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1. Introduction ferential equations, we refer the readers to [1, 5].

The Katugampola fractional derivative is the gener-

Fractional differential equations involve fractional
derivatives and integrals, expanding the concept of inte-
ger order derivatives and integrals to non-integer orders,
and are used to model more complex models with mem-
ory effects. During the last few years, many researchers
have investigated fractional differential equations us-
ing different definitions of fractional derivatives and
integrals. Some of the definitions include: Riemann-
Liouville [1], Caputo [1], Hadamard [2], Fabrizio [3],
Katugampola [4], reisz [5], and tempered [6] fractional
derivatives. Fractional differential equations have appli-
cations in various fields of science and engineering. For
example, quantum mechanics [4], measles epidemic [7],
economic growth model [8], risk theory [9] and dynam-
ical system [10]. For more application of fractional dif-

alization of both the Riemann-Liouville and Caputo
derivatives. Katugampola fractional differential equa-
tions involve the combination of Katugampola frac-
tional derivatives of different orders. Recently, it has
attracted the attention of many researchers because of
its vast applications in the field of science and engineer-
ing. Some of its application includes: fractional-order
dynamical systems, fractional diffusion and wave equa-
tions, and mathematical modeling in engineering and
physics. Srivastava et al. [11] studied the existence of
positive solutions to the Katugampola fractional bound-
ary value problem at resonance. The existence of mild
solutions and optimal controls for a class of stochas-
tic Hilfer-Katugampola fractional differential is stud-
ied [12]. The existence, uniqueness, equilibrium, and
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stability of the Hilfer-Katugampola fractional epidemic
model for malware propagation are thoroughly exam-
ined in [13].

The study of wavelet theory dates back to the mid-
20th century and had prominent contributions in mathe-
matical studies [14]. Wavelets are a significant tool for
approximating functions and obtaining numerical solu-
tions for fractional differential equations. Wavelets are
a family of orthogonal functions; constructed from the
translation and dilation of a single function called the
mother wavelet, which can be described by [15]:

1 (x -b
va''
where a and b are called scaling and translation parame-
ters, respectively. If |a| < 1, the wavelet (1) is the com-
pressed version (smaller support in the time domain) of
the mother wavelet and corresponds to mainly higher fre-
quencies. On the contrary, while |a| > 1, the wavelet (1)
corresponds to lower frequencies and has larger support
in the time domain. The parameters are discretized as
a=ay’, b=nboay’, ap > 1, bg > 0 where j,n € Z*.
Then, we obtained the class of discrete wavelets

Vap(x) = ), a,b,eR, a#0, (1)

W jn(x) = laol 2y (alx — nbo), )

where ¢ ,(x) form an orthonormal basis for L*(R).
Several wavelets have been proposed to obtain numer-
ical solutions for fractional differential equations. For
example Haar wavelet [16], Generalized Sine-cosine
wavelets [17], Legendre wavelets [18], and Krawtchouk
wavelets [19].

The purpose of the present method is to introduce
a new wavelet which we called "Katugampola Gegen-
bauer wavelet (KGW)”, and propose a method for solv-
ing nonlinear Katugampola fractional differential equa-
tions. The proposed method is the combination of
Katugampola Gegenbauer wavelet along with its new
operational matrices and Adomian’s polynomials. The
purpose of utilizing the Adomian’s polynomials is to
handle the nonlinearities in the equation. The detailed
methodology of the proposed method is provided for the
readers’ understanding. Error analysis of the proposed
method is investigated. The proposed method makes it
easy to deal with complex nonlinearities. Several exam-
ples have been considered to show the efficiency and
accuracy of the KGW method.

The rest of the paper is organized as follows. In
Section 2, we have given some basic mathematical pre-
liminaries and properties from fractional calculus. In
Section 3, we have introduced Katugampola Gegen-
bauer wavelets. In Section 4 new operational matri-
ces of Katugampola fractional integration and Caputo-
Katugampola fractional derivative are derived and con-
structed. In Section 5, the detailed procedure of imple-
mentation for the proposed method to solve the nonlin-
ear Katugampola fractional differential equations is pre-
sented. Error analysis of the KGW method is provided
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in Section 6. In Section 7, we have presented numer-
ical examples that show the precision of the proposed
method. In Section 8, we conclude our work.

2. Preliminaries

We review basic definitions and results of fractional dif-
ferentiation and integration in the sense of Katugam-
pola[4].

Definition 2.1 Consider « € R*. The Katugampola
fractional integral (“I,"" f)(x) is given by

1-a

b

T | W) e,

3

(K-[ampf) ()C) =

Jor x > a, if the integral exists.

This integral includes several known fractional inte-
grals as special cases. When p = 1, it reduces to the
Riemann-Liouville fractional integral, and as p — 07,
the Katugampola fractional integral coincides with the
Hadamard fractional integral.

Remark 2.2 For p < 0 < 1, the kernel becomes less
singular, making it suitable for modeling nonlocal pro-
cesses with weaker influence near the endpoints. When
p > 1, the kernel becomes more singular, which is use-
ful for capturing stronger memory effects. As p — oo,
the operator tends toward a local integral, thereby re-
ducing the nonlocality of the process.

