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Abstract:
This study aims to acquire numerical schemes to detect the numerical solutions of fractional partial differential
equations of arbitrary order, subject to prescribed initial and boundary conditions. This novel approach,
referred to as the Green-CAS technique, integrates Green’s function with CAS wavelets to construct an efficient
and systematic computational framework. The present approach is not only simple and easy to implement due
to the Green function, but it also eliminates the need for operational matrices for boundary conditions. To
further enhance computational efficiency, a fast algorithm is coupled with the Green-CAS wavelets, enabling
effective handling of fractional partial differential equations. While tackling the nonlinear fractional partial
differential equation of arbitrary order, the Picard iterative method is employed to transform the equation
into a sequence of linear problems, which are then solved using the proposed techniques. Moreover, the
order of convergence for two parameters has also been demonstrated in the convergence analysis, which
further strengthens the effectiveness of the proposed technique. To show the validity and accuracy of the
recommended techniques, the acquired outcomes are compared with the conventional CAS wavelets and
various other renowned techniques. In addition, the results of various applications are presented in the form of
graphics and tables, which elaborate on the effectiveness and correctness of the discussed method.
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1. Introduction

In the current era, there is a significant interest among
numerous researchers in the pursuit of reputable and
competent numerical techniques. This interest arises
from the unavailability of exact solutions for differential
equations of arbitrary order. To address this challenge,
various robust methodologies have been developed. For
instance, Lee et al. [1] proposed a novel numerical
method for solving nonlinear fractional-order differential
equations, demonstrating its applicability across several
complex systems. Masti and Sayevand [2] introduced a
hybrid collocation-Galerkin scheme utilizing fractional
B-spline basis functions to tackle stochastic fractional
integro-differential equations. In another advancement,

Sivalingam et al. [3] developed an improved L1-type pre-
dictor–corrector method tailored to generalized Caputo-
type fractional differential equations, enabling accurate
temporal discretization and enhanced stability. Zhang
et al. [4] presented a high-order spatial scheme for
FPDEs that achieves sixth-order accuracy, contributing
significantly to the precision of spatial approximations.
Ghoreyshi et al. [5] proposed a finite block method
for nonlinear time-fractional partial integro-differential
equations, providing rigorous stability and convergence
analysis along with promising numerical results. Further-
more, Lee et al. [6] developed a high-order, fast compu-
tational scheme tailored for Caputo–Fabrizio fractional
differential equations characterized by non-singular ker-
nels.

https://doi.org/10.57647/mathsci.2025.1902.18
https://orcid.org/0000-0001-8535-8906
mailto:bsjang@unist.ac.kr
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.57647/mathsci.2025.1902.18
https://doi.org/10.57647/mathsci.2025.1902.18


2 Ismail et al., Math. Sci 19 (4) 2025

The primary motivation behind this study is to develop
a reliable and efficient numerical method for solving
FPDEs, which commonly arise in various physical and
engineering applications. In particular, we address a
generalized class of nonlinear FPDEs incorporating both
time and space fractional derivatives, given by

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

+ 𝑣(𝑥) 𝜕
𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

(1)

+𝑤(𝑥)𝑢(𝑥, 𝑡) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+ 𝑦(𝑥)𝑢𝑝 (𝑥, 𝑡) = 𝑓 (𝑥, 𝑡),

along with the prescribed initial and boundary conditions

𝑢(𝑎, 𝑡) = 𝑢𝑎 (𝑡), 𝑢(𝑏, 𝑡) = 𝑢𝑏 (𝑡),
(𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥), 𝑢(𝑥, 𝑑) = 𝑢𝑑 (𝑥)

or

(𝑖𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥),
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

����
𝑡=𝑐

= 𝑢𝑑 (𝑥),

where 1 < 𝛼 ≤ 2, 1 < 𝛽 ≤ 2, 0 < 𝛾 ≤ 1 and 𝑝 ≥ 1.
In addition to the generalized form presented above,
this study also investigates the numerical solution of
the prominent fractional model, the nonlinear general-
ized Burgers-Fisher equation. This equation is widely
recognized for its applicability in modeling real-world
phenomena involving anomalous transport and nonlinear
dynamics. The Burgers-Fisher equation in particular
holds significant relevance across various scientific and
engineering disciplines, including applied mathemat-
ics, physics, gas dynamics, traffic flow modeling, and
financial mathematics. Its importance stems from its
ability to simultaneously represent convective transport,
nonlinear diffusion, and reactive processes. Additionally,
the time-fractional Burgers–Fisher equation effectively
models the interaction of convection, diffusion, and re-
action processes, as demonstrated using the fractional
reduced differential transform method [7].

Consider the generalized Burgers-Fisher equation

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

− 𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2 + 𝑎𝑢(𝑥, 𝑡)𝜂 𝜕𝑢(𝑥, 𝑡)

𝜕𝑥

+𝑏𝑢(𝑥, 𝑡)
(
𝑢(𝑥, 𝑡)𝜂 − 1

)
= 0, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (2)

with the initial and boundary conditions

𝑢(𝑥, 0) =
(

1
2
− 1

2
tanh

( 𝑎𝜂

2(1 + 𝜂) 𝑥
)) 𝜂

,

𝑢(0, 𝑡) =

(
1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂)

[(
− 𝑎2+𝑏 (1+𝜂2 )

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
,

𝑢(1, 𝑡) =
(

1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂)

[(
1 − 𝑎2+𝑏 (1+𝜂2 )

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
.

Chen and Zhang in [8] have provided the exact solu-
tion for equation (2), which is represented as 𝑢(𝑥, 𝑡) =(

1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂)

[(
𝑥 − 𝑎2+𝑏 (1+𝜂)2

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
. For 𝑎 ≠

0, 𝑏 = 0, the generalized Burgers–Fisher equation (2)
reduces to the classical Burgers equation, whereas for
𝑎 = 0, 𝑏 ≠ 0, it simplifies to the Fisher equation with a

fractional temporal derivative [9, 10]. Mesgarani et al.
[11] proposed a high-accuracy numerical scheme that
combines shifted Chebyshev collocation with compact
finite difference methods for solving the time-fractional
nonlinear Burgers-Fisher equations, along with rigorous
error analysis confirming the method’s reliability. Sim-
ilarly, Aghazadeh [12] proposed a Chebyshev wavelet-
based scheme for the generalized time-fractional Burg-
ers–Fisher equation, while Iagar et al. [13] explored
its traveling wave solutions, offering analytical insights
into nonlinear wave behavior. Various other established
numerical techniques have been applied to the Burgers-
Fisher equation, including wavelet-based methods [14],
iterative solvers [15], and finite difference approaches
[16]. For the generalized form (2), the Homotopy Per-
turbation Method (HPM) has been employed by Rashidi
et al. [17]. More recently, modified Laguerre matrix
formulations [18] and fourth-order B-spline collocation
techniques [19] have been developed to further enhance
the accuracy and stability of numerical solutions.

In the recent past, various numerical techniques have
been developed with the help of wavelets due to their
comprehensive and simple applicabilities. Besides these
methods, wavelets have different interesting properties
like the capability to demonstrate the functions in various
resolution levels and also help to detect singularities that
improve the accuracy. A comprehensive list of previ-
ous work can be seen in [20]. Additionally, different
classes of wavelets have been found in various numer-
ical schemes. For example, B-spline wavelets [21] are
employed for the numerical solutions of time-fractional
Schrödinger equations. Likewise, Legendre wavelets
[22], Haar wavelets [23], Daubechies wavelets [24], and
Chebyshev wavelets [25] are used in a wide range of
applications. Wavelet-based techniques have also been
effectively applied to integral transforms, including Han-
kel and Fourier–Bessel transforms [26, 27], supported by
foundational work on hypergeometric orthogonal poly-
nomials [28] and recent advances in Hankel-transform
wavelet frameworks [29]. Several researchers have inves-
tigated the application of CAS wavelets as a valuable tool
in the numerical approximation of fractional differential
and integral equations. Notably, Yousefi and Banifatemi
[30] demonstrated their effectiveness in solving linear
integral equations, establishing a foundational applica-
tion of the method. Subsequently, Taher et al. [31]
extended the use of CAS wavelets to optimal control
systems with time-dependent coefficients, offering a reli-
able and accurate framework for modeling and analyzing
control dynamics. Barzkar et al. [32] further advanced
this approach by employing CAS wavelets to develop a
numerical scheme for Fredholm–Hammerstein integral
equations of the second kind, emphasizing their applica-
bility to nonlinear formulations. Similarly, Mingxu Yi
et al. [33] applied CAS wavelets to fractional integro-
differential equations of the Bratu type, demonstrating
their robustness in capturing the behavior of nonlinear
fractional systems.

A method introduced in [34] is extended in this study
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to address FPDEs by incorporating the two-dimensional
CAS wavelets and the Green function, called the Green-
CAS method. To further improve computational perfor-
mance and productivity, a fast algorithm is integrated
with the Green-CAS framework, resulting in the fast
Green-CAS method for the numerical solution of FPDEs.
The proposed Fast Green-CAS scheme is specifically
designed for time-fractional orders 𝛼 ∈ (0, 1), where
the fast algorithm efficiently approximates the Caputo
derivative. These techniques are applied to both linear
and nonlinear FPDEs, offering a flexible and effective
computational approach. The primary advantages of the
proposed Green-CAS and fast Green-CAS techniques
are summarized as follows

• Green-CAS technique completely vanishes the op-
erational matrices of integration for boundary value
problems.

• Efficiency and accuracy of the Green-CAS method
are more better than the conventional CAS wavelet
operational methods and various other techniques
in the literature.

• The implementation of the fast Green-CAS method
for FPDEs is simple and straightforward.

• The fast Green-CAS provides more efficient and
productive results compared to Green-CAS.

• The Picard iterative technique, together with the pro-
posed numerical methods, is employed to address
the nonlinear problems.

• Order of convergence of two parameters has been
investigated and explained in the context of error
analysis to enhance the effectiveness of the dis-
cussed techniques.

The effectiveness of the Green-CAS and fast Green-CAS
techniques is demonstrated through a series of bench-
mark examples. Numerical results, presented in both
graphical and tabular formats, confirm the accuracy and
efficiency of the proposed methods. Moreover, com-
parative analysis with previously established techniques
further substantiates the superiority of the presented
approaches in solving fractional differential systems.

