

(
𝑊 (𝑥 )
𝑖𝑘 +𝑊 (𝑦)

𝑖𝑘 +𝑊 (𝑧)
𝑖𝑘

)
𝑢𝑛𝑘

+𝜆
(
(𝑢𝑛𝑖 ) 𝑝 +

𝑁∑
𝑘=1

𝜔𝑘𝐾 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝑥𝑘 , 𝑦𝑘 , 𝑧𝑘)𝑢𝑛𝑘

)
.

This fully discrete scheme can be implemented in a time-
marching fashion, updating 𝑢𝑛𝑖 at each time step based
on the solution at previous time levels and the precom-
puted spatial weights.

5. Convergence Analysis Theorem for the
Fully Discrete Fractional Model

We now present a rigorous convergence analysis of the
fully discrete numerical scheme given in Eq. (17), which
originates from a fractional partial differential equation
involving the Caputo time-fractional derivative of order
𝛽 ∈ (0, 1) and Riesz space-fractional derivatives of or-
der 𝛼 ∈ (1, 2) in three spatial dimensions. In the follow-
ing analysis, we aim to establish the convergence behav-
ior of the scheme with respect to both the temporal and
spatial discretizations, under suitable regularity assump-
tions on the exact solution. The error will be decom-
posed into contributions from time discretization, spa-
tial approximation, and the quadrature of the nonlocal
nonlinear term, allowing us to characterize the overall
accuracy of the method.

Definition 5.1 Let 𝑢 = 𝑢(𝑥, 𝑡) be a function defined
on a spatiotemporal domain Ω × [0, 𝑇]. We say that
𝑢 ∈ 𝐶3,2 ([0, 𝑇]) if 𝑢 is three times continuously differ-
entiable with respect to time 𝑡 ∈ [0, 𝑇], and two times
continuously differentiable with respect to the spatial
variables 𝑥 ∈ Ω. That is, all mixed partial deriva-
tives 𝜕𝑖

𝜕𝑡 𝑖
𝜕 𝑗𝑢
𝜕𝑥 𝑗 exist and are continuous for all integers

0 ≤ 𝑖 ≤ 3 and 0 ≤ 𝑗 ≤ 2.

Theorem 5.2 (Convergence of the Fully Discrete
Scheme) Let 𝑢(𝑥, 𝑦, 𝑧, 𝑡) ∈ 𝐶3,2 ([0, 𝑇] × Ω) be the
exact solution of the continuous fractional problem (1)
with sufficient smoothness. Let 𝑢𝑛𝑖 denote the fully dis-
crete numerical approximation obtained by the scheme
described in Equation (17). Then, there exists a constant
𝐶 > 0, independent of the discretization parameters Δ𝑡
and ℎ, such that the following error estimate holds:

∥𝑢(𝑥𝑖 , 𝑡𝑛) − 𝑢𝑛𝑖 ∥𝐿2 (Ω) ≤ 𝐶 ((Δ𝑡)2−𝛽 + ℎ2−𝛼), (18)

where Δ𝑡 is the time step size, ℎ is the spatial node
spacing, 𝛽 ∈ (0, 1) is the time-fractional order, and
𝛼 ∈ (1, 2) is the space-fractional order.
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Proof: We begin our convergence analysis by defining
the pointwise error at a spatial node 𝑥𝑖 and time level 𝑡𝑛
as

𝑒𝑛𝑖 = 𝑢(𝑥𝑖 , 𝑡𝑛) − 𝑢𝑛𝑖 , (19)

where 𝑢(𝑥𝑖 , 𝑡𝑛) denotes the exact solution of the contin-
uous problem, and 𝑢𝑛𝑖 represents the corresponding nu-
merical solution obtained from the fully discrete scheme.
To analyze the behavior of this error, we first write
the exact equation and its discrete counterpart indepen-
dently, and then subtract one from the other to obtain
an equation governing the error evolution. The time-
fractional derivative of order 𝛽 ∈ (0, 1), in the Caputo
sense, evaluated at point (𝑥𝑖 , 𝑡𝑛), is given by

𝐶𝐷
𝛽
𝑡 𝑢(𝑥𝑖 , 𝑡𝑛) =

1
Γ(1 − 𝛽)

∫ 𝑡𝑛

0
(𝑡𝑛 − 𝑠)−𝛽

𝜕𝑢(𝑥𝑖 , 𝑠)
𝜕𝑠

𝑑𝑠.

(20)
This integral operator is nonlocal in time and captures
the memory effect intrinsic to many physical and bio-
logical diffusion processes. To discretize the Caputo
derivative, we apply a high-order approximation based
on cubic spline interpolation in time. Specifically, as
stated in Theorem 2.1, we approximate the integral over
each subinterval [𝑡 𝑗−1, 𝑡 𝑗 ] using a piecewise cubic inter-
polant. This leads to the following numerical approxi-
mation:

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 + 2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

]
= 𝐶𝐷

𝛽
𝑡 𝑢(𝑥𝑖 , 𝑡𝑛) + O((Δ𝑡)2−𝛽),

where 𝜃 𝑗 = 𝑡𝑛 − 𝑡 𝑗 is the distance from the current time
step 𝑡𝑛 to a previous one 𝑡 𝑗 , and 𝐵 (𝑚)

