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Abstract 
 

This study investigates the two-dimensional behavior of a nonlocal micropolar double-porous 

thermoelastic material with voids (MDPTMWV) within the framework of the Moore–Gibson–

Thompson (MGT) theory. An isotropic, homogeneous, initially stressed, rotating thermoelastic 

half-space with double porosity is considered. The MGT heat conduction model, incorporating 

memory-dependent derivatives and variable thermal conductivity, is employed. Governing 

equations are derived using generalized thermoelasticity, and analytical solutions for 

displacement, temperature, equilibrated stress, and thermal stress components are obtained via 

Lame’s potentials combined with normal mode analysis. The model is analyzed under boundary 

conditions including variable temperature, normal stress, constant equilibrated stress, and stress-

free surfaces. Numerical evaluations using MATHEMATICA illustrate the effects of time, 

rotation, initial stress, and nonlocal parameters. The results indicate that double porosity and the 

considered parameters significantly amplify material responses, particularly under increasing 

time, rotation, initial stress, and nonlocal effects. Several special cases are discussed and validated 

against the literature. These findings provide insights relevant to geophysics, seismology, and 

earthquake engineering.  
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1. Introduction 
 

The propagation of thermoelastic waves and the 

associated memory effects in solid media have emerged 

as fundamental topics in modern continuum mechanics, 

owing to their critical relevance in geophysical 

processes, biomedical applications, aerospace 

structures, and advanced functional materials. 

Accurately describing such phenomena requires 

sophisticated theoretical models capable of capturing 

microstructural interactions, porosity, thermal 

relaxation, and nonlocal effects. These features become 

particularly significant under rapid thermal loading, 

high-frequency excitations, and small-scale 

configurations, where classical thermoelastic 

formulations are no longer adequate. At micro- and 

nano-length scales, nonlocal elasticity provides a more 

realistic representation of material behavior by
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Nomenclature  

𝜌 Material density 

𝜃 Thermodynamic temperature  

𝜃°            Reference temperature 

𝑢, 𝑤        Displacement components 

μ𝑖𝑗 Nonlocal couple stress tensor  

𝜎𝑖𝑗 Nonlocal stress tensor 

Φ, Ψ Scalar functions 

𝑐𝑒             Specific heat 

𝜆, 𝜇          Lame’s constants 

𝜂, K         Micropolar material constants 

𝐿𝑁 Nonlocal parameter 

𝜛 Microinertia   

𝜖 Time relaxation parameter   

𝐷𝜖       Is known as a non-local operator 

𝛼𝑡 Coefficient of linear thermal 

expansion 

k Temperature-dependent thermal 

conductivity  

𝑘∗ Temperature-dependent material 

property corresponding to the rate 

of conductivity 

𝑘𝑑 Thermal diffusivity 

𝑘𝜊 Thermal conductivity at reference 

temperature 𝜃𝜊   

𝑘𝜊
∗  Material property corresponding to 

the rate of conductivity at reference 

temperature 𝜃𝜊 

𝜐 Dilatation term 

𝛽1
∗, 𝛽2

∗ Void parameters 

𝜗1 , 𝜗2, 𝜗3 Void parameters 

𝜉∗
1
 , 𝜉∗

2
, 𝜉∗

3
   Void parameters 

𝛾1 , 𝑣1, 𝑣2 Thermal parameters  

𝑞1, 𝑞2 Volume fractions of matrix and 

fracture pores, respectively 

Π1, Π2 Equilibrated inertia of matrix and 

fracture pores, respectively   

𝑝  Initial stress 

𝜑⃗              Microrotation vector  

𝜙 Thermal displacement        

Ω   Rotation parameter 

𝑡 Time 

𝜎𝑖𝑗          Stress components 

𝜎𝑖 , ς𝑖   Nonlocal equilibrated stress vectors 

of matrix and fracture pores, 

respectively 

𝑏 Wave number 

𝜔     Angular frequency   
 

incorporating long-range interactions between material 

points, thereby overcoming the inherent limitations of 

local continuum theories. This approach is especially 

important for materials with pronounced microstructural 

heterogeneity. In parallel, the consideration of variable 

thermal conductivity allows for a more faithful 

description of heat transfer in functionally graded 

materials and thermally adaptive composites, where 

thermal properties may vary spatially or depend on 

temperature. The coupled thermo-mechanical response 

arising from these effects plays a pivotal role in 

determining the overall dynamic behavior of 

thermoelastic bodies. A variety of thermoelastic theories 

have been proposed to investigate the coupling between 

thermal and mechanical fields, and numerous studies [1–

5] have explored the interaction between temperature, 

displacement, and related physical variables. Further 

advancements in this area include investigations of wave 

propagation and initial stress effects in complex 

thermoelastic media. In this regard, Boora et al. [6] 

analyzed wave reflection in a thermodiffusion medium 

with double porosity, while Othman et al. [7] examined 

the influence of initial stress in thermoelastic media 

containing voids and micro temperatures. Nonlocal 

thermoelasticity, commonly formulated within the 

framework of Eringen’s nonlocal elasticity theory [8], 

extends classical thermoelastic models by incorporating 

spatial interactions over finite distances. This 

formulation has proven particularly effective in 

modeling nanobeams, nanoplates, and other micro- and 

nano-scale structures, where classical theories are unable 

to predict experimentally observed size-dependent 

responses. Consequently, nonlocal thermoelastic models 

have become indispensable in the analysis and design of 

MEMS and NEMS devices. Several investigators [9–12] 

have examined the thermo-mechanical behavior of 

thermoelastic media using different generalized theories 

while accounting for various physical parameters and 

loading conditions. Among advanced thermoelastic 

frameworks, the Moore–Gibson–Thompson (MGT) 

theory represents a substantial advancement in the 

modeling of heat conduction and thermoelastic wave 

propagation. Unlike the classical Fourier law, which 

implies an unphysical infinite speed of thermal signal 

propagation, the MGT theory introduces a third-order 

time derivative in the heat conduction equation, thereby 

incorporating finite thermal wave speeds and intrinsic 

memory effects. This formulation yields a hyperbolic 

heat conduction model that ensures thermodynamic 

consistency and provides a more realistic description of 

wave attenuation and energy dissipation, particularly in 

transient and high-frequency thermal processes. The 

effectiveness of the MGT theory has been demonstrated 

across a broad spectrum of applications, including laser–

material interactions, thermoacoustic devices, high-

intensity focused ultrasound, and thermal stress analysis 

in micro- and nano-electromechanical systems. 

Recentresearch has further extended the MGT 
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framework to increasingly complex material models. 

Gupta et al. [13] investigated memory-dependent 

thermoelastic responses in a nonlocal micropolar 

double-porous medium under the MGT theory, while 

Awwad et al. [14] analyzed thermoelastic behavior in 

media with temperature-dependent properties. 

Additional contributions by Gupta et al. [15] and Kumar 

et al. [16] explored fractional-order and photo-

thermoelastic models within the MGT framework. 

Moreover, Tiwari et al. [17] incorporated nonlocal 

effects into a generalized thermoelastic medium with 

memory, whereas Kumar and Vohra [18] studied pulsed 

laser heating in a thermoelastic microbeam with double 

porosity. Abouelregal et al. [19] applied the MGT model 

to investigate laser-induced thermoelastic responses in a 

microbeam resting on a viscoelastic foundation, and 

Alhassan et al. [20] proposed a modified fractional MGT 

formulation to capture anomalous thermal diffusion in 

elastic media with cylindrical cavities. Similar analytical 

and numerical techniques have been applied to 

thermoelastic media with microstructural effects, 

nonlocal interactions, and memory-dependent heat 

conduction [21–23]. Moreover, advanced mathematical 

approaches have been widely used to analyze coupled 

thermal and mechanical transport phenomena in 

complex continua, providing a broader methodological 

background for the present work [24–29]. Recent studies 

have examined the effects of nonlocality, rotation, 

diffusion, and double porosity on thermoelastic media, 

demonstrating their significant influence on wave 

propagation and stress distribution [30, 31]. However, 

the combined influence of nonlocality, micropolar 

effects, double porosity, variable thermal conductivity, 

rotation, and initial stress within the Moore–Gibson–

Thompson thermoelastic framework has not yet been 

comprehensively addressed. Motivated by this gap, the 

present study develops a unified theoretical model to 

analyze the memory-dependent thermoelastic behavior 

of a rotating nonlocal micropolar double-porous medium 

under the MGT theory. The governing equations are 

formulated within the context of generalized 

thermoelasticity, and analytical solutions for 

displacement, temperature, equilibrated stress, shear 

stress, and normal stress are derived using Lame’s 

potentials in conjunction with the normal mode method. 

A detailed parametric investigation is carried out to 

examine the effects of initial stress, rotation, time, and 

nonlocal parameters, with numerical results presented 

graphically to elucidate their significant influence on 

thermoelastic wave propagation and stress distribution.  
 

