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. ucti is corresponds to a one-dimensional stochastic inte-

1. Introduction Th ponds t d 1 stochastic int
gral equation of the form

At the beginning of this section, in order to familiarize . .

r.eacllers interested'in researching the sc?lution.of stochas- g(x) = g(xo) + / ag(s)ds + / dB(s).

tic integral equations, we will first briefly discuss how X0 X0

a stochastic integral equation is formed. As all re-

. . . Also, if the aforementioned white noise is entered into
searchers in this field of science know well, when a

the desired ordinary differential equation in a multiplica-

white noise £ (x) enters an ordinary differential equation tive manner. we have
such as
dg(x) _ _
= (a +&(x))g(x), = dg(x) = ag(x)dx + g(x)dB(x),
dg(x) ) dx
— = aglx), . . ..
dx § where the form of a one-dimensional stochastic integral

equation like this will be as

it transforms that equation into a one-dimensional x x
stochastic differential equation. If this white noise en- g(x) = g(xo) + / ag(s)ds + / g(s)dB(s).
ters the said equation collectively, we have [1] Xo *o

Similarly, two-dimensional stochastic integral equations
dg(x) arise after a two-dimensional noise &(x, y) is introduced

I ag(x) +£(x), — dg(x) = ag(x)dx + dB(x). additively or multiplicatively into a partial differential
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equation. In the following, we will examine one type
of such equations. The background of research in solv-
ing stochastic integral equations leads every researcher
towards studies in various fields of science, such as fi-
nance, engineering, physics, chemistry, mechanics, bi-
ology, medical,social sciences, ecology, technology, etc
[2, 3, 1, 4]. Investigations in these areas have so far
resulted in the numerical solution of stochastic integral
equations in one and two dimensions, some of which
are given in references [5, 6, 7, 8, 9, 10, 11, 12, 13, 14]
Most of these stochastic equations do not have an an-
alytical solution or obtaining an analytical solution for
them has its own difficulties. This difficulty in obtaining
the solution of a two-dimensional (2D) stochastic inte-
gral equation is doubly high because the random func-
tions appearing in 2D stochastic equations are bivari-
ate and quadratic, and naturally the volume of stochas-
tic calculations in such equations is very high. Now
consider that an integral equation, in addition to be-
ing stochastic and 2D, also has multiple noises. Our
goal in this article is to solve the 2D multiple noises
stochastic Volterra-Fredholm linear integral equations
(2D.MN.S.VF.LIEs), and to achieve this goal, we are
forced to use the numerical methods. Here there is a
fundamental difference in the numerical solutions of an
ordinary integral equation and a stochastic integral equa-
tion, that is in the first case, what is important for the
researcher is that the difference between the numerical
solutions and the analytical solution of the equation (the
error of the method), is very small, but in the second
case, in addition to the fact that our mind is busy with

the error of the presented method, we must check the
—_———
%95 confidence interval (%95C1T) and the error mean

in every point regularly. That is, in solving stochastic
equations, after repeating our method several times to
solve the desired stochastic equation, we should expect
that the solutions one after the other will fall within a
specific and reliable interval with a probability of %95.
In fact, it can be admitted that as the length of the %95
confidence interval (L%95CI) decreases, as the error
mean at the target point will also become less and less,
that it means the approximate solutions become closer
to each other and in the same way these approximate so-
lutions converge to the analytical solution of the equa-
tion. As can be seen from the research related to the
field of solving integral equations, many attempts have
been made to solve these equations, both ordinary and
stochastic, in one and two dimensions. One of the in-
teresting ideas for solving such equations is the compo-
sition plan of the basis functions together that in this
regard, ordinary and stochastic integral equations have
been solved well numerically [5, 6, 8, 14, 15]. There-
fore, we and other researchers are always trying to pro-
vide new combined methods for numerically solving
2D stochastic integral equations and in future research,
we will compare and evaluate these methods with pre-
vious methods. One of these combined methods can
be the combination of Chebyshev wavelets with block
pulse functions. Due to the simplicity of working with
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block pulse functions and the special properties of these
functions such as disjointness, orthogonality and com-
pleteness, we can combine any of the basic functions
with them and thus achieve a new combined numerical
method. Although the direct use of Chebyshev wavelets
based on the collocation techniques of similar polynomi-
als is itself a numerical method for solving 2D stochastic
integral equations, when we encounter problems such
as the existence of non-smooth stochastic kernels, local
adaptivity and tensor product complexities, then com-
bining the Chebyshev wavelet method with simple block
pulse functions paves the way for numerical solution for
us. In fact, it can be admitted that when we are faced
with the aforementioned problems, then the volume of
our computational operations in dealing with polyno-
mial, exponential and Chebyshev operational matrices
will be difficult, long and time-consuming. While when
we combine Chebyshev wavelets with block pulse func-
tions, we witness the emergence of simpler operational
matrices with less computational volume, and this is
the strength and novelty of using such combined meth-
ods. This is a surprise when the 2D stochastic integral
equation of interest has multiple noises, in two different
dimensions. It is worth mentioning here the recent ef-
forts made by researchers in the field of using various
Chebyshev wavelets to solve ordinary differential equa-
tions [16, 17, 18, 19, 20, 21, 22] and it is also suggested
that Chebyshev polynomials be used in the study of gen-
eralized fractional models, which could be part of new
research by researchers in this field [23, 24, 25]. In this
research, our intention is to use a combination of Cheby-
shev wavelets with block pulse functions to solve the
2D.MN.S.VF.LIE

1 1
g(0y) = () + /0 /0 ur(x.y. 5. 0)g (s ) dsdr

y X
. / / ur (x5, y. 5, 1)g (s, 1)dsd
0 0
1]

+ /y/xu3(x,y,s,t)g(s,t)dB[(s)dBj(t),(l)
= Jo Jo

i=1j

for (s,1) € [0,1]% and (x,y,s,¢t) € [0,1]*, where
f(x,y) and u;, t = 1,2,3 are the known stochastic
processes defined on probability space (2, ¥, P), while
g(x, y) is an unknown function and is called the function
of the solution of Eq. (1). By the way, each of the sets
Bi(s), B2 (s), ..B, (s) and B (¢), Ba2(1), ...B, (t) are 17
and 1, independent Brownian motions on R, respec-
tively. But what we want to do to solve Eq. (1), is
that in the first step, we expand all the functions in this
equation based on 2D Chebyshev wavelets of the sec-
ond kind (2D — CWs?¥). Then, in order to construct
the ordinary Fredholm operational matrix and also con-
struct the ordinary and stochastic Volterra operational
matrices, this time we expand the 2D — C WsZk based
on 2D block pulse functions 2D — BPF's, then using the
relations between the two basic Chebyshev and block
pulse functions, we obtain the operational matrices of
our equation based on the 2D — CWs?*. Therefore we
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arrive at a linear system of equations and perform the
numerical solution of the obtained system and arrive at
the answer matrix.

