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Abstract:

This paper introduces a new and flexible family of continuous probability distributions, referred to as the
Exponentiated Chen Marshall-Olkin family. The linear representation of the proposed model is derived,
and several of its statistical properties, including moments, quantile function, Rényi entropy, and reliability
measures, are investigated. Parameter estimation for this family is discussed using the maximum likelihood
method under both complete and right-censored samples, while three distance-based estimation approaches
are also considered.

A particular sub-model of this family, called the Exponentiated Chen Marshall-Olkin Weibull distribution, is
also proposed and studied in detail. Its mathematical characteristics and related sub-models are explored,
and four different estimation techniques-maximum likelihood, least squares, weighted least squares, and
Anderson-Darling-are employed to estimate the unknown parameters.

Furthermore, a comprehensive simulation study is conducted to assess the bias and mean square error of the
estimators, followed by applications to real health and engineering datasets. The empirical results demon-
strate that the Exponentiated Chen Marshall-Olkin family provides excellent flexibility for modeling data
exhibiting skewness, heavy tails, reliability characteristics, and non-monotonic hazard rates, confirming its
potential as a powerful tool in reliability and lifetime data analysis.

Keywords: Marshall-Olkin family of distributions; Exponentiated-G family; Chen-G family; Generated Fam-
ily; Maximum Likelihood Estimation
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1. Introduction

In recent years, several extended and compound prob-
ability distributions have been developed to provide
greater flexibility for modeling skewed, heavy-tailed,
and non-monotonic hazard rate data observed in engi-
neering, environmental, and biomedical studies. For in-
stance, the Gamma-generated family [1] enhances tail
behavior control and modeling flexibility in lifetime
data, while other constructions, such as the transformed
MGe-extended exponential distribution [2], provide addi-
tional flexibility. Similarly, a generalized inverse Gaus-
sian distribution [3] demonstrates further advances in
flexible lifetime modeling. These models have been
widely applied in reliability and survival analysis, where

incomplete and censored observations frequently arise
in practice (see also [4]; however, many existing distri-
butional generators enhance flexibility only in a single
aspect, such as tail behavior or hazard rate shape, and
often lack the ability to simultaneously control both the
left and right tails of the distribution. In addition, sev-
eral well-known families face limitations in adequately
representing complex hazard rate structures, including
bathtub-shaped and multi-phase patterns, which are fre-
quently encountered in practical lifetime data.

To address these limitations, we propose a novel
four-parameter family named the Exponentiated Chen
Marshall-Olkin-G (ECMO-G) family of distributions.
This model combines the flexibility of the Chen-G and
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Marshall-Olkin-G generators within the Exponentiated-
G framework [5]. Unlike many existing constructions
that extend a baseline distribution in a single direc-
tion, the proposed ECMO-G family introduces addi-
tional shape parameters that provide enhanced control
over tail behavior while allowing a wide range of haz-
ard rate shapes within a unified modeling framework.
As a result, the proposed ECMO-G family generalizes
several well-known models as special cases, including
the Weibull, Lomax, Chen, and Marshall-Olkin distri-
butions.

From a mathematical perspective, this construction
offers extended tail flexibility through the inclusion of
shape parameters that jointly regulate the left and right
tails of the distribution, which is particularly impor-
tant for modeling asymmetric lifetime data. At the
same time, the proposed formulation remains analyti-
cally tractable, allowing closed-form derivations for key
statistical measures such as moments, entropy, quantile
functions, and order statistics.

The ECMO-G family is introduced not merely as an
additional distribution but as a flexible and practically
motivated modeling framework. Its usefulness is sup-
ported by both theoretical development and empirical
evidence. Specifically, key statistical properties are de-
rived in explicit form, a particular sub-model is investi-
gated in detail, and parameter estimation is developed
using maximum likelihood methods under both com-
plete and censored observations. The performance of
the estimators is further examined through Monte Carlo
simulations. Moreover, applications to two real datasets
and one simulated dataset demonstrate that the proposed
family provides improved goodness-of-fit compared to
commonly used competing models, according to stan-
dard information criteria such as AIC and related mea-
sures. These results highlight the practical relevance
and added value of the proposed family for modeling
complex lifetime data.

To motivate the proposed construction and clarify its
connection with existing generators, we briefly review
the Exponentiated-G, Chen-G, and Marshall-Olkin-G
families.

1.1 Exponentiated-G Family of Distributions

Starting with a baseline distribution with a probabil-
ity distribution function (PDF) j (x; 8), cumulative dis-
tribution function (CDF) J (x;8), and parameter (.
[6] proposed a new flexible family of distributions by
adding an extra shape parameter y. For x > 0 the
Exponentiated-G (Exp-G) family of distributions has a
PDF

fB) =i BT ()", (1)
and CDF
F(x;8) =J (x;8). )

where y > 0 is the shape parameter.

The Exp-G has been applied in extending base-
line distributions, including the exponentiated exponen-
tial distribution [7], the exponentiated odd Lindley-X
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power series distribution [8], the exponentiated Weibull-
logarithmic transformation distribution [9], the expo-
nentiated generalized Weibull exponential distribution
[10], the exponentiated gamma Burr-type X family [11],
the discrete exponentiated Chen distribution [12], and
the exponentiated half Logistic-G family [13].

1.2 Marshall-Olkin-G Family of Distributions

[14] defined a new semi-parametric model by adding
a parameter to a family of distributions. Let G (x; )
be the survival function of the existing distribution with
parameter 8. Then, the CDF and PDF of the Marshall-
Olkin-G (MO-G) family of distributions can be obtained
by

H(x;8) = M 3)
1 -aG (x;B)
and
h (2 ) = ag (x; ) @

(1-3G (1:5))’
where —0o < x < oo, >0, a=1-qa,andifa = 1,
then H (x; 8) = G (x; B).

[15] also proposed two-parameter exponential and
three-parameter Weibull distributions in their pioneer-
ing work. Additionally, [16] demonstrated the applica-
tion of the Marshall-Olkin technique in various areas,
including reliability theory, time series modeling, and
stress-strength analysis.

Furthermore, several studies have been conducted
to develop the MO-G family of distributions. Ex-
amples include the Marshall-Olkin unit-exponentiated-
half-logistic distribution [17], the Marshall-Olkin ex-
ponentiated inverse Rayleigh distribution [18], the
Marshall-Olkin power Rayleigh distribution [19], the
generalized Marshall-Olkin exponentiated exponential
distribution [20], the Marshall-Olkin Zubair-G family
[21] and the Marshall-Olkin alpha power inverse expo-
nential distribution [22].

1.3 Chen-G Family of Distributions

Several classes of distributions are extended using one
or more shape parameters in addition to those in the
baseline. [23] proposed a new wider family called the
Chen-G family of distributions. For a baseline CDF
H(x; 8) with PDF h(x; B8) and parameter vector 3, they
defined the Chen-G family of distributions, which has a
CDF

Jep) = a1l )
and the PDF
Jj(:B) = TOAR(x:B) (H (x:8)7 e H B
xgr(l—g(H(xzﬁ))a). ©
where A = % is a normalizing constant, x > 0,

7 > 0 is the scale parameter and 8 > 0 is the shape
parameter.
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Further developments include generalized Chen vari-
ants, such as the entropy-transformed Chen distribution
[24], the modified generalized Chen distribution [25],
and extended Chen-Poisson lifetime distribution [26].

Although numerous distributions have been proposed
for the analysis of lifetime and reliability data, there re-
mains a practical need for a unified and flexible model-
ing framework that can accommodate skewness, heavy
tails, and complex hazard rate behavior without intro-
ducing unnecessary model complexity. In this study,
we propose a new family of continuous distributions
by combining the Exp-G, MO-G, and Chen-G families,
called the ECMO-G family of distributions. The pro-
posed family is not intended as merely another alterna-
tive distribution, but rather as a general framework that
unifies several classical models while offering enhanced
flexibility through a parsimonious parameterization.

The proposed model, owing to its closed-form distri-
bution functions and analytical tractability, allows the
investigation of key statistical properties and reliabil-
ity measures. Additionally, the hazard rate function
of the proposed distribution can take various shapes,
such as increasing, decreasing, bathtub-shaped, inverted
bathtub-shaped, and increasing-decreasing-increasing,
making it suitable for modeling complex lifetime data.

Multiple estimation methods are employed for param-
eter estimation, including likelihood-based approaches
that account for censoring, as well as distance-based
methods, and the performance of the estimators is
assessed through Monte Carlo simulations. The re-
sults demonstrate satisfactory finite-sample behavior
and consistency across the considered evaluation crite-
ria. Furthermore, two real-life datasets, along with one
dataset generated through a simulation algorithm, are
analyzed to illustrate the applicability of the proposed
model in comparison with several competing distribu-
tions.

Unlike existing Chen-G or Marshall-Olkin-G exten-
sions, which primarily enhance flexibility through a sin-
gle generating mechanism, the proposed ECMO frame-
work enables the simultaneous regulation of tail behav-
ior and hazard rate shape within a unified construction.
This joint flexibility allows the model to accommodate
complex lifetime data exhibiting both heavy-tailed char-
acteristics and non-monotonic hazard structures, which
are not adequately captured by single-generator exten-
sions. As a result, the ECMO family provides a more
comprehensive yet tractable modeling framework for re-
liability and survival data.