2. Formulation of the problem 

 

The problem is formulated in the two-dimensional 𝑥 − 𝑧 

plane with the z-axis directed downward. A semi-

infinite, homogeneous, isotropic, rotating nonlocal 

micropolar double-porous thermoelastic medium with 

variable thermal conductivity (MDPTMWV) is 

considered, governed by the memory-dependent Moore–

Gibson–Thompson (MGT) theory. The medium is 

subjected to uniform initial stress and initially 

maintained at a reference temperature θ₀. Due to the two-

dimensional deformation, the displacement and 

microrotation vectors are taken as u⃗  = (u, 0, w), φ⃗⃗  =
(0, φ2, 0). Thermal conductivity and specific heat vary 

linearly with temperature, introducing nonlinearity into 

the MGT heat conduction equation, with k = kο (1 + 

k1θ), k∗ = k∗ο (1 + k2 ϕ), and thermal diffusivity (kd = 
k

ρce
) assumed constant. The governing equations arise 

from the balance laws of linear and angular momentum 

under rotation and initial stress, coupled with the MGT 

heat conduction law, yielding a system of partial 

differential equations for displacement, microrotation, 

porosity, and temperature fields. The equations, 

expressed in Cartesian coordinates, are presented below 

[13]. The equations of motion are [13]  

  

𝜌(1 − 𝐿𝑁
2∇2)

𝜕2𝑢

𝜕𝑡2
− 𝜌Ω2𝑢 + 2𝜌Ω

𝜕𝑤

𝜕𝑡
= 

 

(𝜆 + 2𝜇 +
𝑝

2
+ 𝐾)

𝜕2𝑢

𝜕𝑥2
+ (𝜆 + 𝜇 +

𝑝

2
)
𝜕2𝑤

𝜕𝑥𝜕𝑧
 

 

+(𝜇 −
𝑝

2
+ 𝐾)

𝜕2𝑢

𝜕𝑧2
− 𝐾

𝜕𝜑2
𝜕𝑧

 
(1) 

−𝛾1
𝜕

𝜕𝑥
(
−1 + √1 + 2𝑘1𝑇1

𝑘1
) + 

 

𝛽1
∗ 𝜕𝑞1

𝜕𝑥
+ 𝛽2

∗ 𝜕𝑞2

𝜕𝑥
,  

 

𝜌(1 − 𝐿𝑁
2∇2)

𝜕2𝑤

𝜕𝑡2
− 𝜌Ω2𝑤 − 2𝜌Ω

𝜕𝑢

𝜕𝑡
= 

 

(𝜆 + 2𝜇 +
𝑝

2
+ 𝐾)

𝜕2𝑤

𝜕𝑧2
+ (𝜆 + 𝜇 +

𝑝

2
)
𝜕2𝑢

𝜕𝑥𝜕𝑧
 

 

 (2) 

+(𝜇 −
𝑝

2
+ 𝐾)

𝜕2𝑤

𝜕𝑥2
+ 𝐾

𝜕𝜑2
𝜕𝑥

 
 

−𝛾1
𝜕

𝜕𝑧
(
−1+√1+2𝑘1𝑇1

𝑘1
) + 𝛽1

∗ 𝜕𝑞1

𝜕𝑧
+ 𝛽2

∗ 𝜕𝑞2

𝜕𝑧
, 

 

 

 

The heat conduction for thermoelasticity with memory 

dependent derivative is [13]  

   
 

𝜕

𝜕𝑡
[
𝜕2𝑇1
𝜕𝑥2

+
𝜕2𝑇1
𝜕𝑧2

] +
𝑘𝜊
∗

𝑘𝜊
[
𝜕2𝑇1
𝜕𝑥2

+
𝜕2𝑇1
𝜕𝑧2

] = 

 

 (3) 

(1 + 𝜖𝐷𝜖) [
1

𝑘𝑑

𝜕2𝑇1
𝜕𝑡2

+
𝜃𝜊
𝑘𝜊

𝜕2

𝜕𝑡2
(𝛾1𝜐 + 𝑣1𝑞1 + 𝑣2𝑞2)], 

 

 

The nonlocal couple stress equation of motion is 

  

(1 − 𝐿𝑁
2∇2)𝜌𝜛

𝜕2𝜑2
𝜕𝑡2

 
 

 (4) 

𝜂∇2𝜑2 + 𝐾 (
𝜕𝑢

𝜕𝑧
−
𝜕𝑤

𝜕𝑥
) − 2𝐾𝜑2,  
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The equilibrated stress equations of motions due to voids 

and nonlocal are [13]  

    

−𝛽1
∗ (
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) + 𝜗1 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 
 

+𝜗2 (
𝜕2𝑞2
𝜕𝑥2

+
𝜕2𝑞2
𝜕𝑧2

) − 𝜉∗
1
𝑞1 − 𝜉

∗
2
𝑞2 

 

 (5) 

+𝑣1 (
−1 + √1 + 2𝑘1𝑇1

𝑘1
) 

 

= Π1(1 − 𝐿𝑁
2∇2)

𝜕2𝑞1

𝜕𝑡2
,  

    

−𝛽2
∗ (
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) + 𝜗2 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 
 

+𝜗3 (
𝜕2𝑞2
𝜕𝑥2

+
𝜕2𝑞2
𝜕𝑧2

) − 𝜉∗
2
𝑞1 − 𝜉

∗
3
𝑞2 

 

 (6) 

+𝑣2 (
−1+√1+2𝑘1𝑇1

𝑘1
)   

 

 

= Π2(1 − 𝐿𝑁
2∇2)

𝜕2𝑞1

𝜕𝑡2
,  

                                                                                                                  

The stress components are  
 

𝜎𝑥𝑥 = −𝑝 + (𝜆 + 2𝜇 + 𝐾)
𝜕𝑢

𝜕𝑥
+ 𝜆

𝜕𝑤

𝜕𝑧
+ 𝛽1

∗𝑞1 

 

 (7) 

       +𝛽2
∗𝑞2 − 𝛾1 (

−1 + √1 + 2𝑘1𝑇1
𝑘1

), 
 

 

𝜎𝑧𝑧 = −𝑝 + 𝜆
𝜕𝑢

𝜕𝑥
+ (𝜆 + 2𝜇 + 𝐾)

𝜕𝑤

𝜕𝑧
+ 𝛽1

∗𝑞1 
 

 (8) 

         +𝛽2
∗𝑞2 − 𝛾1 (

−1+√1+2𝑘1𝑇1

𝑘1
), 

 

   

𝜎𝑥𝑧 = (𝜇 +
𝑝

2
+ 𝐾)

𝜕𝑢

𝜕𝑧
+ (𝜇 −

𝑝

2
)
𝜕𝑤

𝜕𝑥
− 𝐾𝜑2,            (9) 

 

The equilibrated stress corresponding to voids  
 

𝜎𝑥 = 𝜗1
𝜕𝑞1

𝜕𝑥
+ 𝜗2

𝜕𝑞2

𝜕𝑥
,                                                 (10) 

 

𝜎𝑧 = 𝜗1
𝜕𝑞1

𝜕𝑧
+ 𝜗2

𝜕𝑞2

𝜕𝑧
,                                                 (11) 

 

𝜍𝑥 = 𝜗2
𝜕𝑞1

𝜕𝑥
+ 𝜗3

𝜕𝑞2

𝜕𝑥
,                                                (12) 

 

𝜍𝑧 = 𝜗2
𝜕𝑞1

𝜕𝑧
+ 𝜗3

𝜕𝑞2

𝜕𝑧
,                                               (13) 

 

The local couple stress 
 

𝜇𝑧𝑦 = 𝜂
𝜕𝜑2
𝜕𝑧
,                                                              (14) 

 

𝜇𝑥𝑦 = 𝜂
𝜕𝜑2
𝜕𝑥
,                                                              (15) 

The local equilibrated body forces 

 

Ξ1 = −𝛽1
∗ (
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) − 𝜉∗

1
𝑞1 − 𝜉

∗
2
𝑞2 

 

 (16) 

     +𝑣1 (
−1+√1+2𝑘1𝑇1

𝑘1
), 

 

 

Ξ2 = −𝛽2
∗ (
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) − 𝜉∗

2
𝑞1 − 𝜉

∗
3
𝑞2 

 

 (17) 

     +𝑣2 (
−1+√1+2𝑘1𝑇1

𝑘1
). 

 

                                               

To felicitate numerical computations, the following 

quantities are defined which are dimensionless,  

 

(𝑥́, 𝑧́) =
𝑐1
𝑘𝑑
 (𝑥, 𝑧), (𝑢́, 𝑤́) =

𝑐1
𝑘𝑑
 (𝑢, 𝑤), 

 

(𝑞1́, 𝑞2́) =
Π1𝑐1

4

𝛽1
∗𝑘𝑑

2  (𝑞1, 𝑞2), 𝜃
′ =

𝜃

𝜃𝜊
,  𝛺́ =

𝑘𝑑

𝑐1
2 𝛺,  

 𝜎𝑖𝑗
′ =

𝜎𝑖𝑗

𝜆+2𝜇+𝑝+𝐾 
,  𝜎𝑖

′ =
𝑘𝑑

𝑐1 
𝜎𝑖,  

 (18) 

(𝑡′, 𝜖′) =  
𝑐1
2

𝑘𝑑
(𝑡, 𝜖), (𝑇1́, 𝑇2́) =

1

𝜃𝜊
(𝑇1, 𝑇2), 

 

  𝜑2́ = 𝜑2, 𝜇𝑖𝑗
′ =

𝑐1

𝛾1𝜃𝜊𝑘𝑑 
𝜇𝑖𝑗,  

(𝜎𝑖
′, 𝜍𝑖

′) =
𝑘𝑑

𝜗1𝑐1 
(𝜎𝑖 , 𝜍𝑖), 𝑐1

2 =
𝜆+2𝜇+𝐾

𝜌
.  