The configuration of this article is based on the follow-
ing strategy:

In Section 2, after introducing some crucial concepts
about 2D — BPF's, eigen orthogonal Chebyshev poly-
nomials, and then 2D — C W2k we will examine the re-
lationship between 2D — C Ws* and 2D — BPFs. Then,
in Section 3, after a review of the operational matrices
of 2D — BPF's, we will calculate the operational matri-
ces of 2D — CWs?*, In the next section, we will use the
2D —CW s method combined with 2D —BPF s to solve
our original equation. In Section 5, we will analyze
and decompose how the approximate solutions obtained
from the proposed method converge to the analytical so-
lution of our equation by presenting some basic theo-
rems. Also in this section, we present the algorithm of
the desired method for implementing the original equa-
tion solving program. In section 6, to show the effi-
ciency and accuracy of the current method, while pre-
senting some examples, we have compared our method
with some other numerical methods and in this section,
%95CIs have been obtained for each answer obtained at
each desired point. Finally, the conclusion part is given
in section 7.

2. Required terminology for functions used

In this section, we first explain important and ba-
sic points about block pulse, first and second types
of Chebyshev polynomials, first and second types of
Chebyshev wavelets, and finally the relationship be-
tween Chebyshev wavelets and block pulses, along with
the concepts required for these functions to be used in
the main method of this article.

2.1 Block pulse functions

Recalling the basic concepts of 2D — BPF's an (nn2)-
set of 2D — BPFs bvp[’J(x,y), i =1,2,...,n,J =
1,2,...,ny; are defined in (x, y) € [0,7}) X [0,T») as

(i-1)v) <x<iv

v i, ]7
by (x,y) = for { (G-Dva<sy<jva ,
0, otherwise

where

T,
vi=—,t=1,2, ni,ny €N, T1,T2€R+.

ny
Also, the vector of 2D — BPF's is as
l,n
By (x,y)=[b) (x ), '(x,y),

oy, Upn"m(x,y)]T- 2

By expanding any bounded square integrable function
such as h(x,y) with respect to the 2D — BPFs in
12 [0,T), provided that n; — oo and n, — co, we can

write
ny np

hix,y) = ZZhl,b“ " (x.y), (3)

i=1 j=1
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where

v
= / / h(x,y)dydr.  (4)
V1V2 (i-Dvi J(j-1w

2.2 Chebyshev polynomials

As we know, Chebyshev polynomials are a class of spe-
cial orthogonal polynomials that are defined in two dif-
ferent types. The first type of these polynomials is de-
fined in the interval [—1, 1] and with the weight function

wf(x) = 1\V1 - x2 as [26]
cho (x) =1
A (x) =xX cho (x)
(x) 2x><ch 1(x)—ch z(x) nx?2
The trigonometric form of this type of polynomial can
also be represented as follows:
;Enl(x) = Cos(0), Cos(0) = x.

But Chebyshev polynomials of the second kind are also
introduced in the interval [—1, 1] and with the weight

function w f(x) = V1 — x2 as

Ch02 (X) =1
(x) =xX cho (x) ,
(x) 2x % chn 1 (x) = chn z(x) n>2

(%)
as its trigonometric form is as
—» i 1 -1
chnz (x) = Sln((.n+ )Cos (x)), n=0.1....
Sin(Cos~1(x))
that is
S 1)6
i ()= S DO - o). 6)

sin(9)
2.3 Chebyshev wavelets

As we know the 1D — CWs%*, which are constructed
based on Chebyshev polynomials of the second kind, are
defined on [—1, 1], for arbitrary natural numbers k and
M, as

20 Sk+l s el i i+1
— - — <x<—
A (x) = N ch (2" x-2i-1), S
0, otherwise
(N
fori =0,1,..,2=1,and j = 0,1,..., M — 1, so that
this set forms a unitary orthogonal basis with respect to

the weight functions

{ wfop(x) = wf(@x - 2i - 1)

W(r) =vV1-¢2
in the space L% [0, 1]. The counterpart of the same
Wik

function in equation (7) for 2D — CWs?*, on [-1,1]?,
for arbitrary natural numbers k, k>, M| and M;,can be
written as

E"\vil,jl 22,2 (x,y)
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20.5(k1+k2)+2 2 " 21_]1] < 112:-11
ey xR O B
= 2% <Y<
0, otherwise
¥
where

=okitly _ i — 1, yR =2kl _0j 1,

ll 2

i1=0,1,...,28 -1, i, =0,1,....,22 — 1,
J1=0,1,...M; -1, j»=0,1,..., My — 1,

so that these functions correspondingly produce a uni-
tary orthogonal basis based on the weight functions

-z s —7/. k
Wi kit (6 9) = W WF (y12)

- , O
wi(s,t) =(1—-52)(1-1?)
in the space L% [0, 172
Wi kinky

2.4 Expansion of functions based on Chebyshev
wavelets

In this subsection, our goal is to expand suitable bivari-
ate and quadratic functions based on the 2D — CWs%*
and their unitary orthogonality property. First, we con-
sider a square-integrable bivariate function 4(x,y) on
[-1,1]%>. This function expands based on the 2D —
CWs?k defined in (8) with respect to the weight func-
tions defined in (9) at the nodes

(10)
where

hivjiinge =< OO Y) EWi iy (6 9) >55,

1D
If we cut the series (10) into sufficiently suitable quan-
tities k1, ko, M; and M,, we have

