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1. Introduction mations, additional terms from these expansions are typ-
ically included. However, this approach poses signifi-
cant challenges, particularly when calculating iterated
stochastic integrals ., especially in the case of high-
dimensional Brownian motion (dimensions greater than
two). Several methods have been proposed to address
these challenges and provide higher-order approxima-
tions, as seen in works such as [1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13]. However, these methods often fail to
achieve the desired efficiency due to computational com-
plexity or limitations in extending to higher dimensions.
For example, the method presented in [10] for generat-
ing double stochastic integrals 7, is sufficient for first-
order approximations but cannot be easily extended to
more than two dimensions due to its computational bur-
den. Similarly, while Kloeden and Platen [11] devel-
oped a method based on Fourier series to approximate
SDEs, their approach encounters difficulties in comput-
ing iterated stochastic integrals when the dimension ex-
ceeds two. These considerations motivate the present
work, which introduces a novel scheme specifically de-
signed to overcome the outlined limitations by stream-

Stochastic differential equations (SDEs) have extensive
applications in fields such as biology, finance, engineer-
ing, chemistry, mechanics, and economics. They are
crucial in modeling real-world systems affected by ran-
domness or uncertainty. However, exact analytical so-
lutions are rarely available in practice. This limitation
motivates the development of accurate and computation-
ally efficient numerical methods for SDEs, which can
provide reliable approximations of system behavior un-
der random influences. The main goal of this study is
to introduce an approach that overcomes the high com-
putational cost and complexity of traditional schemes,
particularly for higher-dimensional problems. In cases
where explicit solutions to these equations are not avail-
able, numerical methods must be developed to obtain ap-
proximate solutions. Most of the commonly used meth-
ods for approximating SDEs, such as the Euler and Mil-
stein methods, are based on It6—Taylor or Stratonovich—
Taylor expansions and offer solution accuracies of order
% and 1, respectively. To achieve higher-order approxi-
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lining the computation and improving efficiency, espe-
cially for high-dimensional problems.

The proposed numerical scheme achieves a strong
convergence order of O(A3/?). Its main advantage lies
in replacing the stochastic integrals 7, by suitably con-
structed random variables that share identical moments
with respect to the dominant linear term. This elim-
inates the need for the direct computation of iterated
stochastic integrals, thereby significantly simplifying
the implementation and enhancing computational effi-
ciency. The method reformulates the stochastic expan-
sion as a perturbation of the linear component, following
the approach introduced by Davie [14, 15, 16] and fur-
ther applies a coupling technique from optimal transport
theory to obtain a high-quality mean-square approxima-
tion. As a result, higher-order accuracy is achieved at a
substantially reduced computational cost, even in high-
dimensional settings. The scheme is readily extendable
to broader classes of stochastic differential equations
and has been validated through extensive numerical ex-
periments assessing both strong errors and weak trun-
cation errors. However, the theoretical guarantees are
strongest in the case of non-degenerate diffusion matri-
ces; in degenerate or singular settings, additional modifi-
cations may be required for optimal performance, which
remains an interesting direction for future research.

Recent progress in the numerical solution of stochas-
tic and fractional integro-differential equations has
produced powerful frameworks based on polynomial,
barycentric, meshless, and spectral interpolation tech-
niques. Notable examples include the Vieta—Lucas poly-
nomial technique for nonlinear stochastic 1t6—Volterra
integral equations [17]; meshless barycentric ratio-
nal interpolation methods for nonlinear stochastic frac-
tional integro-differential equations [18]; enhanced
moving least squares techniques for Hammerstein-type
stochastic fractional Volterra integro-differential equa-
tions [19]; Floater—Hormann interpolation for accu-
rate and stable computation in stochastic It6—Volterra
integral equations [20]; and spectral methods based
on Mittag-Leffler wavelets for stochastic differential
equations [21]. In addition, several recent studies by
Badawi and collaborators have made significant theo-
retical and numerical contributions to stochastic frac-
tional modeling. These include the analysis of stochas-
tic M-fractional differential models using matrix spec-
tral collocation techniques [22]; the development of
step spectral collocation methods for stochastic frac-
tional systems with constant delays [23]; the introduc-
tion of shifted Legendre spectral schemes for Hilfer-type
stochastic integro-differential equations [24]; and the
proposal of a shifted Legendre—Gauss pseudospectral
algorithm for fractional M-derivative stochastic mod-
els [25]. The integration of these advanced fractional
and spectral approaches with coupling-based stochas-
tic schemes, as proposed here, highlights the growing
scope of high-order stochastic solvers and provides con-
text for the contributions of the present work.

Finally, we highlight the role of pathwise approxi-
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mation, which ensures that the numerical method accu-
rately captures individual sample trajectories, not only
expectations. Within the Itd—Taylor expansion frame-
work, the substitution of higher-order stochastic inte-
grals by random variables with matching statistical mo-
ments allows the scheme to retain the strong conver-
gence order O(h*/?) while avoiding explicit computa-
tion of iterated integrals. The paper is organized as fol-
lows. Section 2 presents the necessary background ma-
terial, Section 3 describes the numerical methodology
and computation of the solutions, Section 4 focuses on
the analysis of the truncation error, and the final section
contains concluding remarks.