 

Using (18) in (1)-(17) after removing the primes, we 

obtain  
 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑢

𝜕𝑡2
− Ω2𝑢 + 2Ω

𝜕𝑤

𝜕𝑡
= 

𝑟1
𝜕2𝑢

𝜕𝑥2
+ 𝑟2

𝜕2𝑤

𝜕𝑥𝜕𝑧
+ 𝑟3

𝜕2𝑢

𝜕𝑧2
− 𝑟4

𝜕𝜑2
𝜕𝑧
                    (19) 

−𝑟5
𝜕𝑇1

𝜕𝑥
+ 𝑟6

𝜕𝑞1

𝜕𝑥
+ 𝑟7

𝜕𝑞2

𝜕𝑥
, 

 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑤

𝜕𝑡2
− Ω2𝑤 + 2Ω

𝜕𝑢

𝜕𝑡
= 

𝑟1
𝜕2𝑤

𝜕𝑧2
+ 𝑟2

𝜕2𝑢

𝜕𝑥𝜕𝑧
+ 𝑟3

𝜕2𝑤

𝜕𝑥2
+ 𝑟4

𝜕𝜑2
𝜕𝑥
                   (20) 

−𝑟5
𝜕𝑇1

𝜕𝑧
+ 𝑟6

𝜕𝑞1

𝜕𝑧
+ 𝑟7

𝜕𝑞2

𝜕𝑧
, 

 

𝜕

𝜕𝑡
[
𝜕2𝑇1
𝜕𝑥2

+
𝜕2𝑇1
𝜕𝑧2

] + 𝑟8 [
𝜕2𝑇1
𝜕𝑥2

+
𝜕2𝑇1
𝜕𝑧2

] = 

(1 + 𝑎1𝜖𝐷𝜖) ×                                                           (21) 

[
𝜕2𝑇1

𝜕𝑡2
+ 𝑟9

𝜕2

𝜕𝑡2
(
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) + 𝑟10

𝜕2𝑞1

𝜕𝑡2
+ 𝑟11

𝜕2𝑞2

𝜕𝑡2
], 

 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝜑2
𝜕𝑡2

= 

(22) 

𝑟12∇
2𝜑2 + 𝑟13 (

𝜕𝑢

𝜕𝑧
−
𝜕𝑤

𝜕𝑥
) − 𝑟14𝜑2, 
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Figure 1. Problem Geometry  

                                                                                                    

  

−(
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) + 𝑟15 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 

+𝑟16 (
𝜕2𝑞2
𝜕𝑥2

+
𝜕2𝑞2
𝜕𝑧2

) − 𝑟17𝑞1 − 𝑟18𝑞2 + 𝑟19𝑇1    (23) 

= (1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑞1

𝜕𝑡2
, 

 

−𝑟20 (
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
) + 𝑟21 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 

+𝑟22 (
𝜕2𝑞2
𝜕𝑥2

+
𝜕2𝑞2
𝜕𝑧2

) − 𝑟23𝑞1 − 𝑟24𝑞2 + 𝑟25𝑇1   (24) 

= (1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑞1

𝜕𝑡2
, 

 

𝜎𝑥𝑥 = 𝑠𝜊 +
𝜕𝑢

𝜕𝑥
+ 𝑟𝜊

𝜕𝑤

𝜕𝑧
− 𝑟5𝑇1 + 𝑟6𝑞1  + 𝑟7𝑞2,        (25) 

 
 

𝜎𝑧𝑧 = 𝑠𝜊 + 𝑟𝜊
𝜕𝑢

𝜕𝑥
+
𝜕𝑤

𝜕𝑧
− 𝑟5𝑇1 + 𝑟6𝑞1  + 𝑟7𝑞2,        (26) 

 
 

𝜎𝑥𝑧 = 𝑛1
𝜕𝑢

𝜕𝑧
+ 𝑛2

𝜕𝑤

𝜕𝑥
− 𝑟4𝜑2,                                   (27) 

 
 

𝜎𝑥 = 𝑛3
𝜕𝑞1

𝜕𝑥
+ 𝑛4

𝜕𝑞2

𝜕𝑥
,                                                 (28) 

 
 

𝜎𝑧 = 𝑛3
𝜕𝑞1

𝜕𝑧
+ 𝑛4

𝜕𝑞2

𝜕𝑧
,                                                (29) 

 
 

𝜍𝑥 = 𝑛4
𝜕𝑞1

𝜕𝑥
+ 𝑛5

𝜕𝑞2

𝜕𝑥
,                                                 (30) 

 
 

𝜍𝑧 = 𝑛4
𝜕𝑞1

𝜕𝑧
+ 𝑛5

𝜕𝑞2

𝜕𝑧
,                                                  (31) 

 
 

𝜇𝑧𝑦 = 𝑛6
𝜕𝜑2

𝜕𝑧
,                                                                      (32) 

 
 

 

𝜇𝑥𝑦 = 𝑛6
𝜕𝜑2

𝜕𝑥
,                                                                        (33) 

 

 

where  
 

𝑎𝜊 =
𝑐1
2

𝑘𝑑
2 , 𝑎1 =

𝑘𝑑

𝑐1
2 , 𝑟𝜊 =

 𝜆

  𝜆+2𝜇+𝐾
, 𝑟1 =

( 𝜆+2𝜇+
𝑝

2
+𝐾)𝑘𝑑

 𝜆+2𝜇+𝐾
, 

 

𝑟2 =
 𝜆+𝜇+

𝑝

2

  𝜆+2𝜇+𝐾
, 𝑟3 =

𝜇−
𝑝

2
+𝐾

 𝜆+2𝜇+𝐾
, 𝑟4 =

𝐾

 𝜆+2𝜇+𝐾
, 

 

𝑟5 =
𝛾1𝜃𝜊

 𝜆+2𝜇+𝐾
, 𝑟6 =

𝛽1
∗2𝑘𝑑

2

 Π1𝑐1
4(𝜆+2𝜇+𝐾)

, 𝑟7 =
𝛽1
∗𝛽2
∗𝑘𝑑

2

  Π1𝑐1
4(𝜆+2𝜇+𝐾)

, 

   

𝑟8 =
𝑘𝜊
∗𝑘𝑑

𝑘𝜊𝑐1
2 , 𝑟9 =

𝛾1𝑘𝑑

𝑘𝜊
, 𝑟10 =

𝑣1𝛽1
∗𝑘𝑑

3

𝑘𝜊 Π1𝑐1
4 , 𝑟11 =

𝑣2𝛽1
∗𝑘𝑑

3

𝑘𝜊 Π1𝑐1
4 , 

 

𝑟12 =
𝜂

  𝜌𝜛𝑐1
2, 𝑟13 =

𝐾𝑘𝑑
2

  𝜌𝜛𝑐1
4, 𝑟14 =

2𝐾𝑘𝑑
2

  𝜌𝜛𝑐1
4, 𝑟15 =

𝜗1

 Π1𝑐1
2, 

 

𝑟16 =
𝜗2

 Π1𝑐1
2 , 𝑟17 =

𝜉∗1𝑘𝑑
2

 Π1𝑐1
4 , 𝑟18 =

𝜉∗2𝑘𝑑
2

 Π1𝑐1
4 , 𝑟19 =

𝑣1𝜃𝜊

 𝛽1
∗ , 

 

𝑟20 =
𝛽2
∗Π1

 𝛽1
∗Π2

, 𝑟21 =
𝜗2

 Π2𝑐1
2, 𝑟22 =

𝜗3

 Π2𝑐1
2, 𝑟23 =

𝜉∗2𝑘𝑑
2

 Π2𝑐1
4 , 

 

𝑟24 =
𝜉∗3𝑘𝑑

2

 Π2𝑐1
4 , 𝑟25 =

𝑣2Π1𝜃𝜊

Π2 𝛽1
∗ , 𝑠𝜊 =

−𝑝

  𝜆+2𝜇+𝐾
, 

 

𝑛1 =
 𝜇+

𝑝

2
+𝐾

  𝜆+2𝜇+𝐾
, 𝑛2 =

𝜇−
𝑝

2

 𝜆+2𝜇+𝐾
, 𝑛3 =

𝛽1
∗𝑘𝑑

2

 Π1𝑐1
4 , 

 

𝑛4 =
𝜗2𝛽1

∗𝑘𝑑
2

𝜗1 Π1𝑐1
4 , 𝑛5 =

𝜗3𝛽1
∗𝑘𝑑

2

𝜗1 Π1𝑐1
4 , 𝑛6 =

𝜂𝑐1
2

𝛾1𝜃𝜊𝑘𝑑
2. 
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3. Solution of the problem 
 

Using Helmholtz’s representation, the displacement 

components may be expressed 

in terms of scalar and vector potential functions, 
 

𝑢 =
𝜕Φ

𝜕𝑥
−
𝜕Ψ

𝜕𝑧
, 𝑤 =

𝜕Φ

𝜕𝑧
+
𝜕Ψ

𝜕𝑥
.                              (34) 

 

Using the representation (34) in (19)-(24), we obtain the 

equations in decoupled form  
 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2Φ

𝜕𝑡2
− Ω2Φ = 

(35) 

𝑟1
𝜕2Φ

𝜕𝑥2
+ 𝑟26

𝜕2Φ

𝜕𝑧2
− 𝑟5𝑇1 + 𝑟6𝑞1 + 𝑟7𝑞2, 

 

 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2Ψ

𝜕𝑡2
− Ω2Ψ = 

(36) 

𝑟3
𝜕2Ψ

𝜕𝑥2
+ 𝑟27

𝜕2Ψ

𝜕𝑧2
+𝑟4𝜑2, 

 

 

𝜕

𝜕𝑡
[
𝜕2𝑇1

𝜕𝑥2
+
𝜕2𝑇1

𝜕𝑧2
] + 𝑟8 [

𝜕2𝑇1

𝜕𝑥2
+
𝜕2𝑇1

𝜕𝑧2
] =   

(1 + 𝑎1𝜖𝐷𝜖) [
𝜕2𝑇1

𝜕𝑡2
+ 𝑟9

𝜕2

𝜕𝑡2
(
𝜕2Φ

𝜕𝑥2
+
𝜕2Φ

𝜕𝑧2
) +

+𝑟10
𝜕2𝑞1

𝜕𝑡2
+ 𝑟11

𝜕2𝑞2

𝜕𝑡2
], 

(37) 