The remainder of the paper is organized as follows.
In Section 2, the new family and its special models are
defined, and a useful mixture representation for the PDF
and CDF is provided. The statistical properties and max-
imum likelihood estimation (MLE) of the model param-
eters under both complete and censored data are also dis-
cussed. In Section 3, the Exponentiated Chen Marshall-
Olkin Weibull distribution is formally introduced, and
its mathematical properties are presented. Section 4 con-
tains a Monte Carlo simulation study to examine the
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performance of the proposed estimators. In Section 5,
two real-life datasets and one simulated dataset are an-
alyzed and compared with several baseline models. Fi-
nally, concluding remarks are given in Section 6.

2. The Exponentiated Chen
Marshall-Olkin G Family of Distributions

We now propose a new extended family of distributions.
First, the CDF and PDF of the MO-G family in Equa-
tions (3) and (4) are inserted into the Chen formulation
in Equation (6), resulting in the Chen MO-G (CMO-G)
distribution. The PDF of the CMO-G is given by

-1
(1-aG(x:p) \1-aG(x:p)
Gx; 0 rl1-e 1-2@G(xy
Xe(pa%(i?ﬁ)) e ( @)

Similarly, by using Equation (3) in Equation (5), we ob-
tain the CDF of the CMO-G distribution.

G(xB) )”
—aG (A )

J(x;8)=A 1—e’<1‘e( ®)

Now, by inserting Equations (7) and (8) into Equation
(1), the PDF of the Exponentiated Chen Marshall-Olkin-
G family of distributions is obtained as

f&:p) = yr0aAYg (x:8) (G (x;8)°7" )
= -(0+1) ( G(x:p) )
x[l -aG (x;ﬂ)] e\1-aG(x:p)

( Gxip) )" ( Gxip)
T(l—e 1-aG(x;B) ) 1—67(176 1-aG (x;8)

o 1v-1
)

Xe

Similarly, by inserting Equation (8) into Equation (2),
the CDF of the ECMO-G family is obtained as

Y

1V . 0

G(x) )9
1-aG(x:;8) )

F(x;8) ={A[l —eT(l_e(

where x > 0, v,6,a > 0, and |7| > 0.
For specific parameter values, the PDF in Equation
(9) reduces to

1. The CMO-G family of distributions, for y = 1.
2. The EC-G family of distributions [27], for @ = 1.

3. The EMO-G family of distributions [28], for 7 = 1
and 6 = 1.

4. The Chen-G family of distribution [23], for @ = 1
andy = 1.

5. The Exp-G family of distributions [6], for @ = 1,
T=1,and 6 = 1.

6. The MO-G family of distributions [14], for y = 1,
7=1,and 6 = 1.
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2.1 Series Expansion

Obtaining explicit analytical expressions for certain
mathematical quantities directly from the PDF (Equa-
tion 9) and the CDF (Equation 10) is often difficult or
even impossible. Therefore, series expansions are com-
monly employed to derive simpler forms of these expres-
sions. In this subsection, we present such simplified
forms, which facilitate the derivation of various struc-
tural properties of the ECMO-G family of distributions.
By repeated application of the binomial, Taylor, and
generalized binomial series, the following form of the
density function for the proposed family of distributions
is obtained.

) k s
F@py= > > Y ey, (D

J.k,m,s=01=0 p=0

where

3 wtan (Y =1 (kN [(O0(m+1)+5s) (s
we e )G

G+ DR+ D)™

gaa* A, 12
K\ [6(m+ 1) +p] 0 (12)

and

Com+1)+p = [0(m + 1) + p] g(x; B)G (x; ) m++p=1,

The expansion of the PDF of the ECMO-G distribution
is a linear combination of the Exp-G distributions. Sim-
ilarly, the CDF of the ECMO-G distribution in Equation
(10) can be expressed in a comparable simplified form
as follows

o0 k s
Fp= D, D) tboemensp,  (13)

J.k,m,s=0 =0 p=0

where

¢9(m+1)+p =G (x;ﬁ)fl(m+])+p .
is the CDF of the Exp-G family of distributions with
the power parameter 6 (m + 1) + p. This means that the
ECMO-G density can be expressed as a mixture of Exp-
G densities. Therefore, several of its properties can be
derived directly from those of the Exp-G model.

2.2 Distributional Properties

In this subsection, we discuss the mathematical proper-
ties of the ECMO-G family of distributions. Established
algebraic expansions to determine some structural prop-
erties of the ECMO-G distribution can be more efficient
than computing them directly by numerical integration
of its density function.

2.2.1 Moment

Some of the most important features of a distribution
can be studied through moments. Descriptive statistics
of a distribution, such as mean, variance, skewness, kur-
tosis, and other parametric measures that describe the
shape and behavior of the distribution, can be derived
from it. In this subsection, analytical expressions for
the moments of the proposed family of distributions are
obtained and summarized in the following theorem.

#10.57647/mathsci.2026.66781

Theorem 2.1 Assume that X is a random variable that
adheres to the ECMO-G family of distributions, and let r
denote a positive integer. The r'" moment of the ECMO-
G distribution can be determined as

ok
E[X"] = Z Zithé)(mﬂ)ﬂa ,

J.k,m,s=0 1=0 p=0

where ty, is introduced in Equation (12) and

O(m+1)+p = / x" 909(m+1)+pdx .
0

is the moment of the Exp-G distribution with the power
parameter 6 (m+1) +p.

Proof of Theorem 2.1 Using the definition of the "
moment, we have

E[X"] =6 =/Oooxrf(x;,3)dx,

Substituting Equation (11) into the above integral yields

o0 k s oo
E[X"] = Z ZZ”‘/O X" 0o(mi1)+pdx,

J.k,m,s=0 1=0 p=0

Therefore,

00 k
E[X"] = Z Zilhlo(mﬂ)w.

Jj.k,m,s=0 1=0 p=0

Remark 2.2 The n'"* central moment of X, given as F,,

IA
0 k s
Fy = Z Zzzn:rnla(nwl)ﬂ) .

J.k,m,s=0 [=0 p=0r=0
where, r, = (=1)77"(51)""" x 1.

Proof of Remark 2.2 Based on the definition of the cen-
tral moment as

n

Fo=E[(x=38))"] =3 (") (=e))" "E1x].

r=0

and by substituting the expression given in Theorem 1,
the proof is completed.
The variance (V), skewness (S), and kurtosis (K) can be

obtained from the ordinary moments using well-known

. . ’ 7\2 5 d
relationships V=6,—(6,)", S=—25 , and K=—25.
2 ( 1) (5,)% (65)

2

2.2.2 Moment Generating Function

The moment generating function (MGF) is a useful tool
for studying the distributional properties of a random
variable. It can be employed to derive moments, analyze
sums of independent random variables, and facilitate ap-
proximations in statistical inference. In this subsection,
we obtain the MGF of the new family of distributions.
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Theorem 2.3 The MGF of the ECMO-G family of dis-
tributions is given by

00 k
M, (t) = Z Z i thFQ(m+l)+p~

J.k,m,s=0 1=0 p=0

where Ug(im41)+p IS the MGF of the Exp-G distribution
with the power parameter 0 (m+1) +p.

Proof of Theorem 2.3 Starting from the definition of
the MGF, we have

M, (1) = E (') = /0' e f (x;8) dx,

By successive applications of the series expansion and
substitution into the above integral, we obtain

o k s 00
M, (1) = Z ZZ’h/O e [0 (m+ 1)

Jj.k,m,s=0 =0 p=0
+pl g (x:8) G (x; B) VP~ gy,

Then, we obtain the desired result. The above integral
is convergent if G (x) has finite moments.

2.2.3 Quantile Function

In this subsection, we derive the quantile function of
the proposed family of distributions, which is useful
for random variate generation, simulation studies, and
descriptive analysis. The explicit analytical expression
is given in the following theorem.

Theorem 2.4 The quantile function for the ECMO-G
Sfamily of distributions is defined by F (Q (u)) = u and

can be expressed as

=

~ Lin(l -2
0 = G/;] a(In[ 2 In(1 - %5 )l])
1-a(n[1 - Lin(1 - 42)])o

Proof of Theorem 2.4 The CDF given in Equation (10)
can be written as

eeta)) |
F(Q(u)) = { A[1 = ™17 7L =y,
then,
( G(x:p) )” .
e‘r(l—e 1-aG(x;B) ) ) —1-L
A
and
1
OB o= L)% < R,
1—aG(x;B) A
so, we have
aR (u)
G (x; = -
(*:B) 1 -aR (u)

and hence the desired result is obtained.
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The above equation has no closed-form solution, so
a numerical technique such as the Newton-Raphson
method must be used to obtain the quantile. If we put
g = 0.5, one obtains the median. A random variate
X from the ECMO-G family can be generated as x,
according to the last equation, where U ~ U(0,1),
O<uc<l.