2. Background

Consider a probability space (L2, ¥, P) equipped with a
filtration F = (%7),50, and let Z, = (Z},...,ZM),5
be an M-dimensional Brownian motion adapted to ¥ .
A general g-dimensional Itd stochastic differential equa-
tion (SDE) is given by:

M
a9, = c(t,5,) dr + ) ou(t,3,) dZf
k=1

o=9®  0<r<T. (1)

Here, ; € R denotes the exact continuous-time so-
lution of the stochastic differential equation. The coeffi-
cient functions c¢(¢, §) : R¢ — R? and o (¢, ) : R? —
R? are assumed to be Borel measurable, and the process
9, is adapted to the filtration 7. In order to distinguish
the analytical solution from its numerical approximation
introduced in Section 3, we use the notation 9” ) to de-
note the discrete-time approximation at time z; = jh.

The exact solution satisfies the following integral
equation:

t M t
jio=sos [etssdss ) [atsoazt @
0 — Jo

where the stochastic integrals are understood in the Itd
sense.

2.1 Ito-Taylor Expansion

A powerful method for analyzing and numerically ap-
proximating SDEs is the It6—Taylor expansion, which
generalizes the classical Taylor series to stochastic pro-
cesses. For a scalar SDE,

t t
§,=§10+‘/ c(s,9s) ds+/ o(s,Ps)dZ,

1y ty

t€ [T, 3

The It6 formula applies to functions f : R — R that are
twice continuously differentiable:

t (9 AS
760 = 5G0+ [ Jets. 50220
Uae o PLOD ], [ o L)
+§o-2(s,ys)a—y;] ds+/t0 o (5. 95) a; dz,

“
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or, equivalently,

FG0=FGo)+ / LOF(5,) ds+ / L'f(5,) dz,

to o
®)
where the differential operators are given by:
o 1 ,0? 0
L' =c— + =¢? L'=0— 6
99 727 a2 5 ©

Setting f(§) = ¥ recovers the original SDE, while
f = cor f = o produces higher-order stochastic terms.
The development proceeds as follows:

t s
$: = Yo +/ [C(ﬁo) +/ Lo($,) dz
) 10

S
+/ Llc(jzz)dzz] ds

fo

t s
+ / [0'()70)+ / L0 (5.) dz
) to

+/ L'o($,) de] dZ, (7

)

which can be expressed compactly as:
t t
5=SowcGo) [ dsvoGo [dzar ®)
1o 0]

with remainder term R given by nested integrals over L°
and L'.

2.2 Pathwise Approximation of SDEs Using
Stochastic Taylor Expansions

Consider again the Itd SDE given by equation (1). For
each component i = 1,...,q, the dynamics are de-
scribed as:

M

(90 = ci(t,90) di + )" auc(t, 5z (5o)i = 5,
k=1

©

where $;, € R denotes the state vector, and Z, € RM
represents an M-dimensional Brownian motion.

We assume that this SDE satisfies the standard con-
ditions ensuring the existence and uniqueness of solu-
tions. To approximate the solutions pathwise, the inter-
val [0, T] is divided into N subintervals of equal length
h = % In each subinterval, stochastic Taylor expan-
sions provide accurate approximations to the solution
trajectories.

The classical Euler-Maruyama scheme approximates
the dynamics by:

M
NGRS ING; ih 9l ih, $Y .
9 =9 4 (i 3+ Y ou(jh 9V)AZ
k=1
(10)

where AZ,ij) = Zy((j + 1)h) — Z;(jh) are Brownian
increments.
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To achieve higher-order accuracy, the Milstein
scheme incorporates quadratic terms:

M
3 =3+ i3+ Y o (jh, 59)AZ
k=1

M
+ > pia(ih 39N G (1)
k,l=1

where

q .
~ n 30"1 t,

piki(t,¥) = Z O’ml(h)’)M
m=1 8ym

and j}fl’ ) are iterated stochastic integrals. Building
upon these ideas, higher-order approximations for SDEs
utilize expansions based on the set M of all multi-
indices @ = (ji,...,Ji), iterated integrals J, 5 ;, and

differential operators L’. Defining the index set
Ay ={a e M :Il(a) =2 and either (@) + n(a) <m
orl(a) = n(a) = mT“} (12)
Here, /(@) denotes the length of the multi-index and
n(a) denotes the number of zero indices in the multi-

index a. The It6 differential operators, which play a key
role in the stochastic Taylor expansions, are given by:

9 M P 1 M q 62
L'=—+ + =
at ché‘ﬁk Zkzz;l;o-k] Y3109
(13)
M
Lj: O-kj_ je{l,,q} (14)
2175

Accordingly, the Taylor approximation of order y = %
can be expressed as:

M
NGV ING, in ol ih, Y .
U = 59 4 ey (i, 5k + § O'ik(lh’y(j))AZI(cj)
k=1

* 2 fai G T ji oty (15)

a€A,,

where the coefficient functions f, ; are defined recur-
sively such that f, = § for the zero-length multi-index
v,and fjq =Lif,forj=0,...,q.

In the following section, we demonstrate how these
expansions are applied to construct numerical schemes
achieving strong convergence of order % for SDEs. We
also detail the approximation of iterated stochastic inte-
grals and describe how perturbation and coupling meth-
ods are implemented to generate the required random
variables for higher-order discretization.