 

(1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝜑2
𝜕𝑡2

= 

(38) 

𝑟12∇
2𝜑2 − 𝑟13 (

𝜕2Ψ

𝜕𝑥2
+
𝜕2Ψ

𝜕𝑧2
) − 𝑟14𝜑2, 

 

 

−(
𝜕2Φ

𝜕𝑥2
+
𝜕2Φ

𝜕𝑧2
) + 𝑟15 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 

+𝑟16 (
𝜕2𝑞2
𝜕𝑥2

+
𝜕2𝑞2
𝜕𝑧2

) − 𝑟17𝑞1 − 𝑟18𝑞2 + 𝑟19𝑇1    (39) 

= (1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑞1
𝜕𝑡2

, 

 

−𝑟20 (
𝜕2Φ

𝜕𝑥2
+
𝜕2Φ

𝜕𝑧2
) + 𝑟21 (

𝜕2𝑞1
𝜕𝑥2

+
𝜕2𝑞1
𝜕𝑧2

) 

+𝑟22 (
𝜕2𝑞2

𝜕𝑥2
+
𝜕2𝑞2

𝜕𝑧2
) − 𝑟23𝑞1 − 𝑟24𝑞2 + 𝑟25𝑇1          (40) 

= (1 − 𝑎𝜊𝐿𝑁
2∇2)

𝜕2𝑞1

𝜕𝑡2
, 

 

𝜎𝑥𝑥 = 𝑠𝜊 +
𝜕2Φ

𝜕𝑥2
+ 𝑟𝜊

𝜕2Φ

𝜕𝑧2
 

(41) 

+(𝑟𝜊 − 1)
𝜕2Ψ

𝜕𝑥𝜕𝑧
− 𝑟5𝑇1 + 𝑟6𝑞1  + 𝑟7𝑞2, 

𝜎𝑧𝑧 = 𝑠𝜊 + 𝑟𝜊
𝜕2Φ

𝜕𝑥2
+
𝜕2Φ

𝜕𝑧2
 

(42) 

+(1 − 𝑟𝜊)
𝜕2Ψ

𝜕𝑥𝜕𝑧
− 𝑟5𝑇1 + 𝑟6𝑞1  + 𝑟7𝑞2, 

 

𝜎𝑥𝑧 = (𝑛1 + 𝑛2)
𝜕2Φ

𝜕𝑥𝜕𝑧
+ 𝑛2

𝜕2Ψ

𝜕𝑥2
− 𝑛1

𝜕2Ψ

𝜕𝑧2
− 𝑟4𝜑2,(43) 

 

𝜎𝑥 = 𝑛3
𝜕𝑞1

𝜕𝑥
+ 𝑛4

𝜕𝑞2

𝜕𝑥
,                                                   (44) 

 

𝜎𝑧 = 𝑛3
𝜕𝑞1

𝜕𝑧
+ 𝑛4

𝜕𝑞2

𝜕𝑧
,                                                   (45) 

 

𝜍𝑥 = 𝑛4
𝜕𝑞1

𝜕𝑥
+ 𝑛5

𝜕𝑞2

𝜕𝑥
,                                                  (46) 

 

𝜍𝑧 = 𝑛4
𝜕𝑞1

𝜕𝑧
+ 𝑛5

𝜕𝑞2

𝜕𝑧
,                                               (47) 

 

𝜇𝑧𝑦 = 𝑛6
𝜕𝜑2

𝜕𝑧
,                                                             (48) 

 

𝜇𝑥𝑦 = 𝑛6
𝜕𝜑2

𝜕𝑥
.                                                             (49) 

 

The decoupled equations obtained in the previous 

section are solved by assuming the solution in the form 

of modes:   
 

(Φ,Ψ, 𝑞1, 𝑞2, 𝑢 , 𝑤, 𝑇1, 𝜑2, 𝜎𝑖𝑗 , 𝜎𝑖 , 𝜇𝑖𝑗 , 𝜍𝑖)(𝑥, 𝑧, 𝑡) = 

(Φ∗, Ψ∗, 𝑞1
∗, 𝑞2

∗, 𝑢∗, 𝑤∗, 𝑇1
∗, 𝜑2

∗, 𝜎𝑖𝑗
∗, 𝜎𝑖

∗
, 𝜇𝑖𝑗

∗, 𝜍𝑖
∗)(𝑥) 

× 𝑒(𝜔𝑡+𝑖𝑏𝑧).                                                              (50) 
 

This transformation expresses the field variables in 

terms of separable harmonic modes, thereby simplifying 

the system and facilitating a deeper understanding of the 

dynamic response and wave characteristics of the 

medium. In these expressions, ω represents the angular 

frequency, i is the imaginary unit, and b denotes the 

wave number in the z-direction. By substituting equation 

(50), equations (35-49) transform as follows:  
 

𝑟5𝑇1
∗ + (𝑟28 − 𝑟29𝐷

2)Φ∗ − 𝑟6𝑞1
∗ − 𝑟7𝑞2

∗ = 0,    (51) 

 

(𝑟30 − 𝑟31𝐷
2)Ψ∗ − 𝑟4𝜑2

∗ = 0,                                (52) 

 

(𝑟32 − 𝑟33𝐷
2)𝑇1

∗ + (𝑟34𝐷
2 − 𝑟35)Φ

∗ + 𝑟36𝑞1
∗ 

                                                                              (53) 

+𝑟37𝑞2
∗ = 0, 

                                           

(𝑟13𝐷
2 − 𝑟40)Ψ

∗ + (𝑟38 − 𝑟39𝐷
2)𝜑2

∗ = 0,            (54) 

     

𝑟19𝑇1
∗ + (𝑏2 − 𝐷2)Φ∗ + (𝑟41𝐷

2 − 𝑟42)𝑞1
∗ 

                                                                              (55) 

+(𝑟16𝐷
2 − 𝑟43)𝑞2

∗ = 0,  
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𝑟25𝑇1
∗ + (𝑟44 − 𝑟20𝐷

2)Φ∗ + (𝑟21𝐷
2 − 𝑟45)𝑞1

∗ 

                                                                              (56) 

+(𝑟46𝐷
2 − 𝑟47)𝑞2

∗ = 0,     

     

𝜎𝑥𝑥
∗ = 𝑠𝜊𝑒

−(𝜔𝑡+𝑖𝑏𝑧) + (𝐷2 − 𝑟𝜊𝑏
2)Φ∗ 

                                                                              (57) 

         −𝑟5𝑇1
∗ + 𝑟6𝑞1

∗  + 𝑟7𝑞2
∗,   

       

𝜎𝑧𝑧
∗ = 𝑠𝜊𝑒

−(𝜔𝑡+𝑖𝑏𝑧) + (𝑟𝜊𝐷
2 − 𝑏2)Φ∗ 

                                                                              (58) 

         +𝑖𝑏(1 − 𝑟𝜊)𝐷Ψ
∗ − 𝑟5𝑇1

∗ + 𝑟6𝑞1
∗  + 𝑟7𝑞2

∗,   

        

𝜎𝑥𝑧
∗ = 𝑖𝑏(𝑛1 + 𝑛2)𝐷Φ

∗ + (𝑛2𝐷
2 + 𝑛1𝑏

2)Ψ∗ 

                                                                              (59) 

         −𝑟4𝜑2
∗,    

                                                    

𝜎𝑥
∗ = 𝑛3𝐷𝑞1

∗ + 𝑛4𝐷𝑞2
∗,                                             (60)  

   

𝜎𝑧
∗ = 𝑖𝑏𝑛3𝑞1

∗ + 𝑖𝑏𝑛4𝑞2
∗,                                              (61)  

 

𝜍𝑥
∗ = 𝑛4𝐷𝑞1

∗ + 𝑛5𝐷𝑞2
∗,                                        (62)  

      

𝜍𝑧
∗ = 𝑖𝑏𝑛4𝑞1

∗ + 𝑖𝑏𝑛5𝑞2
∗,                                       (63) 

 

𝜇𝑧𝑦
∗ = 𝑖𝑏𝑛6𝜑2

∗,                                                                (64) 

 

𝜇𝑥𝑦
∗ = 𝑛6𝐷𝜑2

∗.                                                      (65)                                                                                               

 

where  
 

𝐷2 =
𝑑2

𝑑𝑥2
, 𝑟26 = 𝑟2 + 𝑟3, 𝑟27 = 𝑟1 + 𝑟2, 

 

𝑟28 = 𝜔
2 − Ω2+𝑟26𝑏

2 + 𝑎𝜊𝑏
2𝜔2𝐿𝑁

2, 

 

𝑟29 = 𝑟1 + 𝑎𝜊𝜔
2𝐿𝑁

2, 

 

𝑟30 = 𝜔
2 − Ω2+𝑟27𝑏

2 + 𝑎𝜊𝑏
2𝜔2𝐿𝑁

2, 

𝑟31 = 𝑟3 + 𝑎𝜊𝜔
2𝐿𝑁

2,    

 

𝑟32 = 𝜔𝑏
2+𝑟8𝑏

2 + (1 + 𝑎1𝜖𝐷𝜖)𝜔
2, 

 

𝑟33 = 𝜔 + 𝑟8, 𝑟34 = 𝜔
2𝑟9, 𝑟35 = 𝜔

2𝑟9𝑏
2, 

 

𝑟36 = 𝜔
2𝑟10, 𝑟37 = 𝜔

2𝑟11,  

 

𝑟38 = 𝜔
2−𝑟12𝑏

2 + 𝑎𝜊𝑏
2𝜔2𝐿𝑁

2 + 𝑟14, 

 

𝑟39 = 𝑎𝜊𝜔
2𝐿𝑁

2 + 𝑟12, 𝑟40 = 𝑟13𝑏
2,  

 

𝑟41 = 𝑎𝜊𝜔
2𝐿𝑁

2 + 𝑟15, 

 

 

𝑟43 = 𝑟16𝑏
2 + 𝑟18, 𝑟44 = 𝑟20𝑏

2, 

 

𝑟45 = 𝑟21𝑏
2 + 𝑟23, 𝑟46 = 𝑎𝜊𝜔

2𝐿𝑁
2 + 𝑟22, 

 

𝑟47 = 𝜔
2+𝑟22𝑏

2 + 𝑎𝜊𝑏
2𝜔2𝐿𝑁

2 + 𝑟24.   

