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Abstract:
This paper presents a new type of Sushila distribution that provides greater flexibility for modelling lifetime
data. This model, called the Sushila-Poisson (SP) distribution, is created by combining the Sushila and Pois-
son distributions. The three-parameter SP distribution represents various shapes of hazard rate functions,
including upside-down bathtub, bathtub-shaped, increasing, and decreasing hazard rates, which are com-
monly encountered in fields such as medicine, engineering, economics, and the natural sciences. Therefore,
the proposed model offers great potential for applications in these areas. The new model includes several
known distributions, such as the Lindley, Lindley-Poisson, and Sushila distributions, as special cases. Sev-
eral statistical properties of the SP distribution have been derived in this study. Simulation studies were
conducted to examine the performance of the maximum likelihood estimators, which were developed using
the Expectation-Maximization (EM) algorithm. The flexibility of the new model was further demonstrated
through its application to three real data sets.
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1. Introduction

In reliability and survival analysis, understanding how
the risk of failure or event occurrence changes over time
is often more important than simply estimating average
lifetimes. This is typically done through the hazard func-
tion, which describes the instantaneous risk at any given
time. While standard distributions such as the exponen-
tial and Weibull have been widely used for this purpose,
they impose restrictive assumptions, for example, a con-
stant or monotonic hazard. Yet, in many practical situa-
tions, real data suggest more complicated hazard shapes:
for instance, a bathtub curve in mechanical systems, or
a hazard that first increases and then declines in biologi-
cal contexts. Relying solely on classical models in such
cases can lead to poor fit and unreliable conclusions. As
a result, there is a growing need for new distributions
that allow for greater flexibility in hazard shapes. Hav-
ing such models makes it possible to better represent the
underlying dynamics of time-to-event data, especially

when dealing with heterogeneous populations or com-
plex failure mechanisms. This, in turn, leads to more
accurate inference and better-informed decision-making
in fields where lifetime modeling plays a critical role.

To address the need for more flexible models capable
of capturing diverse hazard function shapes, this paper
introduces a new variant of the Sushila distribution. The
Sushila distribution was introduced by [1] with the den-
sity function given by

𝑓 (𝑦, 𝜃, 𝛼)= 𝜃2

𝛼(𝜃+1)
(
1+ 𝑦

𝛼

)
𝑒−

𝜃
𝛼 𝑦; 𝑦 > 0, 𝜃, 𝛼 > 0 (1)

and the distribution function

𝐹 (𝑦, 𝜃, 𝛼)=1−
(
1+ 𝜃𝑦

𝛼(𝜃 + 1)

)
𝑒−

𝜃
𝛼 𝑦 .

𝑦 > 0, 𝛼 > 0, 𝜃 > 0 (2)

Several researchers have proposed modified versions
of the Sushila distribution with the primary aim of em-
bedding existing distributions into more flexible and
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adaptable frameworks. Borah and Saikia [2] introduced
the discrete Sushila distribution. This new proposed
model seemed to be suitable for modeling and thus
provided a better alternative to the discrete Poisson-
Lindley for modeling different types of count data. Af-
ter that, the zero-truncated discrete Shanker distribution
was studied more by the same authors [3]. Yamrub-
boon et al. [4] introduced a negative binomial-Sushila
distribution, which was a new mixed negative binomial
distribution. It was shown that the new distribution pro-
vided a better fit of the data than the Poisson and nega-
tive binomial distributions. Elgarhy and Shawki [5] pro-
posed a new three-parameter exponentiated Sushila (ES)
distribution and studied its different properties. It was
observed that the proposed ES distribution had several
desirable properties and included some distributions as
special cases. Shawki and Elgarhy [6] introduced a
new four-parameter Kumaraswamy Sushila (KwS) dis-
tribution and studied its different properties. It was
observed that the proposed KwS distribution provided
several desirable properties. Rather and Subramanian
[7] discussed the statistical properties and applications
of length-biased Sushila distribution, which was a spe-
cial case of weighted distributions. Recently, Borah
and Hazarika [8] introduced Poisson-Sushila distribu-
tion and its applications. Rather and Subramanian [9]
introduced a new generalization of the Sushila distri-
bution, namely the weighted-Sushila distribution with
three shape parameters. The subject distribution was
generated by using the weighted technique. Some math-
ematical properties, along with reliability measures,
were discussed. Finally, the results were compared over
Sushila distribution, and it was found that the weighted
Sushila distribution provides a better fit than the Sushila
distribution. Pudprommarat [10] introduced the hur-
dle Poisson-Sushila distribution as an extension to the
Poisson-Sushila distribution and indicated this distribu-
tion provided a better fit than Poisson. Richardo de
Oliveria et al.[11] used a discrete sushila distribution
in the analysis of right-censored lifetime data. This new
model, in the same way as the continuous Sushila distri-
bution, has the discrete Lindley distribution as a special
case. The new proposed model performed at least as
well as its special case and some other traditional dis-
crete models, such as the Poisson and geometric distri-
butions. Pudprommarat [12] presented a zero-one in-
flated Poisson-Sushila distribution, which was a discrete
distribution. An application of the distribution to a real
data set was presented and compared with the fit attained
by some other well-known distributions for count data.
Adetunji [13] introduced a three-parameter generaliza-
tion of the Sushila distribution using the Quadratic trans-
muted technique by [14] and compared the performance
of the new distribution with the Sushila distribution.
Boonthiem et al. [15] presented a two-parameter con-
tinuous distribution called the new Sushila distribution,
and some properties of the distribution were discussed.
The new distribution contains the Sushila distribution
as a particular case 𝑝 = 1

2 (𝜃 = 1). Furthermore, the

new Sushila distribution was compared with the Lindley
and Sushila distributions for the waiting time data. The
results showed that the new Sushila provided a better
fit than both the Lindley and Suhila distributions. Ri-
cardo Puziol de Oliveira et al. [16] introduced a new
bivariate distribution based on the Sushila distribution
to model bivariate lifetime data in the presence of a
cure fraction, right-censored data, and covariates. The
new bivariate probability distribution was obtained by
a methodology used in the reliability theory based on
fatal shocks. For more information see Aryuyuen et al.
[17], Yamrubboon et al. [18], Bodhisuwan et al. [19]
and Atikankul et al. [20]. Daghagh et al. [21] intro-
duced a three-parameter Sushila-Geometric distribution
by compounding Sushila and Geometric distributions,
which offered a flexible model for lifetime data.

This paper aims to introduce an extension of the
Sushila distribution, which offers a more flexible distri-
bution for modeling lifetime data, namely in reliability
and survival analysis, in terms of its failure rate or haz-
ard rate shapes. The new distribution can accommodate
both decreasing and increasing failure rates as well as
unimodal and bathtub-shaped failure rates.

The rest of this paper is organized as follows: in Sec-
tion 2 we introduce the new Sushila-Poisson distribution
and investigate its basic properties, including the shape
properties of its density function and the hazard rate
function, stochastic orderings, quantile function, mo-
ments, order statistics, residual lifetime, reversed resid-
ual lifetime, Bonferroni and Lorenz curves, entropies,
and mean deviations. The maximum likelihood infer-
ence using the EM algorithm, asymptotic properties of
the estimates, and Fisher information matrix are dis-
cussed in Section 3. Simulation studies are also con-
ducted in Section 4. Section 5 gives the application (for
three real datasets) and reports the results. Our work is
concluded in Section 6.

2. Sushila-Poisson distribution
To construct the new distribution, follow the steps below.
Assume that the failure of a device is caused by the pres-
ence of Z (an unknown number) of initial defects. Let
𝑌1, · · · , 𝑌𝑍 represent the failure times of these initial de-
fects. Then, the failure time of the device is given by,
𝑋 = 𝑀𝑖𝑛(𝑌1, · · · , 𝑌𝑍 ). Suppose the failure times of the
initial defects 𝑌1, · · · , 𝑌𝑍 follow a Sushila distribution
(1) and Z has a zero-truncated Poisson distribution with
probability mass function as follows:

𝑃(𝑍 = 𝑧) = 𝜆𝑧𝑒−𝜆

𝑧!(1 − 𝑒−𝜆) , 𝑧 = 1, 2, 3, · · · . (3)

By assuming that the random variables 𝑌𝑖 and 𝑍 are in-
dependent, then the conditional CDF 𝑋 |𝑍 = 𝑧 is given
by

𝐹𝑋 |𝑍 (𝑥 |𝑧) = 1 −
[
(1 + 𝜃𝑥

𝛼(𝜃 + 1) )𝑒
− 𝜃

𝛼 𝑥

] 𝑧
.