𝑗 = 𝜕𝑚𝑢
𝜕𝑡𝑚 (𝑥𝑖 , 𝑡 𝑗 )

denotes the 𝑚-th order time derivative of the exact so-
lution evaluated at 𝑡 𝑗 . The coefficients 𝑏 𝑗 , 𝑐 𝑗 , 𝑑 𝑗 are
determined by the cubic spline basis functions used in
the interpolation process. Next, we consider the spatial
discretization of the Riesz fractional derivatives using
the meshless method. The one-dimensional Riesz frac-
tional derivative in the 𝑥-direction is approximated at
the node 𝑥𝑖 by:

𝐷𝛼𝑥 𝑢(𝑥𝑖) ≈
1

2 cos
(
𝜋𝛼
2

) 𝑁∑
𝑘=1

𝑊 (𝑥 )
𝑖𝑘 𝑢(𝑥𝑘), (21)

where 𝑊 (𝑥 )
𝑖𝑘 are the directional meshless weights cor-

responding to the Riesz derivative in the 𝑥-direction.
These weights are computed using a local moving least
squares (MLS) approximation based on a set of neigh-
boring nodes. Analogous expressions hold for the 𝑦-
and 𝑧-directions:

𝐷𝛼𝑦 𝑢(𝑦𝑖) ≈
1

2 cos
(
𝜋𝛼
2

) 𝑁∑
𝑘=1

𝑊
(𝑦)
𝑖𝑘 𝑢(𝑦𝑘),

𝐷𝛼𝑧 𝑢(𝑧𝑖) ≈
1

2 cos
(
𝜋𝛼
2

) 𝑁∑
𝑘=1

𝑊 (𝑧)
𝑖𝑘 𝑢(𝑧𝑘).

Substituting both the time and space approximations
into the fractional PDE, the fully discrete form of the

equation at node 𝑥𝑖 and time level 𝑡𝑛 is given by:

𝑇𝑛 (𝑢𝑛𝑖 ) = −
(
𝐷𝛼𝑥 𝑢

𝑛
𝑖 + 𝐷𝛼𝑦 𝑢𝑛𝑖 + 𝐷𝛼𝑧 𝑢𝑛𝑖

)
(22)

+𝜆
(
(𝑢𝑛𝑖 ) 𝑝 +

𝑁∑
𝑘=1

𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑢𝑛𝑘

)
,

where 𝑇𝑛 (𝑢𝑛𝑖 ) denotes the high-order spline-based ap-
proximation of the Caputo time-fractional derivative at
time level 𝑡𝑛, and the kernel term approximates the non-
local nonlinear interaction. In contrast, the exact solu-
tion 𝑢(𝑥, 𝑡) satisfies a similar relation, up to the trunca-
tion error introduced by the discretization:

𝑇𝑛 (𝑢(𝑥𝑖 , 𝑡𝑛)) = (23)

−
(
𝐷𝛼𝑥 𝑢(𝑥𝑖 , 𝑡𝑛) + 𝐷𝛼𝑦 𝑢(𝑥𝑖 , 𝑡𝑛) + 𝐷𝛼𝑧 𝑢(𝑥𝑖 , 𝑡𝑛)

)
+𝜆

(
(𝑢(𝑥𝑖 , 𝑡𝑛)) 𝑝 +

𝑁∑
𝑘=1

𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑢(𝑥𝑘 , 𝑡𝑛)
)
+ 𝜂𝑛𝑖 ,

where 𝜂𝑛𝑖 denotes the local truncation error, which
quantifies the accuracy of the discrete scheme. Un-
der regularity assumptions on the exact solution 𝑢 ∈
𝐶3,2 ([0, 𝑇] ×Ω), the truncation error is bounded as:

|𝜂𝑛𝑖 | ≤ 𝐶
(
(Δ𝑡)2−𝛽 + ℎ2−𝛼

)
, (24)

where Δ𝑡 is the time step size, ℎ represents the typical
spatial node spacing, and𝐶 is a constant independent of
Δ𝑡 and ℎ, depending only on the smoothness of 𝑢 and the
kernel function 𝐾 . This formulation now sets the stage
for deriving the full error equation by subtracting the
discrete scheme from the exact equation and estimating
the propagation of 𝑒𝑛𝑖 = 𝑢(𝑥𝑖 , 𝑡𝑛) − 𝑢𝑛𝑖 . Subtracting the
discrete numerical scheme from the exact equation, we
obtain the error equation:

𝑇𝑛 (𝑒𝑛𝑖 ) = −
(
Rℎ𝑒𝑛

)
𝑖 + 𝜆((𝑢(𝑥𝑖 , 𝑡𝑛))

𝑝 − (𝑢𝑛𝑖 ) 𝑝 (25)

+
𝑁∑
𝑘=1

𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)
(
𝑢(𝑥𝑘 , 𝑡𝑛) − 𝑢𝑛𝑘

)
) + 𝜂𝑛𝑖 ,

where 𝑒𝑛𝑖 = 𝑢(𝑥𝑖 , 𝑡𝑛) − 𝑢𝑛𝑖 is the pointwise error, Rℎ de-
notes the discrete meshless approximation of the Riesz
fractional derivative operator, and 𝜂𝑛𝑖 is the truncation
error. Multiplying both sides by 𝑒𝑛𝑖 , summing over all
nodes 𝑖, and using the discrete weighted inner product
with weights 𝜔𝑖 , we get:

𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖 𝑇

𝑛 (𝑒𝑛𝑖 ) = −
𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖 (Rℎ𝑒𝑛)𝑖 (26)

+𝜆
𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖

[
(𝑢(𝑥𝑖 , 𝑡𝑛)) 𝑝 − (𝑢𝑛𝑖 ) 𝑝

]
+𝜆

𝑁∑
𝑖=1

𝑁∑
𝑘=1

𝜔𝑖𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑒𝑛𝑖 𝑒𝑛𝑘 +
𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖 𝜂
𝑛
𝑖 .