 

Eliminating Φ∗(𝑥), 𝑇1
∗(𝑥), 𝑞1

∗(𝑥), and 𝑞2
∗(𝑥) from 

equations (51), (53), (55), and (56) yields the following 

eighth order. 
 

[𝐷8 + 𝐴11𝐷
6 + 𝐴22𝐷

4 + 𝐴33𝐷
2 + 𝐴44] 

                                                                              (66) 

× {Φ∗(𝑥),𝑇1
∗(𝑥), 𝑞1

∗(𝑥),𝑞2
∗(𝑥)} = 0. 

     

 

                                                                                    

The characteristic equation corresponding to equation 

(66) is: 
 

𝜆8 + 𝐴11𝜆
6 + 𝐴22𝜆

4 + 𝐴33𝜆
2 + 𝐴44 = 0.            (67) 

 

Eliminating Ψ∗(𝑥), and 𝜑2
∗(𝑥) from equations (52), and 

(54) yields the following fourth order.   
 

[𝐷4 + 𝐵11𝐷
2 + 𝐵22]{Ψ

∗(𝑥),𝜑2
∗(𝑥)} = 0.             (68) 

 

The characteristic equation corresponding to equation 

(68) is: 
 

𝜆4 + 𝐵11𝜆
2 + 𝐵22 = 0.                                           (69) 

 

The definitions for the coefficients 𝐴11, 𝐴22, 𝐴33, 𝐴44, 

𝐵11 and 𝐵22 involved are detailed in Appendix A.    

The general solutions to equations (51)– (65), subject to 

the condition as x→∞, are expressed as follows:  
 

𝑇1
∗(𝑥) = ∑ 𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 ,                                             (70) 

 

Φ∗(𝑥) = ∑ 𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 ,                                     (71) 

 

𝑞1
∗(𝑥) = ∑ 𝐺2𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥 ,4
𝑖=1                                     (72) 

 

𝑞2
∗(𝑥) = ∑ 𝐺3𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥 ,4
𝑖=1                                      (73) 

 

Ψ∗(𝑥) = ∑ 𝐻1𝑗𝑒
−𝜆1𝑗𝑥,2

𝑗=1                                       (74) 

 

𝜑2
∗(𝑥) = ∑ 𝐺4𝑗𝐻1𝑗𝑒

−𝜆1𝑗𝑥2
𝑗=1 .                                  (75) 

 

The displacement components can be calculated as 

follows using equations (34), (71) and (74):  
 

u∗(𝑥) = ∑ −𝜆𝑖𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1   

(76) 

            +∑ 𝜆1𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 , 

 

w∗(𝑥) = ∑ 𝑖𝑏𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1   

(77) 

              −∑ 𝜆1𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 ,  
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where 𝜆 𝑖,𝑖=1:4 and 𝜆 1𝑗,   𝑗 = 1: 2 are the all roots for the 

equation (67) and (69).       

By using equations (57-65), and (34), the stress 

components can be determined as follows:  
 

𝜎𝑥𝑥
∗ = 𝑠𝜊𝑒

−(𝜔𝑡+𝑖𝑏𝑧) − ∑ 𝐺5𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1   

                                                                              (78) 

         −∑ 𝐺6𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 , 

 

𝜎𝑧𝑧
∗ = 𝑠𝜊𝑒

−(𝜔𝑡+𝑖𝑏𝑧) − ∑ 𝐺6𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1   

                                                                              (79) 

         +∑ 𝐺7𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 , 

 

𝜎𝑥𝑧
∗ = ∑ 𝐺8𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 + ∑ 𝐺9𝑗𝐻1𝑗𝑒

−𝜆1𝑗𝑥2
𝑗=1 ,    (80) 

 

𝜎𝑥
∗ = ∑ 𝐺10𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 ,                                         (81) 

 

𝜎𝑧
∗ = ∑ 𝐺11𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 ,                                               (82) 

 

𝜍𝑥
∗ = ∑ 𝐺12𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 ,                                                 (83) 

 

𝜍𝑧
∗ = ∑ 𝐺13𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1 ,                                                (84) 

 

𝜇𝑧𝑦
∗ = ∑ 𝑖𝑏𝑛6𝐺4𝑗𝐻1𝑗𝑒

−𝜆1𝑗𝑥2
𝑗=1 ,                             (85) 

 

𝜇𝑥𝑦
∗ = ∑ −𝑛6𝜆1𝑗𝐺4𝑗𝐻1𝑗𝑒

−𝜆1𝑗𝑥2
𝑗=1 ,                           (86) 

 

where,    
 

𝑠1 = 𝑟5𝑟37 + 𝑟7𝑟32, 𝑠2 = 𝑟7𝑟33, 𝑠3 = 𝑟28𝑟37 − 𝑟7𝑟35, 

 

𝑠4 = 𝑟29𝑟37 − 𝑟7𝑟34, 𝑠5 = 𝑟6𝑟37 − 𝑟7𝑟36, 𝑠6 = 𝑟5𝑟16, 

 

𝑠7 = 𝑟7𝑟19 − 𝑟5𝑟43, 𝑠8 = 𝑟7𝑏
2 − 𝑟28𝑟43, 

 

𝑠9 = 𝑟16𝑟28 + 𝑟29𝑟43 − 𝑟7, 𝑠10 = −𝑟16𝑟29, 

 

𝑠11 = 𝑟6𝑟43 − 𝑟7𝑟42, 𝑠12 = 𝑟7𝑟41 − 𝑟6𝑟16, 

 

𝑠13 = 𝑠1𝑠11 + 𝑠5𝑠7, 𝑠14 = 𝑠1𝑠12 − 𝑠2𝑠11 + 𝑠5𝑠6, 

𝑠15 = 𝑠2𝑠12, 𝑠16 = 𝑠3𝑠11 + 𝑠5𝑠8, 

 

𝑠17 = 𝑠3𝑠12 − 𝑠4𝑠11 + 𝑠5𝑠9, 𝑠18 = 𝑠5𝑠10 − 𝑠4𝑠12,  

 

𝐺1𝑖 =
𝑠15𝜆𝑖

4 − 𝑠14𝜆𝑖
2 − 𝑠13

𝑠18𝜆𝑖
4 + 𝑠17𝜆𝑖

2 + 𝑠16
, 

 

𝐺2𝑖 =
−𝑠6𝜆𝑖

2−𝑠7−(𝑠8+𝑠9𝜆𝑖
2+𝑠10𝜆𝑖

4)𝐺1𝑖

𝑠11+𝑠12𝜆𝑖
2 , 

 

𝐺3𝑖 =
𝑟5+(𝑟28−𝑟29𝜆𝑖

2)𝐺1𝑖−𝑟6𝐺2𝑖

𝑟7
, 

𝐺4𝑗 =
𝑟30−𝑟31𝜆1𝑗

2

𝑟4
, 

𝐺5𝑖 = 𝑟5 − (𝜆𝑖
2 − 𝑟𝜊𝑏

2)𝐺1𝑖 − 𝑟6𝐺2𝑖 − 𝑟7𝐺3𝑖, 

𝐺6𝑗 = 𝑖𝑏𝜆1𝑗(𝑟𝜊 − 1),   

 

𝐺7𝑖 = (𝑟𝜊𝜆𝑖
2 − 𝑏2)𝐺1𝑖 − 𝑟5 + 𝑟6𝐺2𝑖 + 𝑟7𝐺3𝑖, 

𝐺8𝑖 = −𝑖𝑏𝜆𝑖(𝑛1 + 𝑛2)𝐺1𝑖,  

 

𝐺10𝑖 = −𝑛3𝜆𝑖𝐺2𝑖 − 𝑛4𝜆𝑖𝐺3𝑖,  

 

𝐺11𝑖 = 𝑖𝑏𝑛3𝐺2𝑖 + 𝑖𝑏𝑛4𝐺3𝑖, 

 

𝐺12𝑖 = −𝑛4𝜆𝑖𝐺2𝑖 − 𝑛5𝜆𝑖𝐺3𝑖, 

 

𝐺13𝑖 = −𝑖𝑏𝑛4𝜆𝑖𝐺2𝑖 − 𝑖𝑏𝑛5𝜆𝑖𝐺3𝑖,       i=1,2,3,4, j=1,2. 
 

 

4. Boundary conditions 
 

The unknown parameters Hi  and H1j are evaluated by 

imposing specific assumptions on the boundary 

conditions at the free surface located at 𝑥 = 0. These 

assumptions are chosen to reflect the physical nature of 

the problem, ensuring that the stress components vanish 

or satisfy appropriate continuity requirements at the 

boundary, which is characteristic of a traction-free 

surface in elastic media.   