The Sushila-Poisson (SP) distribution with three-
parameter, denoted by 𝑆𝑃(𝜃, 𝛼, 𝜆), is defined by the
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marginal CDF of 𝑋;

𝐹 (𝑥) =
𝑒𝜆 − 𝑒

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1)

𝑒𝜆 − 1
, 𝑥 > 0. (4)

The PDF of SP distribution for 𝜃, 𝜆, 𝛼 > 0 is given by

𝑓 (𝑥)=
𝜆𝜃2 (1+ 𝑥

𝛼 )
𝛼(𝜃+1)(𝑒𝜆−1) 𝑒

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 𝜃
𝛼 𝑥 , 𝑥 >0. (5)

The 𝑆𝑃 distribution includes several submodels. If 𝛼 =
1, it becomes the Lindley-Poisson (𝐿𝑃) distribution in-
troduced [22]. When 𝜆 goes to zero it changes to the
Sushila distribution due to Shanker et al. [1].

Theorem 2.1 Considering the SP distribution with the
probability density function in (5), we have the following
property:
If 𝜃2 (𝜆+1) ≥ 1, f(x) is decreasing in x. If 𝜃2 (𝜆+1) < 1,
f(x) is a unimodal function at 𝑥0, where 𝑥0 is the solution
of the equation 𝛼(𝜃+1)𝑒 𝜃

𝛼 𝑥 (𝜃𝑥+𝜃𝛼−𝛼)+𝜆𝜃2 (𝛼+𝑥)2 =
0.

Proof. 𝑓 (0) = 𝜆𝜃2𝑒𝜆

𝛼(𝜃+1) (𝑒𝜆−1) and 𝑓 (∞) = 0. The first
derivative of log 𝑓 (𝑥) is

𝑑 log 𝑓 (𝑥)
𝑑𝑥

= (6)

− [𝛼(𝜃+1)𝑒 𝜃
𝛼 𝑥 (𝜃𝑥+𝜃𝛼−𝛼)+𝜆𝜃2 (𝛼+𝑥)2]
𝛼2 (𝜃+1) (𝛼+𝑥)

𝑒−
𝜃
𝛼 𝑥 .

let

𝑠(𝑥) = 𝛼(𝜃 + 1)𝑒 𝜃
𝛼 𝑥 (𝜃𝑥 + 𝜃𝛼 − 𝛼) + 𝜆𝜃2 (𝛼 + 𝑥)2, (7)

then 𝑠(0) = 𝛼2𝜃2 (𝜆 + 1) − 𝛼2 and 𝑠(∞) = ∞. 𝑠′ (𝑥) =
𝜃2 (𝛼 + 𝑥) [(𝜃 + 1)𝑒 𝜃

𝛼 𝑥 + 2𝜆] > 0,
If 𝛼2𝜃2 (𝜆 + 1) ≥ 𝛼2 or 𝜃2 (𝜆 + 1) ≥ 1 then 𝑠(𝑥) ≥ 0,
𝑑𝑙𝑜𝑔 𝑓 (𝑥 )

𝑑𝑥 ≤ 0, i.e., 𝑓 (𝑥) is decreasing in 𝑥.
If 𝛼2𝜃2 (𝜆+1) < 𝛼2 or 𝜃2 (𝜆+1) < 1 , 𝑓 (𝑥) is a unimodal
function at 𝑥0, where 𝑥0 is the solution of the equation
𝑠(𝑥) = 0. Figure Figure 1 shows different shapes of (5)
for selected values of parameters.

2.1 Survival and failure rate function
The survival function for (2) is provided as follows

𝐹̄ (𝑥) =
𝑒

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 1
𝑒𝜆 − 1

. (8)

From (1) and (8) the failure(or hazard )rate function of
the SP distribution,

ℎ(𝑥) =
𝜆𝜃2 (1 + 𝑥

𝛼 )𝑒
𝜆𝑒−

𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 𝜃
𝛼 𝑥

𝛼(𝜃 + 1)
[
𝑒

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 1

] , (9)

where 𝑥 > 0, 𝜃, 𝜆, 𝛼 > 0. Figure 2 illustrates some
shapes of (9) with some different values of 𝛼, 𝜆, 𝜃.

2.2 Stochastic orderings
For positive continuous random variables, stochastic or-
dering serves as an important tool for comparing their
behavior. A random variable X is said to be stochasti-
cally smaller than a random variable Y in the

• stochastic order (𝑋 ≤𝑠𝑡 𝑌 ) if 𝐹𝑋 (𝑥) ≥ 𝐹𝑌 (𝑥) for
all x.

• hazard rate order (𝑋 ≤ℎ𝑟 𝑌 ) if ℎ𝑋 (𝑥) ≥ ℎ𝑌 (𝑥) for
all x.

• mean residual life order (𝑋 ≤𝑚𝑟𝑙 𝑌 ) if 𝑚𝑋 (𝑥) ≤
𝑚𝑌 (𝑥) for all x.

• likelihood ratio order (𝑋 ≤𝑙𝑟 𝑌 ) if 𝑓𝑋 (𝑥 )
𝑓𝑌 (𝑥 ) decreases

in x.

From Shaked and Shanthikumar [23] we have the fol-
lowing implications:

𝑋 ≤lr 𝑌 ⇒ 𝑋 ≤hr 𝑌 ⇒ 𝑋 ≤mrl 𝑌

⇓
𝑋 ≤st 𝑌

(10)

The following theorem demonstrates that the SP distri-
bution follows a specific ordering with respect to the
strongest “likelihood ratio” ordering.

Theorem 2.2 Let 𝑋 ∼ 𝑆𝑃(𝜃, 𝛼, 𝜆1) and 𝑌 ∼
𝑆𝑃(𝜃, 𝛼, 𝜆2). If 𝜆1 > 𝜆2 then 𝑋 ≤𝑙𝑟 𝑌 and hence
𝑋 ≤ℎ𝑟 𝑌 , 𝑋 ≤𝑚𝑟𝑙 𝑌 and 𝑋 ≤𝑠𝑡 𝑌 .

Proof: First note that
𝑓𝑋 (𝑥 )
𝑓𝑌 (𝑥 ) =

𝜆1 (𝑒𝜆2 − 1) exp
(
𝜆1𝑒

− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)−𝜆2𝑒

− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1)

)
𝜆2 (𝑒𝜆1 − 1)

.

Now

log
(
𝑓𝑋 (𝑥)
𝑓𝑌 (𝑥)

)
= log(𝑒𝜆2 − 1) + log(𝜆1)

+
(
𝜆1𝑒

− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)−𝜆2𝑒

− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃 + 1)

)
.

Then

𝑑

𝑑𝑥
log

(
𝑓𝑋 (𝑥)
𝑓𝑌 (𝑥)

)
=
𝜃2 (𝜆2 − 𝜆1)
𝛼(𝜃 + 1)

(
𝑒−

𝜃
𝛼 𝑥 (1 + 𝑥

𝛼
)
)
,

where 𝑓𝑋 (𝑥 )
𝑓𝑌 (𝑥 ) is decreasing in 𝑥. That is 𝑋 ≤𝑙𝑟 𝑌 . The re-

maining statements follow from the implications in (10).

