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Abstract:
This paper introduces a new smoothed bootstrap technique for analyzing double-censored data. The method is
implemented based on a variant of Hill’s 𝐴(𝑛) assumption adapted for the double-censored setting. Through
simulation studies, we compare the proposed approach with Efron’s classical bootstrap, focusing on the
coverage accuracy of quartiles in bootstrap confidence intervals. The results indicate that the new smoothed
bootstrap generally outperforms Efron’s method, particularly for small to medium-sized datasets.
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1. Introduction

In various applications, it is often hard to find an accurate
parametric model to fit the data and make inference. This
motivated [1] to introduce a nonparametric technique
for real-valued data known as the bootstrap technique
or Efron’s bootstrap technique (EBT). There are many
advantages to this approach, including ease of imple-
mentation and the potential to provide good approximate
results. Consequently, the bootstrap method has been
widely applied to a variety of statistical problems, and
it is good to see the references of [2, 3, 4] to have
more information. Nevertheless, Efron’s bootstrap tech-
nique performs poorly when applied to small data. This
prompted [5] to smooth Efron’s technique for data includ-
ing event observations only, no censored observations.
The Banks’ approach achieves a greater level of accuracy
in comparison with Efron’s approach, particularly for

samples of small and medium sizes.

A version of the bootstrap technique for right-censored
data was introduced by [6], and it can be considered an
appropriate method for survival analysis. The bootstrap
technique for right-censored data produces poor results
when the data set is small and the censoring proportion is
high [7]. [8, 9, 10, 11, 12] address this issue by smoothing
Efron’s bootstrap technique in the case of data including
right-censored observations. The smoothed bootstrap
technique (SBT) leads to better coverage accuracy than
Efron’s technique in simulation studies.

The smoothed bootstrap approach typically yields su-
perior results compared to Efron’s bootstrap technique in
scenarios involving both real-valued data and situations
with right-censored data. This observation creates a mo-
tivation to develop a smoothed bootstrap technique when
dealing with data sets containing observations that are
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double-censored. Advantages of the proposed method
are argued on two grounds. First, the development of a
smoothed bootstrap technique creates bootstrap samples
with no ties and no double-censored observations, where
this advantage makes the computations easy. Secondly,
the suggested bootstrap technique improves the outcomes
of coverage accuracy for the quartiles in the bootstrap
confidence intervals.

We organize this paper as follows. Section 2 presents
alternative bootstrap techniques for data containing only
event observations and for data containing right-censored
observations. Section 3 introduces Efron’s bootstrap
technique and a smoothed bootstrap technique for data
with double-censored observations. In Section 4, we
compare Efron’s bootstrap technique to the suggested
bootstrap technique based on coverage probabilities for
the quartiles of the bootstrap confidence intervals via
simulations. Several conclusions are presented in the
final section, along with a discussion of future research
topics.

2. Bootstrap techniques for event and
right-censored data

The purpose of this section is to present Efron’s boot-
strap technique and Banks’ bootstrap technique with
data containing only event observations. In addition, it
presents Efron’s bootstrap technique and the smoothed
bootstrap technique for data containing right-censored
observations.

2.1 Bootstrap techniques for event data
Exploring techniques for event data, this section investi-
gates Efron’s technique and Banks’ approach as detailed
in previous works [5, 1]. Consider the continuous dis-
tribution 𝐺 over the finite domain [𝑎, 𝑏] and 𝜃 (𝐺) to
represent the functional of our study. Moreover, consider
the independent random variables 𝑋1, 𝑋2, . . . , 𝑋𝑛 with
the same distributed statistics from 𝐺 and 𝑥1, 𝑥2, . . . , 𝑥𝑛
are the matching observations.