2.3 Construction of an Explicit Strong Order %

Scheme for Stochastic Differential Equations
High-order strong schemes for SDEs rely on the
stochastic Taylor expansion, where higher-order accu-
racy is achieved by systematically incorporating iterated
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stochastic integrals. Using relations (12) and (15) and
specializing in m = 3 with the structure of A,,, we de-
rive an explicit method that achieves strong order % The
resulting Taylor scheme takes the form

M
PUD =30 4 ch+ ) op AZF

k=1
1 M M
—ZZ[O'l(Jh AKY =y (i, A )]j(k 0
2vh =0 k=1
1 M
1 , N
+ h;[o-k«wl)h,y ) = o] o
1 M M
+EZZ[O'I(J'h,A]i)—201+ffl(jh,1\]f)]j(o,l)
=0 k=1
RS (k1)
- . i _ . (k’[)
thzﬂ[mm% ) = o (D)
=0 (jh AY) + 0 (e A | Tkt (16)

The auxiliary variables are defined as

N
AR =50 4 Mchicrkx/ﬁ
gD = A% 4 oy (jh, AS)VR 17)

In multidimensional settings, achieving a strong order
of convergence % requires evaluating high-dimensional
iterated stochastic integrals such as J(; k), J(0,x)» J(1,0)
and Y(s,1,x)- These integrals rarely admit closed-form
expressions and are computationally demanding to ap-
proximate directly. To overcome this difficulty, each 7,
is approximated by a randomized surrogate expressed as
a sum of products of independent standard normal ran-
dom variables, designed to match the required statistical
moments:

TJa=h™ N ke [ U (8)

B=(i1,ee0it)  kiig<ji

where the summation extends over all tuples g satisfying
ix = jroriy =0 < ji, and where Kg, Ur ~ N(0,1)
are independent. In this construction, defining € = h'/2
and M,, = {&« € M : 2 < l(a) £ m}, the random
component of a single step can be expressed as follows:

M
Y = € 3 0i(0, 5 )i + e, U, (€ Ka)aem,)
k=1
19)

where 6; is a polynomial whose monomials are at least
second order in €. To improve efficiency, a perturbative
replacement Kg +— Wg with W, ~ N(0, 1) indepen-
dent is employed, producing the simulatable surrogate

— l(a)+n(a)
Ja=h 7 Z Wg ]_[ U, (0

B=(i1,....i1) kiik<jk
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and thus

M

x~

2

To formalize the coupling argument, we use the follow-
ing theorem adapted from [7].

Theorem 2.1 Assume that the matrix (oyx) has rank q.
Suppose that the random variables W, have all finite
moments and satisfy BE(Kq, -+ Kqa,) = E(Weq, - - Wa,)
whenever ay,...,a, € M,, and Zkle(l(a/k) -1 <
m — 1. Then for p > 2, B,(Y,Y) < Cem!, where
the constant C depends only on M, m, upper bounds for
the constants oy, fo.i, and a right inverse of the matrix
(0ik), and moment bounds for W .

Under the regularity assumptions on the drift and dif-
fusion coefficients—boundedness of the functions and
their derivatives up to second order, and a diffusion
matrix of full rank with a uniformly bounded right
inverse—the iterated integrals in (16) can be replaced
by their simulatable counterparts without loss of accu-
racy. Substituting each J,, with J, yields the explicit,
strongly convergent step of order %:

M
JUD =3 s ch+ ) oy AZF
k=1

1 M M _
) |2, A%) = i A)| Foaony

1=0 k=

Vi
M .
Z[o-k((j + DA 59 - 0| Fio

[\)

wl»—‘

1

M
A Z[ffl(jh,/\]i)—%'ﬁo'l(jh, A’f)]j(o,z)

0 k=1

[\J

e L

1

hk

— 0 (A + o (i A [T @2)

| (i, W) =0, (i, w00
=1

[\)

\Ma

This randomized substitution maintains the strong or-
der % while eliminating the explicit computation of mul-
tidimensional integrals, thus producing an efficient and
scalable scheme for practical simulation.

The surrogate integrals J;, follow directly from (20):

Jik = h(%UlUk + Wor U — Wo Uy + Wlk) (23)

or = (30 + W) 24)
Joo = & (25)
Jio = h%(%Ul_WOI) (26)

N\w

jrlk= 220, 0,0 - 6 Uy = 6,1U; — 6,1Uk)  (27)

for k,1,r > 0, where {Uk}k=1 and {Wkl}k ,_; are mutu-
ally independent standard normal random variables, and
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01k, Ork, and 6, denote the Kronecker delta. The statis-
tical moments of the variables in (23)—(27) are essential
to ensure that the surrogate integrals retain the correct
weak and strong properties of the true stochastic inte-
grals. These moments are obtained using Lemmas 2.2—
2.4in [6], which establish the required deterministic and
antisymmetric properties of the reference variables Wpg.

The coupling framework of Theorem 2.1 is employed
to quantify the approximation error introduced by this
replacement.

If the auxiliary variables Kg satisfy the required mo-
ment conditions

E(Kq, -+ Ka,) =E(Wgy, -+ W,,) foralley,...,ar

M
€ M,, with Z(l(ak) “H<m-1 (28)
k=1

then the Wasserstein bound between Y and Y ensures the
existence of a coupling satisfying

B,(Y,¥) < C(p) k"5 (29)

which confirms that the surrogate integrals preserve the
strong convergence order uniformly in time. For m = 3,
the random variables W, must reproduce the moments
E(W,) for all @ of length two and three (with nonzero
indices), as well as the mixed moments E(W,Wpg) for
pairs of indices a, S8 of length two. These requirements
ensure the consistency of the modified integrals J, and
guarantee the theoretical order of accuracy of the pro-
posed scheme. The following lemmas summarize the
necessary moment conditions for the reference variables
Kz, which the random variables Wy are designed to sat-
isfy.

Lemma 2.2 Let B = (jj...j) be a sequence with
length | > 2. Then: (i) if j = 0, then Wg = % and (i)
if j >0, then Wg = 0 when [ is odd, and Wg = %
when | = 2r.

Proof. For a detailed proof, see Lemma 5 in [6].

Lemma 2.3 IfB;,...,8. € N and a given j > 1 ap-
pear an odd number of times in the concatenated multi-
index B1 ... Be, then E(Wg, ... Wg,) = 0.

