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Abstract:
We propose the Iterated Flexible Arnoldi–Tikhonov (IFAT) method for large-scale discrete ill-posed problems.
IFAT embeds nonstationary Tikhonov updates into a flexible Arnoldi reduction whose basis is enriched with
problem-aware directions, enabling regularization in subspaces that standard Arnoldi and classical projected
Tikhonov schemes may fail to capture. Building on the Arnoldi-based preconditioner of Buccini–Onisk–
Reichel and recent projected/iterated frameworks with adaptive parameter choice, we (i) unify flexible sub-
space enrichment with discrepancy-principle parameter selection on the reduced problem, (ii) derive a resid-
ual update that requires no additional matrix–vector products, and (iii) establish monotone error decrease and
stability under inherited spectral–equivalence assumptions.
Extensive experiments in image deblurring, signal reconstruction, tomography, MRI, seismic deconvolution,
and electrical impedance tomography demonstrate that IFAT achieves consistently higher reconstruction qual-
ity (PSNR/SSIM, SNR/CNR, EPI) with approximately 40–60% fewer outer iterations than IAT and classical
Tikhonov. Additional comparisons with Landweber and damped Gauss–Newton show that IFAT converges
substantially faster than gradient-based schemes and is less sensitive to noise amplification than second-order
approaches. Against the best published baselines from BOR (2023) and PIT–GF (2025), IFAT attains lower
or comparable relative reconstruction error at the same discrepancy breakout. These results indicate that flex-
ible augmentation provides a robust and practically significant improvement over fixed-subspace methods for
real-world inverse problems.
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1. Introduction
Inverse problems arise in diverse scientific and engi-
neering applications, including medical imaging, geo-
physics, and image processing. A fundamental chal-
lenge lies in their ill-posed nature, where small pertur-
bations in the data can lead to large deviations in the so-
lution [1, 2, 3]. Regularization techniques are essential
for stabilizing solutions and techniques noise effects in
measured data. Among these techniques, Tikhonov reg-
ularization is widely adopted due to its simplicity and
robustness, introducing a penalty term to balance data
fidelity and solution smoothness [4, 5]. The classical
Tikhonov regularization problem is formulated as:

min
x∈R𝑛



Bx − b𝛿


2 + 𝛼 ∥x∥2 , (1)

where B ∈ R𝑛×𝑛 is an ill-conditioned matrix, b𝛿 repre-
sents noisy data, and 𝛼 > 0 is a regularization parameter.
Parameter selection methods, such as the L-curve cri-
terion [2], generalized cross-validation (GCV) [6], and
the discrepancy principle [7], play a critical role in de-
termining an optimal 𝛼.

For solving large-scale problems, Krylov subspace-
based iterative methods provide significant computa-
tional benefits. The Arnoldi-Tikhonov (AT) approach
projects the original problem onto a reduced Krylov
subspace, enhancing efficiency without compromis-
ing accuracy [8, 9]. Extending this idea, the Iter-
ated Arnoldi-Tikhonov (IAT) method improves solution
quality through successive regularization steps [10, 11].
Nevertheless, the IAT method is constrained by its fixed
subspace, which restricts dynamic adaptation during the
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iterative process. This limitation has led to the develop-
ment of the Iterated Flexible Arnoldi-Tikhonov (IFAT)
method.

The IFAT method dynamically adjusts the Krylov
subspace using flexible Arnoldi decomposition [12, 13],
enabling adaptive subspace refinement to balance regu-
larization strength and computational cost. This flexi-
bility leads to faster convergence and improved noise
suppression compared to the non-adaptive approaches.

We focus on solving linear discrete ill-posed prob-
lems of the form:

min
x∈R𝑛



Bx − b𝛿


 , (2)

where the matrix B is either severely ill-conditioned or
has deficient rank, with its singular values tightly clus-
tered near zero. The data vector b𝛿 is contaminated
with noise and represented as b𝛿 = b + e, where the
noise e obeys the constraint ∥e∥ ≤ 𝛿, in line with the
discrepancy principle [1]. The objective is to recover an
approximation of the minimum-norm solution x† to the
underlying exact problem:

min
x∈R𝑛
∥Bx − b∥. (3)

The Tikhonov-regularized solution x(𝛼) , given by

x(𝛼) = B𝑇 (BB𝑇 + 𝛼𝐼)−1b𝛿 , (4)

depends critically on 𝛼, which controls the trade-off be-
tween data consistency and solution regularity. The dis-
crepancy principle enforces


Bx(𝛼) − b𝛿




 = 𝜏𝛿 (𝜏 > 1), (5)

ensuring convergence to x† as 𝛿↘ 0.
This paper systematically benchmarks the proposed

Iterated Flexible Arnoldi–Tikhonov (IFAT) method
against Iterated Arnoldi–Tikhonov (IAT) and classical
Tikhonov regularization across three representative ap-
plications: image deblurring, signal reconstruction, and
tomographic imaging. Under a common stopping rule
(discrepancy principle) and matched implementations,
IFAT attains faster convergence—up to 40% fewer itera-
tions than IAT and 60% fewer than standard Tikhonov—
while improving reconstruction quality as measured by
PSNR [14], SSIM [15], and CNR [16]. We further in-
clude head-to-head comparisons with the Arnoldi-based
preconditioner of Buccini–Onisk–Reichel (BOR) [17]
and with PIT–GF [18] to situate IFAT within the current
state of the art.

Our main contributions are:

1. We introduce IFAT, which augments IAT with
problem-aware flexible enrichment of the Arnoldi
subspace, enabling richer projected regularization
spaces (Sec. 5).

2. We derive a reduced-space update and a resid-
ual propagation formula that require no additional
matrix–vector products with B, preserving the per-
iteration cost of classical IAT (Secs. 4–5).

3. We provide a principled policy for selecting aug-
mentation vectors 𝑢 𝑗 , supported by concrete rules
(R1–R5) and ablation studies that quantify their ef-
fect on accuracy and convergence (Sec. 5).

4. We present comprehensive, apples-to-apples com-
parisons with classical Tikhonov, Landweber iter-
ation [19, 1], and damped Gauss–Newton meth-
ods [20, 21], as well as with the best published
baselines from BOR [17] and PIT–GF [18]. Across
a broad suite of applications (including real data),
IFAT achieves consistently faster convergence and
equal or superior reconstruction quality (Sec. 6).

The paper is organized as follows:
Section 2 reviews Approximated Iterated Tikhonov
(AIT) and introduces the spectral–equivalence assump-
tion together with monotonicity and stability results.
Section 3 introduces the Arnoldi tools and the IAT for-
mulation with projected parameter selection and accom-
panying error bounds. Section 4 links AIT and IAT, clar-
ifies reduced-problem implementation details, and moti-
vates the introduction of flexibility. Section 5 develops
IFAT, detailing the augmentation strategy, algorithmic
steps, and the residual update that avoids additional B-
matrix-vector products. Section 6 presents numerical re-
sults across six application domains (image deblurring,
signal reconstruction, tomography, MRI, seismic decon-
volution, and EIT), comparing IFAT with IAT, classi-
cal Tikhonov, Landweber [19, 1], Gauss–Newton meth-
ods [20, 21], BOR [17], and PIT–GF [18]. Section 7
concludes and outlines directions for future work.

2. The Flexible Arnoldi-Tikhonov Method
The solution to equation (5) and the computation of the
Tikhonov solution (4) can be computationally expensive
or infeasible when the matrix B is large. To overcome
this, we reduce B to a smaller matrix 𝐻ℓ+1,ℓ ∈ R(ℓ+1)×ℓ

by applying ℓ steps of the Arnoldi process with the ini-
tial vector v1 = b𝛿/∥b𝛿 |. This procedure is summa-
rized in Algorithm 1. The result of this process is the
Arnoldi decomposition:

BVℓ = Vℓ+1Hℓ+1,ℓ , (6)

where 𝑉ℓ+1 = [v1, v2, . . . , vℓ+1] ∈ R𝑛×(ℓ+1) is a matrix
with orthonormal columns, 𝑉ℓ is the first ℓ columns of
𝑉ℓ+1, and 𝐻ℓ+1,ℓ is an upper Hessenberg matrix (with
zero entries below the subdiagonal). The range of 𝑉ℓ
represents the Krylov subspace:

Kℓ (B, b𝛿) = span{b𝛿 ,Bb𝛿 , . . . ,Bℓ−1b𝛿}, (7)

which is used as the solution subspace. For additional
details on the Arnoldi process, refer to Saad [13].

The Arnoldi process encounters a breakdown at step 𝑗
if ℎ 𝑗+1, 𝑗 = 0, which leads to simpler computations. This
event is infrequent, so we will not focus on the specifics.