The sketch of this article is manifested as follows: The
second section includes a few essential preliminaries that
provide a foundation for our upcoming studies. Sub-part
2.1 comprises CAS wavelets and function approximation
that are the basic parts of this work. Section 3.1 explores
the Green-CAS method and its implementation proce-
dure for FPDEs. While the procedure of combining the
fast algorithm with Green-CAS wavelets is detailed in
Subsection 3.2 for FPDEs. Section 4 explains the order of
convergence of the suggested technique. The efficiency
and accuracy of the Green-CAS and the fast Green-CAS
are demonstrated in Section 5, which focuses on the dis-
cussion of results from various numerical applications,
including a comparison of these outcomes with previous
studies to assess the effectiveness of the proposed meth-
ods. Also, the subsection 5.2 addresses the application

of the Picard method in conjunction with the proposed
methods for solving nonlinear problems. Finally, the
discussion and concluding remarks are presented in the
last section.

2. Preliminaries
The fundamental concept and basic definitions of frac-
tional calculus and CAS wavelets are displayed in this
section. These introductory verities help us in the forth-
coming sections.

Definition 2.1 [35, 36] Let 𝑢(𝑥, 𝑡) ∈ 𝐶𝑛 ( [0, 1]× [0, 1]),
and let 𝛼 ∈ R+ denote the order of the derivative. The
partial Caputo fractional derivative of 𝑢(𝑥, 𝑡) with re-
spect to the spatial variable 𝑥 is defined as

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑥𝛼

=

{
I𝑚−𝛼
𝑥

𝜕𝑚𝑢(𝑥,𝑡 )
𝜕𝑥𝑚

, 𝛼 ∈ (𝑚 − 1, 𝑚],
𝜕𝑚𝑢(𝑥,𝑡 )

𝜕𝑥𝑚
, 𝛼 = 𝑚 ∈ N.

Here, 𝑚 is defined as the ceiling of 𝛼, and I𝑛−𝛼
𝑥 repre-

sents the Riemann-Liouville fractional integral operator
of order𝑚−𝛼. The Riemann-Liouville fractional integral
of a function 𝑢(𝑥, 𝑡) of order 𝛽 ≥ 0 is given by

I𝛽
𝑥 𝑢(𝑥, 𝑡) =

{
1

Γ (𝛽)
∫ 𝑥

𝑎
(𝑥 − 𝜂)𝛽−1𝑢(𝜂, 𝑡)𝑑𝜂, 𝛽 > 0,

𝑢(𝑥, 𝑡), 𝛽 = 0.

We present several essential properties of fractional
integral and differential operators, as outlined in [35]

• I𝛼
𝑥 I𝛽

𝑥 𝑢(𝑥, 𝑡) = I𝛽
𝑥 I𝛼

𝑥 𝑢(𝑥, 𝑡) = I𝛼+𝛽
𝑥 𝑢(𝑥, 𝑡).

• I𝛼
𝑥

𝜕𝛼𝑢(𝑥,𝑡 )
𝜕𝑥𝛼 = 𝑢(𝑥, 𝑡)−

𝑛−1∑
𝑖=0

𝑥𝑖

Γ (𝑖+1)
𝜕𝑖𝑢(𝑥,𝑡 ) |𝑥=0

𝜕𝑥𝑖
, 𝛼 ∈

(𝑛 − 1, 𝑛] .

• 𝜕𝛼𝑢(𝑥,𝑡 )
𝜕𝑥𝛼 I𝛽

𝑥 𝑢(𝑥, 𝑡) = I𝛽−𝛼
𝑥 𝑢(𝑥, 𝑡), 𝛼 < 𝛽.

• 𝜕𝛼

𝜕𝑥𝛼 𝑥
𝜇 =

Γ (𝜇+1)
Γ (𝜇−𝛼+1) 𝑥

𝜇−𝛼, for 𝛼, 𝜇 ∈ R+.

2.1 CAS wavelets and function approximations
Wavelets gained significant attention in applied mathe-
matics and related fields beginning in the 1980s, leading
to widespread applications across science and engineer-
ing. A wavelet family is generated through translation
and dilation of a fundamental function known as the
mother wavelet, which is defined as

𝜓𝑎,𝑏 (𝑥) = |𝑎 |− 1
2𝜓

(
𝑥 − 𝑏
𝑎

)
, 𝑎, 𝑏 ∈ R, 𝑎 ≠ 0.

When |𝑎 | < 1, the wavelet 𝜓𝑎,𝑏 (𝑥) is compressed in
the time domain and corresponds to higher frequencies.
In contrast, for |𝑎 | > 1, the wavelet becomes stretched,
capturing lower frequency components. By discretizing
the parameters as 𝑎 = 2− 𝑗 and 𝑏 = 2− 𝑗 𝑘 with 𝑗 , 𝑘 ∈ Z,
we obtain a countable set of discrete wavelets defined by

𝜓 𝑗 ,𝑘 (𝑥) = 2
𝑗

2 𝜓(2 𝑗𝑥 − 𝑘).

These wavelets, 𝜓 𝑗 ,𝑘 (𝑥), form a complete orthonormal
basis for 𝐿2 (R) , enabling multiresolution analysis and
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efficient function representation [30, 37]. A notable class
within this framework is the orthonormal CAS (Cosine
and Sine) wavelets, defined over the compact interval
[0, 1] as follows [30]

𝜓𝑛,𝑚 (𝑥) =


2 𝑘
2 CAS𝑚 (2𝑘𝑥 − 𝑛 + 1), 𝑥 ∈

[
𝑛 − 1

2𝑘
,
𝑛

2𝑘

]
,

0, otherwise,

where𝐶𝐴𝑆𝑚 (𝑥) = cos(2𝑚𝜋𝑥)+sin(2𝑚𝜋𝑥). The param-
eter 𝑛 = 0, 1, 2, 3, · · · , 2𝑘 − 1 illustrate the translation,
while 𝑘 is a non-negative integer representing the resolu-
tion level, and 𝑚 ∈ Z. Also, the CAS wavelets possess
compact support, which is defined as

supp(𝜓𝑛,𝑚 (𝑥)) = {𝑥 : 𝜓𝑛,𝑚 (𝑥) ≠ 0} =
[
𝑛 − 1

2𝑘
,
𝑛

2𝑘

]
.

Function approximations
A function 𝑢(𝑥) ∈ 𝐿2 [0, 1) can be approximated using
the CAS wavelet basis in the form of an infinite series
expansion

𝑢(𝑥) =
∞∑︁
𝑛=0

∑︁
𝑚∈Z

𝑐𝑛𝑚𝜓𝑛,𝑚 (𝑥), (3)

where the wavelet coefficients 𝑐𝑛𝑚 are defined as
𝑐𝑛𝑚 = ⟨𝑢(𝑥), 𝜓𝑛,𝑚 (𝑥)⟩ =

∫ 1
0 𝑢(𝑥)𝜓𝑛,𝑚 (𝑥)𝑑𝑥. To fa-

cilitate numerical implementation, the infinite series in
Equation (3) is truncated as follows

𝑢(𝑥) ≈
2𝑘−1∑︁
𝑛=0

𝑀∑︁
𝑚=−𝑀

𝑐𝑛𝑚𝜓𝑛,𝑚 (𝑥) = 𝐶𝑇Ψ(𝑥), (4)

where𝐶 andΨ are column vectors of dimension 2𝑘 (2𝑀+
1), defined respectively by

𝐶 = [𝑐0,−𝑀 , 𝑐0,−𝑀+1, . . . , 𝑐0,𝑀 , 𝑐1,−𝑀 , 𝑐1,−𝑀+1, . . . ,

𝑐1,𝑀 , . . . , 𝑐2𝑘−1,−𝑀 , 𝑐2𝑘−1,−𝑀+1, . . . , 𝑐2𝑘−1,𝑀 ]𝑇 ,

Ψ(𝑥) = [𝜓0,−𝑀 (𝑥), 𝜓0,−𝑀+1 (𝑥), . . . , 𝜓0,𝑀 (𝑥),
𝜓1,−𝑀 (𝑥), 𝜓1,−𝑀+1(𝑥), . . . , 𝜓1,𝑀 (𝑥), . . . ,
𝜓2𝑘−1,−𝑀 (𝑥), 𝜓2𝑘−1,−𝑀+1 (𝑥), . . . , 𝜓2𝑘−1,𝑀 (𝑥)]𝑇 .

The collocation points for evaluating the wavelet basis
are chosen as 𝑥𝑖 = 2𝑖−1

2𝑚̂ , for 𝑖 = 1, 2, . . . , 𝑚̂. At these
points, the CAS wavelet matrix Ψ𝑚̂×𝑚̂ is constructed as

Ψ𝑚̂×𝑚̂ =

[
Ψ

(
1

2𝑚̂

)
,Ψ

(
3

2𝑚̂

)
, . . . ,Ψ

(
2𝑚̂ − 1

2𝑚̂

)]
.

A function of two variables 𝑢(𝑥, 𝑡) ∈ 𝐿2

(
[0, 1] × [0, 1]

)
,

can be approximated by a two-dimensional CAS wavelet
expansion as

𝑢(𝑥, 𝑡) =

∞∑︁
𝑛=0

∑︁
𝑚∈Z

∞∑︁
𝑖=0

∑︁
𝑗∈Z

𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)

≈
2𝑘−1∑︁
𝑛=0

𝑀∑︁
𝑚=−𝑀

2𝑘′−1∑︁
𝑖=0

𝑀′∑︁
𝑗=−𝑀′

𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)

= Ψ(𝑥)𝑇𝐶Ψ(𝑡).

CAS wavelets operational matrix
For simplicity, the truncated CAS wavelet expansion in
Equation (4) can be written as

𝑢(𝑥) ≈
𝑚̂∑︁
𝑖=1

𝑐𝑖𝜓𝑖 (𝑥) = 𝐶𝑇Ψ(𝑥),

where the index 𝑖 is defined by 𝑖 = 𝑀 (2𝑛+1)+(𝑚+𝑛+1),
and 𝑚̂ = 2𝑘 (2𝑀 + 1) represents the total number of
wavelet basis functions. Any function 𝑢(𝑥) ∈ 𝐿2 [0, 1)
can also be approximated using block-pulse functions,
as given in [38]

𝑢(𝑥) ≈
𝑚̂∑︁
𝑖=1

𝑎𝑖𝑏𝑖 (𝑥) = 𝐴𝑇B(𝑥),

where 𝑎𝑖 are the coefficients and 𝑏𝑖 (𝑥) are the block-pulse
basis functions. The vector B(𝑥) contains all block-pulse
functions defined on the interval. Accordingly, the CAS
wavelet vector Ψ(𝑥) can be expanded in terms of the
block-pulse basis as

Ψ(𝑥) = Ψ𝑚̂×𝑚̂B(𝑥),

where Ψ𝑚̂×𝑚̂ is the CAS wavelet matrix evaluated at se-
lected collocation points. The fractional integral operator
applied to the block-pulse basis is defined by(

I𝛼
𝑥 B

)
(𝑥) = 𝐾𝛼

𝑚̂×𝑚̂B(𝑥), (5)

where 𝐾𝛼
𝑚̂×𝑚̂ is detailed in [38, 39], with 𝑃𝛼

𝑚̂×𝑚̂ =

Ψ𝑚̂×𝑚̂𝐾𝛼
[
Ψ𝑚̂×𝑚̂

]−1.