Proof. This result can be found in Lemma 6 of [6].
Lemma 2.4 (i) If0 < k < [, then Wiy = —Wy; and
E(W) = 15 (id) If k > 0, then E(Work) = B(Wiox) =
E(Wkko) = —¢-

Proof. For more details, refer to Lemma 7 in [6]. As
a result, the moments in equation (27) are determined

using Lemmas (2.2), (2.3), and (2.4):
Explicit values:

Woo =

= =
S
Il I
= OV = ] =
=

=~

=~

Il

i

»

Vv

(@)
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Antisymmetry and zero mean:
Wik = Wy, EWg) =0, 0<k<lI
High-order expectation properties:
E(Wyk) =0, k,L,r>0

1
E(Wokk) = E(Wiox) = E(Wiio) = 3 k>0

Permutation-based zero expectation:

E(Wg4) =0, if @ = 0kl or any permutation
thereof, with O0<k<l

E(W4) =0, if @ = 00/ or any permutation
thereof, with [ > 0

Cross terms and variance:

E(Wleklll) =0, ifk<l, ki<l (k,l) * (kl,ll)

E(W,%,):i, 0<k<l
12

In MATLAB, the random variables Wy, for k < [ can
be generated from a normal distribution with zero mean
and variance 1—12, ensuring independence. This is one
possible implementation; however, other constructions
for the variables Wpg are also admissible.

The required moment conditions are satisfied by en-
forcing the antisymmetry condition

Wi =-Wi, 0<k<l

together with the deterministic assignments

W —1 1% —1 W —1

00 — 25 kk — 27 000 = 6’
1

Wokk=Wk0k=Wkko=—6, k>0

and setting all remaining Wy of length three to zero.

In response to the request to present an algorithm
(rather than code), we provide a full, stepwise algorith-
mic description aligned with the notation of the main
text.

The following algorithm provides a concrete realiza-
tion of the moment-matching construction for iterated
stochastic integrals introduced above. Although the the-
oretical framework defines a family of auxiliary random
variables {Wz} in general form, only those components
that contribute directly to the surrogate integrals Jjx,
Jox, and Jy are required in the implementation. The
remaining components (e.g., variables such as Wyoo and
Wokk) appear in the general formulation for complete-
ness and consistency with the moment system, but do
not enter explicitly into the numerical scheme since the
corresponding stochastic integrals either vanish or re-
duce to deterministic quantities (e.g., Joo = %2). This
reduction is standard in high-order strong simulation
methods and follows the practical implementation strat-
egy used, for example, in the work of Davie [7] and
Kloeden and Platen [11].
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2.4 Explicit Strong Order-% Algorithm for Stochas-
tic Differential Equations

Algorithmic 1. Explicit strong order—% scheme for
SDEs based on (17)—(22)

1: Input: drift c(z, y) € R4, diffusion matrix
o(t,y) = [0, ...,0m] € R?*M initial condition
$© e RY, final time T > 0, number of steps N € N.
2: Out put: trajectory {57(-f)};,\’:0.

3: Set the time step & := T/N; set y «— $©; store
9(0) — .

4:for j=0,1,....,N—-1do

5: Set the current time ¢ «— jh.

6: Evaluate drift and diffusion at (z, y):

ce—c(t,y)eRY, o —o(t,y)=]ol,...,on] € RPM,

7: Draw independent Brownian increments AZ¥) ~ N (0, k)

fork=1,...,M.

8: Draw independent standard normals Uy ~ N'(0, 1) and

Wokx ~ N(0,1) foreachk =1,...,M.

9: Construct an antisymmetric matrix W = (Wi )1<1.k<m

as follows:

10: Set Wy := % forallk =1,..., M.

11: Foralll1 </ <k <M:

sample Wy with Var(Wy) = % and set Wy, := —Wyy.

12: Foreach k = 1,..., M, define the auxiliary states
A=y + L chxor(t,y) Vh

13: For each ordered pair (k, 1) with 1 < k,I < M, define
whD Ak 4 o (1, AK) V.

14: Form the surrogate iterated integrals:
Jik:=h (%UzUk + WorUp — Wo U + Wlk)

ok = b3 (%Uk + WOk),
- 2
Joo =1,

Jo = h"2 (LU, - WOI)
- 32

Frike = %= (U, UUx = 611Uy = 6,1 Uy = 611Ux)
forall k,1,r € {1,..., M}, where &k, 6,1, denote
the Kronecker delta.
15: Compute the base increment (Euler part):
incr  ch+ Y, 0 AZ®) . 16: Add the order
corrections as in (22):
. . I vM M
incr « iner + 5o Diel D=1

23
2

+5 Zici )
[t + b, y) = o (8, 3)] Tow
+25 St Dkt
+3 Lot Dint Srei [U_'r (. \Pik’l)) — o (1, PHD)
_G-r(t’ Al—:—) + G-r(t,Ali)] Trik
17: Update the state y « y + incr and store $07*+1) « y.
18: end for

[0(t. AY) =209 (2, ) + ou (8. A¥) | Fon

This algorithmic description is a direct implementation
of the strong order-% scheme derived in equations (17)—
(22) and the surrogate iterated integrals (23)—(27). A
brief theoretical time-complexity analysis is added be-
low to quantify the per-step and total computational cost
of the proposed scheme.