Definition 2.3 If f(x) € AC?[a, b] then the Katugam-
pola fractional derivative is defined, for 0 < a < x < oo,
by

"Dz f)(x) )

a-z+l x .
_ P (el Z/ e
ot el [ e
where p > 0and z = |a] + 1.

Definition 2.4 Consider « > 0 and z = |a| + 1. The
Caputo-Katugampola fractional derivative is defined by

(cDa"f) () (5)

_ pa—z+l X ‘fp—l (El—pi
I'iz-a) (o — é_.p)a—zﬂ : dé

= ("I f) (x),

) e,

z
where 6, = (fl’p%) .

Lemma 2.5 Consider a > 0. Let p, § € R, with p >
0, B > —1, then we have

. “r(p+ 1 o
T ) = e
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Lemma 2.6 Consider a > 0. Let p € R, withp > 0
and B € N, with 8 > [&], then we have

— o) = PTB+D (x”

Kq)yaP (,.p
Da”(x rB-ax+l)

—a?)" ()

Lemma 2.7 Let @ > 0 and u € AC5[a, b], then

z=1 o _ ;
("2 EDIF) f(x) = f(0) = ) d {'( i (xp p ap) :
i=0 )

®)

Definition 2.8 For each real number v\ and v», the beta
Sfunction B(vy, V) is defined as

1

B(vi,v2) =/tv1_1(1—t)"2_ldt, )
0
_T(v)I(v2)

= . R 0, R 0,
T vy +v2) (v1) > (v2) >
Definition 2.9 For each real number v and v,, the reg-
ularized beta function 1, (v, v2) is defined as

X

LOtv2) [ ety Zpmaetgr (10)

L) = FOSEG)
0

3. Katugampola Gegenbauer Wavelets

The shifted Gegenbauer polynomials, C; (x) of order

m, m € Z* are defined for o > —% on the interval [0, 1]

as

_I'(c+0.5) Z (=)™ T Qo +m +1) o
Nm-DT(oc+1+0. 5)
Y
The shifted Gegenbauer polynomials satisfy the orthog-
onality condition

/ Cp ()CF (X)W (X)dx = Ty Omgs (12)
0

where w7 (x) = (1 —x)79x7-05 and
o 2174 (m+20) 1
Tm = Gnro)ym!(T(o))2
We define the new Katugampola Gegenbauer wavelet

(KGW) on interval [a, (p +a”)!/P), p > 0, as

k

7o - Ay GRS =n) s <,

0, elsewhere,

(13)

np 5 _ ((n+Dp »

where u, = (% + a)?, v, = (522 + a”)7,
m = 0,1, -, M - 1 k = 0,1,2,---, and n =
0,1,2,---,2K — 1. For each o a distinct family of

wavelets can be obtained. Katugampola Legendre
wavelets can be generated for o = % For o = 0 and
o = 1, we get the first and second kind Katugampola
Chebyshev wavelets, respectively.

%10.57647/mathsci.2026.2002.12

Theorem3.1 Let 0 < a < x < (p +
aP)lP < oo The KGWs are orthogonal
with respect to the weight function wg(x) =
St [(p(n+ D=2 =a?)) - (P =a)—pm)| 77,
that is

/ £OATL (WS (1) = Spng.

Un

Proof. Since the shifted Gegenbauer polynomials are
orthogonal on the interval [0, 1]

1
/ Cor (9)CF ()W (s)ds = T Omgs (14)
0
x/)_ap)

o
ds = 2%xP~'dx in equation (14) to get equation (15) as

Utilize the following substitution s = 2"( - n,

Vno_k k
22 xP —af 22
—Cco(2f(——) - 15
Voo m( ( P ) n) 77 ()
Upn
P _ gP
xcg (24(=—=%) - n)
_ok(xp — gP))7 92 p-1
et pn) =20 - a?) L = g

(Zk(xp _ap) _pn)—u'+0.5 p20'—1

or
Vn

/ A,‘i’,,‘i(x)Af,’:g’(x)wg(x)dx = Omg- (16)
where w7 (x) = pxzfr r[(p(n+1)=2%(xP—ar))- (2K (x*-

@) = pn)] 703,

4. Function Approximation and
Operational Matrices

The KGW series can be used to approximate any func-
tion y € L?[a, (p + a?)'/P) as follows:

k1M

y(x) = Z Z Hnm A (x) = HTAT? (x), - (17)

where H and A7 (x) are of order /i1 = 2¥M x 1, and
are given as

H = [ho0, ho,1,--+ , hom-1,
hio,hit, - s him—1,0 0,

th—l,O’h2k—l,l" . ’hzk—l,M—l]
Ao’,p(x) [ 0, () (X) A()[ (X) ()M l(x)
ATL ) AT (), AT 1(x>

2k lo(x) Azk 1l(x) 2k 1,M- 1('x)]