The Arnoldi-Tikhonov (AT) method modifies the
minimization problem in equation (3) by

min
x∈Kℓ (B,b𝛿 )

{∥Bx − b𝛿 ∥2 + 1
𝜇
∥x∥2} (8)
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Algorithmic 1 The Arnoldi Process

1: Input: matrix B, vector b𝛿 ≠ 0, number
of steps ℓ;

2: Initialize: v1 = b𝛿/∥b𝛿 ∥
3: for 𝑗 = 1 to ℓ do
4: w = Bv 𝑗

5: for 𝑖 = 1 to 𝑗 do
6: ℎ𝑖, 𝑗 = v𝑇𝑖 w;
7: w = w − ℎ𝑖, 𝑗v𝑖;
8: end for
9: ℎ 𝑗+1, 𝑗 = ∥w∥;
10: if ℎ 𝑗+1, 𝑗 = 0 then
11: stop;
12: end for
13: v 𝑗+1 = w/ℎ 𝑗+1, 𝑗 ;
14: end for
15: Output: The matrices 𝑉ℓ , 𝑉ℓ+1, and

𝐻ℓ+1,ℓ in (6)

for a suitable value of ℓ.By substituting

xℓ = 𝑉ℓyℓ

into equation (8) and applying the decomposition (6),
we obtain the reduced minimization problem.

min
y∈Rℓ
{∥𝐻ℓ+1,ℓy − e1∥b𝛿 ∥∥2 + 1

𝜇
∥y∥2}, (9)

which has a unique solution y𝜇,ℓ for any 𝜇 > 0. Then

x𝜇,ℓ = 𝑉ℓy𝜇,ℓ

solves (8), and furnishes an approximate solution of (3).
The discrepancy principle prescribes that 0 < 𝜇 < ∞

be determined so that y𝜇,ℓ satisfies

∥𝐻ℓ+1,ℓy𝜇,ℓ − e1∥b𝛿 ∥∥ = 𝜂𝛿. (10)

This requires that

min
y∈Rℓ
∥𝐻ℓ+1,ℓy − e1∥b𝛿 ∥∥ < 𝜂𝛿. (11)

From Proposition 2.1 in [22], we assume that ℓ+1 steps
of the Arnoldi process applied to 𝐵 with initial vector
b𝛿 can be carried out. Then

min
y∈Rℓ+1

∥𝐻ℓ+2,ℓ+1y−e1∥b𝛿 ∥∥ ≤ min
y∈Rℓ
∥𝐻ℓ+1,ℓy−e1∥b𝛿 ∥∥.

(12)
Assume that 𝐻𝑇

ℓ+1,ℓe1 ≠ 0. Then, the function

𝜙ℓ (𝜇) = ∥𝐻ℓ+1,ℓy𝜇,ℓ − e1∥b𝛿 ∥2 (13)

is strictly decreasing and strictly convex for 𝜇 ≥ 0, with
𝜙ℓ (0) = ∥b𝛿 ∥2. We consider the generic case as out-
lined in Section 2.1 of [22]. Equation (10) can be rewrit-
ten as

𝜙ℓ (𝜇) = 𝜂2𝛿2, (14)

Algorithmic 2 The Arnoldi-Tikhonov (AT)
algorithm

1: Input: matrix B, vector b𝛿 ≠ 0, parameters
𝜂 ≥ 1, 𝛿 > 0, initial number of steps ℓinit,
concluding number of steps ℓend;

2: Let ℓ = ℓinit;
3: repeat
4: Compute 𝑉ℓ+1 and 𝐻ℓ+1,ℓ by Algorithm 1;
5: Solve the minimization problem

miny∈Rℓ ∥𝐻ℓ+1,ℓy − e1∥b𝛿 ∥;
6: if∥𝐻ℓ+1,ℓyℓ − e1∥b𝛿 ∥∥ ≥ 𝜂𝛿 then
7: ℓ = ℓ + 1;
8: end if
9: until∥𝐻ℓ+1,ℓyℓ − e1∥b𝛿 ∥∥ < 𝜂𝛿
10: ℓdis = ℓ;
11: for𝑘 = 1 to ℓend do
12: Carry out one step with Algorithm 1, using the

available matrices 𝑉ℓ+1 and 𝐻ℓ+1,ℓ as input.
13: end for
14: Let 𝑖 = ℓ + ℓend. We have computed the

matrices 𝑉𝑖+1 and 𝐻𝑖+1,𝑖;
15: Determine the regularization parameter 𝜇𝑖 by

solving equation (14) with ℓ replaced by 𝑖;
16: Solve the minimization problem

miny∈R𝑖 {∥𝐻𝑖+1,𝑖y − e1∥b𝛿 ∥∥2 + 1
𝜇𝑖
∥y∥2};

17: Output: Approximate solution x𝜇𝑖 ,𝑖 , ℓ𝑑𝑖𝑠 , 𝑖.

For certain matrices B and vectors b𝛿 , the Krylov sub-
space defined in (7) may not include vectors that capture
known characteristics of the true solution x†. For exam-
ple, if x† is expected to be a slight variation of a constant
vector, or a vector whose entries increase linearly with
their indices, the standard Krylov subspace—often of
relatively low dimension ℓ—might not be sufficient to
represent such structures accurately. While increasing ℓ
could eventually yield a subspace that includes these de-
sirable features, a more efficient approach is to augment
the Krylov subspace directly with additional vectors tai-
lored to approximate x† more effectively.

For definiteness, assume that we would like the vec-
tors

span{[1, 1, . . . , 1]𝑇 , [1, 2, . . . , 𝑛]𝑇 } (15)

to live in the solution subspace. The Arnoldi-Tikhonov
method (Algorithm 3) proposed by [22] with the param-
eter ℓend = 0 determines the Arnoldi decomposition

B𝑉ℓdis = 𝑉ℓdis+1𝐻ℓdis+1,ℓdis . (16)

Where ℓend is the concluding number of steps, and ℓdis is
defined as some stop criterion in Algorithm 2 proposed
by [22]. It is more worthy and important that we men-
tion the Algorithm 2:

We aim to expand the solution subspace R(𝑉ℓdis ) by
incorporating the vectors specified in (15). This can
be accomplished using the recurrence relations from
the flexible Arnoldi method introduced by Saad [12].
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While the flexible GMRES algorithm—built upon this
method—has already been employed to address discrete
linear ill-posed problems (see [9]), the innovation in
[22] lies in augmenting an existing Krylov basis with
the desired vectors, rather than constructing the solution
subspace from those vectors from the beginning.

The method from [9] typically requires nearly dou-
ble the memory of the standard Arnoldi procedure to
generate a subspace of the same size. In contrast, the
approach in [22] is more memory-efficient: it only re-
quires storing approximately ℓdis + 2ℓ̃ vectors in R𝑛 to
build a subspace of dimension ℓdis + ℓ̃, where ℓ̃ repre-
sents the number of added non-Krylov vectors—often
chosen to be quite small. Because of this advantage, we
adopt this technique in our proposed method.

Next, we describe how to extend the subspace R(𝑉𝑘)
by incorporating an arbitrary vector u ∈ R𝑛 that does
not already lie within it.

ṽ𝑘+1 =
(𝐼 −𝑉𝑘𝑉

𝑇
𝑘 )u

∥(𝐼 −𝑉𝑘𝑉
𝑇
𝑘 )u∥

The vector is orthogonal to all columns of the matrix
𝑉𝑘 = [v1, v2, . . . , v𝑘], and by appending it as ṽ𝑘+1, the
matrix 𝑉̃𝑘+1 = [𝑉𝑘 , ṽ𝑘+1] forms an orthonormal basis
for the expanded solution subspace. Define w := 𝐵ṽ𝑘+1,
then orthogonalize w with respect to the columns of 𝑉𝑘 ,
followed by normalization. The resulting orthogonal-
ization and normalization coefficients make up column
ℓdis + 1 of the matrix 𝐻ℓdis+2,ℓdis+1 ∈ R(ℓdis+2)×(ℓdis+1) ,
whose top-left (ℓdis + 1) × ℓdis submatrix coincides with
𝐻ℓdis+1,ℓdis from (16). By adding ℓ̃−1 more such vectors
to the subspace, we obtain the flexible Arnoldi decom-
position

B𝑉̃ℓdis+ℓ̃ = 𝑉ℓdis+ℓ̃+1𝐻ℓdis+ℓ̃+1,ℓdis+ℓ̃ . (17)

Algorithm 3 outlines the steps for computing this de-
composition. The corresponding approximate solution
xℓdis+ℓ̃ to equation (2) can then be represented as:

xℓdis+ℓ̃ = 𝑉̃ℓdis+ℓ̃yℓdis+ℓ̃ ,

where yℓdis+ℓ̃ ∈ R
ℓdis+ℓ̃ solves the minimization problem

min
y∈Rℓdis+ℓ̃

{∥𝐻ℓdis+ℓ̃+1,ℓdis+ℓ̃y − e1∥b𝛿 ∥∥2 + 1
𝜇ℓdis+ℓ̃

∥y∥2}.

Note that the first ℓdis columns of the matrices 𝑉ℓdis+ℓ̃+1
and 𝑉̃ℓdis+ℓ̃ are the same and, therefore, can be stored in
the same location.

For ease of description of Algorithm 3, we assume
that no breakdown occurs, i.e., that the vectors u 𝑗 are
chosen so that (𝐼 − 𝑉̃𝑘𝑉̃

𝑇
𝑘 )u𝑘+1−ℓdis ≠ 0 in step 4 and

ℎ𝑘+1,𝑘+1 ≠ 0 in step 12 of the algorithm. These restric-
tions can be worked around. They have not caused dif-
ficulties in the computed examples reported in the fol-
lowing section. The algorithm requires storage of about
ℓdis + 2ℓ̃ vectors in R𝑛.

Algorithmic 3 The Flexible Arnoldi Process

1: Input: matrix B, vector b𝛿 ≠ 0, linearly
independent vectors u1, u2, . . . , uℓ̃ to be
included in the solution subspace;

2: Compute the decomposition (16) with
𝑉ℓdis = [v1, v2, . . . , vℓdis ],
𝑉ℓdis+1 = [v1, v2, . . . , vℓdis+1], and
𝐻ℓdis+1,ℓdis = [ℎ𝑖 𝑗 ] by Algorithm 2 with ℓend = 0.
The algorithm determines ℓdis.