2.3 Quantile Function
Let X be a 𝑆𝑃 random variable with the CDF in (4). By
inverting 𝐹 (𝑥) = 𝑢 for 0 < 𝑢 < 1, we obtain

𝑒𝜆 − 𝑢(𝑒𝜆 − 1)=𝑒
𝜆𝑒−

𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1)

𝛼((𝜃 + 1) log(𝑒𝜆 − 𝑢𝑒𝜆 + 𝑢)
𝜆

=𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥))
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Figure 2. Plots of the hazard rate function for selected values of parameters
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Multiplying by − exp(−𝜃 − 1) both sides of above Equa-
tion, we have

−(𝜃 + 1) log(𝑒𝜆 − 𝑢𝑒𝜆 + 𝑢)
𝜆 exp(𝜃 + 1) =−𝑒−( 𝜃

𝛼 𝑥+𝜃+1) (𝜃+1+ 𝜃
𝛼
𝑥)

From 𝑊 (𝑧) exp(𝑊 (𝑧)) = 𝑧, (see Adler [24] in detail),
we notice that−(𝜃+1+ 𝜃

𝛼𝑥) is the Lambert W function of
the real argument− 1

𝜆 (𝜃+1) log(𝑒𝜆−𝑢𝑒𝜆+𝑢) exp(−𝜃−1).
Then, we have

𝑊

(
−(𝜃 + 1) log(𝑒𝜆 − 𝑢𝑒𝜆 + 𝑢)

𝜆 exp(𝜃 + 1)

)
= −𝜃 − 1 − 𝜃

𝛼
𝑥

Then the quantile function of the 𝑆𝑃 distribution is given
by

𝐹−1 (𝑢)=
−𝜃 −𝑊−1

(
−(𝜃+1) log(𝑒𝜆−𝑢𝑒𝜆+𝑢)

𝜆 exp(𝜃+1)

)
− 1

𝜃
𝛼

. (11)

Note that− 1
𝑒 <

(
−(𝜃+1) log(𝑒𝜆−𝑢𝑒𝜆+𝑢)

𝜆 exp(𝜃+1)

)
< 0 so the𝑊−1 is

unique, which implies that 𝐹−1 (𝑢) is also unique. Thus,
one can use (11) for generating random data from the
𝑆𝑃 distribution. In addition, the 𝑞𝑡ℎ quantile 𝑥𝑞 of
𝑆𝑃(𝜃, 𝛼, 𝜆) is given by

𝑥𝑞 =

−𝛼 − 𝛼

𝜃
𝑊−1

(
−(𝜃+ 1) log(𝑒𝜆 − 𝑞𝑒𝜆 + 𝑞

𝜆 exp(𝜃 + 1)

)
− 𝛼

𝜃
;

0 < 𝑞 < 1. (12)

In particular, we obtain the median by putting 𝑞 = 0.5
in (12).

2.4 Moments
Many important characteristics and features of a distri-
bution can be effectively examined through its moments.
Moments are fundamental statistical measures that cap-
ture key quantitative aspects of a distribution. Let X be
a random variable following the SP distribution with pa-
rameters Θ = (𝜃, 𝜆, 𝛼)′. Expressions for mathematical
expectation and the kth moment on the origin of X can
be obtained using the well-known formula.

𝜇𝑘 = 𝐸 (𝑋 𝑘) =
∫ ∞

0
𝑘𝑥𝑘−1𝐹̄ (𝑥)𝑑𝑥.

Hence, it follows that

𝜇𝑘 =
∫ ∞

0
𝑘𝑥𝑘−1


𝑒
𝜆𝑒−

𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 1
𝑒𝜆 − 1

 𝑑𝑥
=

1
𝑒𝜆 − 1

∫ ∞

0
𝑘𝑥𝑘−1

∞∑
𝑗=1

©­­«
( 𝜆𝑒

− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) ) 𝑗

𝑗!
ª®®¬ 𝑑𝑥

=
1

𝑒𝜆−1

∞∑
𝑗=1

𝜆 𝑗

𝑗!(𝛼(𝜃+1) ) 𝑗
∫ ∞

0
𝑘𝑥𝑘−1𝑒−

𝜃 𝑗
𝛼 𝑥 (𝛼(𝜃+1)+ 𝜃𝑥 ) 𝑗𝑑𝑥

=
1

𝑒𝜆 − 1

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝜆 𝑗 𝜃 𝑖

𝑗!(𝛼(𝜃 + 1) )𝑖
∫ ∞

0
𝑥𝑖+𝑘−1𝑒−

𝜃 𝑗
𝛼 𝑥𝑑𝑥

=
1

𝑒𝜆 − 1

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝜆 𝑗 𝜃 𝑖

𝑗!(𝛼(𝜃 + 1) )𝑖 × Γ (𝑖 + 𝑘 )
( 𝜃 𝑗

𝛼 )𝑖+𝑘
.

In particular

𝐸 (𝑋) = 1
𝑒𝜆 − 1

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼𝜆 𝑗Γ(𝑖 + 1)

𝑗!𝜃 (𝜃 + 1)𝑖 ( 𝑗)𝑖+1 , (13)

and

𝐸 (𝑋2) = 1
𝑒𝜆 − 1

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼2𝜆 𝑗Γ(𝑖 + 2)

𝑗!𝜃2 (𝜃 + 1)𝑖 ( 𝑗)𝑖+2 .

Moreover, when 𝜆 goes to zero, we get 𝜇 = 𝛼(𝜃+2)
𝜃 (𝜃+1) ,

which is the mean of the original Sushila distribution.
Also, one can calculate the 𝑉𝑎𝑟 (𝑋).

2.5 Order statistics
Order statistics investigate the properties and behav-
ior of ordered random variables and their functions.
These concepts are particularly relevant in the analysis
of natural phenomena such as floods, lifespan, break-
ing strength, and atmospheric conditions like temper-
ature, pressure, and wind. Understanding and predict-
ing the recurrence of extreme events is critically impor-
tant, which motivates a focused study on extreme ob-
servations. In this section, we get the probability den-
sity function and the cumulative distribution function
of the 𝑘𝑡ℎ order statistic of the SP distribution. Sup-
pose 𝑋1, 𝑋2, · · · , 𝑋𝑛 is a random sample from (5). Let
𝑋1:𝑛 < 𝑋2:𝑛 < · · · < 𝑋𝑛:𝑛 denote the corresponding or-
der statistics. The PDF and CDF of the 𝑘𝑡ℎ order statis-
tic, say 𝑌 = 𝑋𝑘:𝑛, are given by

𝑓𝑌 (𝑦) =
𝜆𝜃2 (1 + 𝑦

𝛼 )
𝛼(𝜃 + 1)(𝑒𝜆 − 1) 𝑒

𝜆𝑒−
𝜃
𝛼 𝑦 (𝛼(𝜃+1)+𝜃𝑦)

𝛼(𝜃+1)

− 𝜃
𝛼
𝑦
𝑛−𝑘∑
𝑙=0

(
𝑛 − 𝑘
𝑙

)
(−1)𝑙


𝑒𝜆 − 𝑒

𝜆𝑒−
𝜃
𝛼 𝑦 (𝛼(𝜃+1)+𝜃𝑦)

𝛼(𝜃+1)

𝑒𝜆−1


𝑘+𝑙−1

and

𝐹𝑌 (𝑦) =
𝑛∑
𝑗=𝑘

(
𝑛

𝑗

)
𝐹 𝑗 (𝑦) [1 − 𝐹 (𝑦)]𝑛− 𝑗

=
𝑛∑
𝑗=𝑘

𝑛−𝑗∑
𝑙=0

(
𝑛

𝑗

) (
𝑛− 𝑗
𝑙

)
(−1)𝑙


𝑒𝜆 − 𝑒

𝜆𝑒−
𝜃
𝛼 𝑦 (𝛼(𝜃+1)+𝜃𝑦)

𝛼(𝜃+1)

𝑒𝜆−1


𝑗+𝑙

If 𝑋1, · · · , 𝑋𝑛 is a random sample from (5) and 𝑋̄ =
𝑋1 + 𝑋2 + · · · + 𝑋𝑛

𝑛
denotes the sample mean, by the

central limit theorem as 𝑛 → ∞ then
√
𝑛(𝑋 − 𝐸 (𝑋))√
𝑉𝑎𝑟 (𝑋)

approaches the standard normal distribution. Some-
times one would be interested in the asymptotics of the
extreme values 𝑀𝑛 = max (𝑋1, · · · , 𝑋𝑛) and 𝑚𝑛 =
min(𝑋1, · · · , 𝑋𝑛).
For the CDF in (4), by using L’Hospital’s rule, we have

lim
𝑡→∞

1 − 𝐹 (𝑡 + 𝑥)
1 − 𝐹 (𝑡) = exp(− 𝜃

𝛼
𝑥)
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In addition, by using L’Hospital’s rule, it can be easily
shown that

lim
𝑡→0

𝐹 (𝑡𝑥)
𝐹 (𝑡) = lim

𝑡→0

𝑥 𝑓 (𝑡𝑥)
𝑓 (𝑡) = 𝑥

By following Theorem 1.6.2 in Leadbetter et al. [25], we
observe that there must be some normalizing constants
𝑎𝑛 > 0, 𝑏𝑛,𝑐𝑛 > 0 and 𝑑𝑛, such that

𝑃𝑟 [𝑎𝑛 (𝑀𝑛 − 𝑏𝑛) ≤ 𝑥] → exp(− exp(− 𝜃
𝛼
𝑥))

𝑃𝑟 [𝑐𝑛 (𝑚𝑛 − 𝑑𝑛) ≤ 𝑥] → 1 − exp(−𝑥)

as 𝑛 → ∞. The form of the normalizing constants can
be determined by using Corollary 1.6.3 in Leadbetter et
al. [25]. As an illustration, one can see that 𝑎𝑛 = 1
and 𝑏𝑛 = 𝐹−1 (1 − 1

𝑛 ) where 𝐹−1 (·) denotes the inverse
function of 𝐹 (·).