Expand KGW Wavelets at the collocation points, x; =

(af’+p(2’ 1)) j=1,2,---,m,to get the KGW ma-
trix as
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AGE = (A7 (a2 + L) A0 (a0 4 3—p) AT (a4 prm - 1) 1))
mxm ’ m)’ ’ 2m
or 3, 2 1
NP dn) AT (e 38) Ao (a0 - 252D
Ag e + £ ) NPleesg) e AT eh)
ALy = | ATl ) AT (0 3) R (18)
Nl g A ) A7 -+ 2250
L ;"TI,M—I(aerﬁ) ;le 1(“p+23"')l) A;"./—JI,M—I(GP+%)-
In particular, fora = 1, 0 = 0.3, p =2.3, k =2, and M = 3, the KGW matrix is given as
1.6238  1.6238  1.6238 0 0 0 0 0 0 0 0 0
0 0 0 1.6238  1.6238  1.6238 0 0 0 0 0 0
0 0 0 0 0 0 1.6238  1.6238  1.6238 0 0 0
0 0 0 0 0 0 0 0 0 1.6238 16238 1.6238
~1.7456 0 1.7456 0 0 0 0 0 0 0 0 0
AOT15 0 0 0 ~1.7456 0 1.7456 0 0 0 0 0 0 19
12x12 = 0 0 0 0 0 0 ~1.7456 0 1.7456 0 0 0 (19)
0 0 0 0 0 0 0 0 0 —1.7456 0 1.7456
03029  —1.9469  0.3029 0 0 0 0 0 0 0 0 0
0 0 0 03029  —1.9469  0.3029 0 0 0 0 0 0
0 0 0 0 0 0 0.3029  —1.9469  0.3029 0 0 0
0 0 0 0 0 0 0 0 0 0.3029  -1.9469 0.3029 |
4.1 Operational matrices of Katugampola frac- For x > v/, we have
tional integration
To derive the operational matrix of Katugampola frac- .
tional integration, we apply the Katugampola fractional POTR () = 22T (o +0.5) 22)
integral operator of order «, on (13), to get VTIT(20)
a.p o, m-Inkl —1 l-a
KLEPATL (x) = Z( M2 T'Ro+m+1) p
1 X Nim-DT(c+1+0.5) T'(a)
-
t | W) e AT @, v
a x/ (xf — 7)) e (&P — ) de.
uﬁ <x< v’n). i
For x € [u5, V), we have
KTOPNTP () = pl-a 2% Substituting t = f: Z},‘ in (22) yields
a n,m = F(a) \/ﬁ
x P _ gP
p_ ep\@1 gp-1 por ok (E0 = @ _)
<f e eGP ES S e st sy -
By usine (11 Vi I'(20)
s t
y using (11), we ge sz: (1" 12k 1T (20 4 m + 1)
P () = 25T (0 +0.5) 20) e NN(m =D (o +1+0.5)
C VIT(20)
-
y i (=1)m=12Kp=I0 20 + m + 1) ﬁ X — ) /(1 N a
l!(m—l)!F(o-+l+0.5) (@)
l 25T (0 +0.5) o4
1 - T
F(a) = &) T (ER — ) dé. VTG T (20)
Xi (=)™ 2KT Q20 +m +1)
f . ) — pre(m-DIT(c+1+05'(I+a+1)
Substituting ¢ = u" in (20) yields - .
X(x” =) " Lo (1+ 1),
k
22T(c +0.5)
PP 21
(= VIIT(Q20) @D o .
i ()" DK (20 + m+1) ( p),m where “ Py (x) =€ I“pA,ol',f,(x) wh = ﬁ and
xF =y, n
v pre(m —DIM(c+1+05'(+a+1) I W is the regularized beta function.

#10.57647/mathsci.2026.2002.12
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In vector form,

P (x) =
[KP“ o @R (), 3;1’100
aap() Paap(x),“'» (“rp(x)
;Ul%( x), KP;U{,F)I(X),'“ KP;UIPM 1()C)] -
[ 0.0103 0.0543 0.1174
0 0 0
-0.0138 —-0.0564 -0.0874
kpl-51.0.13.6 _ 0 0 0
8x8 0.0108 0.0119 -0.0327
0 0 0
—0.0059 0.0244 0.0566
0 0 0

4.2 Operational matrices of Caputo-Katugampola
fractional derivative of order

We need another operational matrix of Caputo-
Katugampola fractional derivative while solving non-
linear Caputo-Katugampola fractional differential equa-
tions. For operational matrix of Caputo-Katugampola
fractional derivative, we apply the Caputo-Katugampola
fractional derivative of order 8 on (13), to get

KDEPATH(x) =
pﬁ—z+l
F(Z _ﬁ) (_xp
a

&l
_ gp)ﬁ‘“l

(¢ 22) Aerde,

u’n’Sx<v'Z.

For x € [uf,, V"), we have

p,B z+1
F(z

25
BN
d ) cg(zk(u) - n)dg.

€% ;

KPP A O
"Duﬁ,’ Ay,

m(x) =
i

&t
xP — é__p)ﬁ—z+l

By using (11), we get

25T (o +0.5)
Vi T (20)
(=)™ 12K Q0 +m + 1)

Pl (m —D)'T (o + 1 +0.5) X

EDRPATR () =

m
=0

(25)

Pﬁ*z+l X fp*l l—pi z o ol
[(z-p) ut (xp _é_-p)ﬁ*zﬂ (é: dé*:) (f a ) dé.
Since

(€= )Z(é}"’ oy = LU DO ) =2 o

I'(l-z+1)

%10.57647/mathsci.2026.2002.12

Expand “P,;; " (x) at the collocation points x;, j =
1,2,---,m, to get the KGW operational matrix of frac-
tional integration of order @ > 0, as