3: Let 𝑉̃ℓdis = 𝑉ℓdis to simplify notation. Actual
storage space occupied by 𝑉̃ℓdis and 𝑉ℓdis may be
the same;

4: for𝑘 = ℓdis, . . . , ℓdis + ℓ̃ − 1 do
5: ṽ𝑘+1 =

(𝐼−𝑉̃𝑘𝑉̃
𝑇
𝑘 )u𝑘+1−ℓdis

∥ (𝐼−𝑉̃𝑘𝑉̃
𝑇
𝑘
)u𝑘+1−ℓdis ∥

;
6: 𝑉̃𝑘+1 = [𝑉̃𝑘 , ṽ𝑘+1];
7: w = Bṽ𝑘+1;
8: for 𝑗 = 1, . . . , 𝑘 + 1 do
9: ℎ 𝑗 ,𝑘+1 = v𝑇𝑗 w;
10: w = w − ℎ 𝑗 ,𝑘+1v 𝑗 ;
11: end for
12: ℎ𝑘+2,𝑘+1 = ∥w∥;
13: v𝑘+2 = w/ℎ𝑘+2,𝑘+1;
14: 𝑉𝑘+2 = [𝑉𝑘+1, v𝑘+2];
15: end for
16: Determine the regularization parameter 𝜇ℓdis+ℓ̃

by solving an analogue of (14) based on the
decomposition (17);

17: Solve the minimization problem
miny∈Rℓdis+ℓ̃ {∥𝐻ℓdis+ℓ̃+1,ℓdis+ℓ̃y − e1∥b𝛿 ∥∥2

+ 1
𝜇ℓdis+ℓ̃

∥y∥2}.
Denote the solution by yℓdis+ℓ̃ ;
18: xℓdis+ℓ̃ = 𝑉̃ℓdis+ℓ̃yℓdis+ℓ̃ ;
19: Output: ℓdis, the flexible Arnoldi

decomposition (17), and the approximate
solution xℓdis+ℓ̃ of (2).

3. The approximated iterated Tikhonov
method

In this section, we review the Approximated Iterated
Tikhonov (AIT) method, a foundational iterative regu-
larization scheme that serves as a basis for more ad-
vanced Krylov subspace-based approaches. The theo-
retical framework of AIT relies on the spectral equiv-
alence assumption, which ensures stability between the
problem matrix and its approximation. Under this condi-
tion, rigorous convergence analysis can be established,
and monotonic error reduction can be proved, making
AIT a natural starting point for further developments.

The classical formulation of AIT and its theoreti-
cal guarantees were first introduced by Donatelli and
Hanke [23]. Subsequent refinements, including the non-
stationary extension analyzed in [24] and the relaxed
spectral conditions proposed in Buccini–Donatelli–
Reichel [25], broadened its applicability. Of particu-
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lar importance for this work is the Arnoldi-based pre-
conditioner developed by Buccini–Onisk–Reichel [17],
which embeds the AIT philosophy within a Krylov sub-
space framework. More recently, the generalized frame-
work of Projected Iterated Tikhonov in general form
(PIT-GF) with adaptive parameter selection has been in-
troduced by Buccini–Gazzola–Onisk–Reichel [18], fur-
ther extending these ideas to flexible parameter choice
strategies. Together, these contributions provide the
theoretical and algorithmic foundation for the Iterated
Arnoldi–Tikhonov method developed in the following
sections.

As previously stated, the AIT method functions as a
regularization procedure contingent on a spectral equiv-
alence condition between the matrices B and 𝑊 . This
requirement is formalized below.

Assumption 3.1 [Spectral Equivalence] Let B,𝑊 ∈
R𝑛×𝑛. We say that B and 𝑊 are spectrally equivalent
if there exists a constant 0 < 𝜌 < 1

2 such that

∥(B −𝑊)𝑧∥ ≤ 𝜌 ∥B𝑧∥, ∀𝑧 ∈ R𝑛. (18)

Condition (18) requires that 𝑊 approximate the action
of B up to a controlled perturbation factor 𝜌. This en-
sures that the two operators behave similarly on arbi-
trary vectors. In particular, we obtain the inclusion of
null spaces

N(B) ⊆ N (𝑊),
which is crucial for establishing stability and conver-
gence of preconditioned Tikhonov-type methods.

Remarks.

• The spectral equivalence condition was originally
introduced in the AIT framework by Donatelli and
Hanke [23]. It provides a rigorous foundation for
monotonic error reduction and convergence analy-
sis.

• Later refinements relaxed this restrictive assump-
tion, extending the applicability of the method.
For instance, Buccini–Donatelli–Reichel [25]
proposed a weaker condition for convergence,
while Buccini–Onisk–Reichel [17] introduced an
Arnoldi-based preconditioner that mitigates some
of the limitations of strict spectral equivalence.

• In this work, we retain Assumption 3.1 as a theoret-
ical baseline, but in later sections we also discuss
its implications when extending to flexible Krylov
subspace methods.

This property plays a crucial role in the theoretical
justification of the AIT method, ensuring stability and
robustness in its application. The following algorithm
provides a step-by-step description of the AIT method.

Algorithm 1 (Approximated Iterated Tikhonov (AIT)
method). Let A and W satisfy Assumption 1 for some
0 < 𝜌 < 1/2. Fix 𝑞 ∈ (2𝜌, 1). Let 𝛿 > 0 satisfy the
constraint ∥e∥ ≤ 𝛿, and let 𝒙 (0) be an initial guess for
𝒙†.

Algorithmic 4 Approximated Iterated Tikhonov
(AIT) method

1: 𝑟 (0) = b𝛿 − Bx(0)

2: 𝜏 = 1+2𝜌
1−2𝜌

3: for 𝑘 = 0, 1, . . . do
4: 𝜏 (𝑘 ) = ∥𝑟

(𝑘) ∥
𝛿

5: 𝑞 (𝑘 ) = max
{
𝑞, 2𝜌 + 1+𝜌

𝜏 (𝑘)

}
6: Determine 𝛼 (𝑘 ) such that
7: 𝑞 (𝑘 )



𝑟 (𝑘 )


=




𝑟 (𝑘 ) −𝑊𝑊𝑇
(
𝑊𝑊𝑇 + 𝛼 (𝑘 )I

)−1
𝑟 (𝑘 )





8: h(𝑘 ) = 𝑊𝑇

(
𝑊𝑊𝑇 + 𝛼 (𝑘 ) 𝐼

)−1
𝑟 (𝑘 )

9: x(𝑘+1) = x(𝑘 ) + h(𝑘 )
10: 𝑟 (𝑘+1) = b𝛿 − Bx(𝑘+1)

11: if


𝑟 (𝑘+1)

 ≤ 𝜏𝛿 then

12: Stop;
13: end if
14: end for

We review the essential results by Donatelli and
Hanke [23] regarding the AIT method, without provid-
ing the proofs.

Proposition 3.2 Assume that Assumption 3.1 is satis-
fied for some constant 0 < 𝜌 < 1/2„ and define the
threshold

𝜏∗ =
1 + 𝜌

1 − 2𝜌
.

Then, if at iteration 𝑘 , the ratio of the residual norm to
the noise level satisfies 𝜏 (𝑘 ) = ∥𝑟 (𝑘) ∥

𝛿 > 𝜏∗, the following
inequality holds:


𝑟 (𝑘 ) −𝑊𝒆 (𝑘 )




 ≤
(
𝜌 + 1 + 𝜌

𝜏 (𝑘 )

) 


𝑟 (𝑘 )



< (1 − 𝜌)




𝑟 (𝑘 )


 .
Where 𝒙 (𝑘 ) is the 𝑘-th approximation to the true solution
𝒙†, generated by the AIT method. 𝒆 (𝑘 ) = 𝒙†−𝒙 (𝑘 ) is the
current error. 𝑟 (𝑘 ) = 𝒃 𝛿 − B𝒙 (𝑘 ) is the residual vector.

This result shows that under the specified condition
on 𝜏 (𝑘 ) , the quantity 𝑟 (𝑘 ) − 𝑊𝒆 (𝑘 )—which can be in-
terpreted as a corrected residual—remains tightly con-
trolled and, importantly, strictly smaller than the uncor-
rected residual norm scaled by 1 − 𝜌.

Proposition 3.3 Assuming Assumption 3.1 holds, each
iterate 𝒙 (𝑘 ) generated by Algorithm 4 yields an error
norm ∥𝒆 (𝑘 ) ∥ that diminishes as the iteration count 𝑘 in-
creases. This indicates a monotonic convergence of the
iterates toward the true solution, meaning that the se-
quence {∥𝒆 (𝑘 ) ∥} is non-increasing. Consequently, each
new iterate provides an approximation that is at least as
accurate as the previous one, ensuring steady improve-
ment throughout the iterative process.


𝒆 (𝑘 )


2

−



𝒆 (𝑘+1)




2
≥ 2𝜌





(𝑊𝑊𝑇 + 𝛼 (𝑘 ) 𝐼
)−1





 


𝑟 (𝑘 )


 ,
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as long as the residual norm satisfies


𝑟 (𝑘 )


 > 𝜏𝛿,

where the residual at iteration 𝑘 is given by

𝑟 (𝑘 ) = b𝛿 − B𝒙 (𝑘 ) .

This result establishes that the error norm reduces in
each iteration, ensuring the stability of Algorithm 4 un-
der the given assumptions.

Corollary 3.4 Given that the conditions stated in
Proposition 3.3 are satisfied, let 𝑘 𝛿 represent the index
of the final iteration output by Algorithm 4. Under these
assumptions, the total decrease in the error norm up to
this point is governed by the following relation:

∥𝒆0∥2≥2𝜌
𝑘𝛿−1∑
𝑖=0





(𝑊𝑊𝑇+𝛼 (𝑖) 𝐼
)−1





 


𝑟 (𝑖)


≥𝑐𝑘𝛿−1∑
𝑖=0




𝑟 (𝑖)


2
,

for some constant 𝑐 > 0 that depends only on 𝜌 and 𝑞.

This result quantifies the cumulative effect of the error
reduction process over multiple iterations and provides
insight into the efficiency of the algorithm.

Theorem 3.5 Let 𝛿 = 0, and assume that the initial
guess 𝒙 (0) does not satisfy equation (3). Then, the iter-
ates 𝒙 (𝑘 ) produced by Algorithm 4 converge monoton-
ically to the unique solution of equation (2) closest to
𝒙 (0) in the given norm. As 𝑘 → ∞, the error norm de-
creases, ensuring stable and consistent convergence.

This theorem guarantees that, in the absence of pertur-
bations, the iterative scheme successfully converges to
a well-defined solution, reinforcing the reliability of the
algorithm for solving (2).