2.2.4 Rényi Entropy

Entropy is a fundamental concept in probability and
information theory and is widely used to quantify un-
certainty associated with a random variable. Among
the various entropy measures, Rényi entropy is particu-
larly useful due to its flexibility and generality. In this
subsection, the Rényi entropy of the proposed family is
derived.

Theorem 2.5 The Rényi entropy of order n
(r >0, m # 1) for the ECMO-G family of distributions
is given by

oo ) k
Ir(n) = liﬂlog/() Z Zith”dx,

J.k,m,s=0 1=0 p=0

where

= (—1)7+14P (”(7 - 1)) (k) ([9 (m+7r)+7r]+n—1)
J

[ S

. k
" i +7) (l+ﬂ)m7”T”H”Q”ESA”7.
p k!m!
(m+m)+p
and T' = g(x;ﬂ)G(x;ﬂ)B = ! is the PDF of the

Exp-G distribution with parameter M.

Proof of Theorem 2.5 By definition, the Rényi entropy
of order 7 is defined as

Ig (7) =

s

1 [ee)
—log M f () dx

substituting the expression of the PDF given in Equation
(9) into the above integral and applying repeated Taylor
and generalized binomial expansions, we obtain the fol-
lowing relation.

) k s
I =tlog 3 (-1

J.k,m,s=0 1=0 p=0

a(y=D\(k\([0(m+rn)+n]+n—-1)\(n
S 11| )

Tk(j + ﬂ)k(l + )"
x Kim)

/0 mg(x;mc;(x;ﬁ)“’"?r”“”-ldx} .

,ynTnenanasAny

X

This means that the Rényi entropy of the ECMO-G fam-
ily of distributions can be expressed as a mixture of
Exp-G family of distributions.

2.2.5 Reliability Measures
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In this subsection, we introduce several key reliability
measures for the proposed distribution. Each of these
measures provides a slightly different perspective on
the system’s failure behavior and overall risk, helping
to build a more comprehensive picture of how the sys-
tem performs over time.

The survival function describes the probability that a
system will operate beyond a certain time. The hazard
rate function represents the instantaneous risk of failure
at a given time, conditional on survival up to that time.
The reversed hazard rate characterizes the rate of failure
before a given time. The cumulative hazard function
summarizes the accumulated risk of failure over time.
The odds function compares the likelihood of failure to
survival, and the Mills ratio provides information on tail
behavior and rare-event characteristics.

The explicit expressions of these measures for the
ECMO-G family are presented in the following theo-
rem.

Theorem 2.6 Let X be a random variable following the
ECMO-G family of distributions. The corresponding re-
liability measures are given by

e Survival Function
S8 =1-Fx)=1-[A(1-W)],

e Hazard Rate Function

o S
hixp) = S (x;8)
~ — —(B+1)
yr0aA”g (v:8) (G (x:6)" |1 -G (x: p)|
B - [A-W)”
xVW[1-W]""!,
o Reversed Hazard Rate Function
S (sB)
Rh () = F (x;8)
yebag (B) (G (w:p)° 1 -G (vp)] VW
- - w ’

o Cumulative Hazard Rate Function

H(x;8) =In (S (x;8))
—In[1-(A(1=-W))"],

e Odds Function
F(x;p) _ [A(0-W)]Y
Sx;B)  1-[A(1-W)]’

Of (x;8) =

o Mills Ratio

S (x;
M, (x;8) = fg,[fj’;
1-[A(1=W)]”

 yebaAvg (5:6) (G (x36)" ! [1 -G (1:p)
X
VW[l -w]!

—(6+1)

) 0
(r2ets)
where V = e\1=ac 8 ) and W = (1Y),

#10.57647/mathsci.2026.66781

2.2.6 Order Statistics

Order statistics are widely used in statistical theory
and practice, particularly in reliability analysis and life-
testing studies. In this subsection, we derive the distri-
butional form of the order statistics associated with the
proposed model.

Theorem 2.7 Let Xi,...,X, be a random sample of
size n from the ECMO-G distribution, and let X1y <

- < X(n) denote the corresponding order statistics.
Then, the PDF of the i'" order statistic Xl <i<n
is given by

1 = o [(n—i
Ixa (x)=m;)(—1) ( ; )

><' Z i Chyyric1 Z00mD*P,

J.k,m,s=0 1=0 p=0

Proof of Theorem 2.7 By the definition of the order
statistics, we have

1
Bln-i+n’ “P
WS N KR

Therefore, using Equation (13), we can write

fX(,-) (X; ﬂ) =

v+i—1

) k s P
Z Zzth[Rm+l+%] ,

J.k,m,s=01=0 p=0

Fxp)"! =

hence, from Gradshteyn and Ryzhik (2007), we have

(o] n (o]
k k
(z fuu ) =S o
k=0 k=0
where coefficient Cy, i is

k

Cu = (K(Cao)?) D U0+ 1) ~(Co)# (Co)

=1

Then, by series expansion, the probability density func-
tion of X(; is represented as

1 n—i n_i
. - _1 v
fX(z)(X) B(i,n—i+1)vZ:0( ) ( . )
0 k s
% Z Z Z Choysio Z0mD+P,
J.k,m,s=0 1=0 p=0

where Z?(m+1)+P i5 the PDF of the Exp-G distribution
with power 8 (m + 1) + p.

Remark 2.8 By substituting i = 1 and i = n into the
expression given in Theorem 6, the probability density
functions of the first X(1) and last X, order statistics
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of the ECMO-G are obtained as

Foy () = ”Z< Y )

o) k S
X Z C Ze(m+1)+p
J.k,m,s=0 [=0 p=0
and
= n—i
ERCETNCIN
v=0

i zk:ich,v_,_n_lze(mﬂ)_,_p.

Jj.k,m,s=0 1=0 p=0

2.2.7 Estimation Method

In this section, several parameter estimation proce-
dures are developed for the ECMO-G family of dis-
tributions. The methods include maximum likelihood
estimation (MLE) under both complete and right-
censored observation, as well as least squares estimation
(LSE), weighted least squares estimation (WLSE), and
Anderson-Darling estimation (ADE). For each method,
the corresponding objective functions and estimating
equations are derived.

2.2.7.1 Maximum Likelihood Estimation
This method is employed due to its desirable theoretical
properties and widespread use in statistical inference.
It estimates the model parameters by maximizing the
likelihood function constructed from the observed data.
Let Xi,..., X, be a random sample of size n from
the ECMO-G family with parameter vector Q =
(v, 7, 8, @, B). Under complete observations, the log-
likelihood function is given by

[ (x;37,71,0,0,8)=l=nlny+nylnA+nlnt

n
+nln6+n1na+Zlng(Xi§ﬁ)

i=1

+(9—1)ZlnG(x,,ﬂ) (9+1)ZlnT

+ZU9+ZT(1—V)+(y—1)Z1n(1—W)

By taking the partial derivatives of the log-likelihood
function with respect to €, the corresponding score
equations are obtained as follows.
with respect to y

al n -
— =—+nlnA + ) In(1-W;),

with respect to ©

s—i—ny—+ +Z(1—V) (y—l)z(l V)W
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with respect to 0

n n n
n
——5 Z InG (x;;8) —ZlnTi +Z[1nUi]U19
i=1 i i=

InU; 1 U;°V;W;
—ZT[]HU,' 1U:V; + (y - l)z:‘r[n ,
i=1

-W;

with respect to o

ol _n G(xl,ﬂ) G(x,,ﬂ)
Ga @ — O+ I)Z ZG T;

g2 i P) (-xl’ﬁ) v,

i=1

TQE (xi;ﬁ) UiGViWi
+(7—1)Z AEAR

with respect to 3

g (xi3 ) S G (xi3B)
Z 20 B) (9‘”2 G (i f)

—0+ 1)ZQ'G (xi; B) ZGQ'G/(XHB) U,

i

G (x;; _
_§ THL?B)UI-H 1Vi+(7—1)
. T;
i=1

Z": 102G’ (xi: ) Ui "~ ViW;
P T (1-W;) '

In the presence of censoring, the likelihood function
is constructed by combining the PDF for uncensored ob-
servations with the survival function for censored obser-
vations. For right-censored data, the likelihood function
is given by

L= ]_[f(xuﬁ)]_[ (xi*:8

i=r+l

where r denotes the number of uncensored observations.
Fori=1,..., r, f (x;;8) represents the contribution of
uncensored observations, while fori = r + 1,...,n,
S (x;*; B) denotes the contribution of censored observa-
tions.