KPZ;(O;f;p — [ KP(Y’O—’p(xl), KP(Y’O—”)()Q), o KP(z,o-,p(xrh)] .
For fix values of « = 151, p = 3.6, 0 =
01, a = 2, k = 1 and M = 4, we obtain
0.1951 0.2748 0.3317 0.3794  0.4215]
0 0.0103 0.0543 0.1174  0.1951
-0.0876 -0.0607 -0.0498 -0.0435 -0.0393
0 —-0.0138 -0.0564 -0.0874 -0.0876
-0.0873 -0.1042 -0.1209 -0.1364 -0.1506|"
0 0.0108 0.0119 -0.0327 -0.0873
0.0356  0.0252 0.0216  0.0191 0.0173
0 —-0.0059 0.0244  0.0566  0.0356 |
el
Using eq. (26) and substituting ¢ = Z[,‘ in (25) yields
- 25T (0 +0.5)
KRETP(x) = T 27
W= e e
m _1ym-lrkl
Z l ( 1) 2 F(20'+m+l) (xp_uﬁ)l—ﬁ’
—p Bm-DT(c+1+05T(1-B+1)
1> [B].
For x > v/, we have
X
22T 0.5
KDPPATE () = 03 (28)
“ ViR T(20)
i (=D)m 12K 20 + m + 1)
 p!l(m - DI (o +1+0.5)
B—z+1 o—1
p 3 120 4\ o _ py\l
— —aP) dé.
I'z-p) ) (xp _ é_-p)ﬁ—zﬂ (‘f df) (& ) &
|78

Using eq. (26) and substituting ¢ = ‘fp*“:?) in (28) yields

XP —uy,
k
22T 0.5
PO AT ) = 2L L) 29)
Un Vi T(20)
i (=)m 12K =T (20 + m + 1)
Z4 " 1(m ~ DT (o +1+0.5)
BT(1+1) _
P o _ . p\I-B
TGP ) "X
wy
/(1 — 1) Bz qy,
0
k
R () < 2L +03) 0

ViR L(20)
(- 2MT 20 +m + 1)
P B(m— )T (o + 1+ 051 -B+1)

lO
(xp _uﬁl))l_ﬁ Hwﬁ(l -zt 1’1_18)7
1> T1p]1,
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.o, PN =il
where *RE7P (x) = KDEPATR (x), wh = =% and
n n
I,,¢ is the regularized beta function.
In vector form,

“Ron” () =

[RET (x), RETP (), “RE, (),
R (x), KRB””(x), SRETE (),
R T (), R T (), SRRSO (0]

0 0 0
0 0 0
0 0 0
kRI307.19 _ 0 0 0
8x8 31.3049 67.5457 96.5810
0 0 0
—158.5498 -224.1333 —-151.8061
0 0 0

5. Procedure of implementation

In this section, we have discussed the proposed proce-
dure of implementation of the KGW method for the so-
lution of nonlinear Katugampola fractional differential
equation with initial conditions. Consider the following
nonlinear Katugampola fractional differential equation
with variable coefficients

DIy (x) +q(x) KDLy (x) G1)
+b(x)y(x) = f(x,y(x)) = g(x),
a<x<(p+a”)'P 1<a<2,0<p<1,

y(a) = hi, D3Py (a) = ha, (32)

where the functions ¢(x),b(x),g(x) are continuous
on [a,(p + a”)'/P]. The nonlinear mapping y
f(x,y(x)) is continuous in y for each x € [a,(p +
a”)'/P] and satisfies a Lipschitz condition in y: there
exists L > 0 such that for all x € [a, (p + a”)'/P] and
all y1, y2,
| £ e y1) = Fey2)| < Lyi = ya-

We apply the Katugampola integral operator, <7, of
order a on (31) and use the initial conditions to get

Y(x) + KL q(x) KDEPy(x)
+KIIPh(x)y(x) = KL f(x, y(x))

P _ gP

(33)

+ 5T Pg(x) + hy + h2(x

).

Approximate the unknown function y(x) by the trun-
cated Adomian series, and approximate the nonlinear
functional f(x,y(x)) by using an Adomian polynomi-

%10.57647/mathsci.2026.2002.12

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
122.2310 114.4363  100.1754 91.9458 86.1589

0 31.3049 67.5457 96.5810  122.2310
21.3470 66.7599 37.0952 25.5070 19.2189

0 —158.5498 -224.1333 -151.8061  21.3470 |

Expand “RE7P(x) at the collocation points x =
1,2,---,m, to get the operational matrix of Caputo-
Katugmapola fractional derivative of order 8 > 0, as

KR/fU'P

mxXm

[KRﬁ,tr,p(xl)’ KRBT (x5), -, KRﬁ,tr,p(xrﬁ)] .