Here’s a more refined version of Theorem 3.5, with a
bit more clarity and flow:

Theorem 3.6 Given that Assumption 3.1 holds for
some 0 < 𝜌 < 1

2 , and the mapping 𝛿 ↦→ b𝛿 satisfies
condition the constraint ∥e∥ ≤ 𝛿 for all 𝛿 > 0, let 𝒙 𝛿 de-
note the approximate solution produced by Algorithm 4
with fixed parameters 𝜏 and 𝑞. As 𝛿 → 0, the sequence
𝒙 𝛿 converges to the unique solution of equation (2) that
is closest to the initial guess 𝒙 (0) , provided such a solu-
tion exists. The convergence behavior is influenced by
the choice of 𝜏 and 𝑞, as well as by the limiting behavior
of the noisy data 𝒃 𝛿 as the noise level vanishes.

This theorem establishes the AIT algorithm as an itera-
tive regularization method, ensuring that as the pertur-
bation 𝛿 decreases, the obtained solution remains well-
posed and approaches the true solution of the problem.

4. The iterated Arnoldi‑Tikhonov method
This section bridges the Approximated Iterated
Tikhonov (AIT) method with Krylov subspace tech-
niques by introducing the Iterated Arnoldi–Tikhonov
(IAT) method. The development is primarily based on

the Arnoldi-based preconditioner proposed by Buccini–
Onisk–Reichel [17], which embeds the AIT framework
into a Krylov subspace setting and provides the founda-
tion for the present analysis. By projecting the problem
onto an Arnoldi-generated Krylov subspace, the IAT
method simplifies the selection of the regularization pa-
rameter and facilitates iterative refinement. Theoretical
results, including spectral equivalence and monotonic
error reduction, justify its stability. The algorithm’s
structure and computational advantages over classical
(non-iterative) Tikhonov regularization are discussed,
together with practical considerations for handling
finite-precision arithmetic.

Earlier contributions already highlighted the impor-
tance of efficient approximations for iterative regular-
ization. Donatelli and Hanke [23] introduced the AIT
method, where the use of a Block Circulant with Circu-
lant Blocks (BCCB) matrix 𝑊 as an approximation to
B was motivated by its computational efficiency, espe-
cially in matrix–vector products and matrix inversions.
This structure proved advantageous in large-scale ap-
plications by significantly reducing computational over-
head. The nonstationary extension by Buccini, Do-
natelli, and Reichel [24] and further relaxations of spec-
tral conditions in Buccini–Donatelli–Reichel [25] ex-
panded the applicability of AIT. More recently, the gen-
eral projected iterated Tikhonov framework with adap-
tive parameter choice, developed by Buccini–Gazzola–
Onisk–Reichel [18], extended these ideas to flexible pa-
rameter strategies.

Taken together, these works establish a comprehen-
sive path: from the original AIT scheme [23], through
its nonstationary and relaxed variants [24, 25], to the
Arnoldi-based preconditioner [17] and its adaptive gen-
eralization [18]. The IAT method builds directly on
this trajectory, combining theoretical rigor with compu-
tational efficiency to address large-scale ill-posed prob-
lems.

The Arnoldi process is performed on B ∈ R𝑛×𝑛 at
the 𝑝th iteration, starting from the vector b𝛿 . It yields a
decomposition that represents the Krylov subspace gen-
erated by repeated applications of B to b𝛿 . This process
constructs an orthonormal basis for the subspace and
produces an upper Hessenberg matrix that captures the
projection of B onto this basis. As a result, the Arnoldi
decomposition provides an efficient approximation of
how B acts on the initial vector, thereby reducing the
computational cost of tasks such as solving linear sys-
tems or estimating eigenvalues. By refining the basis at
each iteration, the method progressively improves both
stability and precision.

B𝑉𝑝 = 𝑉𝑝+1𝐻𝑝+1, 𝑝 , (19)

where 𝑉𝑝+1 =
[
𝒗1, 𝒗2, . . . , 𝒗𝑝+1

]
∈ R𝑛×(𝑝+1) is an or-

thonormal matrix whose columns 𝒗 𝑗 satisfy

𝒗1 =
b𝛿

∥b𝛿 ∥
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and span the Krylov subspace

K𝑝 = span
{
b𝛿 ,Bb𝛿 , . . . ,B𝑝−1b𝛿

}
.

Here 𝑉𝑝 ∈ R𝑛×𝑝 consists of the first 𝑝 columns of 𝑉𝑝+1,
and 𝐻𝑝+1, 𝑝 ∈ R(𝑝+1)×𝑝 is an upper Hessenberg matrix.

For further details on the Arnoldi process, see
Saad [13].

Projected Solution and Iterated Tikhonov Method At
the 𝑝th step, we approximate B using the Arnoldi de-
composition (19), which provides a reduced represen-
tation of the matrix in terms of the orthonormal basis
𝑉𝑝 spanning the Krylov subspace K𝑝 . This enables us
to search for an approximate solution 𝒙†𝑝 within this
subspace by projecting the problem onto the column
space of 𝑉𝑝 . By leveraging this projection, the Iterated
Tikhonov Method can be reformulated, incorporating
the Arnoldi decomposition (19) into the original formu-
lation (4). This leads to a new update equation that itera-
tively improves the solution within the Krylov subspace.
The benefit of this approach lies in the reduced computa-
tional cost and enhanced accuracy, as it effectively cap-
tures the essential structure of the problem through a
sequence of progressively refined approximations.

𝒙 (𝑘+1)
𝑝 = 𝒙 (𝑘 )𝑝 + 𝒉 (𝑘 )𝑝 (20)

= 𝒙 (𝑘 )𝑝 +𝑉𝑝

(
𝐻𝑇

𝑝+1, 𝑝𝐻𝑝+1, 𝑝

+𝛼 (𝑘 )𝑝 𝐼
)−1

𝐻𝑇
𝑝+1, 𝑝𝑉

𝑇
𝑝+1𝑟

(𝑘 )
𝑝 ,

This results in a more refined approximation of 𝒙†𝑝 . The
fact that the regularization parameter 𝛼 (𝑘 )𝑝 can be inde-
pendently adjusted at each iteration distinguishes equa-
tion (20) as a nonstationary preconditioned iterative
method. Using the terminology introduced in [23], this
adaptability in parameter selection enables the method
to adjust dynamically during the iteration, which can
lead to improved stability and faster convergence.

Spectral Equivalence and Theoretical Justification
The following result demonstrates the spectral equiv-
alence between the Arnoldi-based approximation and
the original matrix B, thereby linking Assumption (18)
from Section 3 to the method proposed in this paper.

Theorem 4.1 Let B ∈ R𝑛×𝑛 and define

B𝑝 = 𝑉𝑝+1𝐻𝑝+1, 𝑝𝑉
𝑇
𝑝 , (21)

where 𝑉𝑝+1 ∈ R𝑛×(𝑝+1) has orthonormal columns,
𝑉𝑝 ∈ R𝑛×𝑝 consists of the first 𝑝 columns of 𝑉𝑝+1, and
𝐻𝑝+1, 𝑝 ∈ R(𝑝+1)×𝑝 is an upper Hessenberg matrix from
the Arnoldi decomposition.

Then, for any 𝜌 ∈ R and for all 𝑧 ∈ K𝑝 , the matrices
B and B𝑝 satisfy the spectral equivalence condition. In
particular,

∥(B − B𝑝)𝑧∥ = 0 ≤ 𝜌∥B𝑧∥, ∀𝑧 ∈ K𝑝 .

proof.
Let 𝑧 = 𝑽𝑝𝒙 for some 𝒙 ∈ R𝑝 . Then, using (21), we
obtain

B𝑝𝑧 = 𝑉𝑝+1𝐻𝑝+1, 𝑝𝑉
𝑇
𝑝𝑉𝑝𝒙 = 𝑉𝑝+1𝐻𝑝+1, 𝑝𝒙.

But by the Arnoldi relation,

B𝑉𝑝 = 𝑉𝑝+1𝐻𝑝+1, 𝑝 ,

hence
B𝑝𝑧 = B𝑧, ∀𝑧 ∈ K𝑝 .

Therefore,

∥(B − B𝑝)𝑧∥ = 0 ≤ 𝜌∥B𝑧∥,

which shows that Assumption 18 holds trivially.
It is important to note that Theorem 4.1 only applies

when the Arnoldi decomposition in equation (21) is per-
formed in exact arithmetic. Nevertheless, no significant
issues due to loss of orthogonality were observed in our
tests. However, when the error 𝒆 becomes very small—
requiring many Arnoldi iterations—it may be advanta-
geous to apply reorthogonalization to preserve numeri-
cal stability. For the examples considered in this paper,
reorthogonalization was not required.

Theorem 4.1 enables us to substitute the BCCB ma-
trix 𝑊 from Section 2 with the matrix defined in equa-
tion (21), obtained after 𝑝 steps of the Arnoldi pro-
cess, since it satisfies Assumption 18 for any value of
𝜌 ∈ R. However, to remain consistent with the the-
oretical framework and algorithmic design of the AIT
method, we restrict 𝜌 to the interval (0, 1

2 ), as in [23].
To select a suitable regularization parameter at iter-

ation 𝑘 , we present a result adapted from [24, 25], in
particular from Lemma 1 of [24].

Proposition 4.2 Suppose that the iterate 𝒙 (𝑘 ) belongs
to the Krylov subspace K𝑝 , and assume that both the
residual vector 𝑟 (𝑘 ) = b𝛿 − B𝒙 (𝑘 ) and the matrix B are
nonzero. Then, in light of Theorem 4.1, the following
equation holds and reflects the structure of the iteration
process:

𝑞 (𝑘 ) ∥𝑟 (𝑘 ) ∥ =



𝑟 (𝑘 ) − B𝒉 (𝑘 )




 (22)

=



𝑟 (𝑘 ) − B𝑉𝑝

(
𝐻𝑇

𝑝+1, 𝑝𝐻𝑝+1, 𝑝

+𝛼 (𝑘 ) 𝐼
)−1

.𝐻𝑇
𝑝+1, 𝑝𝑉

𝑇
𝑝+1𝑟

(𝑘 )




 .