2k 1M -12k2 — 1M, -1

Ry = D0 D0 DT D i, 5@, i o (55 )

i1=0 ji=0 i,=0 j,=0
= H'CW(x,y), (12)

where H and CW are (u = 251 M, x2% M,)-dimensional
column vectors as

H= [h0,0,0,0’ ey hO,M1—1,2k2—1,M2—1’
T
"hzkl—l,M171,2k271,M271] s (13)
and

CW(x,y)=[cwo,0,00(x,¥),- -,
EV\Vzkl_1,M1_1,2k2_1,M2_1(x,}’)]T, (14)
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respectively. Now we generalize the same ex-
pansion for square-integrable four-variable function
h(xy,x2,x3,x4) on [—1,1]* considering the weight
functions

szl ki,i,ko,i3, kg ig.ky k4(x1’x2’x3 )C4)
—Ha lwf(Zk““xa 2i,—1)

wf (x1,x2,x3,x4) =10, V1 — x3

] ig+1
and at the nodes 27“ < x4 <2

s s T, = 1,2,3,4, SO

that we arrive at the result

2k1 -1 My —-12%2—1

h(x1, %2, %3, %) = Z >, (15)

i1=0 j1=0 =0
My—12K3-1 M3—12K4—1 My—1

Z Z Z Z Zh‘11112J213131414

J2=0 3=0 j3=0 i4=0 js=0
XCWi i, josias jasias ja (X1, X2, X3, X4)
—T —
=CW (x1,x2) X HX CW(x3,x4)
T —
=CW (x3,x4) X HT x CW(x1,x2).
So that each of the vectors CW (x1,x2) and Ccw (x3,x4)

are the p-dimensional vectors defined in (14) and for
the matrix of coefficients H we have

H = [hilJl,iz,jz,i3,f3,54,j4]ll><ﬂ’ (16)
with

Riv o jroinaosiz.gasia,js =< B(X1,X2,X3,X4), 7

LW X1,X2,X3,X. >— .
01,J15025J2,13,]3» 14]4( 1542543, 4) Wfll Kty oraiy J3sia ol

2.5 Chebyshev wavelets based on block pulse func-
tions

To organize our numerical method, we need to obtain a
relation between the 2D —CW sk and the 2D —BPF's, so
that we can use this relation to calculate the 2D —CW sk
operational matrices in the next section. To do this, we
prove the following theorem.

Theorem 2.1 We consider the vector the 2D — C Wk
of CW(x,y) and the 2D — BPF's ofg (x,y) defined in
equations (14) and (2), respectlvely If we expand the
CW(x,y) based on the B,, (x,y), we have

CW(x,y) = AB}(X, y),
where A is an (u X u)-dimensional matrix in form

= [Ail,jlinst]

_ 211 -1
- CWH Jusi2,j2 2(2k1 _ 1)(M1 _ 1)

212 -1
20k - (M- 1)) ]|”
with
inLj1=0,1,...,28 —1)(M; - 1),
i, jo=0,1,....,(2% = 1) (M, - 1).
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Proof. Based on Eq. (3) and by expanding the
(i1, j1, 12, j2)th member of the vector CW (x, y) with re-
spect to the 2D — BPF's, for iy, j; = 0,1,..., (2]‘1 -
D(M; =1), i2,j»=0,1,..., (2% = 1)(M> — 1) we have

CWiy,j1ia.ja (x,y) =
k-1 (M -1) 2R2-1) (M>-1) o
R

Ail,jl,iz,jsz (x,).
i1=0 i=0

On the other hand, according to Eq. (4), we get
i jrins = (28 = 1) (M1 =1 (2% = 1) (M2~ 1)
i/ (2%2-1)(Mp-1) i/ (2K -1) (M, -1)
“J, J
(2-1)/(2R2=1)(Ma~1) J (i1 =1)/ (K1 =1) (M, -1)
a’\vil,jl,izdz(x’ y)dxdy. (18)
From the mean value theorem we can see Eq. (18) as

Aiy iy = 2R = 1) (M = D22 - 1) (M - 1)

/iz/(Zkz—l)(Mz—l) 1
X
(-1)/ @R -1)(My-1) (2K = 1) (M = 1)
XE"\Vil,jlsizgjz (UmY)dXdY
1
(2R = 1)(My ~ 1)

XCWiy, jiia, o (Miys Miy)s

=2k -1 -1)

where n;, and 7n;, are actually the averages of intervals

i1—1 i
((2"‘ - DM - 1)7 2k - (M - 1))’

and

ir—1 i
2k - DMy~ 1) 2k -1) (M2 = 1) ]
respectively, so we get

A

i,J1,i2,2 =

- 21— 1 2y — 1
CWiy . 1,2, j ’ .
11,]1-02,]2 (Zkl —1)(M1_1) (Zkz—l)(Mz—l)

The proof is complete. O

We conclude this section with two fundamental
points that are of great importance for explaining our
numerical method.

Point 1. Considering the 2D — CWs?K, for any p-
dimension vector H we always have

CW(x,y)CW' (x,y)H = HCW(x. ),

where

.. .
Hyep = ANXFHAyX[J’
with

Hyiy = diag (AL Hyx),

where A is defined in Theorem 2.1.

¢ https://doi.org/10.57647/mathsci.2025.1902.09

Point 2. Considering the 2D — CWs?X, for any (i X )-
dimension matrix J we always have

CW' (x,y)JCW(x,y) = JTCW(x. y),

where
J=J"A1,
with
],,xl = diag(ATJA).

3. Calculation of operational matrices

In this section, we first introduce the operational matri-
ces of the 2D — BPF's by the presented lemmas [9], and
then, with the help of these lemmas and the governing
relations between 2D — CWs2* and 2D — BPF's, we ob-
tain the operational matrices of 2D — CWs**. We also
remind you that in this section, the symbol ® refers to
the Kronecker multiplication.

Lemma 3.1 According to the definition of 2D — BPF's,
by considering

ny =28 ny = My,

we can obtain the ordinary Volterra operational matrix
by the double Volterra and ordinary integral

Yy px .
/ / B, (x,y)(s,t)dsdt = OoBp(x,y),
0 0
where -
Oo =Mo, ® Mo,

such that Moy and Mo, are the (ny X ny)-dimensional
ordinary operational matrices of 1D — BPFs as

1 22 .. 2
01 2 .. 2
ma:L 01 ... :|,a=12.

2n,
000 .. 1

Lemma 3.2 According to the definition of 2D — BPF's,
by considering

k
ny =2, np =M,

we can obtain the stochastic Volterra operational matrix
by the double Volterra and stochastic integrals

y px .
/ / B, (x,y)(s,t)dB,(s)dBp(s) = OsapBp(x,y),
o Jo
where
— —a  —b
Osa’b = MS] ®MS27

fora=1,2,...,uyandb =1,2,...,12, suchthatm(ll

—b . . .
and M s, are the (ny X ny)-dimensional stochastic oper-
ational matrices of 1D — BPF's as
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6
v
Bj(zt) Bj(v;)
3v;
. 0 Bj(Tl)_Bj(Vi)
Ms, = 0 0
0 0

fori=1,2andj=a,b.