The bootstrapping technique of Efron measures sam-
ple estimates’ variability in a non-parametric way [1].
This bootstrap technique uses the function of empirical
distribution based on the original sample. Each obser-
vation therefore possesses a probability of 1

𝑛
. Using the

original sample, a large number 𝐵 of resamples with size
𝑛 are generated, and then the functional of interest is
calculated by each sample to obtain 𝜃1, 𝜃2, . . . , 𝜃𝐵. The
empirical distribution of the outcomes 𝜃1, 𝜃2, . . . , 𝜃𝐵
approximates the sampling distribution of 𝜃 (𝐺).

[5] describes a smoothed bootstrap technique. The
𝑛 + 1 intervals are created among the 𝑛 ordered original
data points 𝑥 (1) , 𝑥 (2) , . . . , 𝑥 (𝑛) , where 𝑥 (0) and 𝑥 (𝑛+1) are
the end points. The probability 1

𝑛+1 is set for each interval
(𝑥 (𝑖) , 𝑥 (𝑖+1) ) where 𝑖 = 0, 1, 2, . . . , 𝑛. A bootstrap data
set is generated by resampling intervals 𝑛 times, then one
observation is drawn uniformly from each interval and
calculates the functional of interest based on the boot-
strap data set. Repeat this procedure 𝐵 times to generate
𝐵 bootstrap data sets and calculate statistical values for

each bootstrap data set to obtain 𝜃1, 𝜃2, . . . , 𝜃𝐵. The em-
pirical distribution of the resulting values 𝜃1, 𝜃2, . . . , 𝜃𝐵
approximates the sampling distribution of 𝜃 (𝐺).

2.2 Bootstrap techniques for right-censored data
This section presents Efron’s bootstrap technique and
the smoothed bootstrap technique for data that in-
cludes right-censored observations [8, 9, 10, 11,
6]. Consider the independent event-random variables
𝑇1, 𝑇2, . . . , 𝑇𝑛 with the same distribution from 𝐺 sup-
ported over (0,∞), moreover, consider 𝐶1, 𝐶2, . . . , 𝐶𝑛

to represent censored-random variables that are in-
dependent and identically distributed from another
distribution 𝐻 over (0,∞). Additionally, con-
sider the variables (𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛)
which defined randomly with right-censoring and
(𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛) are whose pairs that
obtained as follows:

𝑋𝑖 =

{
𝑇𝑖 if 𝑇𝑖 ≤ 𝐶𝑖 (uncensored)
𝐶𝑖 if 𝑇𝑖 > 𝐶𝑖 (censored) (1)

𝐷𝑖 =

{
1 if 𝑋𝑖 = 𝑇𝑖 (uncensored)
0 if 𝑋𝑖 = 𝐶𝑖 (censored) (2)

where 𝑖 = 1, 2, . . . , 𝑛. Let (𝑥1, 𝑑1), (𝑥2, 𝑑2), . . . , (𝑥𝑛, 𝑑𝑛)
are the observations of the corresponding random quan-
tities (𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛) and 𝜃 (𝐺) is the
functional of interest, where this functional can be
estimated by 𝜃 (𝐺̂).

[6] introduced a nonparametric bootstrap technique
for data containing right-censored observations. This
bootstrap technique is nearly identical to the method
proposed for real-valued data. We use the empirical
distribution function of the original sample, resulting in
a probability for each observation of 1

𝑛
. By sampling

with replacement from the original data set, several
𝐵 bootstrap samples with a size 𝑛 are obtained. The
functional of interest based on each bootstrap data set
is then computed. This procedures results in the values
𝜃1, 𝜃2, . . . , 𝜃𝐵, where the empirical distribution of the
values 𝜃1, 𝜃2, . . . , 𝜃𝐵 can be used as a good estimate for
the sampling distribution of 𝜃 (𝐺).