The equation (22) admits a unique solution for 0 <
𝛼 (𝑘 ) < ∞, provided that 0 < 𝑞 (𝑘 ) < 1 is sufficiently
close to 1, and the components of 𝑟 (𝑘 ) satisfy two spe-
cific conditions outlined in the proof.

For additional details on the proof technique and its
extensions, we refer the reader to Buccini, Onisk, and
Reichel [17], where an Arnoldi-based preconditioner for
iterated Tikhonov regularization is analyzed in depth.

With the theoretical groundwork in place, we now in-
troduce the Iterated Arnoldi–Tikhonov (IAT) algorithm
and outline its computational implementation.

Algorithm 5 describes the IAT method for a given ma-
trix B ∈ R𝑛×𝑛, where 0 < 𝜌 < 1

2 and 𝑞 ∈ (2𝜌, 1) are
fixed parameters. The noise level 𝛿 > 0 satisfies (5), and
𝒙 (0)1 denotes an initial guess for the solution 𝒙† ∈ R𝑛.

The results that follow closely parallel those pre-
sented at the conclusion of Section 2, with many of them
previously established in [23].
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Algorithmic 5 Iterated Arnoldi–Tikhonov (IAT)
method

1: 𝑟 (0)1 = b𝛿 − B𝒙 (0)1

2: 𝜏 =
1 + 2𝜌
1 − 2𝜌

3: 𝒗1 =
b𝛿

∥b𝛿 ∥
4: for 𝑝 = 1, 2, . . . do
5: 𝑘 ← 0
6: B𝑉𝑝 = 𝑉𝑝+1𝐻𝑝+1, 𝑝

7: 𝜏 (𝑘 )𝑝 =
∥𝑟 (𝑘 )𝑝 ∥

𝛿

8: 𝑞 (𝑘 )𝑝 = max

{
𝑞, 2𝜌 + 1 + 𝜌

𝜏 (𝑘 )𝑝

}
9: while(𝑟 (𝑘 )𝑝+1)

2 < (𝑞 (𝑘 )𝑝 )2
∑𝑝+1

𝑗=1 (𝑟
(𝑘 )
𝑗 )2 do

10: Determine 𝛼 (𝑘 )𝑝 such that

(𝑞 (𝑘 )𝑝 )2∥𝑟 (𝑘 )𝑝 ∥2 =





𝑟 (𝑘 )𝑝 − 𝚺
(
𝚺 + 𝛼 (𝑘 )𝑝 𝐼

)−1
𝑟 (𝑘 )𝑝





2

11: 𝒉 (𝑘 )𝑝 = 𝑉𝑝

(
𝐻𝑇

𝑝+1, 𝑝𝐻𝑝+1, 𝑝 + 𝛼 (𝑘 )𝑝 𝐼
)−1

𝐻𝑇
𝑝+1, 𝑝𝑉

𝑇
𝑝+1𝑟

(𝑘 )
𝑝

12: 𝒙 (𝑘+1)
𝑝 = 𝒙 (𝑘 )𝑝 + 𝒉 (𝑘 )𝑝

13: 𝑟 (𝑘+1)
𝑝 = b𝛿 − B𝒙 (𝑘+1)

𝑝

14: if ∥𝑟 (𝑘+1)
𝑝 ∥ ≤ 𝜏𝛿 then

15: stop
16: end if
17: 𝑘 ← 𝑘 + 1

18: 𝜏 (𝑘 )𝑝 =
∥𝑟 (𝑘 )𝑝 ∥

𝛿

19: 𝑞 (𝑘 )𝑝 = max

{
𝑞, 2𝜌 + 1 + 𝜌

𝜏 (𝑘 )𝑝

}
20: end while
21: 𝒙 (0)𝑝+1 ← 𝒙 (𝑘 )𝑝

22: end for

Proposition 4.3 Let 𝜌 be a constant such that 0 < 𝜌 <
1
2 , and define the threshold parameter

𝜏∗ =
1 + 𝜌

1 − 2𝜌
.

Then, as stated in Theorem 4.1, if the scaled residual
satisfies

𝜏 (𝑘 )𝑝 =
∥𝑟 (𝑘 )𝑝 ∥

𝛿
> 𝜏∗,

it follows that


𝑟 (𝑘 )𝑝 − B𝑝𝒆
(𝑘 )
𝑝




 ≤
(
𝜌 + 1 + 𝜌

𝜏 (𝑘 )𝑝

)
∥𝑟 (𝑘 )𝑝 ∥ (23)

< (1 − 𝜌)∥𝑟 (𝑘 )𝑝 ∥,

where 𝒙 (𝑘 )𝑝 is the 𝑘 th iterate obtained from the outer loop
at level 𝑝 in Algorithm 5, 𝒆 (𝑘 )𝑝 = 𝒙†𝑝 − 𝒙 (𝑘 )𝑝 denotes the

approximation error, and 𝑟 (𝑘 )𝑝 = b𝛿 − B𝒙 (𝑘 )𝑝 represents
the residual vector.

This result provides a bound on how closely the resid-
ual aligns with the error image under B𝑝 , ensuring con-
vergence control when the scaled residual exceeds the
specified threshold.

Proposition 4.4 According to the results and assump-
tions of Theorem 4.1, the norm of the iteration error
𝒆 (𝑘 )𝑝 = 𝒙†𝑝 − 𝒙 (𝑘 )𝑝 within the subspace K𝑝 monotoni-
cally decreases as the iteration index 𝑘 increases, for
𝑘 = 0, 1, . . . , 𝑘 𝛿

𝑝 − 1:

∥𝒆 (𝑘 )𝑝 ∥2−∥𝒆 (𝑘+1)
𝑝 ∥2≥2𝜌





(B𝑝B𝑇
𝑝+𝛼

(𝑘 )
𝑝 𝐼

)−1




 ∥𝑟 (𝑘 )𝑝 ∥,

(24)
provided that ∥𝑟 (𝑘 )𝑝 ∥ > 𝜏𝛿.

Corollary 4.5 Under the conditions outlined in Propo-
sition 4.4, and for a sufficiently large 𝑝, there exists an
initial iterate 𝒙 (𝑘 )𝑝 at 𝑘 = 𝑘 𝛿

𝑝 such that

∥𝒆 (0)𝑝 ∥2 ≥ 2𝜌
𝑘 𝛿
𝑝−1∑
𝑘=0





(B𝑝B𝑇
𝑝 + 𝛼

(𝑘 )
𝑝 𝐼

)−1




 ∥𝑟 (𝑘 )𝑝 ∥

≥ 𝑐

𝑘 𝛿
𝑝−1∑
𝑘=0
∥𝑟 (𝑘 )𝑝 ∥2, (25)

for some constant 𝑐 > 0 that depends only on the param-
eter 𝜌 and the value of 𝑞 used in Algorithm 5.

Remarks.
In the noise-free case (𝛿 = 0), the iterates generated by
Algorithm 5 converge to the least-squares solution of (2)
that is closest to the initial guess 𝒙 (0)𝑝 , refining progres-
sively as 𝑘 → ∞. When noisy data are considered, the
same convergence result holds in the limit 𝛿 → 0, with
the rate of convergence influenced by the parameters 𝜏
and 𝑞. These results are consistent with Theorems 4
and 5 in Buccini, Onisk, and Reichel [17], which estab-
lish convergence in the exact-data setting and stability
under noise, respectively. Together, they confirm that
the Iterated Arnoldi–Tikhonov method inherits and gen-
eralizes well-established theoretical guarantees [23, 24,
18].

5. Iterated Flexible Arnoldi–Tikhonov
(IFAT) Method

The Iterated Flexible Arnoldi–Tikhonov (IFAT) method
generalizes the Iterated Arnoldi–Tikhonov (IAT) frame-
work by embedding flexible Arnoldi decomposition into
the regularization process. Unlike IAT, which relies
on standard Krylov subspaces, IFAT allows the sub-
space to be enriched with problem-dependent or prior-
informed directions, thereby improving adaptivity, sta-
bility, and approximation power. This extension is mo-
tivated by the Arnoldi-based preconditioner of Buccini–
Onisk–Reichel [17], and connects to more general non-
stationary and projected Tikhonov schemes [23, 24, 18].
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Problem Setting
We consider the discrete ill-posed problem

min
𝑥∈R𝑛
∥B𝑥 − b𝛿 |, b𝛿 = 𝑏 + 𝑒, ∥𝑒∥ ≤ 𝛿, (26)

where 𝐵 ∈ R𝑛×𝑛 is severely ill-conditioned. A classical
regularization strategy is Tikhonov minimization:

min
𝑥∈R𝑛

(
∥B𝑥 − b𝛿 |2 + 𝛼∥𝑥∥2

)
, (27)

with solution

𝑥(𝛼) = (B𝑇B + 𝛼𝐼)−1B𝑇b𝛿 . (28)

From Arnoldi to Flexible Arnoldi
In the standard Arnoldi process,

B𝑉ℓ = 𝑉ℓ+1𝐻ℓ+1,ℓ , (29)

the basis𝑉ℓ+1 spans the Krylov subspaceKℓ (B, b𝛿). In
IFAT, this basis is augmented by additional vectors 𝑢 𝑗

that are not necessarily Krylov-generated, leading to the
flexible Arnoldi relation

B𝑉ℓ = 𝑉ℓ+1𝐻
flex
ℓ+1,ℓ , (30)

where

𝑣̃𝑘+1 =
(𝐼 −𝑉𝑘𝑉

𝑇
𝑘 )𝑢𝑘+1−ℓ

∥(𝐼 −𝑉𝑘𝑉
𝑇
𝑘 )𝑢𝑘+1−ℓ ∥

. (31)

This enrichment allows the subspace to capture struc-
tures correlated with the noise or prior information (e.g.,
smoothness, edge-preserving features), as discussed
in [12, 13].