2.6 Residual life time and reversed residual life
time

Given that a system component has survived up to a time
𝑡 > 0, the residual life refers to the remaining time un-
til failure, and is represented by the conditional random
variable 𝑋 − 𝑡 |𝑋 > 𝑡. The mean residual life (MRL)
is a key concept in survival analysis and reliability the-
ory, as it helps characterize the lifetime of a system and
can uniquely determine the corresponding lifetime dis-
tribution. The rth moment of the residual life for the 𝑆𝑃
distribution can be derived using a general formula.

𝜇𝑟 (𝑡) = 𝐸 [(𝑋 − 𝑡)𝑟 |𝑋 > 𝑡]

=
1
𝐹̄ (𝑡)

∫ ∞

𝑡
𝑟 (𝑥 − 𝑡)𝑟−1𝐹̄ (𝑥)𝑑𝑥,

Using the binominal expansion to (𝑥 − 𝑡)𝑟 and substitut-
ing 𝐹̄ (𝑥) given by (8) into the formula above imply

𝜇𝑟 (𝑡) =


𝑒𝜆 − 1

𝑒
𝜆𝑒−

𝜃
𝛼 𝑡 (𝛼(𝜃+1)+𝜃𝑡 )

𝛼(𝜃+1) − 1

 ×
∞∑
𝑗=1

𝑗∑
𝑖=0

𝑟−1∑
𝑘=0

( 𝑗
𝑖

) (𝑟−1
𝑘

)
𝜆 𝑗𝜃𝑖 (−1)𝑘 𝑡𝑘𝑟

𝑗!(𝛼(𝜃 + 1))𝑖 ( 𝛼
𝜃 𝑗

)𝑖+𝑟−𝑘Γ(𝑟+𝑖−𝑘, 𝜃 𝑗𝑡
𝛼

).

Thus, we obtain the mean residual life (MRL) of the SP
distribution as

𝜇1 (𝑡) = 𝜇(𝑡) =


𝑒𝜆 − 1

𝑒
𝜆𝑒−

𝜃
𝛼 𝑡 (𝛼(𝜃+1)+𝜃𝑡 )

𝛼(𝜃+1) − 1

 ×
∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼𝜆 𝑗𝜃𝑖

𝑗!(𝜃 + 1)𝑖 (𝜃 𝑗)𝑖+1 Γ(1 + 𝑖; 𝜃 𝑗𝑡
𝛼

).

In particular, we obtain

𝜇(0) = 𝐸 (𝑋) = 1
𝑒𝜆 − 1

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼𝜆 𝑗Γ(𝑖 + 1)

𝑗!𝜃 (𝜃 + 1)𝑖 ( 𝑗)𝑖+1 .

Also, if 𝜆 = 0, then

𝜇(𝑡) = 𝛼

𝜃

[
𝛼(𝜃 + 1) + 𝜃𝑡 + 𝛼
𝛼(𝜃 + 1) + 𝜃𝑡

]
,

which is the MRL function of the original Sushila distri-
bution. The variance of the residual life of the SP distri-
bution can be obtained easily by using 𝜇2 (𝑡) and 𝜇(𝑡),
and consequently its coefficient of variation.
The 𝑟th-order moment of the reversed residual life can
be obtained by the well-known formula

𝑚𝑟 (𝑡) = 𝐸 [(𝑡 − 𝑋)𝑟 |𝑋 < 𝑡]

=
1
𝐹 (𝑡)

∫ 𝑡

0
𝑟 (𝑡 − 𝑥)𝑟−1𝐹 (𝑥)𝑑𝑥,

𝑚𝑟 (𝑡 ) =
𝑟

𝑒𝜆 − 𝑒
𝜆𝑒−

𝜃
𝛼 𝑡 (𝛼(𝜃+1)+𝜃𝑡 )

𝛼(𝜃+1)

𝑟−1∑
𝑘=0

(
𝑟 − 1
𝑘

)
𝑡𝑟−𝑘−1 (−1)𝑘

×

𝑡𝑘+1

𝑘 + 1
+

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝜆 𝑗𝛼𝑘+1

𝑗!(𝜃 + 1)𝑖 𝜃𝑘+1 𝑗𝑖+𝑘+1 𝛾 (𝑖 + 𝑘 + 1,
𝜃 𝑗𝑡

𝛼
)
 .

Thus, the mean of the reversed residual life of the SP
distribution is given by

𝑚1 (𝑡) =
1

𝑒𝜆 − 𝑒
𝜆𝑒−

𝜃
𝛼 𝑡 (𝛼(𝜃+1)+𝜃𝑡 )

𝛼(𝜃+1)

×

𝑡 +
∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝜆 𝑗𝛼

𝑗!𝜃 (𝜃 + 1)𝑖 ( 𝑗)𝑖+1 𝛾(𝑖 + 1,
𝜃 𝑗 𝑡

𝛼
)
 .

𝑚2 (𝑡) =
2𝑡

𝑒𝜆 − 𝑒
𝜆𝑒−

𝜃
𝛼 𝑡 (𝛼(𝜃+1)+𝜃𝑡 )

𝛼(𝜃+1)

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝜆 𝑗𝛼

𝑗!𝜃 (𝜃 + 1)𝑖 ( 𝑗)𝑖+1

×
[
𝛾(𝑖 + 1,

𝜃 𝑗 𝑡

𝛼
) − 𝛼

𝑗𝜃2 𝛾(𝑖 + 2,
𝜃 𝑗 𝑡

𝛼
)
]
.

2.7 Bonferroni and Lorenz Curves
Bonferroni and Lorenz curves have a wide range of
practical applications extending beyond economics and
poverty analysis. They are also utilized in fields such
as reliability engineering, lifetime data analysis, insur-
ance, and medical research. For a random variable 𝑋
with CDF (4), the Bonferroni curve is defined by

𝐵𝐹 [𝐹 (𝑥)] =
1

𝜇𝐹 (𝑥)

∫ 𝑥

0
𝑢 𝑓 (𝑢)𝑑𝑢,

Or equivalently, given by

𝐵𝐹 (𝑝) = =
1
𝜇𝑝

∫ 𝑝

0
𝐹−1 (𝑡)𝑑𝑡,

where 𝑝 = 𝐹 (𝑥) and 𝐹−1 (𝑡) = 𝑖𝑛 𝑓 [𝑥; 𝐹 (𝑥) > 𝑡]. From
the relationship between the Bonferroni curve and the
mean residual lifetime given by Theorem 2.1 [26], the
Bonferroni curve of the distribution function F of SP
distribution is given by

𝐵𝐹 [𝐹 (𝑥)] =
𝑒𝜆 − 1

𝑒𝜆 − 𝑒
𝜆𝑒−

𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1)

(14)

×
1−

1
𝜇(𝑒𝜆 − 1)

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼𝜆 𝑗Γ(𝑖 + 1; 𝜃 𝑗𝑥

𝛼 )
𝑗!𝜃 (𝜃 + 1)𝑖 𝑗 𝑖+1

− 𝑥
𝜇

©­­«
𝑒

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 1
𝑒𝜆 − 1

ª®®¬
 ,
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where 𝜇 is given in (13). Additionally, the Lorenz curve
of F that follows the SP distribution can be obtained via
the expression𝐿𝐹 [𝐹 (𝑥)] = 𝐵𝐹 [𝐹 (𝑥)]𝐹 (𝑥). The scaled
total time and cumulative total time on test transform of
a distribution function F ( [26]) are defined by

𝑆𝐹 [𝐹 (𝑡)] =
1
𝜇

∫ 𝑡

0
𝐹̄ (𝑢)𝑑𝑢

𝐶𝐹 =
∫ 1

0
𝑆𝐹 [𝐹 (𝑡)] 𝑓 (𝑡)𝑑𝑡,

where 𝑆(·) and 𝐹 (·) denotes the survival function and
CDF of 𝑋 . Then, for 𝑆𝐺 distribution we get

𝑆𝐹 [𝐹 (𝑡)] =
1

𝜇(𝑒𝜆 − 1)

∞∑
𝑗=1

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼𝜆 𝑗

𝑗!𝜃 (𝜃 + 1)𝑖 𝑗 𝑖+1

×
∞∑
𝑘=0

(−1)𝑘
𝑘!