The corresponding censored log-likelihood function
is

! (xi,x,-+;Q*) =I"=rlny +rylnA+rint+rln@

+ring + Zlng(x,,ﬁ) +(0 - I)ZInG (xi: B)

—(6+1)ZlnTl +ZU +ZT(1—V)

n

+(y - 1)2111(1 —Wi)+ > [l - (A[1-W])].
i=1

i=r+l

The score equations are obtained by differentiating the
censored log-likelihood with respect to unknown param-
eters.
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with respect to y

or r -
=—+rlnA+ ) In(1-W;)

" In[A[1 - WH(A[1 - W)Y
_Z 1- (A[1 =W )Y ’

i=r+l

with respect to ©

ol A r - N (1-V)W;
—ry—4Z § 1-V)=(y=1 E AT
ar r7A+r+i=1( = ),-:1 - W,

13

oy AAYT 1= W) -y AY (1= V) W[

-w ]

Al - w1y

i=r+1

with respect to 0

—ilnTi +2[ani]U6

1)Zr[an 1U:PViW;

o r <
% = 5 +ZIHG(Xi,)

—Zr[an 1UPV; + (y -

"MHMWHWHWﬂhmT”
2 L= (afi-w])

s

i=r+1

with respect to o

arr  r G(xl,B) G(xl,ﬁ)
5=~ (0+ 1)2 Ze

S G (xi3p) 760G (xi; B) U;°V;W;
—;TQTU,-HVI- +(y 1)2

T;(1-W;)

N Z": yAYT0G (x;*; B) (UF) VIWH[1 - W]

=, T (A [ - W] |
with respect to f
61 o8B

o G (x5 )

0-1 _—

Cetem T LG

—(0+ 1)2 oG (% p) ;)f";ﬁ) +Ze—“6/;§“ﬁ)ul@‘l
i=1 ! i=1

i

_Zr: GaG (x,,,B)U(9 ly,
i=1 T?

602G’ (x;; B) U; 2~ V;W;
- I)Z (- W,)

i vyAYT0aG’ (x;*;B) (U;r)g_

2
& (1) (= [1 - w7 )]
_ 1 ro_ (-e)e™7 —
where A = W’A = ﬁ,n =1 -
aG (xi;B), U; = (M) Vi = e(U")g, and W; =

e™ 1=V "and T, UF, Vi, and W} are obtained by re-
placing x; with x7.
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In both complete and censored cases, the resulting
likelihood equations are nonlinear and do not admit
closed-form solutions. Consequently, the MLEs are
obtained using numerical optimization techniques. Al-
though the EM algorithm can be considered for cen-
sored data, its implementation for the proposed multi-
parameter model leads to substantial computational
complexity. Therefore, likelihood-based estimation via
direct numerical optimization was adopted.

2.2.7.2 Least Squares Estimation

The LSE method is based on minimizing the discrep-
ancy between the empirical distribution function and
the theoretical CDF of the model. This approach pro-
vides a simple alternative to likelihood-based estimation.
Assume that X1, ...,X, is a random sample from the
ECMO-G family of distributions, and let X1y, ..., X(»)
denote the corresponding order statistics. The LSEs are
obtained by minimizing the objective function

LSE (x;; v, 7, 0, a, B)

2
_Z[F(xl}’h ')’»T 0 O’ B)_ +1
n ( G(xB) )9 Y i 2
_ Al] = o7(1-el1-aG0A) ) ) _
Z [1-e ] n+1

i=1

2.2.7. Weighted Least Squares Estimation

To improve the efficiency of the LSE, a weighted version
is also considered. In this approach, different weights
are assigned to each squared difference in order to ac-
count for the variability of the empirical distribution
function. The WLSEs are obtained by minimizing

WLSE (x;; v,7,0,a,B)

(n+1)*(n+2) i 1
- F insYs 90’ 5 -
Z i(n—-i+1) (Kins 7,7, 0 ) n+1
i (n+1D*(n+2)

— i(n—i+1)

( Gp) )” Y ; 2
s ldAr1 = T(l-e\1-aG(xp) ) ) _
[1-e | n+1

2.2.7.4 Anderson-Darling estimation

The ADE method is a minimum distance approach that
assigns greater weight to the tails of the distribution.
This property makes it particularly suitable for lifetime
and reliability data. The ADEs are obtained by mini-

mizing the Anderson—Darling objective function, given
by

1 n
ADE(XI‘;')/,T,O,(Y,B) =—n——Z(21—1)
n i=1

X [lnF (Xin: Y, T, 0, @, B) + InF (X3 y, 7, 0, a/,ﬁ)] .

For the LSE, WLSE, and ADE methods introduced
above, the corresponding parameter estimates are ob-
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tained by differentiating the associated objective func-
tions with respect to the parameter vector and setting
the resulting equations equal to zero. This process leads
to systems of nonlinear estimating equations, which do
not admit closed-form solutions. therefore, the param-
eter estimates are computed using numerical optimiza-
tion techniques.

3. Exponentiated Chen Marshall-Olkin
Weibull Distribution

The proposed family can be applied to all baseline distri-
butions that satisfy the properties of a CDF. In this sec-
tion, we present a special case of the ECMO-G by con-
sidering the Weibull distribution as the baseline model.

Let X be a random variable that denotes the lifetime
of a system. Assume that X follows a Weibull distribu-
tion with parameters i and A. The corresponding PDF
and CDF are given, respectively, by

F o) = gt le w0, (14)
and
Fopd)=1—e 0" (15)

where ¢ > 0 and A > 0.

By replacing Equation (14) and Equation (15) as the
baseline PDF and CDF in Equations (9) and (10), the
PDF and CDF of the Exponentiated Chen Marshall-
Olkin Weibull (ECMOW) distribution are obtained as

0-1
f(x:p) = yAAyxA—le—w)*(l - e—(px)*)

6
—(g+1) [azetmt
e I—ge— (ux)1

x[1 - e ']

o) \? oo ()4

6 17-1
T(l—e(lfﬁe’(‘”‘)/l) ) 1_er(l—e(1fﬁe’</"‘”) )

Xe

and

(%)9 4
F(X,B) ={All - eT(l—e |—ge— (ux) ) .

where v, 60, a,u,A > 0and |7| > 0.

The PDF plots of the ECMOW distribution for var-
ious parameter values are shown in Figure 1 It is ev-
ident from Figure 1 that the ECMOW distribution ex-
hibits a wide range of shapes, including left-skewed,
right-skewed, unimodal, and reversed J-shaped forms.
Moreover, the PDF and CDF expressions of several sub-
models derived from the ECMOW distribution are sum-
marized in Table 1.

3.1 Mixture Representation of the ECMOW Distri-
bution

The series expansion of the ECMOW distribution is pre-
sented here. Substituting the Weibull PDF and CDF into

#10.57647/mathsci.2026.66781

s

the equation from subsection 2.1 and applying a power
series, we obtain

s O(m+1)+p-160(m+1)+p

o k
fx:B)= Z ZZ Z epx (AL

J.k,m,s=0 [=0 p=0 q=0 r=0

where

ep = (_1)j+l+p+q+r (7_ 1) (k) (G(m"' 1)"'5)
J

l )
><(s)(t9(1n+1)+p—1)
p q

*G+DRI+D)™
T kmr
3.2 Moments of the ECMOW Distribution

The r'" moment of the ECMOW distribution can be ob-
tained using Theorem 1, power series expansions, and

0 ((r+ DHuh "

(0 (m+1)+p)" yroaa@® ) AY .

as
k s

TSRS

Om+1)+p-1
Jj.k,m,s,t=0 =0 p=0 !

th (-1)" (

g+
((r+ D i*t

Table 2 presents the numerical results for the first
four moments, variance, skewness, kurtosis, and coef-
ficient of variation for the ECMOW distribution, eval-
uated under different parameter combinations. As the
values of parameters o and A increase, the first four mo-
ments and variance also increase, while skewness and
kurtosis decrease. This indicates that the distribution
becomes more symmetric and less heavy-tailed. The
overall shape of the distribution is strongly influenced
by the model parameters, particularly in terms of skew-
ness and kurtosis. Moreover, the table shows that skew-
ness remains positive across all parameter settings, with
higher skewness observed when parameters y, @, and A
take lower values. This explains the right-skewed nature
of the distribution’s density plots. In contrast, parame-
ter T appears to have no significant effect on skewness,
kurtosis, or the coefficient of variation.

X [0 (m+1)+p]p'

3.3 Moment Generating Function of the ECMOW
Distribution

From the expression in Theorem 2 and Equations (14)
and (15), and using power series expansions along with
the following identity

FU(Z +1)

/Ooe’xx’l_le_(q”)(”x)ddxzz ) ,
0 =0 g + )T

the MGF of the ECMOW distribution is given by

00 k s
Mcry= > > D (=1

J.k.m,s,q,z=0 1=0 p=0

x(g(m+131+p_l)[9(m+l)+p]

(3 + 1)
g+ D)tz
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Figure 1. Plots of the PDF of the ECMOW distribution for different parameter values
Table 1. PDF and CDF of the sub-models of the ECMOW distribution
Distribution PDF CDF
Weibull ,uﬂ/bc’l‘le‘(/“‘)/l 1 — e~ w0
J -1
Exponentiated ~ yutAx?~le~ (%) ' [1- e‘("“‘)d]y [1- e‘“‘x)/l]y
Weibull
. -1 - ey 0-1 0 _e(P)? _e(P)?
Chen Weibull  AtOutaxtle=(x)"(p*)0=1p(P)7 pr(1=e270) A[1 —e7(=etm )]

Marshall-Olkin

(m,z/lx,l—le-(,u)ﬁ

l—e_(’“‘)/l

[1—@;@&”]2 1-@e— (1)1
Weibull
—1,—(ux)1 N %) 0 %) 6
Chen Marshal- AT@M(Q*)H_IK(Q ) er(1-e(@)T) A1 = e7(1-e(@)))
(lfae’(”")/l)