For fixed valuesof 8 =13, p =19, 0 =0.7, k =1
and M = 4, we have

als as
Y = i), (34)
1=0
i-1
FOuy(0) = > Aiyo, vy, i €N,
1=0
where Ay, Ay, -+, A;—1 can be calculated by
1 d .
M=l (Z)‘ y”(x))] L, 9

Substituting y(x) and f(z, y(x)) from (34) into (33), we
obtain

Z)’l(x) + Z “1q(x) EDLT yi(x) (36)
i—1
+Z CLIPb@)YI0) = ) L Aoy
=0 1=0
P _ gP
+ 5T Pg(x) + hy + hz(x a ).
Since the zeroth approximation of y(x) is
o XP — P
yo(x) = “I;Pg(x) + hi + ha( ). (37

Approximate g(x) and A; by the truncated KGW series
as

2k_1 M

g~ Y enmAim(x),

n=0 m=0
2k_1

M
l f
2 3 AT ().
m=0

n=0

(38)
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Apply the Katugampola fractional integral operator of
order @ on equation (38), to get

21 M
a.p ~ a.ppo.p
L)~ Y enm “IIPATR(),  (39)
n=0 m=0
21 M
KTQ0 4 I K7QPAOTp
LA~ Y Y o “TIPATR ().
n=0 m=0
Expand (39) at the collocation points x; = (a/’ +
1
2j-1\\» . .
p(é_rh)) s> J = L2, ,m, to get
_ .p
Gixim = E1xmnA 4 s (40)
1 _ o.p
Al = GG
or
— o,p \—1
Eison = Guxm X (A1) (41)
— Al o.p -1
Cr= A X (A )
where
Eixim = [€0,0,€0,1,- ,€0,m-1,
€1,0,€1,1," " e, M—-1,"""»
T
€2k_1,0,€2k_1,1>""" ’eZk—l,M—l] >
Ci = [co,0,c0,1," "+, Co,Mm~1,
Cl,O,Cl,ls ) Cl,M—l» )
T
Cok_1,00Cok—1,15""" ’CQ’\’—I,M—I] 5
T
Gixim = [8(x1),8(x2), -, g(x;)]",
and

Al

e = (ALl s Al ys - Al T

Substitute the values of E;x; and C; in (39) to get
K1 g(x) and I, A;(x). Put the values of “7,""g
in equation (37) to get the zeroth approximation yo(x)
at the collocation points. We can write equation (36) as

Vel (x) + “ILIPq(x) KDy (x) 42)
+X5IPb(xX)yi(x) = “ITA (o, Y1, » i)
[1=0,1,2,---,i—1.

Approximate y;(x) and g(x) ’(ij by the truncated KGW
series as

261 M
Vi) 2 YN b AT 2 H AT ()T, (43)
n=0 m=0
2k—1M-1
9(x) EDE () = Y0 Y OhaAli(x)  (44)
n=0 m=0

~ QAP (x)T.

Where Ql=[Q€)’Os Qé’p Tt Qé,M—l’ Qll’os Qll’ls Tt
1 1 1 i
QI,M—I"" ’sz—l,o’sz—l,l"" ’QZk—l,M—l]'

%10.57647/mathsci.2026.2002.12

g B -1
-H; (qrhxrh KR[;L’:;;{’ + BmxmAg’XrnZO)(A‘f’p ) kTP

Apply Katugampola differential operator of order 3
and Katugampola integral operator of order @ on (43)
and (44) respectively, we get

261 M
DL = 3 D M EDEPALAC)
n=0 m=0
=H, “RE77 (x)7, (5)
261 M
CLG0) EDE@) = ) Y O TN )
n=0 m=0
=Q Py (x)T, (46)

Substitute (45) in (44) we get
gOH RIS ()T = QAT (). (47)

To get the value of Q;, we evaluate (47) at the collocation
points to obtain

- 1
Q; = H; G “RETP (Agls) (48)

X WX

Equation (46) implies that

I q(R) KR () (49)
~ o, o 1 .o,
=H, (mem “Rﬁlfmp) (Adson) ™ “Prson -
By following a similar procedure, we get
“IPb(E)y(F) (50)
= B (B0 ) (855) ™ P
1
where X = [x1,x2,- ,xm],xj = (ap+p(%))p’j =
1,2, 1,
Gglx) 0 0
3 0 4(x) 0
Oiaxra = . : ’
0 0 G(xm)
B(x1) 0 0
- 0 E(XQ) 0
Bioom = | . . ) E
0 0 - B(xa)

and the matrices A7, KRBT «pTTp
. . _m><m. me mxm
tional matrices derived in section 4.

Expand (42) at the collocation points and substitute

(39), (49) and (50) to get

are opera-

yie1 (%) + (D

B (G "R + B\ (72 P55
=Ci P

or

i1 (%) = € P (52)

mXm mxm
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where [ = 0,1,---,i — 1, C; is given in (41), and the
coeflicients H; can be obtained by solving (43) at each
iteration. From (52), we get y1(x), y2(x), -+, y;(x) and
then substitute in (34) to get the solution y(x) at the col-
location points.

6. Error Analysis

In this section, we performed the error analysis for the
proposed KGW method.

Theorem 6.1 Let 0 < a < b < oo. Suppose
KD f € Cla,b] for z = 0,1,2,---,M. Then
for « = (0, 1], the Katugampola Taylor-Lagrange for-
mula involving the Katugampola Caputo-type fractional

derivatives writes

M-1 Kz)z(lp N
fa= Y 2 T e (s

= P2 (za + 1)

kg Ma,
or
'f( )—M l%w—a")” 4
p~MeT(Ma + 1)’
where Z 2 [ <D 1 (¢)|

Proof. For proof, we refer the readers to Ref. [20].