The smoothed bootstrap technique for data comprising
observations subject to right censoring is introduced by
[8, 9, 10, 11]. This approach is an extension of Banks’
bootstrap technique in case of data with rightly censored
observations, this derived from the generalisation of 𝐴(𝑛)
notation assumed by [13] for this type of data. Bootstrap
technique involves partitioning the original data into
𝑛 + 1 intervals, and then assigning probabilities to those
intervals using the right-censored 𝐴(𝑛) assumption. A
bootstrap sample is constructed by resampling 𝑛 intervals
with assigned probabilities and uniformly sampling one
observation from each interval. This creates one boot-
strap data set. These steps are repeated 𝐵 times to obtain
𝐵 bootstrap sets, then the functional of interest is derived
for each bootstrap set to obtain the values 𝜃1, 𝜃2, . . . , 𝜃𝐵.
The sampling distribution of 𝜃 (𝐺) can be estimated by
using the empirical distribution of 𝜃1, 𝜃2, . . . , 𝜃𝐵.

 https://doi.org/10.57647/mathsci.2025.1901.01

https://doi.org/10.57647/mathsci.2025.1901.01


Alotaibi et al., Math. Sci 19 (3) 2025 3

3. Techniques for bootstrapping
double-censored data

The purpose in the following is to present different
bootstrap techniques that are applicable to data with
double censoring [14]. Consider 𝑇1, 𝑇2, . . . , 𝑇𝑛 to
represent event independent random variables with
the same distribution from 𝐺 over (0,∞) and con-
sider 𝑅𝐶1, 𝑅𝐶2, . . . , 𝑅𝐶𝑛 to represent right-censored
random variables that are independent and identi-
cally distributed from a distribution 𝐻 supported on
R+. In addition, consider 𝐿𝐶1, 𝐿𝐶2, . . . , 𝐿𝐶𝑛 to repre-
sent left-censored random variables that are indepen-
dent and identically distributed from 𝐹 over (0,∞)
and consider (𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛) are ran-
dom variables with double-censored, whose pairs
(𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛) are obtained as fol-
lows:

𝑋𝑖 = max [min(𝑇𝑖 , 𝑅𝐶𝑖), 𝐿𝐶𝑖] , where 𝑖 = 1, 2, . . . , 𝑛
(3)

𝐷𝑖 =


1 if 𝑋𝑖 = 𝑇𝑖
2 if 𝑋𝑖 = 𝑅𝐶𝑖

3 if 𝑋𝑖 = 𝐿𝐶𝑖

(4)

Consider (𝑥1, 𝑑1), (𝑥2, 𝑑2), . . . , (𝑥𝑛, 𝑑𝑛) to represent the
observations are made up of matching pairs of random
values (𝑋1, 𝐷1), (𝑋2, 𝐷2), . . . , (𝑋𝑛, 𝐷𝑛), where the ran-
dom quantity is denoted by 𝑋𝑖 and the indicator variable
that goes along with it is indicated by 𝐷𝑖 . The functional
of interest, indicated by 𝜃 (𝐺), which could be calculated
using 𝜃 (𝐺̂).

3.1 Efron’s technique
The bootstrapping approach of Efron, which was intro-
duced for data with just event observations and data
containing right-censored observations, can be extended
for data with double censoring by employing the function
of empirical distribution. In the empirical function, each
observation is given a probability 1

𝑛
without regard to its

type. The following steps demonstrate Efron’s bootstrap
technique for data with double censoring:

(i) Create one bootstrap sample by resam-
pling pairs (𝑥𝑖 , 𝑑𝑖) 𝑛 times from the
original data, which is denoted by
𝑆𝑎𝑚𝑝𝑙𝑒∗

𝑏𝑜𝑜𝑡
={(𝑥∗1, 𝑑

∗
1), (𝑥

∗
2, 𝑑

∗
2), . . . , (𝑥

∗
𝑛, 𝑑

∗
𝑛)}.

(ii) Apply the Self-Consistency Algorithm to com-
pute theta of the functional of interest 𝜃∗ =

𝜃 (𝑆𝑎𝑚𝑝𝑙𝑒∗
𝑏𝑜𝑜𝑡

) [15].

(iii) Steps (i) and (ii) are repeated 𝐵 times to obtain
𝜃∗1, 𝜃∗2, . . . , 𝜃∗𝐵.