( 𝜃 𝑗𝑡𝛼 )𝑖+1+𝑘

𝑖 + 1 + 𝑘 ,

and

𝐶𝐹 =
1

𝜇(𝑒𝜆 − 1)2

∞∑
𝑗=1

𝑗∑
𝑖=0

∞∑
𝑘=0

∞∑
𝛾=0

𝛾∑
𝑏=0( 𝑗

𝑖

) (𝛾
𝑏

)
(−1)𝑘𝜆 𝑗+𝛾+1𝜃𝑖+𝑘+𝑏+1 𝑗 𝑘

𝑗!𝛾!𝛼𝑏 (𝜃 + 1)𝑏+𝑖 (𝑖 + 𝑘 + 1)
×

[
𝛾(𝑖 + 𝑘 + 𝑏 + 2, ) + 1

𝛼
𝛾(𝑖 + 𝑘 + 𝑏 + 3, )

]
.

The Gini index can be derived from the 𝐺 = 1 − 𝐶𝐹 .

2.8 Entropies
The entropy quantifies the level of uncertainty associ-
ated with random variables. The Rényi entropy is de-
fined as

J𝑅 (𝛾) =
1

1 − 𝛾 log
[∫

𝑓 𝛾 (𝑥)𝑑𝑥
]
, 𝛾 > 0, 𝛾 ≠ 1.

Suppose 𝑋 ∼ 𝑆𝑃(𝜃, 𝜆, 𝛼), Then, one can calculate∫
𝑓 𝛾 (𝑥)𝑑𝑥 =

(
𝜆𝜃2

𝛼(𝜃 + 1) (𝑒𝜆 − 1)

)𝛾
×

∫ ∞

0

(
1 + 𝑥

𝛼

)𝛾
𝑒𝛾 (

𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥)

𝛼(𝜃+1) − 𝜃
𝛼 𝑥 )𝑑𝑥

= ( 𝜆𝜃2

𝛼(𝜃 + 1)(𝑒𝜆 − 1) )
𝛾

×
𝛾∑
𝑗=0

(𝛾
𝑗

)
𝛼 𝑗

∫ ∞

0
𝑥 𝑗𝑒−

𝛾𝜃𝑥
𝛼

∞∑
𝑘=0

𝛾𝑘 ( 𝜆𝑒
− 𝜃
𝛼 𝑥 (𝛼(𝜃+1)+𝜃𝑥 )

𝛼(𝜃+1) )𝑘

𝑘!
𝑑𝑥

=

(
𝜆𝜃2

𝛼(𝜃 + 1)(𝑒𝜆 − 1)

)𝛾 𝛾∑
𝑗=0

∞∑
𝑘=0

(𝛾
𝑗

)
𝛼 𝑗

𝛾𝑘

𝑘!
𝜆𝑘

(𝛼(𝜃 + 1))𝑘

×
∫ ∞

0
𝑥 𝑗𝑒−

𝜃 (𝛾+𝑘)𝑥
𝛼 (𝛼(𝜃 + 1) + 𝜃𝑥)𝑘𝑑𝑥

=

(
𝜆𝜃2

𝛼(𝜃 + 1)(𝑒𝜆 − 1)

)𝛾
×

𝛾∑
𝑗=0

∞∑
𝑘=0

𝑘∑
𝑖=0

(𝑘
𝑖

) (𝛾
𝑗

)
(𝛾𝜆𝜃)𝑘

𝑘!(𝛼)𝑖+ 𝑗 (𝜃 + 1)𝑖
∫ ∞

0
𝑥𝑘+ 𝑗𝑒−

𝜃 (𝛾+𝑘)𝑥
𝛼 𝑑𝑥.

Thus, the Rényi entropy of the SP distribution can be
expressed as

J𝑅 (𝛾) =
𝛾

1 − 𝛾 log
(

𝜆𝜃2

𝛼(𝜃 + 1) (𝑒𝜆 − 1

)
+ 1

1 − 𝛾 × (15)

log


𝛾∑
𝑗=0

∞∑
𝑘=0

𝑘∑
𝑖=0

(𝑘
𝑖

) (𝛾
𝑗

)
(𝛾𝜆)𝑘 (𝛼)𝑘−𝑖+1Γ(𝑘 + 𝑗 + 1)

𝑘!(𝜃) 𝑗+1 (𝜃 + 1)𝑖 (𝑘 + 𝛾)𝑘+ 𝑗+1

 .
Shannon entropy defined by −𝐸 [log 𝑓 (𝑋)] is the partic-
ular case of (15) for 𝛾 ↑ 1. Limiting 𝛾 ↑ 1 in (15) and
using L’Hospital’s rule, after considerable algebraic ma-
nipulation, we get

𝐸 [− log 𝑓 (𝑋)] = − log
(

𝜆𝜃2

𝛼(𝜃 + 1) (𝑒𝜆 − 1)

)
(16)

+ 𝜃
𝛼
𝐸 (𝑋) +

∞∑
𝑖=1

(−1)𝑖
𝑖𝛼𝑖

𝐸 (𝑋 𝑖)

−
∞∑
𝑗=0

𝑗∑
𝑘=0

( 𝑗
𝑘

)
𝜆 𝑗+2Γ(𝑘 + 1)

𝑗!(𝑒𝜆 − 1) (𝜃 + 1)𝑘+2 ( 𝑗 + 1)𝑘+1

×
[
𝜃 (𝜃+1)+ (𝑘+1)(2𝜃+1)

( 𝑗+1) + (𝑘 + 1) (𝑘 + 2)
( 𝑗 + 1)2

]
.

2.9 Mean deviations
Population dispersion can be quantified by evaluating
the deviations from central values like the mean and me-
dian. For a random variable 𝑋, with 𝜇 = 𝐸 (𝑋) and
𝑀 = 𝑀𝑒𝑑𝑖𝑎𝑛(𝑋), the mean deviation about the mean
and the mean deviation about the median, are defined
respectively by

𝛿1 =
∫ ∞

0
|𝑥 − 𝜇 | 𝑓 (𝑥)𝑑𝑥

= 2𝜇𝐹 (𝜇) − 2 + 2
∫ ∞

𝜇
𝑥 𝑓 (𝑥)𝑑𝑥,

𝛿2 =
∫ ∞

0
|𝑥 − 𝑀 | 𝑓 (𝑥)𝑑𝑥

= 2𝑀𝐹 (𝑀) − 𝑀 − 𝜇 + 2
∫ ∞

𝑀
𝑥 𝑓 (𝑥)𝑑𝑥,

where 𝐿 (𝑏) =
∫ ∞
𝑏
𝑥 𝑓 (𝑥)𝑑𝑥. If 𝑋 is 𝑆𝑃 random variable

specified by (5)

𝛿1 = 2𝜇𝐹 (𝜇) − 2𝜇 + 2𝐿 (𝜇),
𝛿2 = 2𝑀𝐹 (𝑀) − 𝑀 − 𝜇 + 2𝐿 (𝑀),

𝐿 (𝑏) =
𝜆

𝑒𝜆−1

∞∑
𝑗=0

𝑗∑
𝑖=0

( 𝑗
𝑖

)
𝛼 𝑗+1

( 𝑗 + 1)𝑖+2 × (17)[
Γ

(
𝑖 + 2,

𝜃𝜇( 𝑗 + 1)
𝛼

)
+ 1
𝜃 ( 𝑗 + 1) Γ

(
𝑖 + 3,

𝜃𝜇( 𝑗 + 1)
𝛼

)]
,

where 𝜇 and 𝑀 are defined in (13) and (12), respectively.
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3. Maximum Likelihood Estimation and
Fisher information matrix