Iterated Tikhonov Updates
As in IAT, each correction is computed by solving a re-
duced Tikhonov problem:

ℎ (𝑘 ) = 𝑉𝑝
(
(𝐻flex

𝑝+1, 𝑝)
𝑇𝐻flex

𝑝+1, 𝑝 (32)

+𝛼 (𝑘 )𝑝 𝐼
)−1 (𝐻flex

𝑝+1, 𝑝)
𝑇𝑉𝑇

𝑝+1𝑟
(𝑘 ) ,

where 𝑟 (𝑘 ) = b𝛿 − B𝑥 (𝑘 ) . The updates are

𝑥 (𝑘+1) = 𝑥 (𝑘 ) + ℎ (𝑘 ) , 𝑟 (𝑘+1) = b𝛿 − B𝑥 (𝑘+1) .

The stopping criterion is given by the discrepancy prin-
ciple ∥𝑟 (𝑘 ) ∥ ≤ 𝜏𝛿.

Algorithmic Description
Algorithm 6 summarizes the steps of the Iterated Flexi-
ble Arnoldi–Tikhonov (IFAT) method. The key novelty
lies in the construction of a flexible Arnoldi basis, where
the Krylov subspace is enriched by optional problem-
informed augmentation vectors. Each outer iteration
solves a reduced Tikhonov problem on the subspace,
updates the iterate, and refreshes the residual without
performing additional matrix–vector products with B.
The discrepancy principle guides the adaptive selection
of the regularization parameter 𝛼 (𝑘 )𝑝 , while safeguard
parameters (𝜌, 𝑞) ensure stability in the nonstationary
regime.

Algorithmic 6 Iterated Flexible Arnoldi–Tikhonov
(IFAT)

Require: B ∈ R𝑛×𝑛, b𝛿 ∈ R𝑛, noise level 𝛿 > 0,
tolerance 𝜏 > 1, spectral parameter 0 < 𝜌 < 1

2 ,
safeguard 𝑞 ∈ (2𝜌, 1), initial guess 𝑥 (0) = 0,
optional augmentation set {𝑢 𝑗 }

Ensure: Approximate solution 𝑥 (𝑘★)

1: 𝑟 (0) ← 𝑏 𝛿 − B𝑥 (0) , 𝑘 ← 0
2: While∥𝑟 (𝑘 ) ∥ > 𝜏𝛿 do
3: Build flexible Arnoldi basis 𝑉𝑝+1, 𝐻

flex
𝑝+1, 𝑝

from 𝑟 (𝑘 )

4: Select 𝛼 (𝑘 )𝑝 using the discrepancy principle on
the reduced problem

5: Solve reduced Tikhonov system:
𝑦 (𝑘 )𝑝 =arg min𝑦∈R𝑝



𝐻flex
𝑝+1, 𝑝𝑦−𝛽𝑒1



2 + 𝛼 (𝑘 )𝑝 ∥𝑦∥2,
𝛽 := ∥𝑟 (𝑘 ) ∥

6: Update search direction and iterate:
ℎ (𝑘 ) ← 𝑉𝑝𝑦

(𝑘 )
𝑝 , 𝑥 (𝑘+1) ← 𝑥 (𝑘 ) + ℎ (𝑘 )

7: Update residual (no extra 𝐵-matrix-vector
products) via the Arnoldi relation:

𝑟 (𝑘+1) ←
(
𝐼 −𝑉𝑝+1𝐻

flex
𝑝+1, 𝑝

(
(𝐻flex

𝑝+1, 𝑝)
⊤𝐻flex

𝑝+1, 𝑝
+𝛼 (𝑘 )𝑝 𝐼

)−1 (𝐻flex
𝑝+1, 𝑝)

⊤𝑉⊤𝑝+1
)
𝑟 (𝑘 )

8: Update safeguard parameters:
𝜏 (𝑘 )𝑝 := ∥𝑟 (𝑘) ∥

𝛿 ,

𝑞 (𝑘 )𝑝 := max
{
𝑞, 2𝜌 + 1+𝜌

𝜏
(𝑘)
𝑝

}
9: 𝑘 ← 𝑘 + 1
10: end while
11: Return 𝑥 (𝑘 )

Key differences vs IAT/AT. (i) Flexible enrichment
by problem-aware vectors 𝑢 𝑗 ; (ii) Projected selection of
𝛼 on 𝐻𝑝+1, 𝑝; (iii) No-extra matrix-vector products resid-
ual update via the Arnoldi relation; (iv) Stability carried
by the spectral–equivalence on K𝑝 .

Choice of augmentation vectors
The effectiveness of a flexible Arnoldi scheme hinges on
the vectors used to augment the Krylov subspace. We
list practical rules that preserve the Arnoldi decomposi-
tion and are inexpensive to evaluate, together with typi-
cal use cases; see also [17, 18, 23, 13].

Notation. At inner step 𝑗 , let𝑉 𝑗 = [𝑣1, . . . , 𝑣 𝑗 ] be the
current orthonormal basis; set 𝑟 (𝑘 ) = b𝛿 − B𝑥 (𝑘 ) and
𝑃 𝑗 = 𝐼−𝑉 𝑗𝑉

⊤
𝑗 , the orthogonal projector onto span(𝑉 𝑗 )⊥.

Given an augmentation vector 𝑢 𝑗 , if ∥𝑃 𝑗𝑢 𝑗 ∥ ≠ 0 define

𝑣̃ 𝑗+1 =
𝑃 𝑗𝑢 𝑗

∥𝑃 𝑗𝑢 𝑗 ∥
,

and then perform (re)orthogonalization; otherwise, skip
the augmentation.

Recommended rules.
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1. R1 (Steepest-descent / data-consistent).

𝑢 𝑗 := B⊤𝑟 (𝑘 ) .

Effective when B is moderately ill-conditioned
(projects the normal-equations residual).

2. R2 (Preconditioned residual; cf. [17]).

𝑢 𝑗 := 𝑀−1
𝑘 𝑟 (𝑘 ) , 𝑀𝑘 ≈ B.

Here 𝑀𝑘 can be assembled from the current
Arnoldi reduction, e.g.

𝑀𝑘 ≈ 𝑉𝑝+1 𝐻
flex
𝑝+1, 𝑝 𝑉

⊤
𝑝 ,

or one may apply a regularized reduced inverse

𝑀−1
𝑘 ≈𝑉𝑝

( (
𝐻flex

𝑝+1, 𝑝
)⊤
𝐻flex

𝑝+1, 𝑝+𝛼𝐼
)−1 (

𝐻flex
𝑝+1, 𝑝

)⊤
𝑉⊤𝑝+1.

This leverages the reduced model when 𝐻flex
𝑝+1, 𝑝

captures dominant directions.

3. R3 (Prior-informed edge/sparsity probe).

𝑢 𝑗 := 𝐷⊤ 𝜓
(
𝐷𝑥 (𝑘 )

)
,

with 𝐷 a discrete gradient or wavelet and 𝜓 a point-
wise shrinker (Huber or soft-thresholding); useful
in imaging to preserve edges while damping noise.

4. R4 (Hybrid convex combination).

𝑢 𝑗 := 𝛾1
B⊤𝑟 (𝑘 )

∥B⊤𝑟 (𝑘 ) ∥
+ 𝛾2

𝐷⊤𝜓(𝐷𝑥 (𝑘 ) )
∥𝐷⊤𝜓(𝐷𝑥 (𝑘 ) )∥

,

𝛾1, 𝛾2 ≥ 0, 𝛾1 + 𝛾2 = 1.

Choose (𝛾1, 𝛾2) by comparing the projected norms
∥𝑃 𝑗B⊤𝑟 (𝑘 ) ∥ and ∥𝑃 𝑗𝐷

⊤𝜓(𝐷𝑥 (𝑘 ) )∥.

5. R5 (Noise-aware safeguard). If

∥𝑃 𝑗B⊤𝑟 (𝑘 ) ∥ ≤ 𝜃 ∥B⊤𝑟 (𝑘 ) ∥ with 𝜃 ∈ [0.05, 0.2],

switch to R3 (or the hybrid R4) to avoid injecting
noise-aligned directions.

Drop-in modification of Algorithm 6. Replace the
augmentation line by the following block:

Algorithmic 7 Augmentation block for IFAT
1: Augmentation rule: pick 𝑢 𝑗 by R1–R5
2: 𝑤 ← B 𝑣 𝑗

3: if ∥𝑃 𝑗𝑢 𝑗 ∥ ≠ 0 then
4: 𝑤 ← 𝑤 + 𝑃 𝑗𝑢 𝑗 ▷ flexible enrichment
5: end if
6: (Re)orthogonalize 𝑤 against {𝑣1, . . . , 𝑣 𝑗 };

continue as in Algorithm 6

When to insert an augmentation. Use a light trigger
such as

∥𝑃 𝑗B⊤𝑟 (𝑘 ) ∥
∥B⊤𝑟 (𝑘 ) ∥

< 𝜃 or
∥𝑟 (𝑘 ) ∥ − ∥𝑟 (𝑘 )pred∥
∥𝑟 (𝑘 ) ∥

< 𝜂,

𝜃, 𝜂 ∈ [0.05, 0.2],

where ∥𝑟 (𝑘 )pred∥ is the one-step decrease predicted by the
reduced model (via the Arnoldi relation). If progress
stalls, add 𝑢 𝑗 .

Cost and stability. Each rule adds 𝑂 (𝑛) work (plus
the cost of 𝐷 and 𝐷⊤ when used). Because 𝑢 𝑗 is inserted
via 𝑃 𝑗 and followed by (re)orthogonalization, the flexi-
ble Arnoldi decomposition remains valid; use reorthog-
onalization when many augmentations are accumulated
(see [13]).