Theorem 6.2 Let \/7*(x) be the subspace of
L2 [a, (p+a”)!/P] generated by [Ag(’)p(x),/\gip(x), e
0 o0 0',p o‘,p
-1 (s AL (0, A (), - o1 (),

2k 10(x) Azk 1,1 (x) 2k 1,M- ](x)] Sup-
pose that D> "y(x) € Cla,(p + a?)!/P] for

=0,1,2,--- ,M. If yp(x), given in eq. (17), is
the best approximation of y(x) from \/“**(x), then we
have

1-
Z((n+Dp +a?) >
HMara+35=3) ph=o P (M + 1)

I'oc+0.5I'2Ma+ o0 +0.5)
r2Ma +20+1)

Iy (x) = ym )| <

l—

x[ 2Fi(y.0 +0.5;2Ma + 20 + 1;w5,’)] . (55)

P _ P -1
where @/, = oy = pT.

n

M1 (xP—aP)=* za,p
Let gy (x) = 20 Sar(zarn ¢Da" " f(a), then from
z=l

Theorem 6.1, we have

()Cp _ ap)M(Y

oMel(Ma + 1) (56)

ly(x) —gm(x)| <z

%10.57647/mathsci.2026.2002.12

2k_1 M-1
Since yM(x) = Z Z hnm
n=

is the best appr0x1mat10n of y(x) from \/ 7 (x), given
in (17), and g7 (x) € \V7*(x), then we get

() = HTATP (x),

Iy@) =yu @7 < lly(x) - g @) (57)
22
pMe(L(Ma +1))?
X/(xp_uﬁ)ZMa+o'—O.5

x|V =) = & = ul) | T,
or

lly(x) — gar ()12 (58)
ZZ
pMa(T(Ma + 1))?

Vel
Vn

IA

1y () = yar (112

X/ (Vﬁ_xp)(r—O.S

0
U

2M a+o0-0.5
X[V —ul) = (Vi = xP)]

dx,

() (v (ilyt) ™

Substituting 22 " uz =t,dx = - > dt
in (58), ylelds

ZZ PN=Y (,P _ ,P\2M a+20
1)~ yw P < 20 70— )T s

pZMa+1 (F(Ma/ + 1))2

1
/t0+0.5—1(1 _ I)(2M0+20_+1>_(0—+0'5)_1(1 _ wﬁt)—ydt,
0

where @, = V" u" |wp|<1andy—71.

Since

B(b,c - b)2Fi(a,b;c;72)
1
— /xb—l(l _x)c—b—l(l _ zx)_adx,
0
R(c) >R(b) >0, |z] <1, (60)

where B is the beta function and , F| is the hypergeomet-
ric function. Ifa = p;l b=0+05, c=2Ma+20+1

and z = Vol , then using (60) in (59) gives

2(V) Y (v = up) Mt
P (T (Ma + 1))2
T(o +0.5T(2Ma + o +0.5) ©61)
IrCMa +20+1)
X 2Fi(y,0+0.5;2Ma + 20 + 1; @),

lly(x) = ym () <
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or Solutions by KGW method at p=2.4 and different values of o3
3 ‘ ‘ ; ; ; :
1-p *  KGW solution at a=1.41,8=0.30
Z((n+1 + aP) 2 Exact solution at a=1.41,8=0.30
ly(x) = ymr(x)|| < « - l)p ) 28 . KGW solution at a=1.63,8=0.57 1
pkMato+a;=3) p3-o(Ma + 1) Exact solution at 0=1.63,8=0.57 i
26L| * KGW solution at0=1.77,8=0.66 , ]
Exact solution at a=1.77,3=0.66 M
(o +05'2Ma +0 +0.5) KGW solution at a=1.93,3=0.97 I
I'CMa +20 + 1) (62) 241 Exact solution at o=1.93,8=0.97, ]
| £
2
><[2F1(7,0'+0.5;2Ma+20'+1;w5)] . 221 1
Lemma 6.3 [21] If the derivatives of the nonlinear er i
function f(x,y) are uniformly bounded on a given in- isl |
terval J C R, that is, '
sup |f(k)(x, y0)| <M, 1'%.2 o‘.4 016 ois 1 112 114 1.6

xeJ

the corresponding Adomian polynomials satisfy the in-
equality
(n + l)" M+l

(n+1)!

This bound provides a quantitative estimate of the
growth of the Adomian polynomials and serves as a use-
ful analytical tool in establishing the convergence prop-
erties of the Adomian Decomposition Method.

A, <

Remark 6.4 Following Cherruault [22], the conver-
gence of the Adomian Decomposition Method is en-
sured if the nonlinear operator N(y) is Lipschitz contin-
uous or satisfies a contraction condition, i.e., there exists
a constant L < 1 such that

IN(y1) = Nyl < Lllyr = yall.

Under this condition, the ADM series converges abso-
lutely to the unique solution of the problem. In the
present work, the nonlinear term f (x, y(x)) satisfies this
condition, which guarantees the convergence of the de-
composition series.

According to the analysis above, we conclude that the
solution by the present method converges to the exact
solution of (31), when k, M and i approach oo.

7. lllustrative examples

In this section, we apply the proposed method to nonlin-
ear Katugampola fractional differential equations.

Example 7.1 Consider the following nonlinear
Katugampola fractional initial value problem

EDTPy(x) + q(x) EDEPy(x) —log(y) = £ (),
x€la,b], l<a<2, 0<B<1,
y(a) =2T(a), £Dy*y(a) =0,
(63)
where b = (p + a?)'/P, p >0, q(x) = cos(x), f(x) =

I'(v+1) P\ y— ¢ I'(v+1) P\ y—
Motar (5) 7+ 40 iy ()77

- log (()‘p’#)v + 2F(a)), v=a+4.
The exact solution of (63)is y(x) = (xﬂp;ap)" +2I'(@).