MLE is a commonly used method for estimating un-
known parameters of a distribution, valued for its ap-
pealing statistical properties such as consistency and
asymptotic normality. In this section, the MLEs of the
parameters 𝜃, 𝛼 and 𝜆 are derived. Let𝑋1, · · · , 𝑋𝑛 be a
random sample from the 𝑆𝑃 distribution with unknown
vector of parameters Θ = (𝜃, 𝛼, 𝜆)′. Then the log-
likelihood function is given by

log 𝑓 (𝑥;Θ) = 𝜆
𝑛∑
𝑖=1

𝑒−
𝜃
𝛼 𝑥𝑖 + 𝜃𝜆

𝛼(𝜃 + 1)
𝑛∑
𝑖=1

𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖 − 𝜃

𝛼

𝑛∑
𝑖=1

𝑥𝑖

+
𝑛∑
𝑖=1

log(1 + 𝑥𝑖
𝛼
) + 2𝑛 log 𝜃

−𝑛 log𝛼 − 𝑛 log(𝜃 + 1)
−𝑛 log(𝑒𝜆 − 1) + 𝑛 log𝜆. (18)

The MLEs of the unknown parameters can be obtained
by taking the first partial derivatives of (18) with respect
to Θ = (𝜃, 𝜆, 𝛼)′. We get the following likelihood equa-
tions

𝜕 log 𝑓 (𝑥;ΘΘΘ)
𝜕𝜆

=
𝑛∑
𝑖=1

𝑒−
𝜃
𝛼 𝑥𝑖 + 𝜃

𝛼(𝜃 + 1)
𝑛∑
𝑖=1

𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖 − 𝑛𝑒𝜆

𝑒𝜆 − 1
+ 𝑛

𝜆
.

𝜕 log 𝑓 (𝑥;ΘΘΘ)
𝜕𝜃

= − 1
𝛼

𝑛∑
𝑖=1

𝑥𝑖 +
2𝑛
𝜃

− 𝑛

(𝜃 + 1) −
𝜃 (𝜃 + 2)𝜆
𝛼(𝜃 + 1)2

𝑛∑
𝑖=1

𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖

− 𝜃𝜆

𝛼2 (𝜃 + 1)

𝑛∑
𝑖=1

𝑥2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖 .

𝜕 log 𝑓 (𝑥;𝚯)
𝜕𝛼

= − 1
𝛼

𝑛∑
𝑖=1

(
𝑥𝑖

𝛼 + 𝑥𝑖

)
− 𝑛

𝛼

+ 𝜆𝜃2

𝛼3 (𝜃 + 1)

𝑛∑
𝑖=1

𝑥2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

+ 𝜆𝜃2

𝛼2 (𝜃 + 1)

𝑛∑
𝑖=1

𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖+ 𝜃

𝛼2

𝑛∑
𝑖=1

𝑥𝑖 .

The solutions of these nonlinear equations do not have
a closed form, so numerical methods can be employed
to get the MLEs. The EM algorithm has emerged as
a widely used method for statistical estimation in the
presence of incomplete data, and in analogous contexts
such as mixture model estimation (see, [27] and [28]).
This iterative approach systematically substitutes miss-
ing data with estimates and updates the parameter val-
ues.
The complete-data distribution is defined by the density

function

𝑓 (𝑥, 𝑧;Θ) =
𝑧𝜃2𝑒−

𝜃
𝛼 𝑥𝑧 (1 + 𝑥

𝛼 ) [𝛼(𝜃 + 1) + 𝜃𝑥]𝑧−1

(𝛼(𝜃 + 1))𝑧

× 𝜆𝑧𝑒−𝜆

𝑧!(1 − 𝑒−𝜆) ,

where Θ = (𝜃, 𝛼, 𝜆)′, 𝑥 > 0, 𝑧 ∈ 𝑁.
Under the formulation, the E-step of an EM cycle re-
quires the expectation of (𝑍 |𝑋;Θ𝑟 ) where Θ(𝑟 ) =
(𝜃 (𝑟 ) , 𝛼 (𝑟 ) , 𝜆 (𝑟 ) )′, is the current estimate (in the 𝑟th iter-
ation) of Θ.
The pdf of 𝑍 given 𝑋 is given by

𝑓 (𝑧 |𝑥) =
(
(𝛼(𝜃 + 1))1−𝑧 𝜆𝑧−1 (𝛼(𝜃 + 1) + 𝜃𝑥)𝑧−1

× exp

[
−𝜆𝑒− 𝜃

𝛼 𝑥 (𝛼(𝜃 + 1) + 𝜃𝑥)
𝛼(𝜃 + 1) + 𝜃

𝛼
𝑥 − 𝜃

𝛼
𝑥𝑧

])
/(𝑧 − 1)!.

Therefore, its expected value is given by

𝐸 (𝑍 |𝑋;Θ) = 1 + 𝜆𝑒−
𝜃
𝛼 𝑥 (𝛼(𝜃 + 1) + 𝜃𝑥)
𝛼(𝜃 + 1) .

The EM cycle is completed with the M-step by using the
maximum likelihood estimation over Θ, with the miss-
ing 𝑍𝑠 replaced by their conditional expectations given
above. Thus, an EM iteration is given by

𝜆̂ (𝑡+1) = 𝑛−1
(
1 − 𝑒−𝜆(𝑡 )

) 𝑛∑
𝑖=1

𝑤 (𝑡 )
𝑖

𝜃 (𝑡+1) = 2𝑛

(
𝑛∑
𝑖=1

𝑥𝑖 + 𝛼 (𝑡 )

𝛼 (𝑡 ) (𝜃 (𝑡 ) + 1) + 𝜃 (𝑡 )𝑥𝑖

−
𝑛∑
𝑖=1

(𝑥𝑖 + 𝛼 (𝑡 ) )𝑤 (𝑡 )
𝑖

𝛼 (𝑡 ) (𝜃 (𝑡 ) + 1) + 𝜃 (𝑡 )𝑥𝑖

+ 1
𝛼 (𝑡 )

𝑛∑
𝑖=1

𝑤 (𝑡 )
𝑖 𝑥𝑖 +

∑𝑛
𝑖=1 𝑤

(𝑡 )
𝑖

𝜃 (𝑡 ) + 1

)−1

𝛼̂ (𝑡+1) =

(
𝜃 (𝑡 )

𝛼 (𝑡 )

𝑛∑
𝑖=1

𝑥𝑖𝑤
(𝑡 )
𝑖 −

𝑛∑
𝑖=1

( 𝑥𝑖

𝛼 (𝑡 ) + 𝑥𝑖
)−

𝑛∑
𝑖=1

𝑤 (𝑡 )
𝑖

)
×

(
(𝜃 (𝑡 ) + 1)

𝑛∑
𝑖=1

(𝑤 (𝑡 )
𝑖 − 1)

𝛼 (𝑡 ) (𝜃 (𝑡 ) + 1) + 𝜃 (𝑡 )𝑥𝑖

)−1

,

where 𝜃 (𝑟+1) and 𝛼̂ (𝑟+1) are found numerically. Hence
for 𝑖 = 1, ..., 𝑛 we have

𝑤 (𝑡 )
𝑖 = 1 +

𝜆 (𝑡 )𝑒
− 𝜃 (𝑡 )

𝛼(𝑡 ) 𝑥𝑖
(
𝛼 (𝑡 ) (𝜃 (𝑡 ) + 1) + 𝜃 (𝑡 )𝑥𝑖

)
𝛼 (𝑡 ) (𝜃 (𝑡 ) + 1)

.

The relations described above outline an iterative com-
putational method for obtaining maximum likelihood es-
timators, which we have implemented on a real dataset
in Section 5.

3.1 Asymptotic variance and covariance of MLEs
It is known that under some regular conditions, as the
sample size increases, the distribution of the MLE tends
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to the trivariate normal distribution with mean (𝜃, 𝜆, 𝛼)
and covariance matrix equal to the inverse of the Fisher
information matrix. The trivariate normal distribution
can be used to construct approximate confidence inter-
vals for the parameters Θ = (𝜃, 𝜆, 𝛼)′. Let 𝐼 (Θ) =
𝐼 (𝜃, 𝜆, 𝛼; 𝑥𝑜𝑏𝑠) be the observed matrix with elements 𝐼𝑖 𝑗
with i,j = 1, 2, 3. The elements of the observed informa-
tion matrix are given by:

𝐼11 =
2𝑛
𝜃2 − 𝑛

(𝜃 + 1)2 +
2𝜆

∑𝑛
𝑖=1 𝑥𝑖𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼(𝜃 + 1)3

−
𝜃𝜆

∑𝑛
𝑖=1 𝑥

3
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼3 (𝜃 + 1)

−
𝜆((𝜃 + 1)2 − 2)∑𝑛

𝑖=1 𝑥
2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼2 (𝜃 + 1)2 .