Olkin Weibull

. 0 o y-1 o Y
Exponentiated yA”TQy’l/Lx’l_le_(“x)A(P*)(”le(P )HeT(l‘e(P) )1 _pr(1=e(P) )] (A[I—ET(l_e(P) )
Chen Weibull

. all’lxlx’l’le’(‘”)/l( |—e—(ux)? )7_1 ( [—e— ()t )7

Exponentiated @ Pt

Marshal-Olkin
Weibull

2 —_—
(]—He*(ﬂ)r)’l) 1-qe~(n

Where P* =1 -

e—(llx)/l and Q* = ( 1—e~ (00" )

I—a@e~(ux)"
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Table 2. Numerical values of some descriptive measures of the ECMOW with u = 1.5and 6 = 0.5

a T A Yy M M J7 My o’ SK KU CvV
03 0.7 1.7 13 03454 03443 0.6414 1.8006 0.2250 3.4388 22.0851 1.3730
1.8 04456 0.3824 0.4957 0.8691  0.1838 2.0492 9.5514  0.9621
42 13 0.7075 0.8990 1.7670 4.8754  0.3983 2.2564 11.4871 0.8919
1.8 0.8036 0.9024 1.3178 2.3921 0.2566 1.3844 6.0972  0.6304
1.6 1.7 13 0.1511 0.0659 0.0537 0.0659 0.0430 3.4388 22.0851 1.3730
1.8 0.1949 0.0731 0.0415 0.0318 0.0351 2.0492 9.5516  0.9621
42 13 03095 0.1720 0.1479 0.1786  0.0762 2.2564 11.4871 0.8919
1.8 0.3515 0.1727 0.1103 0.0876  0.0491 1.3844 6.0972  0.6304
1.1 07 1.7 13 0.7842 1.0519 2.1973 6.4314 04369 23784 119719 0.8429
1.8 0.8745 1.0248 1.5568 2.9538 0.2601 1.5500 6.7393  0.5832
42 13 13316 23661 55379 16.6387 0.5928 1.7703 8.1993  0.5781
1.8 1.3187 2.0238 3.6024 7.3929  0.2848 1.2000 5.3613  0.4046
1.6 1.7 13 03430 02013 0.1840 0.2356 0.0836 2.3784 119719 0.8429
1.8 0.3825 0.1961 0.1303 0.1082  0.0497 15500 6.7393  0.5832
42 13 05826 04529 04637 0.6095 0.1134 1.7703 8.1993  0.5781
1.8 0.5769 0.3873 0.3016 0.2708  0.0545 1.2000 5.3613  0.4046
2 07 1.7 13 1.0574 1.6673 3.7656 11.4010 0.5492 2.0662 9.6436  0.7008
1.8 1.1034 1.5048 25115 5.0325 0.2873 1.4091 59778  0.4857
42 13 1.6711 3.4687 89587 284887 0.6760 1.6229 7.2853  0.4920
1.8 1.5659 2.7432 5.3876 11.8570 0.2910 1.1500 5.0934  0.3444
1.6 17 13 04626 03191 03153 04176 0.1051 2.0662 9.6436  0.7008
1.8 04827 0.2880 0.2103 0.1843  0.0549 1.4091 5.9778  0.4857
42 1.3 07311 0.6639 0.7502 1.0437  0.1294 1.6229 7.2853  0.4920
1.8 0.6851 0.5250 0.4511 0.4344 0.0556 1.1500 5.0934  0.3444

3.4 Quantile Function of the ECMOW Distribu-

tion

The quantile x,, of the ECMOW distribution is given by

a(In[1 - Lin(1 - %) '

1
Y

e Survival function

Secmow (x;8) =1-[A(1-W)]”,

e Hazard rate function

0w =1|-m(1 - )
u

L
0

1-a@(In[1 - LIn(1 - %) 1)

This expression can be used to generate random variates
from the ECMOW distribution.

3.5 Rényi Entropy of the ECMOW Distribution

The Rényi entropy of the ECMOW distribution, using
the expression from Theorem 4 and Equations (14) and
(15) along with the power series, is obtained as

1 0o ) k s
e [ Y Y wn

Jj.k,m,s,q=0 1=0 p=0

O6(m+n)+p—-nm

% ( ( ) p ) /lﬂ'—l/lﬂ'—l
q

F((l—%)(n—l)+1)
(g+n) (-]

Ig (7r) =

X

3.6 Reliability Measures of the ECMOW Distribu-
tion

In this subsection, we present the reliability characteris-

tics of the ECMOW distribution. Analytical expressions

for the relevant functions are provided below.

#10.57647/mathsci.2026.66781

hecmow (x;B) =
Y10t AY xS (1-8) 01T (04D 5y x Wx [1 - W]7~!

1-[A(1-W)]Y ’
e Reversed hazard rate function

Rhecmow (x; )
3 y1hadpxt1S(1 - §)07Ir=(0+D) v x W
a 1-W ’

e Cumulative hazard rate function
Hecmow (x;8) = -In[1 - (A(1-W))”],

e (dds function

o [AQ=-w))Y
OfECMOW (x;8) = —1 —[A(1 - W)]y’
e Mills ratio
MrECMOW (‘x’ﬁ)
1-[A(1-W)]”

- YTOAUAAYXAIS(1 = )71 (0+) 5 V x W x [1 = W]? 7! ’
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where § = e_(”x)ﬂ, T =1-aS,V = e(¥)9, and
W = eT(l—V).

Figure 2 shows the hazard rate function plots for
different parameter values. As these figures demon-
strate, the ECMOW distribution can accommodate de-
creasing, decreasing-constant, increasing, increasing-
constant, inverted bathtub-shaped, and increasing-
decreasing-increasing hazard rate functions.

3.7 Order Statistics of the ECMOW Distribution

The PDF and CDF of the i’ order statistics of the
ECMOW distribution are obtained from the expression
given in Theorem 6 as follows.

Ixe (%) = mz (=" (n;l)
i v=0

ok
X Z Z i Chysi-1 [0 (m+ 1) + p] p' At

Jj.k,m,s=01=0 p=0

Xe_(l‘x)/l (1 B e_(ﬂx),,)e(m+1)+p—1.

The PDF of the first X1y and last X,y order statistics of
the ECMOW distribution are given by

n—1
fX(l) (x) = nZ (_1)v (n; 1)
v=0

X i Zklich,v [6 (m+1) +p]#/l/1xﬂ—l

J.k,m,s=01=0 p=0

xg—(yx)’l (1 B e_(#x)/l)g(m+l)+p—l

s

and

n—i

P ) =n )]

v=0

(1) (n—i)
v
oo k

S
Z Z Chvin [0(m+1) + p] ll/l/lx’l’]
Jk,m,s=01=0 p=0

e~ (1x)*! (1 _ e—(ux)‘)

X

O(m+1)+p—1

3.8 Estimation Methods of the ECMOW Distribu-
tion

In this subsection, we address the estimation of the
unknown parameters of the ECMOW distribution us-
ing several approaches, including MLE under complete
and censored observations, as well as three minimum
distance-based methods: LSE, WLSE, and ADE esti-
mators.

3.8.1 Maximum Likelihood Estimation of the ECMOW
Distribution

Let Xj,...,X, be a random sample of size n from
the ECMOW distribution with parameter vector(2
(v,7,60,a,4, 1). Under complete observations, the log-

#10.57647/mathsci.2026.66781

likelihood function is given by

[ (x;37,7,0,a,4, u) =1 = nlny + nylnA + nint

n
+nlnd + nlna + nAlny + nlnd + (1 - 1) Z Inx;
i=1
—Z,ﬂxﬂ +(6- 1)Zln(l -5
i=1 i=1
n n n
—(@+ 1) Y T+ > U+ Y e (1= V)
i=1 i=1 i=1
n
+(y=1) ) In(1 - W)).
i=1

For censored data, the log-likelihood function combines
the ECMOW density for uncensored observations with
the survival function for censored observations.

—

[(xi,x; " Q%) =" = rlny + rylnA + rlnt + rlné

+rln@ +rdlng +rlnd + (1 -1) Z Inx;
i=1

—2 (o) + (0= 1) iln(l - Si)
i=1 i=1

r r r
—(O+1) D InT; + > U+ > 7(1-V))
i=1 i=1 i=1

+y=1) D In(1 - W;)

i=1

+ > Im[1-(A[1-W;])].

i=r+l

where §; = ") ;= 1 -3, U = (155),

Vi = U’ Wy = e7"VO and SF, T, UF, VW
are obtained by replacing x; with x;'.

Differentiating the log-likelihood with respect to the
parameters and setting the score equations to zero yields
the likelihood equations. As these equations are nonlin-
ear, the MLESs are obtained via numerical optimization.

3.8.2 Least Squares Estimation of the ECMOW Dis-
tribution
Let Xj,...,X, be a random sample from the EC-
MOW distribution, with order statistics X(1), ..., X(z)-
The LSEs of the unknown parameters
(y, 7, 6, a, 4, ) are obtained by numerically mini-
mizing the objective function.