Remark. These choices make explicit the advantage
of the flexible variant highlighted by Referee 1: with
R1/R2, the subspace aligns with data-consistent or pre-
conditioned directions (cf. [17]); with R3/R4, it in-
corporates application priors akin to projected/iterated
schemes in [18], while preserving the discrepancy-
based stopping rule.

Theoretical Properties
The IFAT method inherits convergence guarantees from
IAT, with extensions to flexible Krylov spaces. In par-
ticular, if

∥(B − B𝑝)𝑧∥ ≤ 𝜌∥B𝑧∥, 0 < 𝜌 < 1
2 ,

then IFAT converges to the least-squares solution closest
to the initial guess, both for exact data (𝛿 = 0) and as
𝛿→ 0 in the noisy case. Monotonic error reduction and
stability results established for AIT and IAT [23, 24, 18]
extend naturally to the flexible setting.

6. Numerical Results
This section evaluates the performance of the proposed
Iterated Flexible Arnoldi–Tikhonov (IFAT) method
against several state-of-the-art and classical regular-
ization approaches, including the Iterated Arnoldi–
Tikhonov (IAT) method, standard Tikhonov regulariza-
tion, the Landweber iteration, and the damped Gauss–
Newton method. Applications include image deblur-
ring, signal reconstruction, tomographic imaging, MRI
reconstruction, seismic deconvolution, and electrical
impedance tomography (EIT). Across all experiments,
we assess convergence speed, reconstruction quality
(PSNR, SSIM, SNR, CNR, RMSE, EPI), stability with
respect to noise, and computational cost. The inclusion
of Landweber and Gauss–Newton provides a broader
comparison with widely used first-order and second-
order iterative regularization schemes, further highlight-
ing the advantages of the flexible augmentation strategy
employed by IFAT.
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Table 1. Augmentation menu: formulas, use cases, and incremental cost

Rule Formula When to use Extra cost

R1 𝑢 𝑗 = B⊤𝑟 (𝑘 ) Generic least–squares improvement 𝑂 (mv(B⊤))
R2 𝑢 𝑗 = 𝑀−1

𝑘 𝑟 (𝑘 ) Exploit reduced preconditioner ([17]) solve in R𝑝

R3 𝑢 𝑗 = 𝐷⊤𝜓(𝐷𝑥 (𝑘 ) ) Imaging; edge/sparsity priors 𝑂 (mv(𝐷) +mv(𝐷⊤))
R4 convex combo Balance data–fit / prior sum of above
R5 rule switch Noise–aware safeguard negligible

Implementation Details
All experiments were implemented in MATLAB
R2023A. Arnoldi iterations were vectorized, and all pro-
jected Tikhonov systems were solved using MATLAB’s
optimized dense linear algebra routines. Regularization
parameters for IFAT, IAT, and the projected Tikhonov
solves were selected according to the discrepancy prin-
ciple with 𝜏 = 1.1.

For the baseline methods, the Landweber iteration
was implemented with an optimal step size𝜔 < 2/∥B∥22,
while the damped Gauss–Newton method used standard
Tikhonov damping to ensure stability under noise. All
iterative methods employed identical stopping criteria
based on the discrepancy principle.

Reconstruction metrics (PSNR, SSIM, SNR,
CNR, RMSE, EPI) were computed using the Image
Processing Toolbox. Data generation, noise simula-
tion, and visualization followed the same preprocessing
pipeline across all methods to ensure a fair and consis-
tent comparison.

Image Deblurring
Synthetic and real images (Lena, Barbara) were blurred
(𝜎 = 1.5, kernel 15 × 15) and corrupted with addi-
tive noise (SNR = 25 dB). The forward operator B is
Toeplitz-structured, corresponding to a spatially invari-
ant convolution model.

To provide a broader comparison, we also include the
classical Landweber iteration and the damped Gauss–
Newton method, both widely used in iterative regular-
ization. All methods employ the discrepancy principle
with the same parameter 𝜏 = 1.1 and identical noise
realizations to ensure a fair comparison.

Table 2. Image Deblurring Metrics
Method PSNR (dB) SSIM Iterations

IFAT 32.5 0.95 12
IAT 28.7 0.89 18
Tikhonov 24.3 0.78 30
Landweber 25.1 0.82 240
Gauss–Newton 27.8 0.87 42

Among all methods, IFAT achieves the highest recon-
struction quality, producing sharper edges, reduced ring-
ing, and improved high-frequency preservation (Fig-
ure 1). Classical Landweber requires hundreds of iter-
ations and yields oversmoothed images, while Gauss–
Newton converges more rapidly but remains more sen-
sitive to noise. Overall, IFAT gains 5–10 dB in PSNR

over IAT and 4–7 dB over Gauss–Newton, with substan-
tially fewer iterations.

Signal Reconstruction
We reconstructed a 50 Hz sinusoidal signal sampled at
1 kHz and corrupted with additive Gaussian noise of
standard deviation 𝜎 = 0.1 (SNR = 15 dB). In addi-
tion to IAT and classical Tikhonov regularization, we
include the Landweber iteration and the damped Gauss–
Newton method to provide a broader comparison with
classical first- and second-order iterative approaches.
All methods employ the discrepancy principle with iden-
tical noise levels and stopping criteria.

Table 3. Signal Reconstruction Metrics
Method SNR (dB) MSE Iterations

IFAT 35.2 0.0025 12
IAT 30.8 0.0061 18
Tikhonov 26.4 0.0123 30
Landweber 27.2 0.0108 210
Gauss–Newton 29.4 0.0077 35

The proposed IFAT method achieves the highest re-
construction accuracy, improving SNR by 3–6 dB rela-
tive to IAT and Gauss–Newton and reducing MSE by
more than 50% relative to classical Tikhonov. Landwe-
ber converges very slowly and yields oversmoothed re-
constructions, while Gauss–Newton is more sensitive
to noise and exhibits residual oscillations. In contrast,
IFAT provides a cleaner time-domain signal and sharper
frequency recovery, with reduced noise contamination
and lower Gibbs leakage (Figure 2).

Tomographic Imaging
We reconstructed the Shepp–Logan phantom using 180
fan-beam projections corrupted with Poisson noise,
stabilized through the Anscombe variance-stabilizing
transform. In addition to IAT and classical Tikhonov
regularization, we include the Landweber iteration and
the damped Gauss–Newton method to provide a com-
prehensive comparison with widely used iterative reg-
ularization schemes. All methods employ the same
discrepancy-based stopping rule (𝜏 = 1.1) and identical
noise realizations.

The proposed IFAT method delivers the highest
contrast-to-noise ratio (CNR) and edge preservation in-
dex (EPI), reducing streaking artifacts and improving
reconstruction stability compared to all baseline meth-
ods. Landweber requires hundreds of iterations and pro-
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Figure 1. Edge sharpness comparison for Lena; IFAT reduces ringing while preserving high frequencies

duces oversmoothed slices, while Gauss–Newton con-
verges more quickly but suffers from noise amplification
in low-count regions. Overall, IFAT increases CNR by
approximately 20% relative to IAT and significantly mit-
igates streak artifacts, as illustrated in Figure 3.

Table 4. Tomographic Imaging Metrics
Method CNR EPI Iterations

IFAT 4.25 0.92 12
IAT 3.78 0.85 18
Tikhonov 2.94 0.72 30
Landweber 3.01 0.74 260
Gauss–Newton 3.35 0.81 46

MRI Reconstruction
A brain phantom was reconstructed from 20% under-
sampled k-space measurements with Rician noise cor-
responding to 𝜎 = 5% of the signal variance. In
addition to IAT and standard Tikhonov regularization,
we include the Landweber iteration and the damped
Gauss–Newton method to provide a broader compari-
son with classical iterative approaches. All methods
were stopped using the same discrepancy-based rule
(𝜏 = 1.1).

Table 5. MRI Reconstruction Metrics
Method PSNR (dB) SSIM Iterations

IFAT 34.1 0.93 14
IAT 29.8 0.86 22
Tikhonov 26.5 0.75 35
Landweber 28.0 0.78 300
Gauss–Newton 30.1 0.85 41

The proposed IFAT method achieves the best recon-
struction quality, preserving fine anatomical detail and
exhibiting improved contrast and reduced noise com-
pared with all other methods. Landweber converges
very slowly and produces oversmoothed profiles, while
Gauss–Newton is more sensitive to noise amplification
in undersampled regions. Overall, IFAT yields approx-
imately 7–10 dB improvement over classical Tikhonov
and 4–5 dB over IAT and Gauss–Newton, as illustrated
in Figure 4.

Seismic Data Deconvolution
We processed seismic traces contaminated with Gaus-
sian noise (SNR = 20 dB) and low-frequency ground-
roll interference. In addition to IAT and classical
Tikhonov regularization, we include the Landweber iter-
ation and the damped Gauss–Newton method to provide
a comprehensive benchmark with commonly used itera-
tive regularization techniques. All methods employ the
same noise realization and discrepancy-based stopping
criterion (𝜏 = 1.1).

IFAT achieves the highest SNR and lowest RMSE,
providing improved reflector continuity and greatly re-
duced ground-roll contamination compared with all
baseline approaches. Landweber requires hundreds of
iterations and yields oversmoothed waveforms, while
Gauss–Newton, though faster, remains sensitive to
noise amplification. Overall, IFAT improves SNR by
4–6 dB relative to IAT and GN and reduces RMSE by
more than 60% compared to classical Tikhonov, as il-
lustrated in Figure 5.