3. Green-CAS and fast Green-CAS
techniques for the numerical solution of

FPDEs
In this section, the Green-CAS and fast Green-CAS
techniques are introduced for the numerical solution of
FPDEs, considering both initial and boundary condi-
tions. Furthermore, the detailed numerical procedures
for implementing each approach are outlined, aiming
to obtain accurate and efficient approximations to the
solution.

3.1 Green-CAS method
The fractional Green’s function, as introduced by Miller
and Ross [40], is applicable to FDEs involving deriva-
tives of order 𝑘𝛼, where 𝑘 is a positive integer. Based on
this formulation, we propose a novel numerical method-
ology, termed the Green-CAS technique, for solving both
linear and nonlinear FPDEs. A significant advantage of
the proposed approach lies in its ability to eliminate the
use of operational matrices for enforcing boundary condi-
tions, which have traditionally been approximated using
block-pulse functions in previous studies. This feature
not only simplifies the implementation but also improves
computational efficiency. Numerical results demonstrate
that the Green-CAS method yields enhanced accuracy
and performance in comparison to conventional oper-
ational wavelet methods and several other established
techniques reported in the literature.
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3.1.1 Mathematical framework of the Green-CAS
method

In this subsection, we present the Green-CAS method
for computing approximate numerical solutions to linear
FPDEs, subject to initial and boundary conditions. We
consider the general form of time-space FPDE given by

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

+ 𝑣(𝑥) 𝜕
𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

+ 𝑤(𝑥) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+𝑦(𝑥)𝑢(𝑥, 𝑡) = 𝑓 (𝑥, 𝑡), 1 < 𝛼, 𝛽 ≤ 2, 0 < 𝛾 ≤ 1, (6)

along with the boundary conditions

𝑢(𝑎, 𝑡) = 𝑢𝑎 (𝑡), 𝑢(𝑏, 𝑡) = 𝑢𝑏 (𝑡), (7)

and initial conditions, specified either as

(𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥), 𝑢(𝑥, 𝑑) = 𝑢𝑑 (𝑥)
or

(𝑖𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥),
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

����
𝑡=𝑐

= 𝑢𝑑 (𝑥), (8)

where 𝑎 ≤ 𝑥 ≤ 𝑏, and 0 ≤ 𝑐 ≤ 𝑡 ≤ 𝑑. To approximate
the highest-order spatial derivative in (6), we express it
using a CAS wavelet expansion as follows

𝜕𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

≈ Ψ𝑇 (𝑥)𝐶Ψ(𝑡). (9)

Applying the Riemann–Liouville integral of order 𝛽 with
respect to 𝑥 on both sides of (9), we obtain

𝑢(𝑥, 𝑡) ≈ I𝛽
𝑥 Ψ𝑇 (𝑥)𝐶Ψ(𝑡) + 𝑥Φ1 (𝑡) +Φ2 (𝑡). (10)

By incorporating the Dirichlet boundary conditions from
(7), we can rewrite (10) in the form

𝑢(𝑥, 𝑡) ≈ I𝛽
𝑥 Ψ𝑇 (𝑥)𝐶Ψ(𝑡) (11)

+ 𝑥 − 𝑎
𝑎 − 𝑏

(
I𝛽

𝑎,𝑏
Ψ𝑇 (𝑏)𝐶Ψ(𝑡)

)
+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡)

=

(∫ 𝑏

𝑎

𝐺1 (𝑥, 𝜂)Ψ𝑇 (𝜂)𝑑𝜂
)
𝐶Ψ(𝑡)

+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡),

where

𝐺1 (𝑥, 𝜂) =



1
Γ(𝛽)

(
(𝑥 − 𝜂)𝛽−1 𝑎 ≤ 𝜂 < 𝑥,

+ 𝑥 − 𝑎
𝑎 − 𝑏 (𝑏 − 𝜂)

𝛽−1
)
,

𝑥 − 𝑎
(𝑎 − 𝑏)Γ(𝛽) (𝑏 − 𝜂)

𝛽−1, 𝑥 ≤ 𝜂 ≤ 𝑏.

(12)

Here 𝐺1 (𝑥, 𝜂) is called the Green’s function. The graph
for the function 𝐺1 (𝑥, 𝜂) is shown in [34]. To proceed
with the numerical implementation, we approximate
the Green’s function using CAS wavelet expansion, as
follows

𝐺1 (𝑥, 𝜂) ≈ Ψ𝑇 (𝑥)𝐺̂1Ψ(𝜂).

Utilizing the orthogonality of the CAS wavelet sequence
𝜓𝑛,𝑚 (𝑡) over the interval [𝑎, 𝑏], which gives∫ 𝑏

𝑎

2𝑘−1∑︁
𝑛=0

𝑀∑︁
𝑚=−𝑀

𝜓𝑛,𝑚 (𝜂) [𝜓𝑛,𝑚 (𝜂)]𝑇𝑑𝜂

=

∫ 𝑏

𝑎

Ψ(𝜂)Ψ𝑇 (𝜂)𝑑𝜂 = I𝑚̂×𝑚̂,

where I𝑚̂×𝑚̂ represents the identity matrix. As a result,
equation (11) becomes

𝑢(𝑥, 𝑡) ≈ Ψ𝑇 (𝑥)𝐺̂1𝐶Ψ(𝑡)+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡)−𝑢𝑏 (𝑡)

)
+𝑢𝑎 (𝑡).

(13)
Now applying the fractional derivative of order 𝛾 with
respect to 𝑥 to equation (11), we obtain

𝜕𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

≈ I𝛽−𝛾
𝑥 Ψ𝑇 (𝑥)𝐶Ψ(𝑡) (14)

+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
I𝛽

𝑎,𝑏
Ψ𝑇 (𝑏)𝐶Ψ(𝑡)

)
+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
=

(∫ 𝑏

𝑎

𝐺2 (𝑥, 𝜂)Ψ𝑇 (𝜂) 𝑑𝜂
)
𝐶Ψ(𝑡)

+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
,

where

𝐺2 (𝑥, 𝜂) =


1

Γ (𝛽−𝛾) (𝑥 − 𝜂)
𝛽−𝛾−1 if 𝑎 ≤ 𝜂 < 𝑥,

+ 𝑥1−𝛾

(𝑎−𝑏)Γ (2−𝛾)Γ (𝛽) (𝑏 − 𝜂)
𝛽−1,

𝑥1−𝛾

(𝑎−𝑏)Γ (2−𝛾)Γ (𝛽) (𝑏 − 𝜂)
𝛽−1, if 𝑥 ≤ 𝜂 ≤ 𝑏.

Similarly, the Green function 𝐺2 (𝑥, 𝜂) can be approx-
imated using two-dimensional CAS wavelets. By ex-
ploiting the orthogonality property of these wavelets,
equation (14) is reformulated as follows

𝜕𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

≈ Ψ𝑇 (𝑥)𝐺̂2𝐶Ψ(𝑡) (15)

+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
.

Substituting equations (9), (13), and (15) into (6), fol-
lowed by a rearrangement, we obtain

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

≈ −𝑣(𝑥)Ψ𝑇 (𝑥)𝐶Ψ(𝑡) (16)

−𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2𝐶Ψ(𝑡)
−𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1𝐶Ψ(𝑡) + Ψ𝑇 (𝑥)𝑅Ψ(𝑡),

where the function 𝑟 (𝑥, 𝑡) is given as follows, with its
approximation by the CAS wavelet expansion

𝑟 (𝑥, 𝑡) = −𝑤(𝑥) 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
−𝑦(𝑥) 𝑥 − 𝑎

𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+𝑦(𝑥)𝑢𝑎 (𝑡) + 𝑓 (𝑥, 𝑡)

≈ Ψ𝑇 (𝑥)𝑅Ψ(𝑡).

 https://doi.org/10.57647/mathsci.2025.1902.18

https://doi.org/10.57647/mathsci.2025.1902.18


6 Ismail et al., Math. Sci 19 (4) 2025

Applying the fractional integral operator of order 𝛼
with respect to 𝑡 to equation (16) yields an alternative
representation for the solution 𝑢(𝑥, 𝑡). Therefore, we
have

𝑢(𝑥, 𝑡) ≈
{[

− 𝑣(𝑥)Ψ𝑇 (𝑥) − 𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2 (17)

−𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1

]
𝐶 + Ψ𝑇 (𝑥)𝑅

}
I𝛼
𝑡 Ψ(𝑡)

+𝑡𝜃1 (𝑥) + 𝜃2 (𝑥).

The functions 𝜃1 (𝑥) and 𝜃2 (𝑥) are determined based on
the form of the initial conditions provided in equation (8).
First we consider the boundary conditions as specified
in (8)(i), the equation (17) simplifies to

𝑢(𝑥, 𝑡) ≈
{[
−𝑣(𝑥)Ψ𝑇 (𝑥) − 𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2

−𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1
]
𝐶 + Ψ𝑇 (𝑥)𝑅

}
×

∫ 𝑑

𝑐

𝐺3 (𝑡, 𝜂)Ψ(𝜂) 𝑑𝜂

+ 𝑡 − 𝑐
𝑐 − 𝑑

(
𝑢𝑐 (𝑥) − 𝑢𝑑 (𝑥)

)
+ 𝑢𝑐 (𝑥),

(18)

where

𝐺3 (𝑡, 𝜂) =


1

Γ (𝛼)
(
(𝑡 − 𝜂)𝛼−1 if 𝑐 ≤ 𝜂 < 𝑡,

+ 𝑡−𝑐
𝑐−𝑑 (𝑑 − 𝜂)

𝛼−1) ,
𝑡−𝑐

(𝑐−𝑑)Γ (𝛼) (𝑑 − 𝜂)
𝛼−1, if 𝑡 ≤ 𝜂 ≤ 𝑑.

Again using the approximation of Green function
𝐺3 (𝑡, 𝜂) by using CAS wavelets and applying the or-
thogonality property, equation (18) becomes

𝑢(𝑥, 𝑡) ≈
{[
−𝑣(𝑥)Ψ𝑇 (𝑥) − 𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2

−𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1
]
𝐶 + Ψ𝑇 (𝑥)𝑅

}
𝐺̂3Ψ(𝑡)

+ 𝑡 − 𝑐
𝑐 − 𝑑

(
𝑢𝑐 (𝑥) − 𝑢𝑑 (𝑥)

)
+ 𝑢𝑐 (𝑥).