𝐼12 = 𝐼21 =
𝜃 (𝜃 + 2)∑𝑛

𝑖=1 𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖

𝛼(𝜃 + 1)2

+
𝜃
∑𝑛

𝑖=1 𝑥
2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼2 (𝜃 + 1)
.

𝐼22 = − 𝑒𝜆𝑛

(𝑒𝜆 − 1)2 + 𝑛

𝜆2 .

𝐼13 = 𝐼31 = −
𝜆𝜃2 ∑𝑛

𝑖=1 𝑥
3
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼4 (𝜃 + 1)

+
𝜆𝜃 (𝜃 − 1)∑𝑛

𝑖=1 𝑥
2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼3 (𝜃 + 1)

+
𝜃𝜆(𝜃 − 2)∑𝑛

𝑖=1 𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖

𝛼2 (𝜃 + 1)2 .

𝐼23 = 𝐼32 =
𝜃2 ∑𝑛

𝑖=1 𝑥
2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼3 (𝜃 + 1)
+
𝜃2 ∑𝑛

𝑖=1 𝑥𝑖𝑒
− 𝜃

𝛼 𝑥𝑖

𝛼2 (𝜃 + 1)
.

𝐼33 = −
𝜃3𝜆

∑𝑛
𝑖=1 𝑥

3
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼5 (𝜃 + 1)
−
𝜃2𝜆(𝜃 − 3)∑𝑛

𝑖=1 𝑥
2
𝑖 𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼4 (𝜃 + 1)

+
2𝜃2𝜆

∑𝑛
𝑖=1 𝑥𝑖𝑒

− 𝜃
𝛼 𝑥𝑖

𝛼3 (𝜃 + 1)

+
2𝜃

∑𝑛
𝑖=1 𝑥𝑖

𝛼3 − 1
𝛼2

𝑛∑
𝑖=1

𝑥𝑖
𝑥𝑖 + 𝛼

− 1
𝛼

𝑛∑
𝑖=1

𝑥𝑖
(𝑥𝑖 + 𝛼)2 − 𝑛

𝛼2 .

The elements of the expected information matrix, 𝐽 (Θ),
are calculated by taking the expectations of 𝐼𝑖 𝑗 , i,j=1,2,3
with respect to the distribution of X. When the expecta-
tions of 𝐼𝑖 𝑗 , i,j=1,2,3 is obtained, we would have the ma-
trix 𝐽 (Θ), the inverse of 𝐽 (Θ), evaluated at Θ̂ provides
the asymptotic variance-covariance matrix of MLEs.
Alternative estimates can be obtained from the inverse
of the observed information matrix since it is a consis-
tent estimator of 𝐽−1 (Θ).

4. Simulation study
In this section, we demonstrate the methodology from
Section 3 using simulated data. A numerical study is
conducted to apply the EM algorithm for parameter es-
timation, and the accuracy of the estimates is evalu-
ated. The simulation study is carried out using R soft-

ware, with a relative tolerance of 10−4 set as the con-
vergence criterion for the algorithms. The accuracy of
the algorithms is examined for a proposed model (11)
with different values for (𝜃, 𝛼, 𝜆) and 𝑛 = 100, 200, 500.
The simulation was again performed 1000 times and
the means and standard deviations reported in Table Ta-
ble 1, which shows that the EM method has a good
performance-complexity trade-off as the number of ob-
servations increases.

5. Application to Real-Data
In this section, we assess the practical performance of
the Sushila-Poisson distribution by comparing it with
several existing distributions. To facilitate this com-
parison, three real-world datasets are analyzed. In the
first dataset, we demonstrate that the SP distribution
is a strong competitor to two important distributions,
namely the gamma and Weibull distributions, which are
two-parameter distributions. In the second dataset, we
show that the SP distribution performs well when com-
pared to a three-parameter distribution introduced by
Daghagh et al. [21]. Since the SP and the distribution of
Daghagh et al. [21] have approximately the same struc-
tures. For the third dataset, we compare the Sushila-
Poisson distribution with the modified Weibull (𝑀𝑊)
distribution introduced by [29].

In order to identify the shape of the hazard rate func-
tion of the data, we consider a graphical method based
on the Total Time on Test (𝑇𝑇𝑇) plot. As we know, the
empirical 𝑇𝑇𝑇 plot is given by

𝐺
( 𝑟
𝑛

)
=

(∑𝑟
𝑖=1 𝑋𝑖:𝑛 + (𝑛 − 𝑟)𝑋𝑟 :𝑛)∑𝑛

𝑖=1 𝑋𝑖:𝑛
,

where 𝑋𝑖:𝑛 denotes the 𝑖th order statistic of the sam-
ple. If the empirical TTT transform is convex, concave,
convex, then concave and concave, then convex, the
shape of the corresponding hazard rate function is, re-
spectively, decreasing, increasing, bathtub-shaped, and
upside-down bathtub, see [30]. In order to compare dis-
tributions, we consider the values of the log-likelihood
(− log 𝐿), Akaike Information Criterion (AIC), and the
AICC (a version of Akaike information criterion, that
has a correction for small sample sizes). The better dis-
tribution corresponds to smaller− log 𝐿, AIC, and AICc.
In addition, we apply the Kolmogorov-Smirnov statistic
(and associated p-value) to verify which distribution fits
the data better.

The first data set consists of the number of successive
failures for the air conditioning system of each member
in feet of 13 Boeing 720 jet airplanes. The pooled data
with 213 observations are considered here. First data set
is given by as follows:
194, 15, 41, 29, 33, 181, 413, 14, 58, 37, 100, 65, 9, 180,
447, 184, 36, 201, 118, 34, 31, 18, 18, 67, 57, 62, 7, 22,
34, 90, 10, 60, 186, 61, 49, 14, 24, 56, 20, 79, 84, 44,
59, 29,156, 118, 25, 310, 76, 26, 44, 23, 62, 130, 208,
70 , 101, 208, 74, 57, 48, 29, 502, 12, 70, 21, 29, 386,
59, 27, 153, 26, 326,55, 320, 56, 104, 220, 239, 47, 246,
176, 182, 33, 15, 104, 35, 23, 261, 87, 7, 120, 14, 62,
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Table 1. Means and standard deviations (in parentheses) of the estimated parameters in 1000 simulated realizations from SP model

(𝛼, 𝜃, 𝜆) 𝑛 𝛼̂ 𝜃 𝜆̂
(0.5, 0.5, 0.2) 100 0.5998(0.4610) 0.5662(0.3442) 0.2250(0.2398)

200 0.5583(0.2802) 0.5424(0.2221) 0.2055(0.0685)
500 0.5172(0.1203) 0.5138(0.1012) 0.2013(0.0129)

(0.5, 1.25, 1) 100 0.6837(1.1262) 1.4891(1.7831) 1.2498(0.9593)
200 0.5555(0.3312) 1.2925(0.6151) 1.2165(0.8501)
500 0.50825(0.1718) 1.2358(0.3293) 1.096(0.5367)

(1.25, 1, 0.5) 100 1.5332(2.8815) 1.0912(1.5087) 0.7701(0.8164)
200 1.3365(0.7898) 1.0140(0.4611) 0.6535(0.6110)
500 1.2884(0.3713) 1.0144(0.2363) 0.5359(0.2687)

(1.25, 0.5, 0.5) 100 1.4146(1.2501) 0.5187(0.3788) 0.7611(0.8110)
200 1.3853(0.9504) 0.5223(0.3288) 0.7350(0.7009)
500 1.2538(0.4426) 0.4902(0.1687) 0.6427(0.5390)
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Figure 3. The empirical TTT plot of the data set 1

47, 225, 71, 246, 21, 42, 20,5, 12, 120, 11, 3, 14, 71, 11,
14, 11, 16, 90, 1, 16, 52, 95, 97, 51, 11, 4, 141, 18, 142,
68, 77, 80, 1, 16, 106, 206, 82, 54,31, 216, 46, 111, 39,
63, 18, 191, 18, 163, 24, 50, 44, 102, 72, 22, 39, 3, 15,
197, 188, 79, 88, 46, 5, 5, 36, 22, 139, 210,97, 30, 23,
13, 14, 359, 9, 12, 270, 603, 3, 104, 2, 438, 50, 254, 5,
283, 35, 12, 130, 493, 487, 18, 100, 7, 98, 5, 85, 91,43,
230, 3, 130, 102, , 209, 14, 57, 54, 32, 67, 59, 134, 152,
27, 14, 230, 66, 61, 34.
From Figure 3, we can notice that the hazard rate of the
data set is decreasing. We observe from Table 2 and
Table 3 that the SP distribution provides an improved fit
over other distributions that fit lifetime data. The fitted
density, the empirical CDF plot, and the p-p plot of the
𝑆𝑃 distribution model are presented in Figure 6. The
Figure indicates a desirable fit of the SP distribution.