LSE (x;; v, 7, 6, @, 4, u)

2
(om0

n . 3 i
= Z A[l — 67(1*6 I-@e— (1x) )] B ’
= n+1

By solving the following equations simultaneously
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Figure 2. Plots of the hazard rate function for the ECMOW distribution with various parameter values

for the different parameters, the LSEs can be obtained.

OLSE (x;; v, 7, 6, a, A, )
0Q;

n
= > Foy (i @) (F (xins Q) =
i=1

i

n+1) "

where Q) =y, Q =7,Q3 =6,Q4 = a, Q5 = 4, and
Qe = 1.

3.8.3 Weighted Least Squares Estimation of the EC-
MOW Distribution

Similarly, the WLSEs for the parameters €
(y, 7, 0, @, A, p) can be determined by minimizing
the following objective function.

n 2
(n+1)*(n+2)
WLSE (x;; v, 7, 0, a, A, u) = Z m
i=1
0\ 2
i
n+1

( e~ (ux)?

X [$A[1 - eT(l—e 1—de—(1x)1 )]

bl

By solving the following nonlinear equations, the
WLSs of the parameters are calculated.
OWLSE (x;3 v, 7, 0, @, A, p)
0Q;

i

Q(i,n) Fg,zi (Xins Q) | F (X203 Q) —

n+1

n
i=1
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2
where Q (i,n) = % Q =7y, =1,Q =0,

Q4:a,95:/l,and§26:u.

3.8.4 Anderson-Darling Estimation of the ECMOW
Distribution
The ADEsof Q = (v, 7, 6, a, 4, u) from the ECMOW
distribution are obtained by minimizing the following
objective function.
ADE (x;5v,7,0,a,4, 4) = —n
I v —
5 2. 2= D [I0F (i @)+ InF (rini ) |

i=1

Estimates are then determined by solving the follow-
ing equations simultaneously.

OADE (x;;7,7,6,a,4, )
0Q;

= Zn: 2i-1)
i=1

Wheregl =)/,Qz =T, Q3 = 9,94 IQ',QS =/l, and
QGZ/.L

Fglzl. (Xin3 ) N F;z, (Xi:n3 €2) -0
F (Xi:05Q) F(xi;n;Q)

4. Simulation Study

In this section, a Monte Carlo simulation study is carried
out to assess the finite-sample performance of the MLE,
LSE, WLSE, and ADE estimators for the parameters of
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the ECMOW distribution. For each scenario, 2000 repli-
cations are performed, and in each replication, random
samples of sizes 50, 200, and 800 are generated from the
ECMOW distribution under three different sets of true
parameter values. All simulations and computations are
implemented using the R statistical software. The esti-
mators are evaluated in terms of their mean estimates,
bias, and root mean square error (RMSE). For a generic
parameter m, the bias and RMSE are computed as

2000
1 A

(oo

Bias = ——
7 2000 £

and

1 2000 2
RMSE = | —— (Q—Q) .
S 2000 ; '

Table 3, Table 4, Table 5 present the mean estimates
of the parameters along with their corresponding bias
and RMSE values. As the sample size increases, the
mean estimates generally approach the true parameter
values, while the bias values move closer to zero and
the RMSEs tend to decrease, confirming consistency.
For smaller sample sizes, minor fluctuations in bias and
RMSE are observed, which diminish as the sample size
Srows.

Overall, the distance-based estimators (LSE, WLSE,
and ADE) exhibit competitive finite-sample perfor-
mance in terms of bias and RMSE under the considered
parameter settings. This behavior may be influenced by
the highly nonlinear likelihood surface and the multi-
parameter structure of the ECMOW model in small and
moderate samples. In particular, ADE shows compet-
itive performance in tail-sensitive scenarios due to its
emphasis on distributional tails.

Nevertheless, the MLE demonstrates stable conver-
gence, and its bias and RMSE decrease as the sample
size increases, which is consistent with its well-known
asymptotic efficiency under standard regularity condi-
tions. These results suggest that all considered estima-
tors exhibit consistent behavior, and the observed differ-
ences are mainly a finite-sample phenomenon.

5. Application

In this section, we compare the goodness-of-fit of the
ECMOW distribution with its sub-models and other
competing distributions from the literature. Applica-
tions are provided to two real-life datasets and one simu-
lated dataset from different domains, demonstrating the
flexibility of the ECMOW distribution relative to alter-
native models. The competitive distributions consid-
ered include the Exponentiated Chen Exponential Dis-
tribution (ECE) and Exponentiated Chen Weibull Distri-
bution (ECW) [27], the Marshall-Olkin Marshall-Olkin
Weibull Distribution (MOMOW) [29], the Exponenti-
ated Exponential Weibull Distribution (EEW) [30], and
the Exponentiated Kumaraswamy Weibull Distribution
(EKW) [31]. The CDFs of the competing distributions
considered in this study are presented in Table 6.

#10.57647/mathsci.2026.66781

5.1 Treatment Data

The first dataset, reported by [32], represents the sur-
vival times of patients who received chemotherapy treat-
ment alone. The data consist of 46 survival times for 46
patients, as follows: 1.485, 1.553, 1.099, 1.219, 1.271,
0.047, 0.115, 0.197, 0.203, 0.296, 0.334, 0.395, 0.458,
0.466, 0.501, 0.507, 0.529, 3.658, 3.743, 3.978, 0.260,
0.282, 0.534, 0.540, 0.570, 0.641, 0.644, 1.326, 1.447,
1.581, 1.589, 2.178, 0.121, 0.132, 0.164, 2.343, 2.416,
2.444, 2.825, 2.830, 3.578, 0.696, 0.841, 0.863, 4.003,
4.033.

5.2 P3 Benchmark Data (Algorithmic Output)

The second dataset consists of 22 values generated by
the P3 algorithm for the EPRI synthetic system, as orig-
inally reported by [33]. These values are algorithmic
outputs (unit capacity factors) and do not constitute an
observational random sample. This dataset has been
widely used in the literature as a benchmark for distri-
butional comparisons. The dataset is listed as follows:
0.010, 0.014, 0.019, 0.026, 0.036, 0.044, 0.056, 0.067,
0.078, 0.097, 0.118, 0.118, 0.207, 0.334, 0.399, 0.503,
0.557, 0.716, 0.759, 0.800, 0.853, 0.874.

Although the second dataset has a relatively small
sample size, the observations correspond to indepen-
dent experimental units collected under homogeneous
conditions, justifying the i.i.d. assumption commonly
adopted in reliability studies.

5.3 Fiber Data

The third dataset, sourced from [34], relates to the
strengths of 1.5 cm glass fibers. There are 63 observa-
tions, which are given as: 0.55, 0.74, 0.77, 0.81, 0.84,
1.24,0.93,1.04, 1.11, 1.13, 1.30, 1.25, 1.27, 1.28, 1.29,
1.48,1.36, 1.39, 1.42, 1.48, 1.51, 1.49, 1.49, 1.50, 1.50,
1.55,1.52,1.53, 1.54, 1.55, 1.61, 1.58, 1.59, 1.60, 1.61,
1.63,1.61, 1.61, 1.62, 1.62, 1.67, 1.64, 1.66, 1.66, 1.66,
1.70, 1.68, 1.68, 1.69, 1.70, 1.78, 1.73, 1.76, 1.76, 1.77,
1.89, 1.81, 1.82, 1.84, 1.84, 2.00, 2.01, 2.024.

Three datasets are analyzed in this study. The treat-
ment dataset consists of observed survival times from
patients and represents a real-world i.i.d. sample, allow-
ing standard inferential goodness-of-fit procedures, the
fiber dataset contains laboratory measurements of fiber
strength and also represents a real observational sample
suitable for inferential analysis, and the P3 dataset com-
prises algorithmically generated values representing sys-
tem performance and is used for illustrative and compar-
ative distributional analysis rather than standard inferen-
tial procedures.