(19)

Now, considering the second type of initial condition
defined in (8)(ii), equation (17) is rewritten as

𝑢(𝑥, 𝑡) ≈
{[
−𝑣(𝑥)Ψ𝑇 (𝑥) − 𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2 (20)

−𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1
]
𝐶 + Ψ𝑇 (𝑥)𝑅

}
𝑃𝛼

+(𝑡 − 𝑐)𝑢𝑑 (𝑥) + 𝑢𝑐 (𝑥),

where 𝑃𝛼 is the operation matrix given in equation (5).
Equating the right hand sides of equations (13) and
(19), followed by a rearrangement, leads to the following
expression

Ψ𝑇 (𝑥)𝐺̂1𝐶Ψ(𝑡) +
{[
𝑣(𝑥)Ψ𝑇 (𝑥) + 𝑤(𝑥)Ψ𝑇 (𝑥)𝐺̂2

+𝑦(𝑥)Ψ𝑇 (𝑥)𝐺̂1
]
𝐶
}
𝐺̂3Ψ(𝑡) = Ψ𝑇 (𝑥)𝑅𝐺̂3Ψ(𝑡)

+ℎ(𝑥, 𝑡), (21)

where ℎ(𝑥, 𝑡) = − 𝑥−𝑎
𝑎−𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑡−𝑐

𝑐−𝑑
(
𝑢𝑐 (𝑥) −

𝑢𝑑 (𝑥)
)
− 𝑢𝑎 (𝑡) + 𝑢𝑐 (𝑥). Evaluating equation (21) at

the collocation points 𝑥𝑖 = 2𝑖−1
2𝑚̂ and 𝑡 𝑗 = 2 𝑗−1

2𝑚′ , where

𝑖 = 1, 2, . . . , 𝑚̂, 𝑗 = 1, 2, . . . , 𝑚′, yields the algebraic
system

Ψ𝑇
𝑚̂×𝑚̂𝐺̂1𝐶Ψ𝑚′×𝑚′ + {𝐴𝑚̂×𝑚̂𝐶} 𝐺̂3Ψ𝑚′×𝑚′

= Ψ𝑇
𝑚̂×𝑚̂𝑅𝐺̂3Ψ𝑚′×𝑚′ + 𝐻,

where 𝐴𝑚̂×𝑚̂ =
[
VΨ𝑇

𝑚̂×𝑚̂ +WΨ𝑇
𝑚̂×𝑚̂𝐺̂2 + YΨ𝑇

𝑚̂×𝑚̂𝐺̂1
]
.

The above equation can be reformulated into the standard
Sylvester matrix form as

𝐴−1
𝑚̂×𝑚̂Ψ

𝑇
𝑚̂×𝑚̂𝐺̂1𝐶 + 𝐶𝐺̂3

− 𝐴−1
𝑚̂×𝑚̂

(
Ψ𝑇

𝑚̂×𝑚̂𝑅𝐺̂3 + 𝐻 [Ψ𝑚′×𝑚′ ]−1
)
= 0.

(22)

The matrices V, W, and Y are defined as diagonal
matrices constructed from the evaluation of 𝑣(𝑥), 𝑤(𝑥),
and 𝑦(𝑥) at the collocation points

V =


𝑣(𝑥1) 0 · · · 0

0 𝑣(𝑥2) · · · 0
...

...
. . .

...

0 0 · · · 𝑣(𝑥𝑚̂)


,

W =


𝑤(𝑥1) 0 · · · 0

0 𝑤(𝑥2) · · · 0
...

...
. . .

...

0 0 · · · 𝑤(𝑥𝑚̂)


,

Y =


𝑦(𝑥1) 0 · · · 0

0 𝑦(𝑥2) · · · 0
...

...
. . .

...

0 0 · · · 𝑦(𝑥𝑚̂)


.

Equation (22) represents a Sylvester matrix system. The
numerical solution proceeds by solving the system given
in (22) to determine the unknown coefficient matrix
𝐶. Once obtained, the matrix 𝐶 is substituted into
equation (13) or (19) to get the approximate solution
𝑢(𝑥, 𝑡).
In addition, for the second type of initial condition
specified in (8)(ii), an another algebraic system is derived
by combining equations (13) and (20), evaluated at the
collocation points is given as follows

Ψ𝑇
𝑚̂×𝑚̂𝐺̂1𝐶Ψ𝑚′×𝑚′+𝐴𝑚̂×𝑚̂𝐶𝑃

𝛼
𝑚′×𝑚′ =Ψ𝑇

𝑚̂×𝑚̂𝑅𝑃
𝛼
𝑚′×𝑚′+𝑆,

which, upon rearrangement, takes the form of a Sylvester-
type equation

𝐴−1
𝑚̂×𝑚̂Ψ

𝑇
𝑚̂×𝑚̂𝐺̂1𝐶 + 𝐶𝑃𝛼

𝑚′×𝑚′
[
Ψ𝑚′×𝑚′

]−1

−𝐴−1
𝑚̂×𝑚̂

(
Ψ𝑇

𝑚̂×𝑚̂𝑅𝑃
𝛼
𝑚′×𝑚′ + 𝑆

) [
Ψ𝑚′×𝑚′

]−1
= 0, (23)

where, 𝑆 represents the function 𝑠(𝑥, 𝑡) = − 𝑥−𝑎
𝑎−𝑏

(
𝑢𝑎 (𝑡) −

𝑢𝑏 (𝑡)
)
+ (𝑡 − 𝑐)𝑢𝑑 (𝑥) − 𝑢𝑎 (𝑡) + 𝑢𝑐 (𝑥) at the collocation

points. Solving equation (23) yields the coefficient
matrix 𝐶 associated with the second initial conditions
(8)(ii). This matrix can then be inserted into equation (13)
or (20) to obtain the numerical solution.

 https://doi.org/10.57647/mathsci.2025.1902.18

https://doi.org/10.57647/mathsci.2025.1902.18


Ismail et al., Math. Sci 19 (4) 2025 7

3.2 Fast Green-CAS wavelet scheme for solving
FPDEs

In this section, we combine the fast algorithm with Green-
CAS wavelets. This combination proves highly efficient
in handling FPDEs. Also, this approach demonstrates
swiftness in yielding outcomes. To execute this strat-
egy, we implement a fast algorithm for time derivatives
within FPDEs and Green-CAS wavelets for the spatial
derivatives.

To evaluate the Caputo fractional derivative of order
0 < 𝛼 < 1 over a uniform temporal grid {𝑡𝑛 | 𝑡𝑛 =

𝑛Δ𝑡, 𝑛 = 0, 1, . . . , 𝑁}, we consider the following de-
composition

𝜕𝛼𝑢(𝑡𝑛)
𝜕𝑡𝛼

=
1

Γ(1 − 𝛼)

∫ 𝑡𝑛

0

𝜕𝑢(𝜏)
𝜕𝜏

(𝑡𝑛 − 𝜏)−𝛼𝑑𝜏

= 𝐶𝑙 (𝑡𝑛) + 𝐶ℎ (𝑡𝑛),

where the integral is split into two parts

𝐶𝑙 (𝑡𝑛) =
1

Γ(1 − 𝛼)

∫ 𝑡𝑛

𝑡𝑛−1

𝜕𝑢(𝜏)
𝜕𝜏

(𝑡𝑛 − 𝜏)−𝛼𝑑𝜏,

𝐶ℎ (𝑡𝑛) =
1

Γ(1 − 𝛼)

∫ 𝑡𝑛−1

0

𝜕𝑢(𝜏)
𝜕𝜏

(𝑡𝑛 − 𝜏)−𝛼𝑑𝜏.

where 𝐶𝑙 (𝑡𝑛) and 𝐶ℎ (𝑡𝑛) represent the local part and
history part, respectively. The local term 𝐶𝑙 (𝑡𝑛) can be
approximated using linear interpolation between 𝑡𝑛−1
and 𝑡𝑛, yielding

𝐶𝑙 (𝑡𝑛) ≈
1

Γ(2 − 𝛼)

[
𝑢(𝑡𝑛) − 𝑢(𝑡𝑛−1)

Δ𝑡𝛼

]
.

The history term 𝐶ℎ (𝑡𝑛) is approximated using the sum-
of-exponentials (SOE) approach, as described in [41].
The resulting expression is

𝐶ℎ (𝑡𝑛) ≈
1

Γ(1−𝛼)


𝑢(𝑡𝑛−1)
Δ𝑡𝛼

− 𝑢(𝑡0)
𝑡𝛼𝑛

−𝛼
𝑁exp∑︁
𝑖=1
𝜔𝑖𝐻hist,𝑖 (𝑡𝑛)

 ,
where 𝐻hist,𝑖 (𝑡𝑛) =

∫ 𝑡𝑛−1
0 𝑒−𝑠𝑖 (𝑡𝑛−𝜏 )𝑢(𝑥, 𝜏) 𝑑𝜏. The pa-

rameters (𝜔𝑖 , 𝑠𝑖) denote the weights and nodes obtained
using the quadrature strategy provided in Algorithm 1
of [LEE2024]. Accordingly, the history term 𝐻hist,𝑖 (𝑡𝑛),
can be written as

𝐻hist,𝑖 (𝑡𝑛) ≈ 𝑒−𝑠𝑖Δ𝑡𝐻hist,𝑖 (𝑡𝑛−1)

+ 𝑒
−𝑠𝑖Δ𝑡

𝑠2
𝑖
Δ𝑡

[
(𝑒−𝑠𝑖Δ𝑡 − 1 + 𝑠𝑖Δ𝑡)𝑢(𝑡𝑛−1)

+(1 − 𝑒−𝑠𝑖Δ𝑡 − 𝑒−𝑠𝑖Δ𝑡 𝑠𝑖Δ𝑡)𝑢(𝑡𝑛−2)
]
.

Therefore, the Caputo fractional derivative of order 𝛼
with respect to 𝑡 can be approximated as follows

𝜕𝛼𝑢(𝑡𝑛)
𝜕𝑡𝛼

≈ 𝑢(𝑡𝑛)
Γ(2 − 𝛼)Δ𝑡𝛼 (24)

+𝑢(𝑡𝑛−1)
Δ𝑡𝛼

[
1

Γ(1 − 𝛼) −
1

Γ(2 − 𝛼)

]
− 1
Γ(1 − 𝛼)

[
𝑢(𝑡0)
𝑡𝛼𝑛

+ 𝛼
𝑁exp∑︁
𝑖=1

𝜔𝑖𝑈hist,𝑖 (𝑡𝑛)
]
.