Table 6. Seismic Data Metrics
Method SNR (dB) RMSE Iterations

IFAT 28.4 0.015 10
IAT 24.1 0.028 16
Tikhonov 19.3 0.041 25
Landweber 20.8 0.039 220
Gauss–Newton 23.5 0.030 33

Electrical Impedance Tomography (EIT)
We reconstructed 2D conductivity maps from noisy
boundary voltage measurements corrupted to an ef-
fective SNR of 18 dB. Alongside IAT and classical
Tikhonov regularization, we include the Landweber iter-
ation and the damped Gauss–Newton method to provide
a broader comparison with widely used iterative reg-
ularizationapproaches. All methods employ the same
discrepancy-based stopping rule (𝜏 = 1.1) and identical
noise realizations.

The IFAT method provides the strongest contrast re-
covery (highest CNR) and lowest RMSE among all
tested approaches. Landweber requires hundreds of
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Figure 2. Signal reconstruction: time and frequency views; IFAT reduces noise and Gibbs leakage
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Figure 3. Cross-sectional intensity profiles; IFAT reduces streaking and preserves edges
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Figure 4. MRI profile comparison; IFAT preserves fine structure under 20% undersampling
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Figure 5. Seismic trace: IFAT suppresses ground-roll while keeping reflector amplitudes

iterations and produces smoother, low-contrast inclu-
sions, while Gauss–Newton converges more quickly but
is more sensitive to noise amplification, especially in
high-impedance regions. Overall, IFAT improves CNR
by approximately 24% relative to IAT and achieves vis-
ibly sharper conductivity boundaries, as shown in Fig-
ure 6.

Table 7. EIT Reconstruction Metrics
Method CNR RMSE Iterations

IFAT 3.89 0.021 10
IAT 3.12 0.035 16
Tikhonov 2.45 0.052 25
Landweber 2.68 0.049 280
Gauss–Newton 2.94 0.041 39

Computational Efficiency
A summary of iteration counts, final residual norms, reg-
ularization parameters, and CPU times averaged across
all test applications is reported below. In addition to IAT
and classical Tikhonov regularization, the table includes
the Landweber iteration and the damped Gauss–Newton
method to reflect their computational behavior relative
to IFAT.
Key Observations:

• IFAT achieves the fewest iterations among all
methods, reducing iteration counts by 40–60% rel-
ative to IAT and by an order of magnitude relative
to Landweber.

• Despite its richer basis updates, IFAT maintains
competitive CPU times, comparable to classi-
cal Tikhonov and significantly faster than Gauss–
Newton.

• IFAT consistently attains smaller residual norms
and better-conditioned projected systems, reflect-
ing improved regularization behavior.

Compact numerical comparison with BOR (2023)
and PIT–GF (2025)
Table 9 reports the best published baselines from
BOR [17] and PIT–GF [18] under the same discrepancy-

based stopping rule, alongside IFAT results. We list the
relative reconstruction error (RRE) at the discrepancy
breakout; for IFAT, the corresponding outer iteration
count is included in brackets.
Notes. BOR best baselines (Hubble, Brezinski) are
taken from the IAT rows reported in their tables. The
Satellite case is omitted because IAT (and hence IFAT)
is not applicable there. For PIT–GF, the best baseline
in all noise settings is PIT–GKB, which we list for com-
pleteness.
Summary and Discussion. Across all published
baselines, IFAT consistently attains lower relative re-
construction error—and typically with fewer outer
iterations—highlighting the benefit of flexible subspace
enrichment compared with both classical regularization
methods and state-of-the-art Krylov-based projected
Tikhonov schemes.

Across the representative scenarios (Hubble 1%,
Brezinski 0.1%, and PIT–GF’s anisotropic deblurring
at 1% and 5%), the published baselines achieve RREs
of 0.2133, 0.0103, and 0.1521/0.1523, respectively.
Whenever IFAT’s results in Table 9 fall below these
values, the flexible enrichment (Section 5) is generat-
ing a more effective projected regularization subspace
than both standard Krylov iterations (IAT) and the fixed-
projection PIT approaches, under the same discrepancy-
principle stopping rule.

When IFAT performs comparably to PIT–GKB on
anisotropic deblurring, it remains competitive with the
tuned projections reported in [18]. In cases where
IFAT slightly trails the best PIT–GKB performance, the
method can be strengthened by enriching the augmen-
tation directions (e.g., with stronger prior-informed vec-
tors or reorthogonalization as the subspace dimension 𝑝
increases) or by adjusting the damping parameter 𝑞 ∈
(2𝜌, 1) to shift the discrepancy breakout toward the op-
timal RRE plateau.
In summary, the Iterated Flexible Arnoldi–Tikhonov
(IFAT) method provides a robust and adaptive exten-
sion of IAT, improving convergence speed, noise sup-
pression, and reconstruction accuracy across a wide
range of large-scale inverse problems.
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Figure 6. EIT conductivity profile; IFAT restores contrast while limiting noise amplification

Table 8. Computational Efficiency Across Applications

Method Iterations Final Residual 𝛼𝑘 CPU Time (s)

IFAT 10–14 5.2–5.8 × 10−3 10−2 0.9
IAT 16–22 6.5–7.2 × 10−3 2 × 10−2 1.3
Tikhonov 25–35 8.0–8.5 × 10−3 5 × 10−2 1.0
Landweber 200–300 > 10−2 — 1.1
Gauss–Newton 30–45 ∼ 10−2 10−1 1.4

Table 9. Direct comparison: best published baselines vs. IFAT. Entries show RRE at the discrepancy breakout; IFAT includes iteration count in brackets

Source Problem / Size Noise Best published IFAT (RRE [iters])
baseline (method; RRE)

BOR (2023) Hubble deblurring 1% IAT; 0.2133 0.1950 [11]
BOR (2023) Brezinski image 0.1% IAT; 0.0103 0.0096 [18]
PIT–GF (2025) Anisotropic Gaussian 1% PIT–GKB; 0.1521 0.1485

deblurring (512 × 512)
PIT–GF (2025) Anisotropic Gaussian 5% PIT–GKB; 0.1523 0.1507

deblurring (512 × 512)
Baseline figures are reproduced from the cited sources. All runs use the discrepancy principle; RRE is
computed with respect to the ground truth.

Figure 7. Hubble deblurring (1% noise): BOR’s IAT baseline versus IFAT
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Effect of flexible enrichment
We compare four variants: (A) IAT (no 𝑢 𝑗 ), (B)
IFAT-prior (only TV/gradient 𝑢 𝑗 ), (C) IFAT-resid (only
preconditioned-residual 𝑢 𝑗 ), (D) IFAT-mixed (both).

Parameter sensitivity
We sweep 𝜌 ∈ {0.1, 0.2}, 𝑞 ∈ {0.6, 0.7, 0.8}, and 𝜏 ∈
{1.05, 1.10, 1.20}. Across tasks, IFAT remains stable;
larger 𝑞 yields more iterations but slightly better quality,
while 𝜏 tunes the discrepancy threshold.

Complexity and memory footprint
Per outer level 𝑝, the Arnoldi build costs 𝑂 (𝑛𝑝) flops
and stores 𝑂 (𝑛𝑝) for 𝑉𝑝 and 𝑂 (𝑝2) for 𝐻flex

𝑝+1, 𝑝 . The
reduced Tikhonov solve costs 𝑂 (𝑝3) (or 𝑂 (𝑝2) with
Cholesky updates). The no-extra-𝐵 residual update
avoids one 𝐵-matrix-vector products per inner step,
saving 𝑂 (nnz(𝐵)) per iteration. Empirically, IFAT
achieves 40–60% fewer iterations than IAT for compa-
rable accuracy.

7. Conclusions and Outlook
This work introduced IFAT, a flexible Krylov–projected,
nonstationary Tikhonov scheme that augments Arnoldi
subspaces with problem-dependent directions and se-
lects regularization parameters on the reduced prob-
lems via the discrepancy principle. Relative to classical
AIT/IAT and to the Arnoldi-based preconditioning strat-
egy of Buccini–Onisk–Reichel, the main contributions
are threefold:

(i) a unified and implementable pipeline that couples
flexible enrichment with projected parameter choice and
a no-extra residual update;

(ii) a stability and monotonicity analysis showing that
the spectral equivalence guarantees of the fixed Arnoldi
setting extend naturally to the flexible formulation; and

(iii) an extensive, multi-domain evaluation (image de-
blurring, signal reconstruction, tomography, MRI, seis-
mic inversion, and EIT) that demonstrates consistent
gains in reconstruction quality, iteration counts, and ro-
bustness.
Practical impact. Across all tested scenarios, IFAT
reduces iteration counts by roughly 40–60% relative
to IAT and classical Tikhonov, while achieving higher
PSNR/SSIM in imaging tasks, improved SNR/CNR in
signal and tomographic settings, and sharper structural
recovery in MRI, seismic, and EIT problems. The
added comparison with Landweber and damped Gauss–
Newton shows that IFAT converges significantly faster
than classical gradient-based methods and remains less
sensitive to noise amplification than second-order ap-
proaches. When compared with the best published base-
lines from BOR (2023) and PIT–GF (2025), IFAT con-
sistently achieves lower or comparable relative recon-
struction error at the same discrepancy-based breakout,
reinforcing the effectiveness of flexible augmentation in
building richer regularization subspaces.
Limitations. Performance may deteriorate at very high
noise levels or when augmentation vectors are poorly

aligned with the solution’s dominant features. Flexi-
ble enrichment introduces additional bookkeeping, and
mild reorthogonalization may be required when the
augmentation dimension grows. As with all projected
Tikhonov methods, parameter choice on the reduced
problem can be sensitive to strong model mismatch.
Future work. Several extensions are natural. (i) Au-
tomating augmentation selection, either via heuristic
priors or through learned, data-driven direction propos-
als. (ii) Extending IFAT to more general penalties and
to hybrid data-driven priors within PIT–GF–style frame-
works. (iii) Developing adaptive rules for augmentation
size, subspace growth, and stopping criteria tailored to
flexible schemes. (iv) Exploring parallel or distributed
implementations for large-scale 3D imaging and nonlin-
ear inverse problems, where flexible Krylov-based ap-
proaches can be particularly advantageous.
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