Using the coercivity property of the meshless approxi-
mation for the Riesz fractional derivative, we have the
bound:

𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖 (Rℎ𝑒𝑛)𝑖 ≥ 𝐶𝛼∥𝑒𝑛∥2, (27)

 10.57647/mathsci.2026.2001.06

http://doi.org/10.57647/mathsci.2026.2001.06


Huntul, Math. Sci 20 (1) 2026 99

where ∥𝑒𝑛∥2 =
∑
𝑖 𝜔𝑖 (𝑒𝑛𝑖 )2 is the discrete weighted ℓ2-

norm and 𝐶𝛼 > 0 is a constant depending on the frac-
tional order 𝛼. By the Lipschitz continuity of the non-
linear term 𝑓 (𝑢) = 𝑢𝑝 , we have

| (𝑢(𝑥𝑖 , 𝑡𝑛)) 𝑝 − (𝑢𝑛𝑖 ) 𝑝 | ≤ 𝐶𝑝 |𝑒𝑛𝑖 |, (28)

which implies

𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖

[
(𝑢(𝑥𝑖 , 𝑡𝑛)) 𝑝 − (𝑢𝑛𝑖 ) 𝑝

]
≤ 𝐶∥𝑒𝑛∥2. (29)

For the truncation error term, using the Cauchy–
Schwarz inequality, we obtain

𝑁∑
𝑖=1

𝜔𝑖𝑒
𝑛
𝑖 𝜂
𝑛
𝑖 ≤ ∥𝑒𝑛∥ · ∥𝜂𝑛∥ ≤ 𝐶

(
(Δ𝑡)2−𝛽 + ℎ2−𝛼

)
∥𝑒𝑛∥.

(30)
Combining these estimates and applying Young’s in-
equality to handle the product term, we get

∥𝑒𝑛∥2 ≤ 𝐶∥𝑒𝑛∥2 + 𝐶
(
(Δ𝑡)2−𝛽 + ℎ2−𝛼

)2
+ 𝜀∥𝑒𝑛∥2,

(31)
for an arbitrarily small 𝜀 > 0. Choosing 𝜀 sufficiently
small allows us to absorb all terms involving ∥𝑒𝑛∥2 into
the left-hand side, yielding the final error bound:

∥𝑒𝑛∥ ≤ 𝐶
(
(Δ𝑡)2−𝛽 + ℎ2−𝛼

)
, (32)

where 𝐶 is a positive constant independent of Δ𝑡 and ℎ.
This completes the convergence proof, demonstrating
that the numerical scheme converges with order 2 − 𝛽
in time and order 2 − 𝛼 in space under appropriate reg-
ularity assumptions.

Theorem 5.3 (Coercivity and Positivity of the Dis-
crete Fractional Operator) Let Rℎ denote the discrete
meshless approximation of the Riesz fractional deriva-
tive of order 𝛼 ∈ (1, 2) on a set of spatial nodes {𝑥𝑖}𝑁𝑖=1
with quadrature weights {𝜔𝑖}𝑁𝑖=1. Then, for any discrete
vector 𝑒 = (𝑒1, . . . , 𝑒𝑁 )𝑇 ∈ R𝑁 , the following proper-
ties hold:

1. There exists a constant 𝐶𝛼 > 0 such that

𝑁∑
𝑖=1

𝜔𝑖 𝑒𝑖 (Rℎ𝑒)𝑖 ≥ 𝐶𝛼 ∥𝑒∥2, ∥𝑒∥2 =
𝑁∑
𝑖=1

𝜔𝑖𝑒
2
𝑖 .

(33)

2. The operator satisfies

(Rℎ𝑒)𝑖 𝑒𝑖 ≥ 0, ∀𝑖 = 1, . . . , 𝑁. (34)

These properties are crucial for deriving energy esti-
mates and establishing stability of the fully discrete
scheme.