3.1 Ordinary Fredholm Chebyshev operational
matrix

In this subsection, we obtain the ordinary Fredholm op-
erational matrix of the 2D — CWs?K. This is achieved by
considering the definition of these wavelets in Eq. (8)
and on the basis that the 2D — CWs?* are orthonormal.
So for the following ordinary Fredholm double integral,
we have

1 opl 7
/ / CW(s,t)CW (s,t)dsdt = Fp,  (19)
0 0

where (Fo)ux, is the Identity matrix.

3.2 Ordinary Volterra Chebyshev operational ma-
trix

In this subsection, we derive the ordinary Volterra op-

erational matrix for the 2D — CWs?* by presenting the
following theorem.

Theorem 3.3 If we take the ordinary double integral of
the Volterra type of the vector of the 2D — CW s>k, we
get

y opx___ _
/ / CW(s,t)dsdt = Vg X CW(x,y),
0o Jo
which Vo is called the ordinary Volterra operational

matrix attributed to the 2D — CW 2k,

Proof. Using Theorem 2.1 we can write

y X y X .
/ / CW (s, t)dsdt / / AB, (s, t)dsdt
o Jo o Jo

A X 0o X B},(x,y),
Ax00x (A™'CW(x,y))
Vo % E‘V\V(x, y),

where
Vo =AXx00xA},

and A and Oo are defined in Theorem 2.1 and
Lemma 3.1, respectively. The proof is complete. O

3.3 Stochastic Volterra Chebyshev operational ma-
trix

In this subsection, we discuss how to calculate the

stochastic operational matrices from the stochastic inte-

grals of the 2D — CWs?K, which results in the following

theorem.

¢ https://doi.org/10.57647/mathsci.2025.1902.09

B;(

Bj(vi)
B;(2v;) = B;(v;)
Bj(3vi) - B;(2vi)

M) - B;((ni = Dyvi)

Theorem 3.4 If we take the stochastic double integrals
of the Volterra type of the vector of the 2D — CWs?*, we
get

y X . .
/ / CW(s,t)dB,(s)dBy(t) = VS, X CW(x,Yy),
o Jo

which ﬁa,b are called the stochastic Volterra opera-
tional matrices attributed to the 2D — CW sk, for a =
1,2,..,11and b =1,2,...,15.

Proof. Using Theorem 2.1 we can write

yopx
/ / CW(s,t)dB,(s)dBy(t)
0 0
y x|
=/ / AB(s,t)dB,(s)dBp(t)
0 0

=A xaa,b X Ep(x,y)
= AOsap(A'CW(x,y))
= ﬁa,bgﬁ/(x, y),

where

ﬁa,b =A ma,b A_l,

and A and ma,b are defined in Theorem 2.1 and
Lemma 3.2, respectively. The proof is complete. O

4. Chebyshev numerical method

In this section, considering the results obtained from the
previous sections of this paper, we solve Eq. (1) numer-
ically. First, we rewrite the functions appearing in this
equation in terms of the 2D — CWs?F in the following
vector forms.

Fx.y) = FTCW(x,y) =CW (x,y)F,  (20)

g(x.y) = GTCW(x.y) =CW (0.y)G, (1)

and

W' (x.y)UTCW(s,1) (22)
= CW (s,0)U,CW(x,y),

ui(x,y,s,t)
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fori = 1,2,3. After applying the last three relations to where
Eq. (1), we get = U] FoG. 27)

GTEV\V(x, y) = FTE‘_V\V(x, y)

1 1
+ / / CW' (x, ) UTCW (s5,1)CW' (s,1)Gdsdt
0

Y Y —r e —T
+/ CW (x,y)U, CW(s,t)CW (s,1)Gdsdt
0o Jo

| n

L [ e

a=1 b=1
XCW' (s5,1)GdBy(s)dBy (1) = FTCW(x, y)

1 1
+CW' (x,y)UT ( f / CW(s,\CW' (s, t)dsdt) G
0 0

—T Y X — —T
+CW (x,y)U; / / CW(s,t)CW (s,1)Gdsdt

1 n

+ZZCW (x, y)U3/ / CW(s,\CW "

a=1 b=
(s, t)GdBa(s)de(t).

Comparing the last relation, Point (1) and Eq. (19), we
have

GTEV\V(x,y) = FTEW(x,y) + EV\VT()C, y)UlTFoG

— y x e ——
+CWT(x,y)U2T/ / GCW (s, t)dsdt

u

+ZZ W' (x, y)UT// GCW(s,1)dBy(s)dBy(t).

a=1b=

Now it is the turn to use Theorems 3.3 and 3.4, that by
applying these two theorems to the last relation we have

[GTCW(x,y) = FTCW (x,y) + CW' (x,))UT FoG
—T T 5 J—
+CW (x,y)U, GVoCW(x,y)

U n

+ZleCW (x, y)UTGVS bCW(x y).
a

Relation (21) and point 2 lead us to the relation
GT5V\V(X, y) = Fva\V(x, y) + GTFgUlfV\V(x, y)

131 n

+io" CW(x,y) + > > UL, CW(x,y),  (23)
a=1 b=1

where
Jo=Jo A7V, (Us)ap =Us)kyA' 24)
with
Jo = diag(N"UT GVoN), (Js)ab
= diag(N"UT GV S, pA). (25)

Now, simplifying Eq. (23), it leads to the linear system

5] 15)
GT=FT+RT+Jjp" + > > (J)l,.  (26)
a=1b=1
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Finally, after solving the linear system of u equations
and p unknowns, which is done using special methods
for such systems, the solution vector G (x, y) is obtained,
which by substituting into Eq. (21), we can calculate the
value of the solution of Eq. (1) at any desired point.

5. Convergence and error checking

In this section, after examining the convergence of the
two and four-variable functions expanded with respect
to the 2D — CWs?*, we analyze the error of our new
method for solving Eq. (1). In this direction, we present
the following important and fundamental theorems.

Theorem 5.1 For a function h(x,y) € L2 [0 1)2 with
4

ey <

a bounded fourth derivative of the form '

the 2D — CW sk expansion

2k 1 My —12%2-1 Mp—1

h(x y)= Z Z Z Z hll Jisi2, ]ZCWH 112, ]2(x y),
0=

1=0 =0 j»=0

converges uniformly to the function h(x,y), which
means

2. y) = AGe 9y < 1.

where A1 and y1 are the real constants.

Proof. Considering the 2D — CWs?* expansion A(x, y)
and combining relations (8), (9), and (11), we have

20.5(ki+ka)+2 e (i2+1)/2%2 o (ir+1) /28
hi L. = —/ /
1,J15125]2
T ir/2k2 ip/2k

—”
h(x,y)ch;, Qk*ly — 2 = 1)

xch . (28%y — 20y — TywF (24 = 20 — 1)
xw (22 y — 2i5 — 1)dxdy.