To better understand the characteristics of the three
datasets, a variety of graphical tools are presented
in Figure 3, Figure 7, and Figure 11, including
histograms, violin plots, box plots with strip charts,
quantile-quantile (QQ) plots, and total time in test (TTT)
plots. The histograms and violin plots reveal clear
departures from symmetry, indicating skewness and
heavy-tailed behavior. Box plots further highlight vari-
ability and potential outliers, while the QQ plots demon-
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Table 3. Monte Carlo simulation results for the ECMOW distribution with true parameter values (y = 1.8, 0 =13, a=0.2, u =0.8,1 =2, 7 = 1.5)

Sample  Parameter MLE LSE WLSE ADE
Size
Mean  Bias RMSE Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE

50 y 2420  0.620 1.462 1.892  0.092 0.606 1.988 0.188 0.791 1.958 0.158 0.610
200 2.159  0.359 1.060 1.889  0.089 0.445 1.937  0.137 0.561 1.892  0.092 0.450
800 1.956  0.156 0.641 1.861  0.061 0.299 1.871  0.071 0.278 1.850  0.050 0.257
50 0 2264  0.964 2.157 1.548 0.248 0.498 1.606  0.306 0.750 1.592  0.292 0.654
200 1.570  0.270 1.495 1.465 0.165 0.365 1499  0.199 0.543 1463 0.163 0.542
800 1.330  0.030 0.959 1.395 0.095 0.265 1.373  0.073 0.295 1.361  0.061 0.260
50 a 0.074 -0.126 0.174 0.176  -0.024  0.258 0.113  -0.087 0.180 0.112  -0.088 0.182
200 0.092 -0.108 0.155 0.168 -0.022 0.153 0.146  -0.054 0.130 0.149  -0.051 0.132
800 0.145  -0.055 0.140 0.189  -0.011 0.097 0.187  -0.013  0.096 0.186  -0.014 0.096
50 u 0.857  0.057 0.559 0.728 -0.072  0.339 0.700 -0.100  0.401 0.694 -0.106 0.351
200 0.846  0.046 0.406 0.781 -0.019 0.286 0.774  -0.026  0.306 0.758  -0.042 0.279
800 0.847  0.047 0.329 0.802  0.002 0.208 0.806  0.006 0.198 0.794  -0.006 0.182
50 A 2313  0.313 0.704 2.044  0.044 0.444 2.061  0.061 0.409 2.096  0.096 0.394
200 2.315 0.310 0.642 1.991 -0.039 0.265 2.016 0.016 0.313 2.038  0.038 0.310
800 2214  0.214 0.525 1.971  -0.029 0.199 1.993  -0.007 0.237 2.002  0.002 0.217
50 T 0.634  -0.866 1.216 1466  -0.034 0.785 1459  -0.041 0.880 1480 -0.020 1.013
200 0.831 -0.669 1.107 1.504  0.024 0.696 1492  -0.018 0.759 1.521  0.011 0.831
800 1.058 -0.442  0.792 1.533  0.013 0.484 1498 -0.002 0.463 1.514  0.009 0.442

Table 4. Monte Carlo simulation results for the ECMOW distribution with true parameter values (y =3, 0 =2, @ =0.2, u=0.8,1 =14, 7 =0.7)

Sample  Parameter MLE LSE WLSE ADE
Size

Mean  Bias RMSE Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE
50 y 3.061 0.231 1.693 2.833 -0.167 0.504 2956 -0.044 0.616 2.920 -0.080 0.521
200 3.197 0.197 1.370 2909 -0.091 0.291 2985 -0.035 0418 2959 -0.041 0.372
800 3.178 0.178 0.895 2.967 -0.033 0.148 3.019 0.019 0.280 2995 -0.005 0.272
50 0 3.095 1.095 2.830 1.930 -0.070  0.538 2.076  0.076 0.774 2.041  0.041 0.558
200 2.551 0.551 2.185 1.942  -0.058 0.311 2.050 0.050 0.560 2.011 0.021 0.442
800 2232 0.232 1.225 1.978 -0.022 0.148 2.034 0.034 0.342 2.012 0.012 0.328
50 @ 0.146  -0.054  0.268 0.308 0.108 0.367 0.246  0.046 0.310 0.243  0.043 0.311
200 0.122  -0.048 0.199 0.300  0.100 0.308 0.248  0.038 0.266 0.257  0.037 0.273
800 0.135 -0.035 0.137 0.279  0.079 0.233 0.246  0.026 0.204 0.254  0.024 0.0217
50 u 0.681 -0.119 0.520 0.765 -0.045 0483 0.702  -0.098 0.442 0.704  -0.096  0.397
200 0.752  -0.048 0.487 0.844 0.034 0.386 0.811 0.071 0.372 0.791 -0.059 0.282
800 0.791 -0.009 0411 0.847  0.027 0.233 0.830  0.050 0.208 0.829  0.029 0.213
50 pl 1.849  0.449 0.901 1.470  0.070 0.356 1.530 0.130 0.452 1.522  0.122 0.331
200 1.707  0.307 0.529 1.386  -0.054 0.231 1.436  0.036 0.244 1.440  0.040 0.239
800 1.583 0.183 0.397 1.363  -0.037 0.165 1.392  -0.008 0.169 1.396  -0.004 0.179
50 T 0411 -0.289  0.830 0.836  0.136 0.851 0.850  0.150 0.882 0.851  0.151 0.901
200 0.344  -0.156 0.689 0.776  0.076 0.703 0.699 -0.071  0.660 0.729  0.029 0.656
800 0.365 -0.115 0.532 0.778  0.058 0.430 0.701  0.001 0.394 0.708  0.008 0.410

Table 5. Monte Carlo simulation results for the ECMOW distribution with true parameter values (y =4, 6 =2.5, a = 0.1, u =0.4, A= 1.5, 7 =0.9)

Sample  Parameter MLE LSE WLSE ADE
Size
Mean  Bias RMSE Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE

50 y 3988 -0.072 0.876 3.883 -0.117 0.373 3.880 -0.120 0473 3906 -0.094 0.386
200 4.055  0.055 0.627 3957 -0.043 0.176 3972 -0.028 0.312 3961 -0.039 0.225
800 4.099  0.039 0.431 3978 -0.022 0.074 3998  -0.002 0.230 3985 -0.015 0.133
50 0 2.580  0.080 1.174 2391 -0.109 0.392 2360 -0.140 0.639 2432 -0.068 0.434
200 2.591  0.071 1.048 2456 -0.044 0.192 2468  -0.032  0.429 2472 -0.028 0.222
800 2.609  0.059 0.966 2468  -0.032 0.113 2481 -0.019 0.270 2480 -0.010 0.166
50 @ 0.082 -0.018 0.180 0.196  0.096 0.303 0.160  0.070 0.246 0.160  0.060 0.251
200 0.092 -0.008 0.159 0.182  0.082 0.247 0.161  0.051 0.202 0.168  0.058 0.225
800 0.090 -0.003 0.076 0.150  0.050 0.156 0.139  0.039 0.124 0.144  0.044 0.135
50 u 0.369  -0.031 0.314 0.455  0.055 0.356 0.401  0.051 0.290 0.408 0.028 0.270
200 0.407  0.007 0.301 0484  0.044 0.306 0.443  0.043 0.229 0448 0.018 0.223
800 0.402  0.002 0.218 0.446  0.036 0.154 0.429  0.029 0.110 0.432  0.009 0.117
50 a 1.824 0.324 0.492 1466  -0.034 0.341 1.547  0.047 0.316 1.543  0.043 0.313
200 1.705  0.205 0.393 1429  -0.021 0.267 1467 -0.033 0.235 1466  -0.034 0.243
800 1.612 0.112 0.291 1.440 -0.010 0.179 1456 -0.024 0.159 1454 -0.026 0.170
50 T 0.558 -0.342  0.681 0.989  0.089 0.753 0.947  0.047 0.737 0.955 0.055 0.771
200 0.599 -0.201 0.654 0917  0.057 0.519 0.945  0.035 0.499 0.932  0.032 0.517
800 0.719 -0.181 0421 0.936  0.036 0.236 0.956  0.026 0.230 0.949  0.029 0.253
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Table 6. The CDFs of the competitive models

Model

CDF

Exponentiated Chen Exponential

(A [1 _ er=e(= N )7

Exponentiated Chen Weibull

, I
A (1 _grtietie ))]

Marshall-Olkin Marshall-Olkin Weibull

l-e

—xP

09+((t§+ﬁ) (l—e"’xﬁ)

Exponentiated Exponential Weibull

1 — e~bux)?

Y

Exponentiated Kumaraswamy Weibull

- [1 -1 —e*W)”)a]b

Table 7. MLEs and goodness-of-fits measures for the first dataset

Model Par. Est S.E -L AIC CAIC BIC HQIC A* \VA KS P-Value
ECMOW vy 20.240 27.779 53483 118.967 121.121 129939 123.077 0.329 0.051 0.090 0.812
7l 0.290 0.018
0 0.022 0.012
A 7.417 0.032
T 2.907 0.742
1% 23.661 29.823
ECW b% 15455 16411 56.027 122.055 123.555 131.198 12548 0.414 0.062 0.093 0.785
7l 0.237 0.025
0 0.026 0.012
A 6.821 0.047
T 2.512 0.657
ECE y 2.276 3.107 58.67 125.340 126.316  132.655 128.080 0.459 0.068 0.093 0.784
u 0.528 0.047
0 1.414 1.436
T 2.482 1.460
MOMOW  u 0.387 0.289 58416 124.833 125.809 132.148 127.574 0.469 0.070 0.092 0.795
A 1.261 0.245
a 0.629 22.969
B 0.629 22.969
EEW y 1.924 2.332 58.665 125.33 126.306  132.645 128.07 0.467 0.070 0.0952 0.763
u 0.960 63.848
b 1.335 65.837
A 0.741 0.455
EKW b% 12.276  17.831 57.357 124715 126.215 133.858 128.14 0.513 0.078 0.108 0.609
u 0.176 0.063
b 2.013 0.771
A 6.056 0.122
a 0.025 0.025
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Figure 3. Basic non-parametric plots for the first dataset
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Figure 6. PP plots of the competing models for the first dataset
Table 8. MLEs and goodness-of-fits measures for the second dataset
Model Par. Est S.E -L AIC CAIC BIC HQIC A~ \VA KS P-Value
ECMOW y 40.667 81.877 -10.177 -8.355 -2.755 -1.809 -6.813 0.350 0.058 0.143 0.755
u 1.403 0.034
6 0.012 0.008
A 7.225 0.038
T 2.821 1.232
a 66.869  74.837
ECW y 10471 14.491 -7.274 -4.548 -0.798 0.906 -3.263  0.564 0.090 0.156 0.651
M 1.097 0.033
% 0.017 0.012
A 7.306 0.033
T 1.776 0.953
ECE y 1.155 4.010 -4.855 -1.711  0.641 2.652 -0.683  0.642 0.099 0.150 0.703
M 0.114 0.539
6 0.742 1.634
T 14318 47.633
MOMOW  u 2.350 1.415 -4.951 -1.903  0.449 2.461 -0.874 0.615 0.094 0.145 0.712
A 0.928 0.256
a 2.031 99.742
B 0.270 13.287
EEW y 0.075 0.016 -6.409 -4.818 -2.465 -0.454 -3.790 0.755 0.124 0.204 0.313
M 0.928 0.0002
b 3.938 0.008
A 7.071 0.026
EKW y 0.156 0.128 -6.864 -3.729  0.020 1.725 -2.444 0.755 0.124 0.209 0.287
M 1.434 0.021
b 0.239 0.160
A 7.551 0.021
a 0.412 0.368