The second data set reported in [31] corresponds to
the survival times in years of a group of forty-five pa-
tients given chemotherapy treatment. The data set is
0.047, 0.115, 0.121, 0.132, 0.164, 0.197, 0.203,
0.260, 0.282, 0.296, 0.334, 0.395,0.458, 0.466, 0.501,
0.507, 0.529, 0.537, 0.540, 0.641, 0.644, 0.696, 0.841,

Table 2. MLEs of the parameters and corresponding criteria for data
set 1

𝑀𝑜𝑑𝑒𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 − log 𝐿 𝐴𝐼𝐶 𝐴𝐼𝐶𝐶
𝐺𝑎𝑚𝑚𝑎 𝛼̂ = 0.9134 1176.902 2360.8210 2360.7880

𝛽 = 0.0098
𝑊𝑒𝑖𝑏𝑢𝑙𝑙 𝛼̂ = 0.9244 1178.4105 2359.3950 2359.4520

𝛽 = 0.0112
𝑆𝑃 𝜃 = 1.9355 1175.902 2357.804 2357.919

𝛼̂ = 225.1443
𝜆̂ = 2.0048

Table 3. K-S test for data set 1

𝑀𝑜𝑑𝑒𝑙 𝐾 − 𝑆 𝑝−value
𝐺𝑎𝑚𝑚𝑎 0.0625 0.3763

𝑊𝑒𝑖𝑏𝑢𝑙𝑙 0.0524 0.6027

𝑆𝑃 0.04367 0.8112

0.863,1.099, 1.219, 1.271, 1.326, 1.447, 1.485, 1.553,
1.581, 1.589, 2.178, 2.343, 2.416, 2.444, 2.825, 2.830,
3.578, 3.658, 3.743, 3.978, 4.003, 4.033.
We intend to illustrate the applicability of the new dis-
tribution, hence we fit 𝑆𝑃 distribution for the data. We
compare the Sushila-Poisson distribution with three-
parameter distribution with the same structure 𝑆𝑃 called
Sushila-Geometric with pdf given by

𝑓 (𝑥) = 𝜃2

𝛼(𝜃 + 1)
(
1 + 𝑥

𝛼

)
(1 − 𝑝)𝑒− 𝜃

𝛼 𝑥(
1 − 𝑝

(
1 + 𝜃𝑥

𝛼(𝜃 + 1)

)
𝑒−

𝜃
𝛼 𝑥

)−2
,

𝛼, 𝜃 > 0, 0 < 𝑝 < 1.

From Figure 4, we can notice that the hazard rate of the
data set is almost constant. We observe from Table 4 and
Table 5 that the 𝑆𝑃 distribution provides an improved
fit over a distribution that is commonly used for fitting
lifetime data.

The third data set is presented Table 1 [32] and consist
of 61 observed recidivism failure times (in days) of in-
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Figure 4. The empirical TTT plot of the data set 2
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Figure 5. The empirical TTT plot of the data set 3

Table 4. MLEs of the parameters and corresponding criteria for data
set 2

𝑀𝑜𝑑𝑒𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 − log 𝐿 𝐴𝐼𝐶 𝐴𝐼𝐶𝐶

𝑆𝐺 𝜃 = 0.06207 59.3628 124.7257 125.311
𝛼̂ = 0.07522
𝑝̂ = 0.77726

𝑆𝑃 𝜃 = 2.3246 58.14909 122.2982 122.8835
𝛼̂ = 2.5758
𝜆̂ = 0.3016

Table 5. K-S test for data set 2

𝑀𝑜𝑑𝑒𝑙 𝐾 − 𝑆 𝑝−value
𝑆𝐺 0.11449 0.5581

𝑆𝑃 0.09445 0.7821

Table 6. MLEs of the parameters and corresponding criteria for data
set 3

𝑀𝑜𝑑𝑒𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 − log 𝐿 𝐴𝐼𝐶 𝐴𝐼𝐶𝐶
𝑀𝑊 𝛼̂ = 0.1352 393.9610 793.9221 794.3432

𝛽 = 0.0300
𝜆̂ = 0.0071

𝑆𝑃 𝜃 = 0.00357 387.3743 780.7486 781.1697
𝛼̂ = 0.380746
𝜆̂ = 0.019892

Table 7. K-S test for data set 3

𝑀𝑜𝑑𝑒𝑙 𝐾 − 𝑆 𝑝−value
𝑀𝑊 0.1109 0.4411

𝑆𝑃 0.1004 0.5707

dividuals released directly from correctional institutions
to parole in the District of Columbia, USA is
1, 6, 9, 29, 30, 34, 39, 41, 45, 49, 56, 84, 89, 91, 100,
103, 104, 115, 119, 124, 138, 141, 146, 156, 162, 168,
183, 185, 198, 209, 217, 228, 238, 233, 241, 252, 258,
271, 275, 276, 279, 282, 305, 313, 329, 331, 334, 336,
362, 384, 404, 408, 422, 438, 441, 465, 486, 556.
We fit the SP distribution to the real dataset and compare
its fitting with the Modified Weibull (MW) distribution
[29]with pdf given by
𝑓 (𝑥) = 𝛼𝑥𝛽−1 (𝛽+𝜆𝑥)𝑒𝜆𝑥𝑒−𝛼𝑥𝛽 exp(𝜆𝑥 ) , 𝛼, 𝛽 ≥ 0, 𝜆 > 0,
that the MW distribution is a distribution commonly
used in literature for fitting lifetime data. From Figure 5,
we can notice that the hazard rate of the data set is in-
creasing. We observe from Table 6 and Table 7 that the
SP distribution provides an improved fit over a distribu-
tion that is commonly used for fitting lifetime data. The
fitted density, the empirical CDF plot, and the p-p plot
of the SP distribution model are presented in Figure 8.
The Figure indicates a desirable fit of the SP distribu-
tion.

From TTT plots, we noticed that the hazard rate func-
tions for three data sets are decreasing, constant and in-
creasing respectively. Figure 9 shows the estimated haz-
ard rate functions for all three data sets. We notice that
what we predicted about the hazard rate functions from
the TTT plots is correct.

6. Conclusion
This paper proposes a new three-parameter distribu-
tion, referred to as the Sushila-Poisson (SP) distribution.
The proposed model generalizes seversl well-known dis-
tributions, including the Lindley, Lindley-Poisson and
Sushila distributions, as special cases. The hazard rate
function of the SP distribution is highly flexible and can
exhibit various shapes such as increasing, decreasing,
bathtub-shaped and upside-down bathtub forms making
it suitable for a wide range of applications. Several
key mathematical properties of the distribution are de-
rived including its density expansion, hazard rate func-
tion, quantile function, moments, mean deviation, or-
der statistics and both Shannon and Renyi entropies, all
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Figure 6. Plots of the estimated pdf and cdf and p-p plot of the SP model for data set1
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Figure 7. Plots of the estimated pdf and cdf and p-p plot of the SP model for data set2
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Figure 8. Plots of the estimated pdf and cdf and p-p plot of the SP model for data set3
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Figure 9. Plots of the estimated SP hazard rate functions for 3 data sets

expressed in closed form using familiar mathematical
functions. Parameter estimation is carried out using the
maximum likelihood method, with the corresponding
observed information matrix also obtained. Addition-
ally, the Expectation-Maximization(EM) algorithm is
employed as a general purpose approach for computing
the maximum likelihood estimates (MLEs) of the model
parameters.

To demonstrate the practical utility of the proposed
distribution, the SP model is fitted to three real-world
datasets.
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