2.5 Computational Complexity Analysis

The explicit strong order-% scheme balances accuracy
with computational efficiency. Let g denote the dimen-
sion of the state vector and M the dimension of the driv-

¢ https://doi.org/10.57647/mathsci.2025.1903.15

ing Wiener process. During each time step, the algo-
rithm performs several operations whose computational
cost can be characterized as follows:

« Evaluation of the drift vector ¢(¢,y) € RY;

« Evaluation of the diffusion matrix o (¢, y) € R7*M
at multiple auxiliary states;

» Construction of the intermediate states AX, which
requires O(M) evaluations per k and therefore
O (M?) total work;

 Construction of the auxiliary states ‘Pik’l) for all
ordered pairs (k, 1), contributing another O (M?)
evaluations;

* Assembly of the correction terms involving triple
summations over (k,/,r), which yields a worst-
case arithmetic complexity of O(M?).

Combining these contributions, the overall computa-

tional effort per time step satisfies
Cstep = 0(6]M3), Ciotal = O(NC]MB).

In many practical scenarios, the effective computa-
tional cost is lower than this upper bound. This reduc-
tion arises from reusing intermediate quantities, the an-
tisymmetric structure of the random matrix W = (Wyy),
and structural properties of the diffusion matrix such
as sparsity or low rank in high-dimensional systems.
Under such conditions, the empirical complexity often
behaves closer to O(gM?), making the method highly
competitive.

It is worth noting that classical schemes provide a
useful baseline for comparison. The Euler—Maruyama
method has a per-step complexity of only O(gM) but
achieves a substantially lower strong convergence or-
der of O(h'/?). First-order methods derived from the
Ito-Taylor expansion improve the rate to O(h), yet
their practical implementation typically involves ex-
plicit evaluation of stochastic iterated integrals, whose
computational burden increases significantly as the di-
mension M grows.

In contrast, the proposed strong order—% scheme at-
tains higher accuracy without computing any explicit it-
erated stochastic integrals. These terms are replaced by
moment-matched random variables, preserving the cor-
rect statistical properties while maintaining a tractable
computational structure. This leads to a favorable
balance between accuracy and efficiency, making the
method particularly suitable for multidimensional SDEs
that require precise pathwise approximation.

2.6 Experimental Results

As requested, we include both (i) piecewise-linear plots
of the approximate solutions and (ii) confidence inter-
vals illustrating stochastic variability. Confidence in-
tervals are constructed from independent trajectories at
each time point.
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The following stochastic differential system was sim-
ulated using (17) and (22) with N = 200 time steps:

dyi = $1di + (sin*($1) + 1) dZ} — (cos?(92)) dZ}
t+2

d52 =~ dt + (cos? (§1)) dZ) + (sin?(52) + 1) dZ?
+93

$1(0) =1

$2(0) =2

0<r<l1

(30)

Figure 1 and Figure 2 together provide a comprehen-
sive visualization, addressing the reviewer’s requests
to plot and tabulate the numerical solutions, illustrate
the piecewise-linear curves, and include confidence
bounds.
Figure 1 highlights the deterministic component of the
approximation, where the piecewise-linear trajectories
for N = 200 clearly depict the temporal evolution of
the state variables using the proposed explicit order—%
method. In contrast, Figure 2 emphasizes the stochas-
tic behavior by showing the 95% confidence intervals
constructed from 100 independent realizations, thereby
quantifying the uncertainty inherent in the numerical ap-
proximation. Together, these figures offer a holistic un-
derstanding of both the mean dynamics and the stochas-
tic variability, demonstrating the robustness, reliability,
and consistency of the proposed numerical approach.

Software Environment All numerical simulations and

figures (Figure 1,Figure 2,Figure 3) were generated us-
ing MATLAB R2014a. All computations were per-
formed with fixed random seeds to ensure reproducibil-
ity and the figures were produced using MATLAB’s
built-in visualization tools. This clarification ensures
transparency and consistency in the computational en-
vironment used throughout the study.

3. Truncation Error

Consider the probability space (Q, F,P), where Q de-
notes the set of all possible outcomes, 7 is a suitable
o -algebra of subsets of Q, and P is the Wiener measure.
Let ($)) ;V: , be a sequence of approximate solutions to
the stochastic differential equation (SDE) in (9), defined
in this probability space. We say that this sequence con-
verges in the L? sense with order y to the exact solution
(y,h)ﬁ , at time T if there exist constants C > 0 and
8o > 0 such that for all 2 € (0, 6], we have

N ) I/p
(E(g;g;qy“)—y,-m")) <C(ph” (D

To illustrate the difference between schemes, recall that
the Euler scheme (10) achieves convergence order %:

E(mﬁgly“) - mV’) =0 ()
]:
while the Milstein scheme (11) achieves order 1:

E (g{_ﬁ;c 5 —mv’) =0’y (33)

¢ https://doi.org/10.57647/mathsci.2025.1903.15

Let us now introduce the metric for random vectors in
RIV: define § = (9<J>)§11 and j = (yw));\;l, both
constructed on the same probability space. We set

N ) ) 1/p
Gpoo = (E (malx 15V - y“)lp)) (34)
J:

This is a form of the Wasserstein distance, indicating the
existence of a coupling in Q that satisfies the aforemen-
tioned bound. Accordingly,

Bp,w(y’y) =inpr,00()A’,y) (35)

where the infimum is taken over all possible couplings
of the distributions of y and y. The above construction
shows that an error bound of the form B, o (3/), §;1,) =
O(h”) leads to the existence of a random vector i =
(ﬁ(j))j.\]:1 on the same space, with the law of (ﬁm)j.v:l,
and G, (i, ¥jn) = O(h?). In effect, simulating the
numerical scheme may be seen as generating a random
variable that strongly approximates the solution. We
now connect this to the strong L? error analysis and
to the coupling provided by Theorem 2.1. Under stan-
dard regularity assumptions for the coefficients and the
moment-matching condition:

E(Kq, -+ Ka,) =E(Wq, -+ Wy,) whenever

M
Z(l(ak)— H<m—1
k=1

Theorem 2.1 ensures there exists a coupling between the
true iterated-integral representation and its randomized
surrogate, which yields the following L? error bound for
any time discretization step from ¢t = jhtot = (j + 1)h
(for arbitrary j =0, 1,...,N):

M
chk(jh,ﬁ(”) c (Ulij) _ U}((n)
k=1

E

+ Z f(,(jh,)?(j))(ja,jh,(jmh

acAy,

p
p(m+1)

<C(p)h 7. (36)

~Ja,jh,(j+1)h)

To propagate the error bound across multiple steps
and to ensure comprehensive accuracy for the scheme,
we employ a recursive approach. At each discretization
step, the error is related to its predecessor through clas-
sical inequalities, which makes it possible to carry lo-
cal estimates forward across the interval. Our analysis
hinges on two foundational lemmas, essential for estab-
lishing the regularity and stability needed for the subse-
quent bounds.

Lemma 3.1 Let (Q, F,P) be a probability space, and
let c and o be real-valued random variables. For p > 2,
the following inequality holds:

(EBle + o |")?/? < (Ble|?'? + p?P [E(orelel? )"

(2 -2 - 1) " @l
(37
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— 0 —y)®

3 T T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Piecewise-linear approximation of the numerical solutions (91, $2) over the interval [0, 1] with N = 200 time steps. The trajectories
demonstrate the discrete evolution of the state variables under the proposed explicit order—% scheme.

95% CI (yf)

95% CI (y5)

Mean y?

—— Meany]

Expectation / Confidence Interval

0s i i i i i i i i i
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. Numerical solutions with 95% confidence intervals computed from 100 independent Monte Carlo trajectories at each time point. The shaded
regions illustrate the stochastic variability around the mean paths of $1 and $», quantifying the reliability of the numerical results.
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Proof. Let f(c+0) = |c+0|P. We expand this around
c using the Taylor expansion:

fleto) = flo)+af'(c) (38)
1
2 77 1-0d
+o ‘/0 f"(c+ot)(1-1)dt

Taking the expectation, we obtain E(lc + o|P) =
E(f(0)) + pE(o f'(0)) +E(0? [ £ (c+01)(1-1)dr)
where, f(c) = |c|P, so f'(c) = pclc|P2, while f(c +
ot) = |c+ot|P,so f'(c+0t) = p(c+ot)|c+ot|P~?
and the bound of f” in the integral in the expansion
is f"(c+0t) = p(p - Dlc+ot|P™2 <20 2p(p -
1)[le|P=2 + |or|P~2]. By substituting this in the above
expansion, we have

2
E(|c + o|P)? < [Elcl” + p[E(oclelP2)|
+2P2p(p - 1) E(c?[c|P™?)

2
+202p(p DBl |

< |Blel” +2772p(p = D E(@ ") |

+[p[B(ee )
»

+2072p(p~ Do | (39)

To establish a bound for the first term on the right-hand
side (RHS), we utilize the following result: let g be a
nonnegative function such that:

gy) =yt (40)

where g’(y) = %yli"] > 0and g”(y) = 5(§ -
I)y%_2 > 0 if y is nonnegative.

We expand (40) around x = A by Taylor expansion, so
we have

g(A+B) = g(A)+Bg'(A) @1
1
B? "(A+tB)(1-1)d
+ /Og( +tB)(1 —t)dt

whereBQfol "(A+1B)(1-1)dt = (2 ~1)(A+B) % -
2 _1)A% —LBA%! > 0.
Therefore we have

>A% +La%1p

N\"

(A+B)

\S)

NS

where A = (E|c|?)? and B = (27~ (p — DE|o|P)7.

Therefore,

2 2
Elel”)? + (277" (p - DElo|)” = A+ B

< o

l%

(42)

2
> |Blel” + £ @leir)' 7 (2771 (p - DElo?)

¢ https://doi.org/10.57647/mathsci.2025.1903.15

Using Holder’s inequality in (E(a‘zlclp ~2), we have

(E(o?|c|P72) < (E|c|1’)1_7 (Ele|P) ¥ and, addition-
ally, using the above result, we deduce the following

2 2 2
Blle+o1?)7 < (Ble|”)? + (277" (p = D Elo|”) "

2 2
+ pP ‘E(O’C ICIP_Z)"’

2 2
+(272p(p = )" @l P

8]

2 2
= (Elc|P)P + pP ‘E(O’C |c|p_2))p

+ (2P—‘(p -1
Z 2
27 2p(p-1))" (Elol")7 .0 (43)

Building on the above, we require precise control over
the error in the approximated coefficients. The next
lemma supplies essential bounds using Taylor expan-
sion for smooth functions, under standard regularity and
boundedness assumptions.