Proof: The discrete operator Rℎ is defined as

(Rℎ𝑒)𝑖 =
1

2 cos(𝜋𝛼/2)

𝑁∑
𝑗=1
𝑊𝑖 𝑗𝑒 𝑗 ,

where 𝑊𝑖 𝑗 = 𝑊 𝑗𝑖 are the symmetric meshless weights
corresponding to the Riesz fractional derivative, and
𝑊𝑖𝑖 > 0 for all 𝑖. Using the symmetry and positive-
definiteness of the weight matrix𝑊 = [𝑊𝑖 𝑗 ], we have

𝑁∑
𝑖=1

𝜔𝑖 𝑒𝑖 (Rℎ𝑒)𝑖 =
1

2 cos(𝜋𝛼/2)

𝑁∑
𝑖, 𝑗=1

𝜔𝑖𝑊𝑖 𝑗𝑒𝑖𝑒 𝑗

≥ 𝐶𝛼

𝑁∑
𝑖=1

𝜔𝑖𝑒
2
𝑖 = 𝐶𝛼 ∥𝑒∥2,

where 𝐶𝛼 > 0 depends only on the fractional order 𝛼
and the meshless discretization. From the definition of
Rℎ and the positivity of the diagonal weights 𝑊𝑖𝑖 , we
have

(Rℎ𝑒)𝑖 𝑒𝑖 =
1

2 cos(𝜋𝛼/2)

𝑁∑
𝑗=1
𝑊𝑖 𝑗𝑒 𝑗𝑒𝑖 ≥ 0, ∀𝑖,

since each term 𝑊𝑖 𝑗𝑒𝑖𝑒 𝑗 ≥ 0 due to symmetry and the
contribution of the dominant diagonal entries. These
inequalities ensure that the discrete operator Rℎ mimics
the continuous Riesz fractional derivative in its energy
behavior, which is essential for stability proofs of the
fully discrete scheme.

Theorem 5.4 (Stability of the fully discrete scheme)
Consider the fully discrete numerical scheme (17) for
the nonlinear time-space fractional partial differential
equation involving the Caputo time-fractional deriva-
tive of order 𝛽 ∈ (0, 1) and the Riesz space-fractional
derivative of order 𝛼 ∈ (1, 2) in three spatial dimen-
sions. Let the kernel 𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁) be symmetric
and non-negative. Then, the fully discrete numerical
scheme is unconditionally stable in the discrete 𝐿2 norm,
independent of the time step 𝜏 and spatial mesh size ℎ.

Proof: We begin with the fully discrete formulation (8)
of the time-fractional equation, which can be expressed
as:

1
Γ(1 − 𝛽)

𝑛∑
𝑗=1

[
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 + 2𝑐 𝑗𝜃2

𝑗𝐵
(1)
𝑗 (35)

+3𝑑 𝑗𝜃3
𝑗𝐵

(2)
𝑗

]
= −

(
𝐷𝛼𝑥 𝑢

𝑛 + 𝐷𝛼𝑦 𝑢𝑛 + 𝐷𝛼𝑧 𝑢𝑛
)

+𝜆
(
(𝑢𝑛) 𝑝 +

∫
Ω
𝐾𝑢𝑛

)
.

In this equation, the left-hand side provides an approx-
imation to the Caputo fractional derivative of order
𝛽 ∈ (0, 1) through a spline interpolation technique,
capturing the history dependence inherent in fractional
derivatives. On the right-hand side, the spatial deriva-
tives are modeled by the Riesz fractional derivatives
𝐷𝛼𝑥 , 𝐷

𝛼
𝑦 , 𝐷

𝛼
𝑧 of order 𝛼 ∈ (1, 2), along with a nonlin-

ear term including a power nonlinearity and a nonlo-
cal integral involving the kernel 𝐾 . For analysis pur-
poses, we define the discrete 𝐿2-norm at time level 𝑡𝑛 as
∥𝑢𝑛∥2 =

∑
𝑖 𝜔𝑖 (𝑢𝑛𝑖 )2, where the weights 𝜔𝑖 correspond

to the quadrature or integration weights associated with
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the spatial discretization. For example, in the case of
uniform grids in three dimensions, these weights can
be taken as 𝜔𝑖 = ℎ3. To analyze the stability of the
fully discrete scheme (35), we employ the discrete en-
ergy method. Multiplying both sides of (35) by 𝑢𝑛𝑖 𝜔𝑖
and summing over all spatial nodes 𝑖 = 1, . . . , 𝑁 , we
get

𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖 ·


1

Γ(1 − 𝛽)

𝑛∑
𝑗=1

(
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗 (36)

+2𝑐 𝑗𝜃2
𝑗𝐵

(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

)]
= −

𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖

(
𝐷𝛼𝑥 + 𝐷𝛼𝑦 + 𝐷𝛼𝑧

)
𝑢𝑛𝑖

+𝜆
𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖

[
(𝑢𝑛𝑖 ) 𝑝 +

∫
Ω
𝐾𝑢𝑛

]
.

Define the discrete time-fractional operator as

𝑇𝑛 (𝑢𝑛𝑖 ) :=
1

Γ(1 − 𝛽)

𝑛∑
𝑗=1

(
𝑏 𝑗𝜃 𝑗𝐵

(0)
𝑗

+2𝑐 𝑗𝜃2
𝑗𝐵

(1)
𝑗 + 3𝑑 𝑗𝜃3

𝑗𝐵
(2)
𝑗

)
,

where 𝐵 (𝑚)
𝑗 = 𝜕𝑚𝑡 𝑢(𝑥𝑖 , 𝑡 𝑗 ) or its numerical approx-

imation. Then the left-hand side of (36) becomes∑𝑁
𝑖=1 𝜔𝑖𝑢

𝑛
𝑖 𝑇

𝑛 (𝑢𝑛𝑖 ). Due to the positive definiteness and
stability properties of the spline-based approximation of
the Caputo derivative (see Theorem 2.1), this term sat-
isfies a discrete energy inequality of the form

𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖 𝑇

𝑛 (𝑢𝑛𝑖 ) ≥ 𝐶1∥𝑢𝑛∥2 −
𝑛−1∑
𝑚=0

𝐶𝑚+2∥𝑢𝑚∥2, (37)

where the constants 𝐶 𝑗 > 0 depend on the fractional or-
der 𝛽, the spline coefficients 𝑏 𝑗 , 𝑐 𝑗 , 𝑑 𝑗 , and mesh prop-
erties. This inequality implies that the temporal dis-
cretization accumulates energy in a controlled, positive
manner and does not introduce artificial growth. The
spatial fractional derivatives are discretized via symmet-
ric meshless approximations 𝐷𝛼𝑥 , 𝐷𝛼𝑦 , 𝐷𝛼𝑧 , each repre-
senting a discretized Riesz fractional Laplacian opera-
tor. The Riesz derivative is a negative definite operator
(see Theorem 5.3), so its discrete counterpart preserves
this property:

𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖 𝐷

𝛼
𝑥 𝑢

𝑛
𝑖 = −⟨𝑢𝑛, (−𝐷𝛼𝑥 )𝑢𝑛⟩ ≤ 0,

and similarly for the 𝑦- and 𝑧-directions. Summing all
directions, the total spatial fractional derivative term sat-
isfies

𝑁∑
𝑖=1

𝜔𝑖𝑢
𝑛
𝑖

(
𝐷𝛼𝑥 + 𝐷𝛼𝑦 + 𝐷𝛼𝑧

)
𝑢𝑛𝑖 ≤ 0. (38)

This inequality reflects the dissipative nature of the frac-
tional Laplacian, acting as a smoothing operator that pre-
vents energy growth in space. The nonlinear term (𝑢𝑛) 𝑝

satisfies ∑
𝑖

𝜔𝑖𝑢
𝑛
𝑖 (𝑢𝑛𝑖 ) 𝑝 =

∑
𝑖

𝜔𝑖 (𝑢𝑛𝑖 ) 𝑝+1 ≥ 0,

for any 𝑝 > 0. This term contributes positively to the
discrete energy and therefore does not induce any desta-
bilizing effects. Next, we consider the kernel function
𝐾 , which is assumed to be symmetric and non-negative,
then

𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁) = 𝐾 (𝜉, 𝜂, 𝜁 , 𝑥, 𝑦, 𝑧) ≥ 0.

Hence, the integral term can be rewritten in the discrete
setting as∑
𝑖

𝜔𝑖𝑢
𝑛
𝑖

∫
Ω
𝐾 (𝑥𝑖 , 𝜉)𝑢𝑛 (𝜉) 𝑑𝜉 ≈

∑
𝑖,𝑘

𝜔𝑖𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑢𝑛𝑖 𝑢𝑛𝑘 ,

which is non-negative because it is a double sum of
non-negative weights and symmetric kernel values mul-
tiplied by 𝑢𝑛𝑖 𝑢

𝑛
𝑘 . This implies that the integral term is

non-negative and contributes positively to the energy es-
timate. Combining all terms, the discrete energy iden-
tity can be expressed as:∑
𝑖

𝜔𝑖𝑢
𝑛
𝑖 𝑇

𝑛 (𝑢𝑛𝑖 ) +
∑
𝑖

𝜔𝑖𝑢
𝑛
𝑖 (𝐷𝛼𝑥 + 𝐷𝛼𝑦 + 𝐷𝛼𝑧 )𝑢𝑛𝑖 (39)

= 𝜆
∑
𝑖

𝜔𝑖 (𝑢𝑛𝑖 ) 𝑝+1 + 𝜆
∑
𝑖,𝑘

𝜔𝑖𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑢𝑛𝑖 𝑢𝑛𝑘 .

Since the spatial fractional derivative operator is nega-
tive definite, we have∑

𝑖

𝜔𝑖𝑢
𝑛
𝑖 (𝐷𝛼𝑥 + 𝐷𝛼𝑦 + 𝐷𝛼𝑧 )𝑢𝑛𝑖 ≤ 0,

and both nonlinear terms on the right-hand side are non-
negative, we can rearrange (39) to get the inequality∑

𝑖

𝜔𝑖𝑢
𝑛
𝑖 𝑇

𝑛 (𝑢𝑛𝑖 ) ≤ 𝜆
∑
𝑖

𝜔𝑖 (𝑢𝑛𝑖 ) 𝑝+1

+𝜆
∑
𝑖,𝑘

𝜔𝑖𝜔𝑘𝐾 (𝑥𝑖 , 𝑥𝑘)𝑢𝑛𝑖 𝑢𝑛𝑘 .

From the positivity and coercivity property of the tem-
poral operator 𝑇𝑛, we know that

∑
𝑖

𝜔𝑖𝑢
𝑛
𝑖 𝑇

𝑛 (𝑢𝑛𝑖 ) ≥ 𝐶1∥𝑢𝑛∥2 −
𝑛−1∑
𝑚=0

𝐶𝑚+2∥𝑢𝑚∥2,

where 𝐶 𝑗 > 0 are constants independent of 𝜏 and ℎ.
Together, these estimates imply that the discrete energy
norm satisfies

∥𝑢𝑛∥2 ≤ 𝐶,

where 𝐶 > 0 is a constant independent of the time step
size 𝜏 and spatial discretization parameter ℎ. This es-
tablishes unconditional stability of the fully discrete nu-
merical scheme in the discrete 𝐿2-norm.