❖ The thermal boundary condition is described as 

follows 

𝜃 (0, z, t) = 𝐿𝑇
∗ ,  𝐿𝑇

∗  =𝐿𝑇𝑒
(𝜔𝑡+𝑖𝑏𝑧),                        (87) 

where 𝐿𝑇 represents the magnitude of thermal load. 

❖ The boundary condition for normal stress is 

given by: 
 

𝜎𝑥𝑥(0, z, t) = −𝐿𝑀
∗ ,  𝐿𝑀

∗ =𝐿𝑀𝑒
(𝜔𝑡+𝑖𝑏𝑧),               (88) 

 

where 𝐿𝑀 represents the magnitude of normal 

mechanical load.   

❖ The boundary condition for tangential stress is 

defined as follows:   

𝜎𝑥𝑧(0, z, t) = 0.                                                  (89) 

❖ The boundary condition for couple stress is 

defined as follows: 

𝜇𝑥𝑦(0, z, t) = 0.                                                  (90)  
 

❖ The boundary conditions for equilibrated stresses 

are defined as follows: 

𝜎𝑥(0, z, t) = 0, 𝜍𝑥(0, z, t) = 0.                                  (91) 
 

By combining equations (87-91), a system of six 

equations is obtained for the constants 𝐻1, 𝐻2, 𝐻3, 𝐻4, 

𝐻11 and 𝐻12.
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(

 
 
 

1
𝐺51
𝐺81
𝐺101
0
𝐺121

   

1
𝐺52
𝐺82
𝐺102
0
𝐺122

   

1
𝐺53
𝐺83
𝐺103
0
𝐺123

   

1
𝐺54
𝐺84
𝐺104
0
𝐺124

   

0
𝐺61
𝐺91
0

𝜆11𝐺41
0

   

0
𝐺62
𝐺92
0

𝜆12𝐺42
0 )

 
 
 

 

(92) 

×

(

 
 
 

𝐻1
𝐻2
𝐻3
𝐻4
𝐻11
𝐻12)

 
 
 
=

(

 
 
 

𝑅𝑇
𝑅𝑀
0
0
0
0 )

 
 
 

 

 

where, 
 

𝜃(𝑥, 𝑧, 𝑡) =
−1+√1+2𝑘1𝑇1(𝑥,𝑧,𝑡)

𝑘1
, 𝑅𝑇 =

(𝑘1𝐿𝑇+1)
2−1

2𝑘1
, 

 

𝑅𝑀 = 𝑠𝜊𝑒
−(𝜔𝑡+𝑖𝑏𝑧) + 𝐿𝑀.   

 

To determine the constants 𝐻1, 𝐻2, 𝐻3, 𝐻4, 𝐻11 and 𝐻12 

Cramer's method is applied to Eqs., 
 

𝐻1 =
𝛥𝐻1

𝛥
, 𝐻2 =

𝛥𝐻2

𝛥
, 𝐻3 =

𝛥𝐻3

𝛥
, 𝐻4 =

𝛥𝐻4

𝛥
 , 

(93) 

𝐻11 =
𝛥𝐻11

𝛥
, 𝐻12 =

𝛥𝐻12

𝛥
. 

 

The dimensionless expressions for the physical 

quantities (𝑇1, 𝑞1, 𝑞2, Φ, Ψ, 𝜑2, 𝑢, 𝑤, 𝜎𝑖𝑗 , 𝜎𝑖, 𝜍𝑖,  𝜇𝑖𝑗) can 

be obtained from equations (50) through (70-86).  
 

𝑇1(𝑥, 𝑧, 𝑡) = {∑ 𝐻𝑖𝑒
−𝜆𝑖𝑥}𝑒(𝜔𝑡+𝑖𝑏𝑧)4

𝑖=1 ,                     (94)                                                                                                                                                                                                 

 

Φ(𝑥, 𝑧, 𝑡) = {∑ 𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥}𝑒(𝜔𝑡+𝑖𝑏𝑧)4

𝑖=1 ,                 (95)  

 

Ψ(𝑥, 𝑧, 𝑡) = {∑ 𝐻1𝑗𝑒
−𝜆1𝑗𝑥}𝑒(𝜔𝑡+𝑖𝑏𝑧)2

𝑗=1 ,                   (96)        

 

𝜑2(𝑥, 𝑧, 𝑡) = {∑ 𝐺4𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥}𝑒(𝜔𝑡+𝑖𝑏𝑧)2

𝑗=1 ,          (97)                                                                                                                           

 

𝑞1(𝑥, 𝑧, 𝑡) = {∑ 𝐺2𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),               (98) 

 

𝑞2(𝑥, 𝑧, 𝑡) = {∑ 𝐺3𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),               (99) 

 

𝑢(𝑥, 𝑧, 𝑡) = ∑ −𝜆𝑖𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1           

                                                                              (100) 

                  +∑ 𝜆1𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧), 

 

𝑤(𝑥, 𝑧, 𝑡) = ∑ 𝑖𝑏𝐺1𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1   

                                                                              (101) 

                   −∑ 𝜆1𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧), 

 

𝜎𝑥𝑥(𝑥, 𝑧, 𝑡) = {𝑠𝜊𝑒
−(𝜔𝑡+𝑖𝑏𝑧) −∑ 𝐺5𝑖𝐻𝑖𝑒

−𝜆𝑖𝑥4
𝑖=1    

                                                                              (102)           

                     − ∑ 𝐺6𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧), 

 

𝜎𝑧𝑧(𝑥, 𝑧, 𝑡) = {𝑠𝜊𝑒
−(𝜔𝑡+𝑖𝑏𝑧) − ∑ 𝐺6𝑗𝐻1𝑗𝑒

−𝜆1𝑗𝑥2
𝑗=1   

                                                                              (103) 

                     + ∑ 𝐺7𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),     

        

𝜎𝑥𝑧(𝑥, 𝑧, 𝑡) ={∑ 𝐺8𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 +∑ 𝐺9𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 } 

                                                                              (104)                                                                                 

                     × 𝑒(𝜔𝑡+𝑖𝑏𝑧), 

 

𝜎𝑥(𝑥, 𝑧, 𝑡) = {∑ 𝐺10𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥}4

𝑖=1 𝑒(𝜔𝑡+𝑖𝑏𝑧),          (105)  

    

𝜎𝑧(𝑥, 𝑧, 𝑡) = {∑ 𝐺11𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),          (106) 

       

𝜍𝑥(𝑥, 𝑧, 𝑡) = {∑ 𝐺12𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),           (107) 

           

𝜍𝑧(𝑥, 𝑧, 𝑡) = {∑ 𝐺13𝑖𝐻𝑖𝑒
−𝜆𝑖𝑥4

𝑖=1 }𝑒(𝜔𝑡+𝑖𝑏𝑧),           (108) 

 

𝜇𝑧𝑦(𝑥, 𝑧, 𝑡) = {∑ 𝑖𝑏𝑛6𝐺4𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥2

𝑗=1 }  

                                                                              (109) 

                      × 𝑒(𝜔𝑡+𝑖𝑏𝑧), 

 

𝜇𝑥𝑦(𝑥, 𝑧, 𝑡) = {∑ −𝑛6𝜆1𝑗𝐺4𝑗𝐻1𝑗𝑒
−𝜆1𝑗𝑥}2

𝑗=1   

                                                                              (110) 

                      × 𝑒(𝜔𝑡+𝑖𝑏𝑧). 
 

5. Numerical Results and Discussion 
 

This section presents numerical simulations of wave 

propagation in a thermoelastic medium, focusing on 

temperature, displacement, thermal stress, and 

equilibrated stresses. The effects of time, rotation, initial 

stress, and nonlocal parameters are examined.  

Simulations were carried out using a Mathematica 

program, enabling accurate computations and high-

quality graphical visualization of spatial and temporal 

distributions. Magnesium crystal material properties 

were adopted from Gupta et al. [13] for numerical 

evaluation. 

Figure 2 shows the variation of temperature 𝜃, 

displacement 𝑢, normal stress 𝜎𝑥𝑥, shear stress 

𝜎𝑥𝑧,equilibrated stress 𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and microrotation 

vector φ2 along the 𝑥 −axis for different times (t=0.1,

0.3, 0.5 and 0.7). All physical quantities increase with 

time, reflecting the progressive accumulation and 

diffusion of thermal energy in the medium. The 

temperature peaks at a specific location before decaying 

toward zero, demonstrating the interplay of thermal 

conduction and diffusion. Displacement grows over time 

due to thermal expansion driven by these gradients. 

Oscillatory stress patterns reveal the dynamic coupling 

of thermal and mechanical fields, while equilibrated 

stresses capture micropolar and nonlocal effects, 

including rotational microstructural contributions. These 

results highlight the time-dependent evolution of 
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thermoelastic responses, emphasizing the need to 

consider transient thermal-mechanical interactions for 

accurate prediction of material behavior, structural 

stability, and thermal reliability.  Overall, the  𝜃, 𝑢, 𝜎𝑥𝑥, 

𝜎𝑥𝑧, 𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and φ2 increase with time t , indicating 

and it converges to zero with axial x  increases . The 

values of t   primarily influence the 𝜃, 𝑢, 𝜎𝑥𝑥, 𝜎𝑥𝑧, 𝜎𝑥, 

𝜍𝑥, 𝜇𝑥𝑦 and φ2magnitude, with higher values of either 

parameter leading to a 𝜃, 𝑢, 𝜎𝑥𝑥, 𝜎𝑥𝑧, 𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and φ2, 

followed by decay as distance increases. This result is in 

a good agreement with the results obtained by 

Abouelregal et al. [22].    