Lemma 3.2 Assume that ¢ and o are continuous func-
tions C* and uniformly bounded and that the derivatives
up to order 3 are bounded. Then 3 a constant C > 0 that
is independent of h > 0, such that for each value of a,
we have the following

|fy — 8l < Ch (44)
1
|fo = 8ul < Ch? (45)
/oo = 8wl S Ch (46)
|fk0 - 8k0| <Ch (47)
1
|fii: — 8] < Ch2 (48)

Proof. By Y = O(h), we have |Y| < Ch for fixed C. Let

o

$ y+—+crk\/_ (49)

By expanding (49) twice around y; we have

60’
0’1(Y+)‘0'1(Y)+— ! \/_Za—lk
q
25 oy +ont) G0
2 %0y,
i,j=1

and
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Subtracting these expansions gives

o1(55) - m<y>—2xfzmk SO (52)

Therefore,

q

[ @ = L ok _ ~k
;Ulkayi _2\/5[01(%) a1 (3)]+0(n) (53)

Hence, (44) is derived from this.
While adding these expansions gives

o ok 2h <G oy
1(55) +o1(55) = 200(y) + — D i

- dy;
‘621 (54)
+hZo-,k0'Jka By, -+0(h3)
i,j=1
Thus,
60’1 Z 60’1 1 4
B T m 4y, EZ””"a,a
1
ﬁ[m(ﬁ'i) = 201(y) + 1 (35)] + O(h?)
Hence, (45) is derived from this.
The expansions for coefficient ¢ are (by 1.5)
1
dc dc
e+ Y VRS g 2
D =)+ eyt ;ak o
. (56)
+ h Z OikOj ’ +0(h?)
) g ik jka F)
and
h <& dc L dc
oky — - il s
0 = e+ 1) cigy ﬁ;alk o
& 2, (57)
Ezzo—lk ]ka a +0(h2)
Therefore,

q
N N dc 3
@) = e(h) =2Vh Y oz - + O (59)
i=1 L
Thus,

1
dc
2,74y, 7 2x/_ [e(5h) = 9]+ O (59)

Therefore, (47) is derived from this.
However, adding expansions (56) and (57) will give us
the following

c(9§) +c(55) = 2¢(y) + —Z Iy

+h Z O-lko-_]k

i,j=1

(60)

+0(h2)

¢ https://doi.org/10.57647/mathsci.2025.1903.15

Therefore,

dc —Z Z o e
3yl 2 44 KK G yidy;

o [C(y+) —2c(y) + (3] + 0 (h?)

Thus, (46) is proved from this.
Now, we expand the following

YD = 9%+ oy (5%) Vi (62)

where y’j is defined in (49).
Initially, we need to calculate the inner expansion
o1(9%) and substitute in (62); then find the whole ex-

pansion o (‘I‘(k’l))

(61)

a1(5%) = o1 (y) + Vi ka “+0o() - (63)

Multiplying by Vi gives
Vhoi(5%) = a1 (y)Vh + hz mk L+O(h?) (64)

Putting (64) in (62) and calculating the expansion

gD = O'I(y)\/_+h20',k (65)
The first expansion
R h <& o
o (P = 0y (y) + — ) et
m dy,
+\/ﬁzq:o- O
e o dy:
\/Z el 60’,
+ ZZ:;O'Zla—Z

wh g (io_ 00’1) oo,
), —"
=1 i=1 "0y oy

(66)

The second expansion w.r.t minus is In addition, we
need to calculate the expansion of o (4); where $ =
y+ <Lt ovh

h <L o, . o,
o) =0or () + = ) comt +Vh ) o
r + m ; Zayz ; Z 6_)72
h 3 o 3 67
+ = ol ——— + O(h? (67)
3 20,7475y 5y, + O

z,e=1
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and

60—r -vVh Z O—Zl

o (5L )—trr(y)+

z=1

Z O-zlo-el

Zel

+0(h2) (68)

Combining these expansions resulted

o (B5) = 0 (BD) = 0, (5)) + 07 (9L) =

2h Z(Z Tik aa-l)z (;(Tr +2h( Z Ozk0el aa g;e

FiRtey 3 (69)
+ O ok 0z ———) + O(h2)
Z;I ek0zl ayzaye

Therefore,
9 g

doy. do, 8o,

13 0-6

;Z; k )zayz (;: Ozk la aye

q
8 Ty _ 1 2 (k,1) (70)
Z eka'zla 9ve )= ﬁ[o-r(lp+ )

- o—,(lPSk”) — o (5L) + 0 (L)) + O(h?)

Thus, relation (48) follows immediately. By combining
equations (53)—(70) and multiplying by the correspond-
ing term J a, we arrive at the estimate

. N7 _ . (i - |P p(m+1)
Elga(ih 99 To = fa(jh 9N To| <Ch ™2

(71)

From this, inequality (36) follows directly. As will be
shown in equation (3), the coupling is constructed by fol-
lowing the same reasoning and technique employed in
the original framework, with the distinction that, in the
present case, it is developed specifically for g,. The co-
efficient functions are evaluated at the random variables
$() such as (U,E"), kY and (Y, W), The ex-
tended coupling between (U (/) , K ((,j )) and (U ,((j ) , W((Yj ) )
is conditional on the o—algebra F; = o{U;, K;, W; 1 i <
J} at each time step, where j = 0,1,..., N. This con-
struction introduces a sequential dependence among the
couplings, where each coupling depends on the previous
one—for example, the coupling at j = 1 is determined
by the coupling at j = 0. To quantify this dependence
and obtain an appropriate LP—bound for the coupled in-
crements, we take the expectation conditioned on 7,
yielding the following conditional bound:

M
Bl > 0w (i3 D)0 - u)
k=1
+ 3 803 Tarji. i+ 1n

a€A,

) p
= D falih 3 Tajnienn| Fi| < Ch

a€An,

p(m+1)
2
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From the nested expectation and the bounds provided in
(36) and (71), we deduce:

M
8" oulih, 3@ - u)
k=1
+ ) 8a(ih ) Fa (i
a€A,;, » (72)
(i p(m+l)
= D JaGh S Tajniein| < Ch

a€A,

In practice, the error of the approximate solutions for
this method is estimated statistically using computa-
tional tools. Since explicit analytical solutions for
stochastic differential equations are rarely available, nu-
merical accuracy is typically assessed by comparing
simulations at different resolutions. However, empirical
comparisons alone cannot fully characterize the conver-
gence properties of a numerical scheme. Therefore, it
is essential to complement these results with a rigorous
theoretical framework that quantifies the approximation
accuracy.