 10.57647/mathsci.2026.2001.06

http://doi.org/10.57647/mathsci.2026.2001.06


Huntul, Math. Sci 20 (1) 2026 101

6. Numerical Simulation
In this section, we present numerical examples to
demonstrate the accuracy and convergence behavior of
the proposed numerical schemes for fractional differ-
ential equations. The simulations are performed using
MATLAB software (version R2023b). To quantify the
accuracy of the numerical solutions, we compute the dis-
crete 𝐿2-norm of the error at time level 𝑡𝑛 as

𝐸𝑛 = ∥𝑢𝑛exact − 𝑢𝑛num∥𝐿2 (Ω)

=

(∑
𝑗

��𝑢exact (𝑥 𝑗 , 𝑡𝑛) − 𝑢num (𝑥 𝑗 , 𝑡𝑛)
��2 Δ𝑥)1/2

,

where 𝑢𝑛exact and 𝑢𝑛num represent the exact and numerical
solutions at spatial node 𝑥 𝑗 and time 𝑡𝑛, respectively, and
Δ𝑥 is the spatial mesh size. The order of convergence
in the time direction is calculated by fixing the spatial
discretization and refining the time step Δ𝑡:

Order𝑡 = log2

(
𝐸𝑛 (Δ𝑡)
𝐸𝑛 (Δ𝑡/2)

)
.

Similarly, the order of convergence in the space direc-
tion is computed by fixing the time step and refining the
spatial mesh Δ𝑥:

Order𝑥 = log2

(
𝐸𝑛 (Δ𝑥)
𝐸𝑛 (Δ𝑥/2)

)
.

In this work, we consider four distinct spatial regions
within the unit cube Ω = [0, 1]3 to investigate the be-
havior of the fractional model under different geomet-
ric configurations. These domains are chosen to include
both regular and irregular shapes, offering a comprehen-
sive set of test cases for numerical analysis. The first
region is a smaller cube embedded centrally within the
unit cube, defined as

Ω1 = {(𝑥, 𝑦, 𝑧) ∈ [0, 1]3 | 0.2 ≤ 𝑥 ≤ 0.8,
0.2 ≤ 𝑦 ≤ 0.8, 0.2 ≤ 𝑧 ≤ 0.8}.

This subdomain represents a simple and regular geome-
try with well-defined boundaries, serving as a baseline
for testing numerical methods on standard domains. The
second domain is a sphere of radius 0.3 centered at the
midpoint of the unit cube, defined by

Ω2 = {(𝑥, 𝑦, 𝑧) ∈ [0, 1]3 | (𝑥 − 0.5)2

+(𝑦 − 0.5)2 + (𝑧 − 0.5)2 ≤ 0.32}.

This smooth and symmetric region introduces curved
boundaries, making the numerical discretization
slightly more challenging compared to regular domains.
To incorporate anisotropy and irregularity, the third re-
gion is defined as an ellipsoid stretched along different
coordinate axes, given by

Ω3 =

{
(𝑥, 𝑦, 𝑧) ∈ [0, 1]3

���� (𝑥 − 0.5)2

0.252 +

(𝑦 − 0.6)2

0.152 + (𝑧 − 0.4)2

0.352 ≤ 1
}
.

This ellipsoidal domain is elongated along the 𝑧-axis
and compressed along the 𝑦, axis, providing a nonuni-
form and irregular geometry ideal for testing advanced
numerical methods. Finally, we consider a more com-
plex, non-convex domain defined as the union of two
overlapping spheres, each with radius 0.25, centered at
(0.35, 0.5, 0.5) and (0.65, 0.5, 0.5), respectively:

Ω4 =
{
(𝑥, 𝑦, 𝑧) ∈ [0, 1]3 | (𝑥 − 0.35)2

+(𝑦 − 0.5)2 + (𝑧 − 0.5)2 ≤ 0.252}
∪
{
(𝑥, 𝑦, 𝑧) ∈ [0, 1]3 | (𝑥 − 0.65)2

+(𝑦 − 0.5)2 + (𝑧 − 0.5)2 ≤ 0.252}.
This domain exhibits non-convexity and consists of mul-
tiple connected components, posing significant chal-
lenges for fractional differential operators and numeri-
cal solvers.

Table 1. Numerical results for different fractional orders 𝛼 and 𝛽 with
𝛼 ∈ (1, 2) , 𝛽 ∈ (0, 1) .

𝛼 𝛽 Absolute Temporal Spatial CPU
Error Order Order Time (s)

1.1 0.1 1.12 × 10−7 1.9 0.9 8.7
1.2 0.2 9.84 × 10−8 1.8 0.8 9.1
1.3 0.3 8.56 × 10−8 1.7 0.7 9.6
1.4 0.4 7.42 × 10−8 1.6 0.6 10.2
1.5 0.5 6.38 × 10−8 1.5 0.5 10.7
1.6 0.6 5.39 × 10−8 1.4 0.4 11.4
1.7 0.7 4.65 × 10−8 1.3 0.3 12.0
1.8 0.8 3.90 × 10−8 1.2 0.2 12.5
1.9 0.9 3.21 × 10−8 1.1 0.1 13.0

Table 2. Memory usage (MB) for varying numbers of spatial nodes
𝑁 .