Exact and approximate solutions are shown in Fig-
ure 1, withp =24,0=19,k=3,M =3,i =7, and

%10.57647/mathsci.2026.2002.12

Figure 1. Numerical solutions of (63) when k =3, M =3,i =17,
p =2.4, o =1.9 and at different values of «, 8

different values of @, B . It shows that solution obtained
by the proposed method are in full agreement with ex-
act solution. Figure 2 (a) is used to plot the approximate
solution by the present method along the exact solution
and their corresponding absolute error. It shows that ab-
solute error decreases with the increase of Adomian’s it-
eration i and wavelet parameters k, M. For Figure 2 (a),
we utilize the following values of the parameter p = 1.4,
o =0.5,a =1.33,and S = 0.61. Table 1 and Table 2
shows that the maximum absolute and absolute error de-
creases by increasing wavelet parameter /2 and number
of Adomian’s iterations i for o = 1.2, @« = 1.93, and
B = 0.97. We have considered the different values of p
for the construction of Table 1 and fixed value of p = 1.4
for Table 2.

Example 7.2 Consider the following nonlinear
Katugampola fractional initial value problem

EDIPy(x) + q(x) £DEPy(x) - (sin(y))? = f(x),
x€la,b], l<a<2, 0<B<1,
y(a) =5, £D;"y(a) =0,
(64)
where b= (p+a”)!/P, p>0, g(x) = 2x, f(x) =

I'(v+1) £\ y— I'(v+1) L\ y—
o ()" a0 maimn )P

—sin ((X’)’%“p)v + g)z, v = a + 1. The exact solution of
(64)is y(x) = (¥55) + 5.

Exact and numerical solutions by the KGW method
are presented in graphical form in Figure 3 by using
p =15 0c=06,k =3 M =23,i =7, and dif-
ferent values of @, B.. It shows that exact solution and
the solution obtained by the present method are in good
agreement. Figure 4 shows the graph of numerical solu-
tion by present method for various values of p. Figure 5
(a) shows that absolute error decreases by increasing it-
eration of the Adomian polynomials i and the wavelet
parameters k, M. For Table 3, we utilize the foloowing
value of the parameters p = 1.6, 0 = 1.4, @ = 1.44, and
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Table 1. Maximum absolute error when o = 2.7, @ = 1.63, 8 = 0.30, and different values of p

P

m=12

m =24

m =32

m = 64

i=3

i=4

i=5

i=6

0.5
1.0
1.5
2.0
2.5

4.624977e-04

1.9696212e-03
3.0938136e-03
3.3539119e-03
3.3612523e-03

8.39334e-04
4.66616e-04
2.13355e-04
1.40647e-04
1.25825e-04

1.04222e-04
8.17115e-05
4.58914e-05
2.45588e-05
1.37870e-05

2.86145e-05
1.86368e-05
8.67903e-06
4.32693e-06
2.51601e-06

Table 2. Absolute error by proposed method when p = 1.4, o0 = 1.2, @ = 1.93, and 8 = 0.97

m =12

m =16

m =24

m =32

m = 64

i=3

i=4

i=5

i=6

i=7

Yabs

Yabs

Yabs

Yabs

Yabs

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

2.50965e-05
4.17773e-05
2.33156e-05
6.85994e-06
8.80959¢-05
2.50258e-04
6.76480e-04
1.31970e-03
2.03562e-03
3.28273e-03

2.47260e-06
1.65366¢-06
6.12523e-06
5.65979¢-06
2.27651e-06
2.13170e-06
3.34506e-05
1.17372e-04
2.28700e-04
4.27891e-04

4.51490e-07
2.86409e-07
9.06771e-07
2.77055e-06
6.64945e-06
1.52751e-06
3.86576e-05
7.39533e-05
1.41260e-04
2.72916e-04

1.63585e-08
9.12140e-08
1.82156e-07
5.17402e-07
9.32042e-07
1.79886¢-06
2.83119¢-06
3.58728e-06
4.80483e-06
6.51829¢-06

1.29082e-09
3.96064e-09
1.11360e-08
2.97663e-08
6.38240e-08
1.19512e-07
2.17162e-07
3.50193e-07
5.38901e-07
6.80120e-07

Table 3. Absolute error by proposed method when p = 1.6, o = 1.4,
a=1.44,and 8 =0.22

Table 4. Comparison of absolute error by the proposed method with
Haar wavelet method [23] whenp = 1.45, 0 =0.6,i =11, 7 =2,

k=2,M=3 k=3,M=3

i=4 i=5
X Yabs Yabs
0.1 1.12575e-03  4.36295e-05
0.2 851581e-05  1.73707e-05
0.3 1.24799e-04  6.45032¢-07
0.4 1.42275e-05 8.73419e-06
0.5 7.72692e-05  2.18924e-05
0.6 1.50927e-04  4.40773e-05
0.7 291744e-04  7.94300e-05
0.8 5.00552e-04  1.28296e-04
0.9 8.07404e-04  1.83740e-04
1.0 1.27650e-03  2.28602e-04

B = 0.22. It shows that absolute error decreases while
increasing values of k, M, and i.