By separating the integrals, we get

20.5(k1 +kp)+2

hi, iz, ja = .

(i2+1)/2%2 9

x/ ch (2’<2+1y —2i—1)
i2/2k2

xwf(2k*ly —2iy — 1) I(x)dy,  (28)

where

N (ir+1)/2k1 .
I(x) = / h(x,y)ch; (28*1x = 2i; - 1)
i1/2k1

xw (284 x = 2i) = 1)dx.

To solve the integral I(x), using Eq. (6), we can con-
sider
2k*ly —2i) — 1 = Cos(8y),
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therefore we have
_Cos(6) +2i; + 1
- 2k1+1
x=i/2" 560, =n
x= (1 +1)/28% 56, =0

. (29)

now, using Eq. (29), defining the weight function W
in Subsection 2.3, and applying the change of variable
method to the integral /(x), we conclude

x .
iw= [ (—“’S(@‘;k:lz” Ly
xsin((n + 1)0;) sin(6,)d6;. (30)
By applying relation
Sin(a)Sin(b) = [Cos(a —b) —Cos(a + b)],
to Eq. (30), we obtain
o - /On A (Cos(@;l:-fil + l,y)

X [Cos(nb1) — Cos((n+2)61)] do;. (31)

Using the method of integration by parts

(Cos(@l) +2i1 +1 )
u=nh ,

2k1+1

do,

Ux =

Oh (Cos(081) +2i1 + 1 —Sin(6,)
ax 2k1+] ’ 2k1+]

and

dv = [Cos(nB1) — Cos((n+2)681)] do,

1 1
v = —Sin(nf;) — Sin((n+2)6;)
n n+2

in Eq. (31), and also considering the limits of integra-
tion of [0, xr] in this equation we get

I(x) = ! /n !
C 22 Jo \n+2

Oh (Cos(01) +2i1 + 1
Xax 2k1+1

We use integration by parts once again, changing the
variable

Sin((n+2)6;) — %Sii’l(ngl))

) déy. (32)

(9/’1 C()S(@l) +2i1 +1
@x 2ki+1 ’

1
dv =
’ (n+2

thus, Eq. (32) becomes:

1 /" @(Cos(91)+2i1+1

2k1+3 0 axz 2k1+l

>

Sin((n+2)6;) — %Sin(n&)) do,

I(x)=

,y)K(n, 01)do,,
(33)
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where

An, 0)) =

Sin(0y) (Sin((n—1)8y) Sin((n+1)6))
2n ( n-1 B n+1 )

B Sin(01) (Sin((n+1)0;) B Sin((n +3)0,)
2(n+2) n+1 n+3 ’

Now, by substituting Eq. (33) into Eq. (23) and repeat-
ing a process similar to steps (29) to (33), we obtain

20.5(k1+k2)+2 1 1 b/g n

Riy iy oy = X X / /
1,J15125]2

T 2k2+3 2k1+3 0 0

A(n, 61)A(n, 6)

*h  (Cos(01)+2i1+1 cos(h2)+2ir+1
0x20y? ( 2ki+l ’ Skt do1do,,
(34)
where
A(n.6y) = Sin(62) (Sin((n = 1)82)  Sin((n +1)6,)
2n n—1 n+1

Sin(0;) (Sin((n+1)0,)  Sin((n + 3)6;)

2(n+2)( n+1 n+3 )
Considering the absolute value for Eq. (34) and also
placing the bound of the fourth derivative for the func-
tion A (x, y) according to the hypothesis of the theorem,
we have

| 11,11,12,12| = ﬂles(k1+kz)+4

x ‘Z(n, 92)) d6,d0,. (35)

Considering inequality |Sin(6;)| < 1, i = 1,2, and af-
ter simplifying expressions A(n, 61) and A(n, 6,), then
substituting them into Eq. (35), and finally calculating
the double integral (35), we conclude that

i 7'(/11 1

”’jl’iz’h' < 21.5(ki+kz)+4 X (n2 +2n — 3)2’ (36)

on the one hand, we know that

1
<
205k = (i) + )13

p<2k o1 5 +1<2k 5

1
<
21.5k2 - (iz + 1)1.5

<2k —15i+1<2k

by applying (37) in (36) we obtain
ﬂ'/ll
16V (1 + 1) (s + D3 (02 + 20— 3)2

Riy jr.inaga|

This clearly shows that the 2D — CW s series
Z Z Z Z hil,jl,iz,jzc/"\vil,jl,iz,jz(x’y)’
i1=0 j1=0 i2=0 j,=0

converges to the function h(x, y), that is,

|n(e,y) = h(x, )|, < 71

The proof is complete. O
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Theorem 5.2 For a function h(x,y,s,t) € L [O *
with a bounded eighth derivative of the form
%h

aiayToxan| < 1> the 2D - CWsH expansion

2k 1 My —12k2—1 My—12K3 -1 M3—12%4—1 My—1

(ESLAPIDIDIDNSID NP

i(1=0 j1=0 =0 ;=0 i3=0 j3=0 i4=0 j4=0

iy jiin, josins jasias s CWin, i ias josiss jasiss ja (x,y,5,1),
converges uniformly to the function h(x,y,s,t), which
means

Hh(x,y, s,t) = h(x,y,s, t)||2 <2,

where A, and vy, are the real constants.

Proof. If we do the same process as Eqs. (28) to (37),
this time for the four-variable function &(x, y, s, ), then
the uniform convergence of h(x, v, s,t) clearly results,
so that we can write

[h(x, y,5,0) = h(x,y, 5,0)|, < 72.
The proof is complete. O

Theorem 5.3 By calling g(x,y) and g(x,y) as the an-
alytical and approximate solutions of Eq. (1) based on
the 2D — CWs**, respectively, which are obtained by
combining Eqs. (21) and (26), and also by accepting
Assumptions

(1) gVl <T, (x,y) € [0,1]?
(2) Nui(x,y,5,0)2<0;, i=1,2,3, (x,y,5,0)€[0,1]%,
(3)0<x,y<1 = [x[ <1, [y[<],
(4) Yi(z) = supgc, <1 |1Bi(z)| < o0, i=1,2,...,11, [2]
(5) Yj(2)=supgc < |Bj(2)| < oo, j=1,2,...,12, [2]