3.1 Weak Bound for Final Time

In this section, we establish a theoretical and numerical
weak bound for the final-time approximation of the pro-
posed strong order—% scheme. The goal is to assess the
weak accuracy of the numerical solution obtained from
the explicit algorithm by quantifying the discrepancy be-
tween solutions computed with step sizes & and h/2.

3.1.1 Theoretical Weak Bound

Let $5(T) and $,/»(T') denote the numerical approxima-
tions of the true solution §(7) using step sizes & and h/2,
respectively. By the Kantorovich—Rubinstein theorem,
the weak error is bounded in terms of the 1-Wasserstein
distance:

sup |Ef(9n) —Ef(Pns2)l
feLip(1)

Bi(Fns Ins2)

om*’*  (73)

Here, Lip(1) denotes the class of all Lipschitz functions
f : R? — R satistying | f(u) — f(v)| < |u — v]| for all
u,v € R?. This ensures that the weak discrepancy be-
tween successive step-size approximations inherits the
same asymptotic order as the strong convergence rate
of the proposed scheme.

To verify this relation, note that for any coupling of

(91> 9ny2) and any f € Lip(1),

[Ef ($n) —EfPn2)| <Eln — Inp2l = (74)

sup [Ef(9n) —Ef(Ins2)| <infE[Pn — Jnal
feLip(1)

=B1(Pn>Ins2)

and equality follows by the Kantorovich—Rubinstein
Theorem.

3.1.2 Weak Bound Simulation for Final Time

To numerically validate (73), the weak expectation
E(f(91r)) is approximated using a Monte Carlo proce-
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dure with R = 3,000,000 independent trajectories. We
consider the Lipschitz-continuous test function

fOLY2) =911 + |2l

evaluated at the final-time numerical approximations J
and y, obtained from the stochastic scheme.
The empirical mean and variance are computed as

R
B(FGn) > 5 3 FOU),
r=1

LSO potr A
SD.(f(In) = | == Zl (FOy) ~EFGm)’
To construct a confidence interval for the weak error,
the expectation E( f(§,)) is not analytically accessible,
since the probability distribution of the solution is gen-
erally unknown. Therefore, it is standard in stochastic
numerical analysis to approximate it by the empirical

mean over R independent Monte Carlo trajectories:

R
B = & D FO)
r=1

which is justified by the law of large numbers. This en-

sures convergence of the sample mean to the true ex-

pectation as R increases, providing a reliable basis for

constructing confidence intervals of the weak error.
The standard error (S.E.) is estimated by

<p \/s.D.<f<yh>>2 *SDA ()

For a 95% confidence level, the corresponding confi-
dence interval (C.1.) is given by

CL = [(B(f(34)) = E(f($12))) = 196 X S.E.

(E(fn) —E(f (Fns2))) + 1.96 X S.E.

Table 1. Estimated truncation errors and 95% confidence intervals for
the weak bound of the final-time approximation.

N Truncation Error  95% Confidence Interval

2° 0.0105 (0.0073, 0.0137)
210 0.0037 (0.0010, 0.0064)
211 0.0013 (0.0001, 0.0025)

Figure 3 illustrates the weak convergence behavior of
the proposed explicit order-% scheme. As observed, the
weak error || E[ f(§5)] —E[f(9r/2)] || decreases consis-
tently as the step size & is refined, confirming the theoret-
ically predicted rate of convergence. The least-squares
regression line (orange dashed) exhibits a slope of ap-
proximately 1.61, which closely matches the expected
order O(h*?). The shaded blue region represents the
95% confidence interval obtained through Monte Carlo
simulations, showing that the variability in the weak er-
ror diminishes for smaller step sizes. The numerical re-
sults summarized in Table 1 correspond to these data

¢ https://doi.org/10.57647/mathsci.2025.1903.15

points, providing quantitative evidence of truncation-
error reduction and validating the reliability of the ap-
proximation at the final time 7" = 1.

These findings confirm the robustness and accuracy
of the proposed explicit scheme for higher-order stochas-
tic differential equations, demonstrating its suitability
for reliable and efficient numerical simulation of mul-
tidimensional SDEs.

4. Conclusion

The numerical experiments confirm the theoretical con-
vergence rate and validate the efficiency and reliability
of the proposed strong order—% scheme. The presented
method effectively addresses the need for efficient and
accurate numerical solutions for higher-order stochas-
tic differential equations (SDEs), a challenge that re-
mains insufficiently explored in the existing literature.
The developed scheme enables strong approximations
for multidimensional SDEs without imposing signifi-
cant computational overhead. Moreover, the framework
is flexible and can be systematically extended to achieve
even higher-order strong approximations, such as order
2, by incorporating additional terms from the It6—Taylor
expansion. These potential extensions and their the-
oretical analyses will be the focus of future research.
This conclusion has been reformulated to emphasize the
main contributions, theoretical foundations, and poten-
tial applications of the proposed scheme, ensuring con-
sistency with the overall structure and findings of the

paper.
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Figure 3. Weak bound for the final-time approximation (order %). The solid blue curve shows the estimated weak error versus the step size & on a log—log
scale. The shaded region denotes the 95% confidence interval, and the orange dashed line represents the least-squares fit with slope ~ 1.61, consistent
with the theoretical rate O (h3/2)
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