Figure 3 reveals the variation of  temperature 𝜃, 

displacement 𝑢, normal stress 𝜎𝑥𝑥, shear stress 𝜎𝑥𝑧, 

equilibrated stress 𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and microrotation vector 

φ2 with respect to 𝑥 −axis for different values of 

rotation 𝛺 namely (0, 0.3, 0.6 and 0.9) with thermal 

load. It is noticed that the magnitude of 𝜃, 𝑢, 𝜎𝑥𝑥, 𝜎𝑥𝑧 

and 𝜍𝑥 is increasing with increasing 𝛺 in the interval 0 ≤

𝑥 ≤ 10. In contrast, the equilibrated stresses (𝜎𝑥, 𝜇𝑥𝑦, 

and φ2) exhibit a decreasing trend as Ω increases within 

the same spatial domain. Across all rotation values, the 

temperature profile rises to a peak and then gradually 

declines, ultimately approaching zero as the distance 

increases. This convergence of temperature trends at 

larger x-values indicates diminishing thermal effects 

with distance from the heat source. The results provide 

deeper insight into the coupled thermo-mechanical 

behavior of the material system, highlighting how 

rotation significantly influences stress redistribution, 

and deformation patterns. In particular, rotation 

intensifies conventional stress and displacement 

responses while attenuating the equilibrated stress 

components. This interplay suggests that rotational 

effects play a dual role: enhancing mechanical responses 

while modulating nonlocal stress behaviors. Physically, 

the enhancement of displacement and stress arises from 

Coriolis and centrifugal forces, which amplify 

deformation and redistribute stresses. The reduction in 

equilibrated stresses reflects the modulation of 

microstructural stress contributions due to rotation, 

consistent with micropolar and nonlocal effects. These 

results demonstrate the dual role of rotation: intensifying 

classical thermoelastic responses while moderating 

microstructural stresses. This highlights the importance 

of accounting for rotational effects in predicting wave 

propagation, stress distribution, and deformation in 

rotating thermoelastic media.  The 𝜃, 𝑢, 𝜎𝑥𝑥, 𝜎𝑥𝑧, 𝜎𝑥, 𝜍𝑥, 

𝜇𝑥𝑦 and φ2 exhibit a characteristic rise and it converges 

to zero with axial x  increases. This result is in a good 

agreement with the results obtained by Kumar and 

Vohra [18].   

Figure 4 shows the variation of temperature 𝜃, 

displacement 𝑢, normal stress 𝜎𝑥𝑥, shear stress 𝜎𝑥𝑧, 

equilibrated stress 𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and microrotation vector 

φ2 along the 𝑥 −axis for different values of the initial 

stress p (𝑝 = 0, 5× 1010, 7 × 1010, and 9 × 1010) under 

thermal loading. Within the region 0 ≤ 𝑥 ≤ 10, the 

magnitudes of 𝜃, u, and 𝜍𝑥 increase with increasing 

initial stress, indicating that pre-stress enhances the 

thermoelastic coupling and intensifies the thermal and 

mechanical responses of the medium. 

Physically, the presence of initial stress alters the 

effective stiffness of the material and modifies the 

stress–strain relationship, leading to amplified 

deformation and higher stress levels when the medium 

is subjected to thermal excitation. The temperature 

profiles exhibit a rise to a peak followed by a gradual 

decay toward zero as the distance increases, reflecting 

the finite-speed heat propagation and the attenuation of 

thermal waves predicted by the Moore–Gibson–

Thompson theory. In contrast, the quantities 𝜎𝑥𝑥, 𝜎𝑥𝑧, 

𝜎𝑥, 𝜇𝑥𝑦 and φ2 decrease with increasing initial stress.  

 

 

Table1.  Numerical values of the material constants 

 

Unit Symbol  Value Unit Symbol Value 

N.𝒎−𝟐  𝜆 9.4 × 1010 w.𝑚−1. 𝑘−1 𝑘𝜊 3860 

N.𝒎−𝟐 𝜇 4 × 1010 𝐽.𝑚−2 𝑝 1010  
𝒌𝒈.𝒎−𝟑 𝜌 1740 𝑁 𝜂 0.779 × 10−9 
K 𝜃𝜊 293 N.𝑚−2. 𝑠2 Π1 0.1456 × 10−12 

Sec(s) 𝜖 0.02 N.𝑚−2. 𝑠2 Π2 0.1546 × 10−12 

N.𝒎−𝟐 𝐾 1010       N 𝜗1 1.3 × 10−5      

𝐍.𝒎−𝟐 𝛽1
∗ 0.9 × 1010 N 𝜗2 0.12 × 10−5      

𝐍.𝒎−𝟐 𝛽2
∗ 0.1 × 1010 N 𝜗3 1.1 × 10−5      

𝐍.𝒎−𝟐 𝜉∗
1
 1.2 × 106 𝐾−1 𝛼𝑡 1.78 × 10−5 

𝐍.𝒎−𝟐 𝜉∗
2
 1.23 × 106 𝑚2 𝜛 0.2 × 10−19 

𝐍.𝒎−𝟐 𝜉∗
3
 2.21 × 1010 Sec(s) 𝑡 0.5 

𝐍.𝒎−𝟐. 𝒌−𝟏 𝑣1 0.16 × 105 𝑚 𝐿𝑁 7× 10−6 

𝐍.𝒎−𝟐. 𝒌−𝟏 𝑣2 0.219 × 105 𝐽. 𝐾𝑔−1. 𝐾−1 𝐶𝑒 383.1 
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This behavior can be attributed to the redistribution of 

internal forces caused by pre-stress, which suppresses 

shear deformation and weakens the contribution of 

nonlocal and microstructural stress interactions. 

Moreover, the microrotation field φ2 is noticeably 

affected by the initial stress, confirming the sensitivity 

of micropolar effects to the pre-existing mechanical state 

of the medium. Overall, the results demonstrate that 

initial stress plays a dual role in the system response: it 

amplifies the classical thermoelastic fields such as 

temperature, displacement, and normal stress, while 

simultaneously attenuating certain equilibrated and 

microstructural stress components. This highlights the 

complex interaction between initial stress, thermal 

loading, rotation, and nonlocal micropolar effects in 

governing wave propagation and stress redistribution in 

double-porous thermoelastic media.   The  𝜃, 𝑢, 𝜎𝑥𝑥, 𝜎𝑥𝑧, 

𝜎𝑥, 𝜍𝑥, 𝜇𝑥𝑦 and φ2 reveals how uncertainties in thermal 

and mechanical excitation influence wave propagation, 

which is particularly important in high-precision 

applications. This result is in a good agreement with the 

results obtained by Gupta et al. [15]. 

Figure 5 illustrates how temperature 𝜃, displacement 𝑢, 

normal stress 𝜎𝑥𝑥, shear stress 𝜎𝑥𝑧, equilibrated stress 𝜎𝑥, 

𝜍𝑥, 𝜇𝑥𝑦 and microrotation vector φ2 vary along the x-

direction for several values of the nonlocal parameter 

(𝐿𝑛 = 0, 1× 10−5, 1.3 × 10−5, and 1.6 × 10−5)  under 

thermal loading. Within the range0 ≤ 𝑥 ≤ 10, an 

increase in 𝐿𝑛 leads to higher values of temperature, 

displacement, shear stress, and 𝜍𝑥. On the other hand, the 

normal stress, equilibrated stress components, and 

microrotation decrease as the nonlocal effect becomes 

stronger over the same spatial interval. This contrasting 

behavior highlights the influence of nonlocal 

interactions in enhancing global thermal and 

deformation responses while simultaneously reducing 

localized stress and microstructural effects. This 

behavior reflects the stress-smoothing effect of nonlocal 

elasticity, which reduces localized stress concentrations 

and weakens microstructural and micro rotational 

responses. Overall, the results demonstrate that 

nonlocality amplifies global thermal and displacement 

fields while attenuating localized stress and 

microrotation effects in the thermoelastic medium.  This 

result is in a good agreement with the results obtained by 

Gupta et al. [13]. 
 

 

6. Conclusion and Limitations 
  

This study presented a comprehensive analytical model 

for a two-dimensional rotating, nonlocal micropolar 

double-porous thermoelastic medium under Moore–

Gibson–Thompson (MGT) theory. Using normal mode 

analysis, exact solutions were derived for displacement, 

microrotation, temperature, and stress fields. Numerical 

illustrations were performed to assess the effects of time, 

rotation, initial stress, and nonlocal parameters. The key 

findings are summarized as follows: 

• All physical variables temperature, displacement, 

and stresses grow over time, indicating 

progressive thermal and mechanical responses 

under applied loads. 

• Rotation and initial stress significantly amplify the 

magnitude of thermal and mechanical responses, 

altering wave amplitudes and arrival times. 

• Incorporating the nonlocal parameter enhances 

size-dependent behavior, affecting stress and 

displacement distributions, particularly near the 

surface. 

• Temperature exhibits combined wave-like and 

diffusive behavior, while displacement fields 

show elastic wave fronts modulated by thermal 

effects.  

• The distribution and magnitude of stresses and 

displacements are strongly influenced by 

boundary constraints and loading conditions, 

confirming the model’s consistency. 

• The presence of macro- and micro-pores affects 

the amplitude and phase of thermal and elastic 

waves, highlighting the role of microstructure. 

• Results provide insights for applications in 

geophysics, seismology, earthquake engineering, 

and material design, particularly in systems 

involving rotation, double porosity, and nonlocal 

interactions. 