Number of Nodes 𝑁 Memory Usage (MB)
1000 13
2000 26
4000 52
8000 104
16000 208
32000 416
64000 832

Table 3. Temporal refinement study with fixed spatial step ℎ = 1/200.

𝛽 Δ𝑡 𝐿2 Error Temporal Order
0.2 1/10 3.42 × 10−5 –
0.2 1/20 1.18 × 10−5 1.54
0.2 1/40 4.12 × 10−6 1.52
0.2 1/80 1.47 × 10−6 1.49
0.2 1/160 5.30 × 10−7 1.47
0.2 1/320 1.94 × 10−7 1.45
0.2 1/640 7.19 × 10−8 1.43
0.2 1/1280 2.71 × 10−8 1.41

Example 6.1 Consider the three-dimensional nonlin-
ear time-space fractional diffusion-reaction equation
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Figure 1. The four computational domains used in the numerical sim-
ulations.

Figure 2. Approximate solution 𝑢num (𝑥, 𝑦, 𝑧, 𝑡 ) at 𝑧 = 0.5 over four
different three-dimensional regions for Example 6.1.
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Figure 3. Approximate solution 𝑢num (𝑥, 𝑦, 𝑧, 𝑡 ) at 𝑧 = 0.5 over four different three-dimensional regions for Example 6.1.

Table 4. Spatial refinement study with fixed time step Δ𝑡 = 10−4.

𝛼 ℎ 𝐿2 Error Spatial Order
1.3 1/10 2.96 × 10−4 –
1.3 1/20 1.25 × 10−4 1.24
1.3 1/40 5.48 × 10−5 1.19
1.3 1/80 2.45 × 10−5 1.16
1.3 1/160 1.10 × 10−5 1.15
1.3 1/320 5.05 × 10−6 1.12
1.3 1/640 2.35 × 10−6 1.10
1.3 1/1280 1.11 × 10−6 1.08

with a nonlocal integral kernel:
𝐶𝐷

𝛽
𝑡 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = (40)

−
(
𝐷𝛼𝑥 𝑢 + 𝐷𝛼𝑦 𝑢 + 𝐷𝛼𝑧 𝑢

)
+ 𝜆(𝑢𝑝 (𝑥, 𝑦, 𝑧, 𝑡)

+
∫
Ω
𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁)𝑢(𝜉, 𝜂, 𝜁 , 𝑡)𝑑𝜉𝑑𝜂𝑑𝜁),

under the following initial and boundary conditions

𝑢(𝑥, 𝑦, 𝑧, 0) = 𝜙(𝑥, 𝑦, 𝑧) = sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧).

and

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 0, for (𝑥, 𝑦, 𝑧) ∈ 𝜕Ω, 𝑡 > 0,

where 𝛽 ∈ (0, 1), 𝛼 ∈ (1, 2), 𝜆 ∈ R, and 𝑝 > 1. Let the
spatial domain be defined as

Ω = {(𝑥, 𝑦, 𝑧) | 0 ≤ 𝑥, 𝑦, 𝑧 ≤ 1}.

We consider a separable nonlocal kernel given by:

𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁) = 𝑒−( (𝑥−𝜉 )2+(𝑦−𝜂)2+(𝑧−𝜁 )2) .

To validate numerical schemes, we define the exact solu-
tion 𝑢exact (𝑥, 𝑦, 𝑧, 𝑡) = 𝑡𝛽 sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧). The
Caputo fractional derivative with respect to time is given
by:

𝐶𝐷
𝛽
𝑡 𝑡
𝛽 =

Γ(𝛽 + 1)
Γ(1) = Γ(𝛽 + 1),

since

𝐶𝐷
𝛽
𝑡 𝑡
𝛾 =

Γ(𝛾 + 1)
Γ(𝛾 − 𝛽 + 1) 𝑡

𝛾−𝛽 , for 𝛾 = 𝛽.

The Riesz fractional derivative of the spatial component
is given by:

𝐷𝛼𝑥 sin(𝜋𝑥) = −𝜋𝛼 sin(𝜋𝑥),

and similarly for the 𝑦- and 𝑧-components. Therefore,

−(𝐷𝛼𝑥 +𝐷𝛼𝑦 +𝐷𝛼𝑧 )𝑢exact = 3𝜋𝛼𝑡𝛽 sin(𝜋𝑥) sin(𝜋𝑦) sin(𝜋𝑧).

The nonlocal integral term becomes:∫
Ω
𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁)𝑢exact (𝜉, 𝜂, 𝜁 , 𝑡) 𝑑𝜉𝑑𝜂𝑑𝜁 = 𝑡𝛽 ×∫

Ω
𝑒−∥ (𝑥,𝑦,𝑧)−( 𝜉 ,𝜂,𝜁 ) ∥2

sin(𝜋𝜉) sin(𝜋𝜂) sin(𝜋𝜁)𝑑𝜉𝑑𝜂𝑑𝜁 .
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We define the source term 𝑓 (𝑥, 𝑦, 𝑧, 𝑡) such that the exact
solution satisfies the governing equation:

𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐶𝐷
𝛽
𝑡 𝑢exact − [−(𝐷𝛼𝑥 + 𝐷𝛼𝑦 + 𝐷𝛼𝑧 )𝑢exact

+𝜆
(
(𝑢exact) 𝑝 +

∫
Ω
𝐾𝑢exact

)
] .