Example 7.3 Consider the nonlinear Katugampola

fractional differential equation

“DPy(x) + KDIPy(x) + KDEPy(x) + 3 (x) = £ (),
l<a<2 0<B<1, xe[0,1],
y(0) =0, “Dy*y(0) =0,

where  f(x)

2p% 0
ro*

(65)

2p0% -
+ fjfé;j(xp)3 @ 4+

p(i—p_ﬁﬁ)(xp )3 + (L(x#)%)’. Exact solution of prob-
lem (65)is y(x) = 3 (x°)>.

%10.57647/mathsci.2026.2002.12

a=1.55,=0.75.

Haar [23] Yabs
X =232 =24
0.1 1.25591e-07 1.08369¢e-05
0.3 1.55214e-06 2.92444e-07
0.5 1.55037e-05 3.66629e-07
0.7 5.49232e-05 1.25874e-07
0.9 1.11750e-04 5.09783e-06

Table 4 is used to compare the results obtained by the
present method with the Haar wavelet method [23]. It
shows that the absolute error by the KGWs method y,p
and Haar wavelets method for fixed values of p = 1.45,
o =0.6,7=2a =155, and B = 0.75. According
to the Table 3, our results are better than the results
produced by the Haar wavelet method.

Remark 7.4 The domain of variable x in the figures
changes for various choices of p.

8. Conclusion

We have introduced the Katugampola Gegenbauer
wavelet specifically designed to solve nonlinear
Katugampola fractional differential equations. We have
constructed new operational matrices for Katugampola
fractional integrals and derivatives. We have combined
Katugampola Gegenbauer wavelets with the Adomian
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Solution by the KGW method at k=3, M=3, i=6

3 T T T T T
O Exact solution
—— KGW Solution
25F 1
X
=
2r ]
15 Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4
X
X107
5 6f :
i
g4l ]
°
[
<2r 1
0 I e I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Solution by the KGW method at k=3, M=4, i=9
3 ‘ ‘ ‘ ‘ ‘

O Exact solution
KGW Solution

Absolute Error
=N

Solution by the KGW method at k=4, M=4, i=11

3 T T T T T

% Exact solution
o5l KGW Solution &f

y(x)

A Ay b h ok kA A A A Ak
W WKW R RN

15 ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 1.4

x 10
6

Absolute Error

Figure 2. KGW solution, exact solution and absolute error when p =
1.4, 0 = 0.5, @ = 1.33, B = 0.61 and at different values of k, M,
and i
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Solutions by KGW method at p=1.5 and different values of o8
2 T T T T T T
*  KGW solution at a=1.23,3=0.12
Exact solution at a=1.23,=0.12
181 . KGW solution at o=1 .34,3=0.43
Exact solution at a=1.34,3=0.43
*  KGW solution at a=1.54,3=0.56
Exact solution at a=1.54,3=0.56
*  KGW solution at a=1.76,3=0.65
1.4H Exact solution at a=1.76,$=0.65 4
KGW solution at a=2,8=1
Exact solution at a=2,p=1

Figure 3. Numerical solutions of (64) when k =3, M =3,i =17,
p =1.5, o =0.6,and at different values of «, 8

Solutions by KGW method for a=1.23,8=0.12 and different values of p

2 T T T T T
—p=0.4
1.8 p=0.8 4
—p=1.2
16| ——p=16 ]
p=2.0
141 R
1.2f ]
=
=
1F ]
0.8 1
0.6 ]
0.4} 1
0.2 | . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 4. Numerical solutions for o = 3.1, @ = 1.23, 8 = 0.12 and
different values of p

polynomials to propose the KGW method for solving
the non-linear Katugampola fractional differential equa-
tions. We have performed a detailed error analysis for
the present method, which showed that the absolute
error reduces while increasing the values of the pa-
rameters i, k and M. The detailed procedure for the
implementation of the method is also provided.

Figure 1 and Figure 3 showed that the results pro-
duced by the present method are in good agreement with
the exact solutions. According to Table 1, Table 2, Ta-
ble 3, and figures Figure 2 (a), Figure 5 (a), the results
produced by the KGW method getting more accurate
when we increase the values of the parameters, i, k and
M, as derived in the error analysis of the method. Fur-
thermore, our method provides better results compared
to the Haar wavelet method [23], as given in Table 4.
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Solution by the KGW method at k=3, M=3, i=4

y(x)

0 Exact solution ||
—— KGW Solution

03 03 04 045

Absolute Error

I L L

0 005 01 015 02 025

X

03 03 04 045

Solution by the KGW method at k=3, M=4, i=5

p]
2 e
= e i
=========== O Exactsolution ||
KGW Solution
01 015 02 025 03 035 04 045
X
x107
5 /
5 ef 1
Qo
3
<
0 T 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045
X
Solution by the KGW method at k=4, M=4, i=6
ﬁ*
2
AX 4
ﬁﬁ*ﬁﬁﬁ
X H)
g w

w

Absolute Error
n>

0

% Exact solution ||
—— KGW Solution

0.25

03 035 04 045

0 005 01 015 02 025
X

03 035 04 045

Figure 5. KGW solution, exact solution and absolute error when p =
0.6, o =2.2, @ = 1.89, B = 0.41 and at different values of k, M,

and i
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