Lemma 3.1 [41] Suppose 𝑢(𝑡) ∈ 𝐶2 [𝑡0, 𝑡𝑛], and define
𝑅(𝑢(𝑡𝑛)) = 𝜕𝛼𝑢(𝑡𝑛 )

𝜕𝑡𝛼
− 𝜕𝛼𝑢𝑛

𝜕𝑡𝛼
, then we can conclude that

|𝑅(𝑢(𝑡𝑛)) | ≤ Δ2−𝛼

Γ(2 − 𝛼)

(1 − 𝛼
12

+ 22−𝛼

2 − 𝛼
−(1 + 2−𝛼)

)
max

𝑡0≤𝑡≤𝑡𝑛
|𝑢′′ (𝑡) |

+ 𝛼𝜖𝑡𝑛−1
Γ(1 − 𝛼) max

𝑡0≤𝑡≤𝑡𝑛
|𝑢(𝑡) |,

where

𝜕𝛼𝑢𝑛

𝜕𝑡𝛼
=

𝑢(𝑡𝑛)
Γ(2 − 𝛼)Δ𝑡𝛼

+𝑢(𝑡𝑛−1)
Δ𝑡𝛼

[
1

Γ(1 − 𝛼) −
1

Γ(2 − 𝛼)

]
− 1
Γ(1 − 𝛼)

[
𝑢(𝑡0)
𝑡𝛼𝑛

+ 𝛼
𝑁exp∑︁
𝑖=1

𝜔𝑖𝑈hist,𝑖 (𝑡𝑛)
]
.

3.2.1 Merging fast algorithm with Green-CAS
wavelet

In this subsection, we introduce an efficient approach
referred to as the fast Green-CAS technique for the
numerical solution of FPDEs with a time fractional
order in the interval (0, 1). Particularly, we consider the
following form

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

+ 𝑣(𝑥) 𝜕
𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

(25)

+𝑤(𝑥) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+ 𝑦(𝑥)𝑢(𝑥, 𝑡) = 𝑓 (𝑥, 𝑡),

0 < 𝛼 < 1, 1 < 𝛽 ≤ 2, 0 < 𝛾 ≤ 1,

along with the initial and boundary conditions

𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥),
𝑢(𝑎, 𝑡) = 𝑢𝑎 (𝑡), 𝑢(𝑏, 𝑡) = 𝑢𝑏 (𝑡).

(26)

Since the approximation of the Caputo fractional deriva-
tive at the time step 𝑡𝑛 as described in equation (24)
as
𝜕𝛼𝑢(𝑡𝑛)
𝜕𝑡𝛼

≈ 𝑢(𝑡𝑛)
Γ(2 − 𝛼)Δ𝑡𝛼 (27)

+𝑢(𝑡𝑛−1)
Δ𝑡𝛼

[
1

Γ(1 − 𝛼) −
1

Γ(2 − 𝛼)

]
− 1
Γ(1 − 𝛼)

[
𝑢(𝑡0)
𝑡𝛼𝑛

+ 𝛼
𝑁exp∑︁
𝑖=1

𝜔𝑖𝑈hist,𝑖 (𝑡𝑛)
]
.

Substitute equation (27) into equation (25), followed by
rearrangement we have(

1
Γ(2 − 𝛼)Δ𝑡𝛼 + 𝑦(𝑥)

)
𝑢(𝑥, 𝑡𝑛) + 𝑣(𝑥)

𝜕𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

+𝑤(𝑥) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+ 𝑦(𝑥)𝑢(𝑥, 𝑡) = 𝑔(𝑥, 𝑡), (28)

where 𝑔(𝑥, 𝑡𝑛) = 𝑓 (𝑥, 𝑡𝑛)− 𝑢(𝑥,𝑡𝑛−1 )
Δ𝑡𝛼

[
1

Γ (1−𝛼) −
1

Γ (2−𝛼)

]
+

1
Γ (1−𝛼)

[
𝑢(𝑥,𝑡0 )

𝑡𝛼𝑛
+𝛼

𝑁𝑒𝑥𝑝∑
𝑖=1

𝜔𝑖𝑈ℎ𝑖𝑠𝑡 ,𝑖 (𝑥, 𝑡𝑛)
]
. Estimating the
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highest order of the Caputo fractional derivative with
order 𝛽 by employing a truncated series composed as
follows

𝜕𝛽𝑢(𝑥, 𝑡𝑛)
𝜕𝑥𝛽

≈ [𝐶𝑛]𝑇Ψ(𝑥). (29)

Now, we apply the appropriate Riemann-Liouville inte-
gration technique with respect to the variable 𝑥. Follow-
ing this integration process, we also consider the relevant
boundary conditions as specified in (26), and using the
approximation of Green function. As a consequence of
these steps, we derive the following expression

𝑢(𝑥, 𝑡𝑛) ≈ [𝐶𝑛]𝑇I𝛽
𝑥 Ψ(𝑥) (30)

+[𝐶𝑛]𝑇 𝑥 − 𝑎
𝑎 − 𝑏

(
I𝛽

𝑎,𝑏
Ψ(𝑏)

)
+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡)

= [𝐶𝑛]𝑇𝐺̂𝑛
1Ψ(𝑥)

+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡).

Similarly, applying the fractional derivative of order 𝛾
with respect to 𝑥 to equation (30), to obtain the approxi-
mation of 𝜕𝛾𝑢(𝑥,𝑡 )

𝜕𝑥𝛾
, we have

𝜕𝛾𝑢(𝑥, 𝑡𝑛)
𝜕𝑥𝛾

≈ [𝐶𝑛]𝑇I𝛽−𝛾
𝑥 Ψ(𝑥) (31)

+[𝐶𝑛]𝑇 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
I𝛽

𝑎,𝑏
Ψ(𝑏)

)
+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
= [𝐶𝑛]𝑇𝐺̂𝑛

2Ψ(𝑥)

+ 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
.

In order to find the [𝐶𝑛]𝑇 , it is necessary to substitute
equations (29), (30) and (31) into equation (28), and
subsequently rearrange the terms. So we will have the
following expression

[𝐶𝑛]𝑇
[( 1
Γ(2 − 𝛼)Δ𝑡𝛼 + 𝑦(𝑥)

)
𝐺̂𝑛

1Ψ(𝑥) (32)

+𝑣(𝑥)Ψ(𝑥) + 𝑤(𝑥)𝐺̂𝑛
2Ψ(𝑥)

]
= [𝐾𝑛]𝑇Ψ(𝑥),

where

𝑘 (𝑥, 𝑡𝑛) =𝑔(𝑥, 𝑡𝑛) −
( 1
Γ(2 − 𝛼)Δ𝑡𝛼 + 𝑦(𝑥)

)
×

[
𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡)

]
− 𝑤(𝑥) 𝑥1−𝛾

(𝑎 − 𝑏)Γ(2 − 𝛾)

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
Therefor equation (32) can be written at the collocation
points as

[𝐶𝑛]𝑇
[( 1
Γ(2 − 𝛼)Δ𝑡𝛼 + Y

)
𝐺̂𝑛

1Ψ𝑚̂×𝑚̂ (33)

+VΨ𝑚̂×𝑚̂ +W𝐺̂𝑛
2Ψ𝑚̂×𝑚̂

]
= [𝐾𝑛]𝑇 .

Once [𝐶𝑛]𝑇 is computed from equation (33), it is substi-
tuted back into (30) to compute the numerical solution
at the desired time level.

4. Convergence analysis
In this section, we examine the convergence behavior of
the proposed technique. We begin by considering the
general form of a fractional partial differential equation

𝐺

(
𝑥, 𝑡, 𝑢(𝑥, 𝑡), 𝜕

𝛼𝑢(𝑥, 𝑡)
𝜕𝑥𝛼

,
𝜕𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

)
= 0,

0 < 𝛼 ≤ 1, 1 ≤ 𝛽 ≤ 2,

where 𝛼 and 𝛽 denote the orders of the spatial fractional
derivatives. Following the standard approach, the higher-
order fractional derivative is approximated using a CAS
wavelet expansion as

𝜕𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

=

∞∑︁
𝑛=0

∑︁
𝑚∈Z

∞∑︁
𝑖=0

∑︁
𝑗∈Z

𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡).

(34)
Now, by integrating the equation (34) and incorporating
boundary conditions, and applying the procedure out-
lined from equations (10) to (13), the solution can be
represented as

𝑢(𝑥, 𝑡) =
∞∑︁
𝑛=0

∑︁
𝑚∈Z

∞∑︁
𝑖=0

∑︁
𝑗∈Z

𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)

+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡). (35)

Here 𝑢𝑎 and 𝑢𝑏 are the boundary values, and 𝐺̂𝑛𝑚,𝑖 𝑗

are the coefficients associated with the Green’s function
𝐺 (𝑥, 𝜂), defined in equation (12). The approximation of
the Green function by CAS wavelets is given as

𝐺 (𝑥, 𝜂) =
∞∑︁
𝑛=0

∑︁
𝑚∈Z

∞∑︁
𝑖=0

∑︁
𝑗∈Z

𝜓𝑛,𝑚 (𝑥)𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝜂),

where the coefficients are computed as 𝐺̂𝑛𝑚,𝑖 𝑗 =

⟨⟨𝐺 (𝑥, 𝜂), 𝜓𝑛,𝑚 (𝑥)⟩, 𝜓𝑖, 𝑗 (𝜂)⟩.

Theorem 4.1 Consider 𝑓 (𝑥, 𝑡) =
𝜕𝛽𝑢(𝑥,𝑡 )

𝜕𝑥𝛽
∈

𝐿2 ( [0, 1] × [0, 1]) is differentiable, and its partial
derivative is bounded on ( [0, 1] × [0, 1]). That is,
there exists 𝐿 > 0 such that

�� 𝜕2𝑢(𝑥,𝑡 )
𝜕𝑥2

�� ≤ 𝐿 for all
(𝑥, 𝑡) ∈ ([0, 1] × [0, 1]). Then the order of convergence
of the Green-CAS wavelet is given by

| |𝑢(𝑥, 𝑡) − 𝑢𝑘𝑀 (𝑥, 𝑡) | |2 = | |𝐸𝑀𝑘 | |2

= O
((

1
𝑀 + 1

) (
1
2𝑘

) 3
2
)
.

Proof. Consider 𝑢𝑘𝑀 (𝑥, 𝑡) denote the truncated Green-
CAS approximation of 𝑢(𝑥, 𝑡) as given in (35). Therefore

𝑢𝑘𝑀 (𝑥, 𝑡) =

2𝑘−1∑︁
𝑛=0

𝑀∑︁
𝑚=−𝑀

2𝑘′−1∑︁
𝑖=0

𝑀′∑︁
𝑗=−𝑀′

𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)

+ 𝑥 − 𝑎
𝑎 − 𝑏

(
𝑢𝑎 (𝑡) − 𝑢𝑏 (𝑡)

)
+ 𝑢𝑎 (𝑡).
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Then, we have

|𝑢(𝑥, 𝑡) − 𝑢𝑘𝑀 (𝑥, 𝑡) | =

���� ∞∑︁
𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑖=2𝑘′

∞∑︁
𝑗=𝑀′+1

𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)
����.