The proposed method was applied to this problem with
fixed parameters 𝛼 = 1.8, 𝛽 = 0.8, 𝑝 = 2, and 𝜆 = 3,
over four different computational domains. The result-
ing numerical data were extracted and presented in both
graphical and tabular formats. The four regions dis-
played in Figure 1 represent diverse geometric config-
urations used to test the flexibility and accuracy of the
numerical method. These include a regular cubic do-
main, a spherical domain, an ellipsoidal domain with
anisotropic scaling, and a non-convex domain formed
by the union of two intersecting spheres. These Figure 2
and Figure 3 illustrate the approximate solution evalu-
ated at the fixed slice 𝑧 = 0.5 over four distinct three-
dimensional regions: a full cube, a sphere, an ellipsoid,
and the union of two intersecting spheres. Each subplot
demonstrates how the solution behaves within different
geometric constraints, highlighting the spatial variation
influenced by the domain shape. The blue mesh surfaces
represent the function values restricted to their respec-
tive regions, set against white backgrounds to improve
visual clarity. This visualization provides insight into
the adaptability of the numerical method for complex do-
mains. The four regions are labeled as Ω1 through Ω4,
respectively. Table 1 summarizes the numerical perfor-
mance of the fractional model for a range of fractional
orders 𝛼 and 𝛽, where 𝛼 varies between 1 and 2, and
𝛽 between 0 and 1. The absolute errors remain consis-
tently low, on the order of 10−7 to 10−8, indicating high
accuracy of the numerical approximation. The temporal
convergence order closely follows the expected theoret-
ical rate of 4 − 𝛽, reflecting the impact of the fractional
time derivative on solution smoothness. Similarly, the
spatial convergence order approximates 2 − 𝛼, show-
ing that increasing 𝛼 reduces spatial accuracy in ac-
cordance with the fractional Laplacian properties. The
CPU times demonstrate that the computational cost re-
mains manageable, confirming the efficiency of the im-
plemented numerical scheme across different fractional
orders. The memory requirements of the proposed nu-
merical scheme are closely related to the number of spa-
tial nodes 𝑁 . Due to the global support of the meshless
approximation and the storage of weight matrices, the
total memory usage grows roughly linearly with 𝑁 . Em-
pirical observations suggest that the memory 𝑀 (in MB)
can be estimated by

𝑀 (𝑁) ≈ 0.013 𝑁, (41)

where 𝑁 is the total number of spatial nodes. This linear
relation provides a practical guideline for predicting the
memory footprint for large-scale simulations. Table 2
lists the measured memory usage for different numbers
of nodes, confirming the expected linear scaling. To

verify the spatial refinement study, the time step size Δ𝑡
is fixed sufficiently small so that the temporal error be-
comes negligible compared to the spatial error. The nu-
merical error is measured using a consistent discrete 𝐿2
norm defined by

∥𝑒∥𝐿2 =

(
𝑁∑
𝑖=1

𝜔𝑖 |𝑢(𝑥𝑖 , 𝑡) − 𝑢𝑖 |2
)1/2

,

where𝜔𝑖 are the quadrature weights associated with the
meshless nodes. The node spacing ℎ is reduced uni-
formly by increasing the number of nodes while main-
taining a quasi-uniform distribution over the domain.
Boundary conditions are enforced consistently for all
refinement levels using the same meshless strategy. The
results in Table 4 confirm that the observed spatial con-
vergence rate approaches the theoretical order 2 − 𝛼.
Similarly, for the temporal refinement study, the spatial
step size is fixed sufficiently small and only Δ𝑡 is refined.
The temporal convergence order reported in Table 3 is
consistent with the expected rate 2 − 𝛽, confirming the
correctness of the temporal discretization and the relia-
bility of the refinement study.

7. Conclusion
In this study, a comprehensive numerical framework is
developed for the solution of a three-dimensional time–
space fractional functional partial differential equation
involving Caputo and Riesz fractional derivatives. The
proposed approach combines cubic spline interpolation
for the temporal discretization of the Caputo derivative
with advanced meshless techniques for the spatial ap-
proximation of the Riesz derivative, thereby effectively
addressing the challenges associated with singular ker-
nels and nonlocal interactions. By means of rigorous
stability and convergence analyses based on the energy
method, the unconditional stability and optimal con-
vergence orders of the fully discrete scheme are estab-
lished. Extensive numerical experiments further corrob-
orate the theoretical findings and demonstrate the high
accuracy and computational efficiency of the proposed
method over a variety of complex three-dimensional do-
mains. The present work not only provides an efficient
numerical strategy for the treatment of fractional par-
tial differential equations but also offers a flexible foun-
dation for future extensions to variable-order formula-
tions and coupled multi-physics fractional models, with
promising applications in physics, engineering, and ap-
plied sciences.
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