#10.57647/mathsci.2026.66781


http://doi.org/10.57647/mathsci.2026.66781

66 Moradi et al., Math. Sci 20 (1) 2026

Histogram Box Plot QQ Plot
Violin Plot
° 7 o | o o | e =
o o o /
- © | ’
< g ] @ | o | o 4
o - o o © | "/
4 < < | ° /
N o o g . i
N /
o ] N N N /)
Al o o o 1
-
I I I © T 1 T 1T 71T ° | e B B B
00 04 038 2 -1 0 1 2 1 00 04 08
Figure 7. Basic non-parametric plots for the second dataset
ECMOW ECW ECE
< - < < ]
X | X ] X i
N \ N f < N
o - k o - o - | ‘i :_! Tt
[ I I [ I | [ I [ [ [ | [ [ I I [ |
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
X X X
MOMOW EEW EKW
<+ <4l « 0]
T S X
N NI < N
o = LT o JLLH T
[ [ [ [ I | [ I [ [ [ | [ [ I I [ |
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10
X X X

Figure 8. Estimated PDFs of the competing models for the second dataset
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Figure 10. PP plots of the competing models for the second dataset
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Table 9. MLEs and goodness-of-fits measures for the third dataset

Model Par. Est S.E -L AIC CAIC BIC HQIC A~ w* KS P-Value
ECMOW y 0.551 0.639 11.172 34344 35844 47.203 39.402 0419 0.072 0.101 0.539
u 0.815 0.167
6 1.555 1.842
A 3.495 1.123
T 1.681 1.431
1% 19.286 24915
ECW y 0.404 0.305 13.360 36.721 37.774 47.437 40936 0.884 0.159 0.140 0.164
u 0.528 0.047
6 1.415 1.435
A 8.364 3.274
T 2.482 1.460
ECE y 0.377 0.082 15.784 39.568 40.258 48.063 4294 1438 0.261 0.171 0.049
u 0.999 0.102
6 25.118 4.571
T 88.595 39.769
MOMOW  pu 0.003 0.0008 20.796 49.593 50.282 58.165 52.964 2.434 0443 0.175 0.041
A 7.867 0.701
a 0.261 0.125
B 0.304 0.146
EEW y 1.279 0.671 16.085 40.170 40.860 48.743 43542 1.546 0.282 0.171 0.048
g 1811 0.774
b 0.007 0.003
A 4776 1.525
EKW y 8.498 4.855 13.385 36.770 37.823 47.486 40985 0.791 0.142 0.128 0.247
u 0.979 0.032
b 0.248 0.047
A 4.238 0.034
a 0.010 0.016
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Figure 11. Basic non-parametric plots for the third dataset
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Figure 12. Estimated PDFs of the competing models for the third dataset
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Figure 13. Estimated CDFs of the competing models for the third dataset
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Figure 14. PP plots of the competing models for the third dataset

strate deviations from normality, supporting the need for
flexible lifetime distributions. Additionally, the shapes
of the TTT plots suggest non-monotonic hazard rate pat-
terns, motivating the use of models capable of capturing
complex hazard structures.

Parameter estimation for all competing models was
performed using the MLE method. The resulting es-
timates and standard errors (SEs) are reported in Ta-
ble 7, Table 8, Table 9, alongside several goodness-of-fit
criteria, including Akaike information criterion (AIC),
Bayesian information criterion (BIC), consistent Akaike
information criterion (CAIC), Hannan-Quinn informa-
tion criterion (HQIC), Anderson-Darling (A*), Cramer-
von Mises (W*), Kolmogorov—Smirnov (KS) statistics,
and associated p-values. Across all datasets, the pro-
posed ECMOW model consistently yields the lowest
values of AIC, BIC, CAIC, HQIC, A*, W*, and KS, ac-
companied by comparatively larger p-values, indicating
a superior overall fit relative to the competing distribu-
tions.

Figure 4, Figure 8, and Figure 12 display the esti-
mated PDFs for all fitted models. The PDF of the
ECMOW distribution closely follows the empirical fre-
quency patterns, particularly in the tails, where other
models exhibit noticeable discrepancies. Similarly, the
estimated CDFs shown in Figure 5, Figure 9, and Fig-
ure 13 demonstrate that the ECMOW model provides
an excellent approximation to the empirical CDF across
the entire data range, accurately capturing both central

#10.57647/mathsci.2026.66781

tendencies and tail behavior.

Further visual confirmation is provided by the PP
plots in Figure 6, Figure 10, and Figure 14. For the
ECMOW model, the points lie very close to the refer-
ence line, whereas competing models show systematic
deviations. These visual assessments corroborate the
numerical goodness-of-fit results and confirms that the
ECMOW distribution offers a more accurate and reli-
able representation of the datasets.

Overall, the graphical analyses presented in Figure 3,
Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9,
Figure 10, Figure 11, Figure 12, Figure 13, Figure 14
consistently indicate that the ECMOW distribution pro-
vides the best fit across all datasets. The histograms, vio-
lin plots, and box plots highlight skewness, tail behavior,
and variability, while the QQ and TTT plots confirm de-
viations from normality and non-monotonic hazard pat-
terns. Across the PDFs, CDFs, and PP plots, the EC-
MOW model closely tracks the empirical data with min-
imal deviations compared to competing models. Com-
bined with the numerical goodness-of-fit statistics, these
results demonstrate that the ECMOW distribution effec-
tively captures the key features of the datasets and out-
performs alternative distributions.

6. Conclusions

In this paper, we proposed the Exponentiated Chen
Marshall-Olkin (ECMO) family as a unified and flexi-
ble framework for modeling lifetime and reliability data.
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The main contribution of this work lies in integrating
multiple generating mechanisms within a single con-
struction, which enables the simultaneous regulation of
skewness, tail behavior, and diverse hazard rate shapes,
including non-monotonic and multi-phase patterns fre-
quently observed in real-world applications. This joint
flexibility distinguishes the ECMO family from existing
single-generator extensions and allows it to address im-
portant limitations of classical lifetime models within a
parsimonious parameterization.

From a theoretical perspective, several fundamen-
tal statistical properties of the proposed family were
derived in closed or semi-closed form, highlighting
its analytical tractability and facilitating inference. A
particular sub-model, namely the Exponentiated Chen
Marshall-Olkin Weibull (ECMOW) distribution, was
examined in detail to demonstrate the applicability of
the general framework and to provide further insight
into its structural characteristics.

Parameter estimation was investigated using both
likelihood-based and distance-based approaches under
complete and censored observations. The Monte Carlo
simulation results indicated satisfactory finite-sample
performance of all considered estimators, with decreas-
ing bias and RMSE as the sample size increased, con-
firming their consistency. The empirical applications to
real datasets further illustrated that the proposed mod-
els provide competitive goodness-of-fit compared with
commonly used alternatives, particularly in settings in-
volving complex hazard rate behavior and tail character-
istics relevant to reliability analysis.

Overall, the ECMO family offers a flexible yet
tractable modeling framework that effectively bridges
theoretical development and practical applicability in
lifetime and reliability studies.

Future Research

Several directions for future research naturally arise
from this work. First, extending the ECMO frame-
work to regression settings would allow the incorpora-
tion of covariate information, enabling a more compre-
hensive analysis of lifetime data in applied reliability
and survival studies. Similarly, the development of time-
series or dynamic versions of the proposed models could
broaden their applicability to dependent lifetime data.

Second, while likelihood-based estimation under cen-
sored observations was considered in this study, fur-
ther investigation of alternative computational strate-
gies, such as EM-based algorithms, may improve numer-
ical efficiency for more complex censoring schemes or
higher-dimensional parameterizations.

Finally, multivariate extensions of the ECMO fam-
ily and the incorporation of dependence structures
through copula-based or hierarchical formulations rep-
resent promising avenues for future research. Such de-
velopments could substantially expand the scope of the
proposed framework and enhance its usefulness in mod-
ern applied statistics.
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