By expanding the square of the 𝐿2-norm of the error
function, we have

| |𝑢(𝑥, 𝑡) − 𝑢𝑘𝑀 (𝑥, 𝑡) | |2 =

�������� ∞∑︁
𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑖=2𝑘′

∞∑︁
𝑗=𝑀′+1

𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)
��������2

=

∫ 1

0

∫ 1

0

���� ∞∑︁
𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑖=2𝑘′

∞∑︁
𝑗=𝑀′+1

𝐺̂𝑛𝑚,𝑖 𝑗𝜓𝑛,𝑚 (𝑥)𝑐𝑛𝑚,𝑖 𝑗𝜓𝑖, 𝑗 (𝑡)
����2𝑑𝑥𝑑𝑡

≤
∞∑︁

𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑖=2𝑘′

∞∑︁
𝑗=𝑀′+1��𝐺̂𝑛𝑚,𝑖 𝑗

��2��𝑐𝑛𝑚,𝑖 𝑗

��2 ∫ 1

0

���𝜓𝑛,𝑚 (𝑥)
���2𝑑𝑥

×
∫ 1

0

���𝜓𝑖, 𝑗 (𝑡)
���2𝑑𝑡. (36)

As 𝑐𝑛𝑚,𝑖 𝑗 and 𝐺̂𝑛𝑚,𝑖 𝑗 are constant functions and since∫ 1
0

��𝜓𝑛,𝑚 (𝑥)
��2𝑑𝑥 = 1 and

∫ 1
0

��𝜓𝑖, 𝑗 (𝑡)
��2𝑑𝑡 = 1. Therefore,

(36) we can be write as

| |𝑢(𝑥, 𝑡) − 𝑢𝑘𝑀 (𝑥, 𝑡) | |2 ≤
∞∑︁

𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑖=2𝑘′

∞∑︁
𝑗=𝑀′+1��𝐺̂𝑛𝑚,𝑖 𝑗

��2��𝑐𝑛𝑚,𝑖 𝑗

��2.
(37)

Since we know the coefficient 𝑐𝑛𝑚,𝑖 𝑗 can be found as

𝑐𝑛𝑚,𝑖 𝑗 = ⟨⟨𝑢(𝑥, 𝑡), 𝜓𝑛,𝑚 (𝑥)⟩, 𝜓 𝑗 ,𝑖 (𝑡)⟩

=

∫ 1

0

[ ∫ 1

0
𝑢(𝑥, 𝑡)𝜓𝑛,𝑚 (𝑥)𝑑𝑥

]
𝜓𝑖, 𝑗 (𝑡)𝑑𝑡.

Utilizing the definition of CAS wavelets, we have

𝑐𝑛𝑚,𝑖 𝑗 = 2
𝑘
2 2

𝑘′
2

∫ 𝑖

2𝑘′

𝑖−1
2𝑘

′

[ ∫ 𝑛

2𝑘

𝑛−1
2𝑘

𝑢(𝑥, 𝑡)

×𝐶𝐴𝑆𝑚 (2𝑘𝑥 − 𝑛 + 1)𝑑𝑥
]
𝐶𝐴𝑆 𝑗 (2𝑘′ 𝑡 − 𝑖 + 1)𝑑𝑡

=
1

2 𝑘
2 2 𝑘

′
2

∫ 1

0

[ ∫ 1

0
𝑢

(
𝑣 + 𝑛 − 1

2𝑘
,
𝑤 + 𝑖 − 1

2𝑘
′

)
×

(
cos(2𝑚𝜋𝑣) + sin(2𝑚𝜋𝑣)

)
𝑑𝑣

]
×

(
cos(2𝑚𝜋𝑤) + sin(2𝑚𝜋𝑤)

)
𝑑𝑤.

Applying integration by parts with respect to ”v” and
then ”w”, we have

𝑐𝑛𝑚,𝑖 𝑗 =
1

4𝑚 𝑗𝜋22 3𝑘
2 2 3𝑘′

2

∫ 1

0

∫ 1

0

𝜕2𝑢

𝜕𝑣𝜕𝑤

(
𝑣 + 𝑛 − 1

2𝑘
,

𝑤 + 𝑖 − 1
2𝑘′

) (
sin(2𝑚𝜋𝑣) − cos(2𝑚𝜋𝑣)

)
𝑑𝑣

×
(

sin(2𝑚𝜋𝑤) − cos(2𝑚𝜋𝑤)
)
𝑑𝑤.

Since | 𝜕
2𝑢(𝑥,𝑡 )
𝜕𝑥2 | ≤ 𝐿 and

��� sin(2𝑚𝜋𝑥) − cos(2𝑚𝜋𝑥)
��� ≤ 4,

it follows that

|𝑐𝑚𝑛,𝑖 𝑗 |2 ≤
����� 𝐿

𝑚 𝑗𝜋22 3𝑘
2 2 3𝑘′

2

�����2 ≤
����� 𝐿

𝑚 𝑗𝜋2𝑛
3
2 𝑖

3
2

�����2 . (38)

Since constant 𝐺̂𝑛𝑚,𝑖 𝑗 is defined as 𝐺̂𝑛𝑚,𝑖 𝑗 =

⟨⟨𝐺 (𝑥, 𝜂), 𝜓𝑛,𝑚 (𝑥)⟩, 𝜓𝑖, 𝑗 (𝜂)⟩. Therefore

|𝐺̂𝑛𝑚,𝑖 𝑗 | ≤
��⟨⟨𝐺 (𝑥, 𝜂), 𝜓𝑛,𝑚 (𝑥)⟩, 𝜓𝑖, 𝑗 (𝜏)⟩

�� = 𝐾 ′ < ∞.
(39)

By substituting equations (38) and (39) into equation
(37), we obtain the following expression:

∥𝑢(𝑥, 𝑡) − 𝑢𝑘𝑀 (𝑥, 𝑡)∥2

=

∞∑︁
𝑛=2𝑘

∞∑︁
𝑚=𝑀+1

∞∑︁
𝑛=2𝑘

′

∞∑︁
𝑚=𝑀

′+1

����� 𝐾 ′𝐿

𝑚 𝑗𝜋2𝑛
3
2 𝑖

3
2

�����2
≤

����� 𝑄

(𝑀 + 1) (𝑀 ′ + 1)𝜋2 (2𝑘) 3
2 (2𝑘

′ ) 3
2

�����2 .
Hence

∥𝐸𝑀𝑘 ∥2 = ∥𝑢(𝑥, 𝑡) − 𝑦𝑘,𝑘
′
,𝑀,𝑀

′
(𝑥, 𝑡)∥2

= O
((

1
𝑀 + 1

) (
1
2𝑘

) 3
2
)
. (40)

The numerical evaluation of the order of convergence
follows the procedure adopted in [42]. Let us consider
the constant 𝜔 =

𝑄

(𝑀+1) 𝜋2 , with 𝑝 treated as a variable
in the convergence estimate of equation (40). This leads
to the following form

𝐹 (ℎ) − 𝐹 (0) = 𝜔ℎ𝑝 + O(ℎ𝑙), 0 < 𝑝 < 𝑙,

where 𝐹 (ℎ) denotes the numerical solution correspond-
ing to step size ℎ, and 𝐹 (0) denotes the exact solution.
The value 𝑝 represents the theoretical order of conver-
gence of the method.
Considering the step sizes ℎ𝑖−1 and ℎ𝑖 =

ℎ𝑖−1
2 , with

corresponding numerical solutions 𝐹𝑖−1 = 𝐹 (ℎ𝑖−1) and
𝐹𝑖 = 𝐹 (ℎ𝑖). The estimated convergence order of the
given method is then computed as

𝑝 = log
(
∥𝐹𝑖−1 − 𝐹 (0)∥
∥𝐹𝑖 − 𝐹 (0)∥

) /
log(2).

Furthermore, when the constant is expressed as 𝜔 =

𝑄

𝜋2

(
1

2𝑘

) 3
2 , and 𝑀 is treated as the variable in equa-

tion (40), the convergence order with respect to 𝑀 tends
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toward one. This behavior is characterized by(
∥𝐸𝑀+1∥2
∥𝐸𝑀+2∥2

)
=
𝑀 + 2
𝑀 + 1

, for 𝑀 = 1, 2, 3, · · · .

Remarks:
According to the convergence analysis of the Green-
CAS method discussed in Theorem 4.1, and the fast
algorithm presented in Lemma 3.1, we conclude that
the fast Green-CAS method as discussed in section 3.2,
yields a solution that converges to the exact solution
𝑢(𝑥, 𝑡) as the parameters 𝑘, 𝑀 → ∞ and the time step
Δ𝑡 → 0.

5. Applications
In this section, we present several numerical examples
to evaluate the validity and efficiency of the proposed
Green-CAS and fast Green-CAS techniques. To fur-
ther demonstrate the effectiveness of these approaches,
a comparative analysis is also conducted against the
conventional operational CAS wavelet method and pre-
viously reported results in the literature.

5.1 Linear Fractional Problems
Example 5.1 Assume the time-fractional diffusion equa-
tion[43, 44], along with the initial and boundary condi-
tions

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

=
𝑥2

2
𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2 , 0 < 𝑥 < 1, 0 < 𝑡 ≤ 1,

(41)
𝑢(0, 𝑡) = 0, 𝑢(1, 𝑡) = exp(𝑡),

𝑢(𝑥, 0) = 𝑥2,

where 0 < 𝛼 ≤ 1. When 𝛼 is set to 1, the equation (41)
has an analytic solution, which is 𝑢(𝑥, 𝑡) = 𝑥2 exp(𝑡).
The numerical solutions can be acquired using the pro-
posed technique detailed in Section 3.1.1. Table 1
presents the absolute errors for 𝛼 = 1, maintaining
the same number of steps as given in [43], with 𝑘 = 5
and 𝑀 = 5 in both spatial and temporal directions. The
results clearly demonstrate the reliability and improved
accuracy of the proposed approach compared to the
Sinc–Legendre collocation method (S-LCM) presented
in [43], as well as the variational iteration method (VIM)
and Adomian decomposition method (ADM) discussed
in [44]. Additionally, Table 2 and Figure 1 validate
the theoretical order of convergence as described in the
error analysis for 𝑘 and 𝑀. Furthermore, to facilitate
a comparative analysis between the Green-CAS and
the fast Green-CAS methods, we have also solved the
equation (5.1) using the fast Green-CAS approach. The
corresponding numerical results for both methods are
summarized in Table 3. It is evident from the tabulated
results that the fast Green-CAS method achieves a sub-
stantially reduced computational time compared to the
Green-CAS technique. Moreover, the fast Green-CAS
wavelet approach exhibits marginally improved accuracy,
particularly for larger time step sizes. This computa-
tional advantage is further illustrated in Figure 2, where
the CPU time required by the fast Green-CAS method is

consistently lower than that of the Green-CAS method
for increasing time steps.