(6) U1+ U2+ ()1 + ()2 + T, 2,
Y;(X)Y;(0)(Us + (r2)3)] < 1,

then the error estimate of the 2D — CWs** method
for solving Eq. (1) is as

llg(x,y) = &(x, )l <

y1+T [(72)1 + (22 + ZL E7, Yi(0)Y; () (72)3]

1= [01+ 02+ )1+ (22421, 22, V(Y5 0) U+ (2)3) |

Proof. To check the error of our method, we first con-
sider the difference between each function in Eq. (1)
and its approximation in this equation, which we have

gxy) = g(x.y) = f(x.y) - f(x.y)
1pl
+./0/0 [y (x,y,8,0)g(s,t) —uy(x,y,s,1)g(s,1)] dsdt

+ /y/x[uz(x, v, 8, 0)g(s,t) —ur(x,y,s,1)g(s,t)] dsdt

5] n

+ZZ// [us(x,y,s,6)g(s, 1)

i=1 j=1
_u3(x’y9s’t)g(s’t)] dBl(s)dBj(t)’
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clearly the mean value theorem in (x,y) € [0, 1]? and
(x,y,s,1) € [0, 1]* gives the result that

lg=2¢ll2 < If = fll2+lluig — gl (38)
+xy||luzg — 28|l2

3] 15)
+ 2 ) Bix)B;(»)llusg — iisgll>-

i=1 j=1

To obtain the upper bounds of the norms of |ju;g —
uiglla, i = 1,2,3, it is sufficient to apply Hypotheses
1 and 2 as well as Theorem 5.2 to each of these norms,
which leads to

luig —uiglls < luill2llg = &ll2 (39)
+Hlui = dill2(llg = &ll2 + llgll2)
< Uillg =gl + (r2)i(llg = &ll2 + 1)

= (Ui+(y2)d)llg=&ll2+(y2)iT.

Substituting the Eq. (39) into (38) and using Theo-
rem 5.1, we get

lg—2ll2 < y1+(O1+(y2)D)llg—&lla+(y21 T (40)
+xy [(U2 + (72)2)llg = gll2 + (y2)2I]

| n

+>° > BB () [(Us+(12)3)llg—&ll+(y2)sT]

i=1 j=1

Now if we consider the right-hand supremum of Eq.
(40) and also apply Hypotheses 3, 4 and 5, we have

llg = &ll2 < i
+(O1 + U2+ (y2)1 + (2)2) sup [lg —¢ll2

0<x,y<l1
11 )

+(ya L+ (y2)oT + Z Z Yi(x)Y;(y)

i=1 j=I

X [(O3+ (y2)3) sup g =&ll2 + (y2)3I],
0<x,y<l1

finally, provided that Hypothesis 6 is established, the er-
ror estimate of the 2D — CWs?* method is obtained as

llg(x,y) = g(x, ¥, <

y1+T [(72)1 +(rr+ L X7, Yi(X)Yj(Y)(72)3]

1- [Ul +Oa+(y2)1+(nh+ 2L, X7 Yi(x)Yj()’)(U3+(72)3)] .

The proof is complete. O

5.1 Algorithm of 2D cLP-BPfs combination
method

In this subsection, we describe the algorithm of the
method used in this article. All our calculations are
based on this algorithm using Mathematica Wolfram 12
software, so that for each example, for at least 250 turns,
this algorithm has been implemented to build a confi-
dence interval for the approximate solutions.

Input: ki, ko, My, M3, Th, T2, U, 12, .. , B; (l‘)(l
i <u),B;)(1 £ j < 1), Moy, MOz, Ms (a

I IA
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1,2, 1)), Msa (b = 1,2, ..12), fand u; (i = 1,2, 3).
Step 1: Define the Chebyshev polynomials of the sec-
ond kind from Eq. (5).

Step 2: Define the vector of the 2D-BPFs from Eq. (2).
Step 3: Define the 2D — CWs** from Eq. (8).

Step 4: Make the unknown vector G %1 (x, y) based on
the optional nodal points.

Step 5: Compute the vector F,»(x,y) by considering
Egs. (11) and (13).

Step 6: Compute the 2D — CWs?* matrix A, from
Theorem 2.1.

Step 7: Compute the coefficients matrix (U)uxy from
the Input part and using Eqs. (16) and (17).

Step 8: Compute the matrix (Fp),x, from Eq. (19).
Step 9: Compute the vector R,,x; from Eq. (27) and
using Steps 4, 7 and 8.

Step 10: Compute the coefficients matrix (U3),x, from
the Input part and using Eqgs. (16) and (17).

Step 11: Compute the matrix of G uxyp from Steps 4 and
6, using Point 1.

Step 12: Compute the matrix of G ,,x,, from Steps 6 and
11, using Point 1.

Step 13: Compute the matrix of %HX  from Input part,
using Lemma 3.1.

Step 14: Compute the matrix of (Vp),x, from Step 6,
using Theorem 3.3.

Step 15: Compute the vector (Jo) ux1 from Steps 6, 10,
12 and 14, using Eq. (25).

Step 16: Compute the vector (.75 )ux1 from Steps 6 and
15, using Eq. (24).

Step 17: Compute the coefficients matrix (U3) i« from
the Input part and using Egs. (16) and (17).

Step 18: Compute the matrices of (aa,b) uxyu from
Input part, using Lemma 3.2 for a = 1,2,...,11, and
b=1,2,..,1.

Step 19: Compute the matrix of (ﬁa,b) uxu from Step
6, using Theorem 3.4 for a = 1,2,...,11, and b =
1,2,...,10.

Step 20: Compute the vector (Jg) ux1 from Steps 6, 12,
17 and 19, using Eq. (25).

Step 21: Compute the vector (jg) ux1 from Steps 6 and
20, using Eq. (24).

Step 22: Solve the linear system (26).

Step 23: Compute the approximate solution of ¢(x, y)
from step 22 and using (21).