• The results are directly applicable to rotating 

porous microstructured materials in geothermal, 

laser-heating, and microscale engineering 

applications, where nonlocal and memory-

dependent thermoelastic effects cannot be 

neglected.  

The study demonstrates the importance of accounting for 

rotation, initial stress, nonlocal effects, and double 

porosity in predicting realistic thermoelastic responses, 

providing a solid framework for future theoretical and 

applied investigations.  

The present analysis is developed within the framework 

of linear generalized thermoelasticity, assuming 

isotropic material behavior and small deformations. 

These assumptions ensure mathematical tractability and 

are appropriate for moderate thermal loads and elastic 

responses; however, they may limit applicability under 

large strains or strong nonlinear effects. The solution is 

obtained using normal mode analysis, which is well 

suited for studying wave propagation in semi-infinite 
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media but restricts the investigation to harmonic 

disturbances and idealized boundary conditions. 

Consequently, complex transient or localized loading 

scenarios are not fully captured. Furthermore, the model 

is formulated in a one-dimensional setting. Extending 

the present approach to three-dimensional 

configurations or nonlinear regimes would introduce 

significant mathematical and computational challenges 

and is left for future investigations.

 

 

 

 

  

  

  

  
 

 

Figure 2. The influence of time on all physical quantities with distance 𝑥 
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Figure 3. The influence of rotation on all physical quantities with distance x 
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Figure 4. The influence of initial stress on all physical quantities with distance x 
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Figure 5. The influence nonlocal on all physical quantities of with distance x
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Appendix 

𝜉 = 𝑟16𝑟21𝑟29𝑟33 − 𝑟29𝑟33𝑟41𝑟46,   

 

𝐴11 = 
1

𝜉
(−𝑟16𝑟21𝑟29𝑟32 + 𝑟6𝑟16𝑟20𝑟33 + 𝑟7𝑟21𝑟33 

       −𝑟16𝑟21𝑟28𝑟33 − 𝑟5𝑟16𝑟21𝑟34 − 𝑟7𝑟20𝑟33𝑟41 

      −𝑟21𝑟29𝑟33𝑟43 − 𝑟16𝑟29𝑟33𝑟45 − 𝑟6𝑟33𝑟46 

      +𝑟29𝑟32𝑟41𝑟46 + 𝑟28𝑟33𝑟41𝑟46 + 𝑟5𝑟34𝑟41𝑟46 

      +𝑟29𝑟33𝑟42𝑟46 + 𝑟29𝑟33𝑟41𝑟47), 

         

𝐴22 = 
1

𝜉
(−𝑟6𝑟16𝑟20𝑟32 − 𝑟7𝑟21𝑟32 + 𝑟16𝑟21𝑟28𝑟32 

       −𝑏2𝑟7𝑟21𝑟33 − 𝑟7𝑟19𝑟21𝑟34 − 𝑟6𝑟16𝑟25𝑟34 

      +𝑟5𝑟16𝑟21𝑟35 − 𝑟5𝑟16𝑟20𝑟36 + 𝑟16𝑟25𝑟29𝑟36 

      −𝑟5𝑟21𝑟37 + 𝑟19𝑟21𝑟29𝑟37 + 𝑟7𝑟20𝑟32𝑟41 

      +𝑟7𝑟25𝑟34𝑟41 + 𝑟5𝑟20𝑟37𝑟41 − 𝑟25𝑟29𝑟37𝑟41 

      +𝑟7𝑟20𝑟33𝑟42 + 𝑟21𝑟29𝑟32𝑟43 − 𝑟6𝑟20𝑟33𝑟43 

      +𝑟21𝑟28𝑟33𝑟43 + 𝑟5𝑟21𝑟34𝑟43 − 𝑟6𝑟16𝑟33𝑟44 

      +𝑟7𝑟33𝑟41𝑟44 + 𝑟16𝑟29𝑟32𝑟45 − 𝑟7𝑟33𝑟45 

      +𝑟16𝑟28𝑟33𝑟45 + 𝑟5𝑟16𝑟34𝑟45 + 𝑟29𝑟33𝑟43𝑟45 

      +𝑟6𝑟32𝑟46 + 𝑏
2𝑟6𝑟33𝑟46 + 𝑟6𝑟19𝑟34𝑟46 + 𝑟5𝑟36𝑟46 

      −𝑟19𝑟29𝑟36𝑟46 − 𝑟28𝑟32𝑟41𝑟46 − 𝑟5𝑟35𝑟41𝑟46 

      −𝑟29𝑟32𝑟42𝑟46 − 𝑟28𝑟33𝑟42𝑟46 − 𝑟5𝑟34𝑟42𝑟46 

      +𝑟6𝑟33𝑟47 − 𝑟29𝑟32𝑟41𝑟47 − 𝑟28𝑟33𝑟41𝑟47 

      −𝑟5𝑟34𝑟41𝑟47 − 𝑟29𝑟33𝑟42𝑟47),         

 

𝐴33 = 
1

𝜉
(𝑏2𝑟7𝑟21𝑟32 + 𝑟7𝑟19𝑟21𝑟35 + 𝑟6𝑟16𝑟25𝑟35 

       −𝑟7𝑟19𝑟20𝑟36 + 𝑟7𝑟25𝑟36 − 𝑟16𝑟25𝑟28𝑟36 

       +𝑟6𝑟19𝑟20𝑟37 + 𝑏
2𝑟5𝑟21𝑟37 − 𝑟6𝑟25𝑟37 

       −𝑟19𝑟21𝑟28𝑟37 − 𝑟7𝑟25𝑟35𝑟41 + 𝑟25𝑟28𝑟37𝑟41 

       −𝑟7𝑟20𝑟32𝑟42 − 𝑟7𝑟25𝑟34𝑟42 − 𝑟5𝑟20𝑟37𝑟42 

       +𝑟25𝑟29𝑟37𝑟42 + 𝑟6𝑟20𝑟32𝑟43 − 𝑟21𝑟28𝑟32𝑟43 

       +𝑟6𝑟25𝑟34𝑟43 − 𝑟5𝑟21𝑟35𝑟43 + 𝑟5𝑟20𝑟36𝑟43 

       −𝑟25𝑟29𝑟36𝑟43 + 𝑟6𝑟16𝑟32𝑟44 + 𝑟5𝑟16𝑟36𝑟44 

       −𝑟7𝑟32𝑟41𝑟44 − 𝑟5𝑟37𝑟41𝑟44 − 𝑟7𝑟33𝑟42𝑟44 

       +𝑟6𝑟33𝑟43𝑟44 + 𝑟7𝑟32𝑟45 − 𝑟16𝑟28𝑟32𝑟45 

       +𝑏2𝑟7𝑟33𝑟45 + 𝑟7𝑟19𝑟34𝑟45 − 𝑟5𝑟16𝑟35𝑟45 

       +𝑟5𝑟37𝑟45−𝑟19𝑟29𝑟37𝑟45 − 𝑟29𝑟32𝑟43𝑟45 

       −𝑟28𝑟33𝑟43𝑟45 − 𝑟5𝑟34𝑟43𝑟45 − 𝑏
2𝑟6𝑟32𝑟46 

       −𝑟6𝑟19𝑟35𝑟46 − 𝑏
2𝑟5𝑟36𝑟46 + 𝑟19𝑟28𝑟36𝑟46 

       +𝑟28𝑟32𝑟42𝑟46 + 𝑟5𝑟35𝑟42𝑟46 − 𝑟6𝑟32𝑟47 

       −𝑏2𝑟6𝑟33𝑟47 − 𝑟6𝑟19𝑟34𝑟47 − 𝑟5𝑟36𝑟47 

       +𝑟19𝑟29𝑟36𝑟47 + 𝑟28𝑟32𝑟41𝑟47 + 𝑟5𝑟35𝑟41𝑟47 

       +𝑟29𝑟32𝑟42𝑟47 + 𝑟28𝑟33𝑟42𝑟47 + 𝑟5𝑟34𝑟42𝑟47),         

 

𝐴44 = 
1

𝜉
(−𝑏2𝑟7𝑟25𝑟36 + 𝑏

2𝑟6𝑟25𝑟37 + 𝑟7𝑟25𝑟35𝑟42 

       −𝑟25𝑟28𝑟37𝑟42 − 𝑟6𝑟25𝑟35𝑟43 + 𝑟25𝑟28𝑟36𝑟43 

       +𝑟7𝑟19𝑟36𝑟44 − 𝑟6𝑟19𝑟37𝑟44 + 𝑟7𝑟32𝑟42𝑟44 

       +𝑟5𝑟37𝑟42𝑟44 − 𝑟6𝑟32𝑟43𝑟44 − 𝑟5𝑟36𝑟43𝑟44 

       −𝑏2𝑟7𝑟32𝑟45 − 𝑟7𝑟19𝑟35𝑟45 − 𝑏
2𝑟5𝑟37𝑟45 

       +𝑟19𝑟28𝑟37𝑟45 + 𝑟28𝑟32𝑟43𝑟45 + 𝑟5𝑟35𝑟43𝑟45 

       +𝑏2𝑟6𝑟32𝑟47 + 𝑟6𝑟19𝑟35𝑟47 + 𝑏
2𝑟5𝑟36𝑟47 

       −𝑟19𝑟28𝑟36𝑟47 − 𝑟28𝑟32𝑟42𝑟47 − 𝑟5𝑟35𝑟42𝑟47), 

 

𝐵11 = 
−𝑟31𝑟38−𝑟30𝑟39+𝑟4𝑟13

𝑟31𝑟39
, 𝐵22 =

𝑟30𝑟38−𝑟4𝑟40

𝑟31𝑟39
.  
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