Example 5.2 Consider the linear multi-term fractional
convection-diffusion equation given by

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

= 𝑎(𝑥) 𝜕
𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

− 𝑏(𝑥) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+ 𝑓 (𝑥, 𝑡),
(42)

where 𝛼, 𝛽 ∈ (1, 2] and 𝛾 ∈ (0, 1). The problem is
formulated with initial and boundary conditions given
by 𝑢(𝑥, 0) = 𝑢(𝑥, 1) = 0, 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0. Here,
the coefficient functions are 𝑎(𝑥) = Γ(2𝛽 + 2)Γ(5 −
𝛼 − 𝛽)𝑥𝛽 , 𝑏(𝑥) = Γ(3𝛽 + 2 − 𝛾)Γ(5 − 2𝛾)𝑥𝛾 and
𝑓 (𝑥, 𝑡) = −(𝑥3𝛽+1−𝑥4−𝛾) (3𝜋)3𝑡3−𝛼𝐸2,4−𝛼 (−(3𝜋𝑡)2) +{
Γ(3𝛽 + 2)

[
Γ(5 − 2𝛾) − Γ(5 − 𝛾 − 𝛽)

]
𝑥3𝛽+1 + Γ(5 −

𝛾)
[
Γ(2𝛽 + 2) − Γ(3𝛽 − 𝛾 + 2)

]
𝑥4−𝛾

}
sin(3𝜋𝑡). This

enables us to conventionally verify that the exact solution
to equation (42) is

𝑢(𝑥, 𝑡) =
(
𝑥3𝛽+1 − 𝑥4−𝛾 ) sin(3𝜋𝑡).

Figure 3 displays the numerical solution by Green-
CAS and exact solutions with fixed values of 𝑘 = 3,
𝑀 = 4, 𝛼 = 1.85, 𝛽 = 2, and 𝛾 = 0.35. Likewise,
in Figure 4, we present the graphical representation
of the numerical and exact solutions with the same
fixed values, except for 𝛾 = 0.75. Moreover, Figure 5
represents the error for 𝛼 = 2, 𝛽 = 2, 𝛾 = 0.25, under
various combinations of 𝑘 and 𝑀 , further validating the
convergence of the proposed method.

Example 5.3 [45] Consider the initial-boundary value
fractional problem defined by

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

=
𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2 + sin(𝜋𝑥),

0 ≤ 𝑡 ≤ 1, 0 ≤ 𝑥 ≤ 1, 1 < 𝛼 ≤ 2,
𝑢(0, 𝑡) = 0, 𝑢(1, 𝑡) = 0, 𝑢(𝑥, 0) = 0,
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

���
𝑡=0

= 0.

(43)

The analytic solution to the equation (43) can be ex-

pressed as 𝑢(𝑥, 𝑡) = 1
𝜋2

(
1 −

∞∑
𝑘=0

(−𝜋2𝑡𝛼 )𝑘
Γ (𝛼+1)

)
sin(𝜋𝑥). The

numerical solutions are derived using the method de-
scribed in Section 3.1.1. Both the exact and numerical
solutions by Green-CAS for the parameters 𝛼 = 1.75,
𝑘 = 4, and 𝑀 = 2 are illustrated in tabular format in
Table 4. A comparison is made between the numerical
results obtained through our proposed method and the
method discussed in [45]. The comparison, as shown in
Table 4, reveals that our proposed method yields better
results. Moreover, Table 5 displays the numerical confir-
mation of the convergence order, as outlined in the error
analysis, for the variables 𝑘 and 𝑀 .

5.2 Nonlinear Fractional Problem
In this subsection, we focus on solving nonlinear FPDEs
by combining the Picard iteration scheme with the Green-
CAS and fast Green-CAS methods. To address nonlinear
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Table 1. Comparing the present method with other techniques using absolute error for 𝛼 = 1, 𝑘 = 5, and 𝑀 = 5 for Example 5.1.

𝑡 𝑥 VIM and ADM [44] S-LCM [43] Green-CAS

0.25 0.3 1.54 × 10−5 9.92 × 10−8 8.42 × 10−8

0.6 6.16 × 10−5 2.70 × 10−6 2.93 × 10−8

0.9 1.38 × 10−4 1.02 × 10−5 5.82 × 10−8

0.50 0.3 2.60 × 10−4 5.56 × 10−7 9.11 × 10−8

0.6 1.03 × 10−3 4.87 × 10−6 4.87 × 10−7

0.9 2.34 × 10−3 1.30 × 10−5 8.53 × 10−7

0.75 0.3 1.39 × 10−3 1.14 × 10−6 1.06 × 10−6

0.6 5.56 × 10−3 6.90 × 10−6 1.75 × 10−6

0.9 1.25 × 10−2 1.59 × 10−5 2.49 × 10−6

Table 2. Numerical order of convergence of Green-CAS method for 𝑀 and 𝑘, in the context of Example 5.1.

𝑀 = 3 𝑘 = 3

𝑘 𝐿2 Order 𝑀 𝐿2 Order

2 1.64907 × 10−3 4 4.00418 × 10−4

3 5.83670 × 10−4 1.4984 5 2.96360 × 10−4 1.3511
4 2.06415 × 10−4 1.4996 6 2.30681 × 10−4 1.2847
5 7.29837 × 10−5 1.4999 7 1.86124 × 10−4 1.2394
6 2.58041 × 10−5 1.5000 8 1.54267 × 10−4 1.2065
7 9.12316 × 10−6 1.5000 9 1.30563 × 10−4 1.1815

Table 3. Comparison of maximum absolute error and CPU time at different time steps for Example 5.1 at 𝛼 = 0.73.

Time steps Space steps Fast Green-CAS CPU time(sec) Green-CAS CPU time(sec)

416 𝑘 = 5, 𝑀 = 5 1.19804 × 10−4 0.258 1.28874 × 10−4 0.403
832 4.85058 × 10−5 0.447 6.89939 × 10−5 1.412

1664 1.90083 × 10−5 0.747 3.65349 × 10−5 9.747
3328 7.38037 × 10−6 0.981 1.91559 × 10−5 23.264

Table 4. Comparison of numerical results for 𝛼 = 1.75, 𝑘 = 4, 𝑀 = 2 for the Example 5.3.

𝑡 𝑥 Exact solutions Method [45] Green-CAS

0.2 0.25 0.0242284 0.0244444 0.0242273
0.5 0.0342641 0.0323405 0.0342626

0.75 0.0242284 0.0246124 0.0242273
0.5 0.25 0.0864843 0.0830947 0.0864560

0.5 0.1223070 0.1167480 0.1222672
0.75 0.0864843 0.0886781 0.0864560

0.8 0.25 0.1140370 0.1052860 0.1140223
0.5 0.1612720 0.1490310 0.1612519

0.75 0.1140370 0.1140710 0.1140223
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Figure 1. Absolute error in 𝐿2 norm of fast Green-CAS and Green-CAS for 𝛼 = 0.34 at 832 time steps with different values of 𝑘 and 𝑀 in Example 5.1
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Figure 2. CPU time comparison between the fast Green-CAS and Green-CAS methods at different time steps, for fixed parameters 𝛼 = 0.71, 𝑘 = 4, and
𝑀 = 5 in Example 5.1.

FPDEs, we employ the Picard iterative method, which
facilitates the linearization of nonlinear terms through
successive approximations. The resulting linear prob-
lems are then efficiently solved using the Green-CAS or
fast Green-CAS techniques described in Section 3. We
consider the following nonlinear FPDE , along with its

associated initial and boundary conditions

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

+ 𝑣(𝑥) 𝜕
𝛽𝑢(𝑥, 𝑡)
𝜕𝑥𝛽

(44)

+𝑤(𝑥)𝑢(𝑥, 𝑡) 𝜕
𝛾𝑢(𝑥, 𝑡)
𝜕𝑥𝛾

+ 𝑦(𝑥)𝑢𝑝 (𝑥, 𝑡) = 𝑓 (𝑥, 𝑡),

𝛼, 𝛽 ∈ (1, 2], 𝛾 ∈ (0, 1), and 𝑝 > 1,
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Figure 3. Exact and numerical solutions for Example 5.2 with 𝑘 = 3, 𝑀 = 4, 𝛼 = 1.85, 𝛽 = 2, and 𝛾 = 0.35.

Figure 4. Exact and numerical solution for 𝑘 = 3, 𝑀 = 4, 𝛼 = 1.85, 𝛽 = 2, and 𝛾 = 0.75 for Example 5.2.
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Figure 5. 𝐿2 error between the exact and numerical solutions for Example 5.2 computed by Green-CAS, for different values of 𝑀 and 𝑘.

𝑢(𝑎, 𝑡) = 𝑢𝑎 (𝑡), 𝑢(𝑏, 𝑡) = 𝑢𝑏 (𝑡),
(𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥), 𝑢(𝑥, 𝑑) = 𝑢𝑑 (𝑥)
𝑜𝑟

(𝑖𝑖) 𝑢(𝑥, 𝑐) = 𝑢𝑐 (𝑥),
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

����
𝑡=𝑐

= 𝑢𝑑 (𝑥),

Applying the Picard iteration method, as described in
[46] to equation (44), yields the following iterative update

formulation

𝜕𝛼𝑢𝑟+1 (𝑥, 𝑡)
𝜕𝑡𝛼

+ 𝑣(𝑥) 𝜕
𝛽𝑢𝑟+1 (𝑥, 𝑡)
𝜕𝑥𝛽

= 𝑈 (𝑥, 𝑡, 𝑢𝑟 (𝑥, 𝑡)
𝜕𝛾𝑢𝑟 (𝑥, 𝑡)
𝜕𝑥𝛾

), (45)
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Table 5. Numerical order of convergence of 𝑀 and 𝑘, in the context of Example 5.3.