6. Numerical Examples

In this section, three different examples are given to the
successfully demonstrate of the proposed method in this
paper. The numerical results of all three examples show
that at almost most nodal points, as the 2D — CWs2K
orders, i.e., ki, M;, kp, and M, increase, the calcu-
lated approximate solutions (ApS) become closer and
closer to the analytical solution (AnS) of the desired ex-
ample. So that it can be admitted that in order to obtain
a more accurate solution, the overall 2D — CWs* or-
der, i.e., u, must be increased. However, increasing u
requires more memory and also more time to perform
heavier calculations. Also at almost most examples, the

¢ https://doi.org/10.57647/mathsci.2025.1902.09

tables and figures confirm that the minimum point error
(Emin), average error (E,), and L9%95C1 in level 81 are
smaller than in level 16. Here we note that E,,;;,, is the
absolute error of the method expressed at each of the
nodal points, which, based on the results obtained in the
tables, is clearly observed to decrease as the approxima-
tion level u increases. In addition, by comparing this
method with the 2D — BPFs and 2D — HWF's meth-
ods [9, 10], we find that the current method has better
results than other methods in some or most of the points.
Table 1, Table 3 and Table 5 display the E,,;; in the op-
_ —_——
tional points (x;, y;), the E,, the %95C for at least 250
runs of our method and the L%95C1 along with the lev-
els of 2D — CWs?k

ki=ko=1,2 N Mi=M,=2,4 - u=16,81,

for Examples 6.2, 6.3 and 6.4, respectively with five dec-
imal places. Also for these examples, the comparison of
E i and E, for the present method in the levels

k=ki=ky=1,2 N M=M, =M, =2,4,

with the 2D —HW Fs method inthelevels J = J; = J, =
4,and 2D —BPFs methodinlevels N = N; = N, = 2,4,
are displayed in Table 2, Table 4 and Table 6. On
the other hand the reader can see the 3D-graphs of the
AnS and ApS of Examples 6.2, 6.3 and 6.4 with levels
k=1, M =2and k = 2, M = 4 in Figure 1, Fig-
ure 2 and Figure 3, respectively. In conclusion, it can be
said that in this calculation process, all the independent
variables: ki, k», u, My, My, J1, Jo, N1 and N, which
we can choose without restriction, are considered to be
degree of freedom items that can be freely changed to
achieve greater accuracy and efficiency. We also point
out that the two-dimensional noises used in these exam-
ples have been considered with five intensities for each
dimension. So that we must say that due to the ran-
domness of the functions in the equation, and in two
dimensions, naturally, the more the noise intensity is
added in each dimension, the higher the process and vol-
ume of numerical calculations become, and the longer
time must be spent on implementing different numeri-
cal methods to solve the desired equation numerically.
Basically, this is the same problem that researchers in
this field always face in solving stochastic integral equa-
tions. Therefore, choosing new techniques and numeri-
cal methods to solve such equations has always been a
concern of researchers in this field of science.

Before introducing examples of 2D stochastic integral
equations, we recall that the numerical solution of such
equations was first performed in 2015 [27, 28]. From
the very beginning, the construction of such examples
of 2D stochastic integral equations by researchers in this
field has been carried out with the help of the following
fundamental theorem.

Theorem 6.1 Suppose F(t,x) is an antiderivative in x

oF
of a continuous function f(t,x). Assume that — and

ot
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6_ are continuous. Then
X

b

b
/ £t B())dB(1) = F(t, B(1))

bloF 10f
—/a (E(t,B(t)) + Ea(t,B(t))) dt

Proof. See [2]. O

Example 6.2 Consider the 2D.MN.S.VF.LIE

7 1
glx,y)=x+y- i —xy(Sx2 +9xy + Syz)

—2xyZZSI (x B;(x) - 218, (i, x))

i=1 j=1

+/ /1(x+y+s+t)g(s,t)dsdt
0 0

+/y/x(x+y+s+t)g(s,t)dsdt
+ZZ}

/ / xystg(s,1)dB;(S)dB (1),

L

¥2B; () - 215,/ v))
L

where

15,00 = [ Bu(s)as.

with the AnS
g(x,y) =x+y.

Example 6.3 Consider the 2D.MN.S.VF.LIE

5 5
g(x,y) =xy ). )" BB
i=1

— ]-_1

l)S2(j)

Mw iMm

i

Vxy 1S,(j,)1S5(i, x)

Il
—_

i=1 j=1

5 5
—Cos(xy) Z Z (xeB"(x) —@(i,x))
i=1 j=1
X (yer(” —I_S4(J',y))
1 1
+/ / 1/xySin(s)g(s,t)dsdt
0 0

+/y/xt\/)c_ySin(s)g(s, t)dsdt

+ZZ/ / stCos(xy)g(s,1)dB;(s)dB;(t),

i=1 j=1

with definitions
1
§1(a)=/ sSin(s)eB)ds,
0
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1
§2(a)=/ s2eBal)gs,
18,(a,z) / s2eBa(s) gs,

1S4(a,z2) =/ sSin(s)eB+) ds,
0

and

z
&(Q,Z):‘/O‘ eBa(S)(l'i'%)dS,

also with the AnS

5 5
glx,y) =xy ). )" BB,

i=1 j=1

Example 6.4 Consider the 2D.MN.S.VF.LIE

Mm

g(x,y) =XyZ

1j

5
Bi(x)B;(y)

1

5(D84(J)

Mu-

5
—sin(x + y) Z

i=1

Ul&‘
,_.

_\/%ZZIS (i, x)185(7,y)
X2 +y?

i=1j

WB(y) 33y
———IS sy
i=1 j:l( 2 14
VB2 (x) 2 3vVx7
X(T‘#d”)‘ n )

1 el
+/ / s*tSin(x + y)g(s, 1)dsdt
0 Jo
y X

st
+ ————g(s,)dsdt
‘/0 -/0 VxZ+y2+1

|

5 5 R
+ZZ/Oy‘/O xTan(y)%g(s,t)dBi(s)dBj(,)’

i=1 j=1

with definitions

1
§3(a)=/0 S3Ba(s)ds,

1
§4(a)=/ szBa(s)ds,
0
and

IS5(a,z) = /ZszBa(S)ds,
0

15,00, = [ B(o) s,
0

also with the AnS

5 5
g(x,y) =xy Z Z B;i(x)B;(y).

i=1 j=1
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Table 1. Numerical results for Example 6.2

~ —_——
g 0y Emin E. %95CT L9%95C1
16 (0,0.7) 0.08721 0.40750 (0.25718,0.25782)  0.00064
(0.2,0.7) 0.01906 0.39591 (0.53268,0.53279) 0.00011
(0.7,0.2) 0.00525 0.51060 (0.51024,0.51018) 0.00006
(0.2,0.2) 0.00006 0.06279 (0.55780,0.55782) 0.00002
(0.7,0)  0.00069 0.10511 (0.59901,0.59925) 0.00024

81 (0,0.7) 0.00503 0.37834 (0.28488,0.28897) 0.00409
(0.2,0.7) 0.00000 0.07275 (0.40751,0.40758) 0.00001
(0.7,0.2) 0.00008 0.13260 (0.56261,0.56282) 0.00021
(0.2,0.2) 0.00000 0.26601 (0.51540,0.51541) 0.00001
(0.7,0) 0.00000 0.07654 (0.44234,0.44236) 0.00002