𝑀 = 3 𝑘 = 3

𝑘 𝐿2 Order 𝑀 𝐿2 Order

2 1.80559 × 10−4 4 4.38666 × 10−5

3 6.39380 × 10−5 1.4977 5 3.24680 × 10−5 1.3511
4 2.26145 × 10−5 1.4994 6 2.52729 × 10−5 1.2847
5 7.99624 × 10−6 1.4999 7 2.03915 × 10−5 1.2394
6 2.82717 × 10−6 1.5000 8 1.69015 × 10−5 1.2065
7 9.99562 × 10−7 1.5000 9 1.43046 × 10−5 1.1815

subject to the corresponding initial and boundary condi-
tions

𝑢𝑟+1 (𝑎, 𝑡) = 𝑢𝑎 (𝑡), 𝑢𝑟+1 (𝑏, 𝑡) = 𝑢𝑏 (𝑡),
(𝑖) 𝑢𝑟+1 (𝑥, 𝑐) = 𝑢𝑐 (𝑥), 𝑢𝑟+1 (𝑥, 𝑑) = 𝑢𝑑 (𝑥)
𝑜𝑟

(𝑖𝑖) 𝑢𝑟+1 (𝑥, 𝑐) = 𝑢𝑐 (𝑥),
𝜕𝑢𝑟+1 (𝑥, 𝑡)

𝜕𝑡

����
𝑡=𝑐

= 𝑢𝑑 (𝑥),

where𝑈 (𝑥, 𝑡, 𝑢𝑟 (𝑥, 𝑡) 𝜕
𝛾𝑢𝑟 (𝑥,𝑡 )
𝜕𝑥𝛾

) = 𝑤(𝑥)𝑢𝑟 (𝑥, 𝑡) 𝜕𝑢𝑟 (𝑥,𝑡 )𝜕𝑥𝛾
+

𝑦(𝑥)𝑢𝑝𝑟 (𝑥, 𝑡) + 𝑓 (𝑥, 𝑡). Subsequently, the updated lin-
earized problem is solved using the proposed methods
outlined in Section 3 to compute the approximate
numerical solution.

Example 5.4 Consider the generalized Burgers-Fisher
equation along with the initial and boundary conditions

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

− 𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2 + 𝑎𝑢(𝑥, 𝑡)𝜂 𝜕𝑢(𝑥, 𝑡)

𝜕𝑥

+𝑏𝑢(𝑥, 𝑡)
(
𝑢(𝑥, 𝑡)𝜂 − 1

)
= 0, 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (46)

𝑢(𝑥, 0) =
(

1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂) 𝑥
)) 𝜂

,

𝑢(0, 𝑡) =

(
1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂)

[(
− 𝑎2+𝑏 (1+𝜂2 )

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
,

𝑢(1, 𝑡) =
(

1
2 − 1

2 tanh
(

𝑎𝜂

2(1+𝜂)

[(
1 − 𝑎2+𝑏 (1+𝜂2 )

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
.

The exact solution of the equation (46) is𝑢(𝑥, 𝑡) =
(

1
2−

1
2 tanh

(
𝑎𝜂

2(1+𝜂)

[(
𝑥 − 𝑎2+𝑏 (1+𝜂2 )

𝑎 (1+𝜂)

)
𝑡

] )) 𝜂
. The numerical

solution to equation (46) is obtained using the Green-
CAS technique in conjunction with the Picard iteration
method. Table 6 and Table 7 present the absolute error
comparisons between our proposed method and other
established techniques. Table 6 reports the results for
𝑎 = 0.001, 𝑏 = 0.001, 𝜂 = 1, with 𝑟 = 4, 𝑘 = 3, and
𝑀 = 3, where our method is compared against the VIM
and RDTM which are discussed in [47], as well as the
CAS wavelet method from [48]. Table 7 further compares
our results with the Adomian Decomposition Method
(ADM) [49] and CAS wavelets [48] for the values of
𝑎 = 0.001, 𝑏 = 0.001, 𝜂 = 1, 𝑟 = 4, 𝑘 = 4, and 𝑀 = 3.
These results demonstrate that the proposed method

consistently yields superior accuracy and robustness in
solving nonlinear FPDE, particularly when compared to
traditional operational wavelet-based and decomposition
techniques. This hybrid approach enables an efficient
and accurate treatment of the nonlinear problem.

Example 5.5 Consider the time-fractional Burgers
equation as presented in [50],

𝜕𝛼𝑢(𝑥, 𝑡)
𝜕𝑡𝛼

− 𝑢(𝑥, 𝑡) 𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

− 𝑣 𝜕
2𝑢(𝑥, 𝑡)
𝜕𝑥2

= 𝑓 (𝑥, 𝑡), 0 < 𝛼 ≤ 1. (47)

𝑢(0, 𝑡) = 0, 𝑢(1, 𝑡) = −𝑡3/2,

𝑢(𝑥, 0) = 0.

The exact solution to equation (47) is given by 𝑢(𝑥, 𝑡) =
𝑡

3
2 sin( 3𝜋

2 𝑥), which allows us to define the source term
𝑓 (𝑥, 𝑡) as 𝑓 (𝑥, 𝑡) =

[
𝑡

3
2 −𝛼/Γ( 5

2 − 𝛼)
]
Γ( 5

2 ) sin( 3𝜋
2 𝑥) +

3𝜋
2 𝑡

3 sin( 3𝜋
2 𝑥) cos( 3𝜋

2 𝑥) +
9𝜋2

4 𝑡
3
2 sin( 3𝜋

2 𝑥). Using this
formulation, we compute numerical solutions using the
proposed Green-CAS and fast Green-CAS techniques.
Table 8 compares the 𝐿2 and 𝐿∞ error norms of our
methods with those reported in [50], demonstrating that
both the Green-CAS and fast Green-CAS yield signifi-
cantly improved accuracy. Particularly, the fast Green-
CAS method shows notably better results. In addition,
Figure 6 illustrates the error between the exact and nu-
merical solutions for 𝛼 = 0.7, highlighting the sensitivity
to variations in 𝑘 and 𝑀. Specifically, the left subplot
corresponds to fixed 𝑀 = 5, while the right subplot
uses fixed 𝑘 = 5. Furthermore, CPU time comparisons
between the Green-CAS and fast Green-CAS methods
are displayed in Figure 7, highlighting the superior com-
putational efficiency of the fast Green-CAS approach.

6. Conclusion
In this study, we have advanced the Green-CAS wavelet
method to effectively solve both linear and nonlinear
FPDEs. To enhance computational efficiency, a fast
Green-CAS method is introduced, specifically designed
for time-fractional orders 𝛼 ∈ (0, 1), combining the
strengths of both fast algorithms and the Green-CAS
formulation. For nonlinear FPDEs, the Picard iteration
technique is applied to linearize the original problem,
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Table 6. Comparison of numerical results of the Example 5.4 at the values 𝑎 = .001, 𝑏 = .001, 𝜂 = 1, 𝑟 = 4, 𝑘 = 3, and 𝑀 = 3.

𝑥 𝑡 VIM [47] RDTM [47] CAS[48] Green-CAS

0.01 0.02 2.5031102 × 10−3 0.49994 × 10−5 1.9435 × 10−7 1.11617 × 10−8

0.04 2.5081138 × 10−3 0.99994 × 10−5 2.7604 × 10−7 2.03356 × 10−8

0.06 2.5131170 × 10−3 1.49994 × 10−5 3.3814 × 10−7 2.78715 × 10−8

0.08 2.5181206 × 10−3 1.99994 × 10−5 3.8724 × 10−7 3.40581 × 10−8

0.04 0.02 9.9961959 × 10−3 0.49975 × 10−5 7.1200 × 10−7 4.03010 × 10−9

0.04 1.0001189 × 10−2 0.99975 × 10−5 1.0346 × 10−6 7.36037 × 10−9

0.06 1.0006190 × 10−2 1.49975 × 10−5 1.2805 × 10−6 1.03583 × 10−8

0.08 1.0011191 × 10−2 1.99975 × 10−5 1.4781 × 10−6 1.32320 × 10−8

0.08 0.02 1.9979433 × 10−2 0.49950 × 10−5 1.2555 × 10−6 3.16961 × 10−9

0.04 1.9984423 × 10−2 0.99950 × 10−5 1.8928 × 10−6 5.11237 × 10−9

0.06 1.9989425 × 10−2 1.49950 × 10−5 2.3807 × 10−6 6.59666 × 10−9

0.08 1.9994415 × 10−2 1.99950 × 10−5 2.7727 × 10−6 8.00618 × 10−9

Table 7. Comparing numerical results for the Example 5.4 with the specified values of 𝑎 = 0.001, 𝑏 = 0.001, 𝜂 = 1, 𝑟 = 4, 𝑘 = 4, and 𝑀 = 3.

𝑥 𝑡 ADM [49] CAS[48] Green-CAS

0.1 0.005 9.68763 × 10−6 5.70883 × 10−7 1.84840 × 10−10

0.01 1.93752 × 10−5 9.29559 × 10−7 5.14744 × 10−10

0.5 0.005 9.68691 × 10−6 6.87261 × 10−7 1.47340 × 10−10

0.01 1.93738 × 10−5 1.31043 × 10−6 2.90985 × 10−10

0.9 0.005 9.68619 × 10−6 5.71285 × 10−7 1.30110 × 10−10

0.01 1.93724 × 10−5 9.30207 × 10−7 2.98346 × 10−10

Table 8. Comparison of numerical results for Example 5.5 with 𝛼 = 0.5, 𝑘 = 4, 𝑀 = 4, and 𝑟 = 3, evaluated at various time levels 𝑡 .

Method [50] Green-CAS fast Green-CAS
𝑡 𝐿2 norm [50] 𝐿∞ norm [50] 𝐿2 norm 𝐿∞ norm 𝐿2 norm 𝐿∞ norm

0.5 3.6 × 10−5 2.1 × 10−4 1.55431 × 10−5 2.04153 × 10−5 6.59210 × 10−6 7.93684 × 10−6

0.75 2.0663 × 10−5 1.2 × 10−4 1.60375 × 10−5 2.27417 × 10−5 4.89288 × 10−6 6.31828 × 10−6

1.0 1.3491 × 10−5 1.1 × 10−4 1.10440 × 10−5 1.80474 × 10−5 3.67528 × 10−6 6.07079 × 10−6
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allowing each iteration to be efficiently solved using the
proposed techniques. A detailed convergence analysis
was carried out, in which we established the theoretical
error bound for the truncated solution under the Green-
CAS wavelet framework, thereby verifying the stability
and accuracy of the proposed method with respect to
the key numerical parameters. However, a complete
theoretical error analysis of the full Green-CAS and fast
Green-CAS methods remains challenging and will be
addressed in future work.

Comprehensive numerical experiments were con-
ducted to verify the methods’ performance. The results,
displayed in both tables and figures, demonstrate that
the Green-CAS method consistently outperforms the
conventional CAS wavelet method in terms of accuracy.
Notably, Table 6 and Table 7 highlight how the proposed
method closely approximates the exact solutions for both
linear and nonlinear problems. Furthermore, the fast
Green-CAS method significantly reduces computational
time while preserving or even improving numerical accu-
racy, particularly for larger time step sizes. This is clearly
shown in Table 3 and Table 8, as well as Figure 2 and
Figure 7. Beyond improved performance, the method
is straightforward to implement and readily extendable
to higher-dimensional problems, making it a practical
and robust tool for solving complex FPDEs in various
scientific and engineering applications.
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