Table 2. Comparison of the errors of Example 6.2 with other 2D-methods

Method Level Emin(0.2,0.2) E.(0.2,02) En(0.7,0) E.(0.7,0)

HWFs J=4 0.00266 0.05591 0.08470 0.24244
BPFs N=4 0.00505 0.06896 0.00177 0.10154
CWs?k Akf_ 12 0.00006 0.06279 0.00069 0.10511
CWs2k 1]\}124 0.00000 0.26601 0.00000 0.07654

Figure 1. AnS and ApS, Example 6.2,a: k=1, M =2,b: k=2, M =4

Table 3. Numerical results for Example 6.3

—_—
g () Emin E, %95C1 L9%95C1
16 (0,0.7) 0.07851 0.21034 (0.25053,0.25076) 0.00023
(0.2,0.7) 0.06622 0.78053  (0.36512,0.36801) 0.00289
(0.7,0.2) 0.00588 0.82026 (0.35418,0.35442) 0.00024
(0.2,0.2) 0.00471 0.33106 (0.24015,0.24104) 0.00089
(0.7,0)  0.00302 0.25006 (0.25222,0.25252) 0.00030

81 (0,0.7) 0.00001 0.20545 (—0.16156,0.00049) 0.16205
(0.2,0.7) 0.00008 0.74212 (-0.18195,0.00076) 0.18271
(0.7,0.2) 0.00595 0.79114 (-0.35652,-0.35622) 0.00030
(0.2,0.2) 0.00005 0.04991 (-0.22566,-0.22564) 0.00002
(0.7,0) 0.00000 0.01133 (-0.26019,—-0.26018)  0.00001
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Table 4. Comparison of the errors of Example 6.3 with other 2D-methods

Method Level  Emin(0,0.7) Ea(0,0.7) Em(0.2,0.7) E,(0.2,0.7)

HWFs J=4 0.01244 0.24051 0.05115 0.79260
BPFs N=4 0.00560 0.26187 0.04289 0.68303
CWs2k A’}:: 12 0.07851 0.21034 0.06622 0.78053
CWs2k 1{‘;24 0.00001 0.10545 0.00008 0.74212

Figure 2. AnS and ApS, Example 6.3,a: k=1, M =2,b: k=2, M =4

Table 5. Numerical results for Example 6.4

~ —_—
g (x¥)  Emmn E, %95C] L995C1
16 (0,0.7)  0.00735 0.50314 (-0.52271,-0.52266) 0.000205
(0.2,0.7)  0.01024 0.53302 (=0.55626,-0.55617)  0.00009
(0.7,0.2) 0.00353 0.36840 (—0.57581,-0.57579)  0.00002
(0.2,0.2) 0.00005 0.13531 (—0.52610,-0.52608) 0.000802
(0.7,0)  0.00915 0.50016 (—0.53165,—0.53146) 0.00009

81 (0,0.7) 0.00022 0.29001 (-0.475...,-0.475...)  0.00000
(0.2,0.7) 0.05004 0.18601 (-0.00066,0.00012) 0.00078
(0.7,0.2) 0.00013 0.02251 (0.15510,0.15512) 0.00002
(0.2,0.2) 0.00000 0.02442 (-0.445...,-0.445...)  0.00000
(0.7,0) 0.00056 0.10233  (—0.00123,0.00017) 0.00140

Table 6. Comparison of the errors of Example 6.4 with other 2D-methods

Method Level — Epin(0.2,02) E4(0.2,02) En(0.7,0.2) E,(0.7,0.2)

HWFs J=4 0.00866 0.34349 0.08010 0.37050
BPFs N=4 0.00045 0.33501 0.00215 0.42421
CWs?k A]}:— 12 0.00005 0.13531 0.00353 0.36840
CWs Akf:i 0.00000 0.02442 0.00013 0.02251
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Figure 3. AnS and ApS, Example 6.4,a: k=1, M =2,b: k=2, M =4

Tables analysis:

By looking at Table 1, Table 3 and Table 5, it can be

concluded that as the 2D — CWs?¥ level y increases in

~ ,—/R -
our method, the values E,,,;,,, E4, %95C1 and L995C1

decrease in some or most nodal points. In fact, we ex-
pect that when we increase the levels k1, M and ko, M>
, we will reach very accurate solutions and close to the
AnS. Also, by checking Table 2, Table 4 and Table 6,
it is clearly seen that the errors of the current method
are less in some or most points compared to the errors
of the 2D — HWF's and 2D — BPF s methods with the
increase of the 2D — CWs?F level u. In general the re-
duction in E,,;,, with increasing level indicates the effi-
ciency of the proposed method. Also, the reduction in

~ e N— -
E,, 9%95CI and L%95C1 with increasing level gives us

confidence that each of the A}iSs is close to each other,
and a further increase in level will make this closeness of
the solutions to each other more evident, which results
in the convergence of these ApSs to the AnS.

Figures analysis:

By carefully observing Figure 1, Figure 2 and Figure 3,
it is concluded that in all three of them, in the figures
of mode b, where the 2D — CWs2F level is 81, the dif-
ference between AnS: g(x,y) and ApS: g(x,y) is less
than in mode a, where the this level is 16 in some or most
places. Therefore, it is expected that with the increase
of the level u, the ApSs almost overlap with the AnSs.
This shows the efficiency and accuracy of the proposed
method for solving the 2D.MN.S.VF.LIE 1.

7. Conclusions

In this study, the 2D — CWs?* helped us to solve
the 2D.MN.S.VF.LIEs numerically. In this way,
2D — BPFs, in combination with these wavelets, fa-
cilitated our method for constructing operational ma-
trices. The convergence estimation, the error analysis,
o —
and the numerical examples with E,,;;,,, E,4, 9%95C1 and

L%95C1 all confirmed the accuracy and efficiency of
the proposed method. To obtain the ApSs closer to the
AnSs, it is necessary to increase the order of the wavelet

¢ https://doi.org/10.57647/mathsci.2025.1902.09

4, which undoubtedly increases the volume of calcula-
tions and their execution time, but even with these small
levels, the accuracy of the solutions obtained at some
or many nodal points seems reasonable and appropriate.
Finally, the combination of other basic functions such
as Hat, Laguerre and Hermite with the 2D — BPF's, can
be considered for solving 2D.MN.S.VF.LIEs in new
researchs. .
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