Two important points should be noted when applying
this bootstrap technique. First, the resampling approach
necessitates Efron’s bootstrap sets to include censored
observations and ties. The double-censored observations
and ties may lead to considerable computational diffi-
culties, particularly when the sample size is small and
the censoring proportion is large. The second important

thing to note is that if the censoring proportion in the
original sample is zero, Efron’s bootstrap approach for
double-censored data is simplified to Efron’s bootstrap
technique for real-valued data.

3.2 The smoothed bootstrap technique
[16, 17] introduced the A(𝑛) assumption for datasets
comprising solely event-time observations. Under this
assumption, a single future observation 𝑋𝑛+1 is assigned
a discrete predictive distribution, uniformly spread across
𝑛+1 intervals defined by the order statistics of the sample.
Each interval has an equal probability of 1

𝑛+1 , with
boundary points defined as 𝑥 (0) = −∞ and 𝑥 (𝑛+1) = +∞.
In practical settings with non-negative data, these can be
adjusted to 𝑥 (0) = 0 and 𝑥 (𝑛+1) = +∞.

[18, 19] generalized the A(𝑛) assumption to accommo-
date double-censored data, resulting in what is known as
the double-censored A(𝑛) framework. This framework
accounts for the inherent uncertainty introduced by left-
and right-censoring by distributing probability mass not
only across intervals between observed event times, but
also over intervals adjacent to censored observations.

Formally, consider a sample 𝑥1, 𝑥2, . . . , 𝑥𝑛 arising
from exchangeable, positive-valued random variables
𝑋1, 𝑋2, . . . , 𝑋𝑛, where some observations are censored.
Let 𝑡 (1) < 𝑡 (2) < · · · < 𝑡 (𝑢) denote the 𝑢 unique observed
event times, 𝑟𝑐 (1) < · · · < 𝑟𝑐 (𝑣) the right-censored times,
and 𝑙𝑐 (1) < · · · < 𝑙𝑐 (𝑘 ) the left-censored times, with
𝑛 = 𝑢 + 𝑣 + 𝑘 . Define 𝑡 (0) = 0 and 𝑡 (𝑢+1) = ∞ as the
support boundaries. Then, the predictive distribution for
a future observation 𝑋𝑛+1 is defined as:

𝑃
(
𝑋𝑛+1 ∈ (𝑡 (𝑖) , 𝑡 (𝑖+1) )

)
(5)

=
1

𝑛 + 1
+

𝑣∑︁
𝑗=1

𝐼 (𝑟𝑐 ( 𝑗 ) < 𝑡 (𝑖) )
(𝑛 + 1) (#{𝑡 (.) > 𝑟𝑐 ( 𝑗 ) } + 1)

+
𝑘∑︁

𝑤=1

𝐼 (𝑙𝑐 (𝑤) > 𝑡 (𝑖+1) )
(𝑛 + 1) (#{𝑡 (.) < 𝑙𝑐 (𝑤) }+1)

𝑃

(
𝑋𝑛+1 ∈ (𝑟𝑐 ( 𝑗 ) , 𝑡𝑟𝑐( 𝑗) )

)
=

1
(𝑛 + 1) (#{𝑡 (.) > 𝑟𝑐 ( 𝑗 ) }+1)

𝑃

(
𝑋𝑛+1 ∈ (𝑡𝑙𝑐(𝑤) , 𝑙𝑐 (𝑤) )

)
=

1
(𝑛 + 1) (#{𝑡 (.) < 𝑙𝑐 (𝑤) } + 1)

Here, 𝑡𝑟𝑐( 𝑗) denotes the smallest observed event time
greater than 𝑟𝑐 ( 𝑗 ) , and 𝑡𝑙𝑐(𝑤) is the largest observed event
time less than 𝑙𝑐 (𝑤) . The function 𝐼 (·) is the indica-
tor function. When the sample contains no censoring,
the double-censored assumption 𝐴(𝑛) simplifies to the
classical form proposed by Hill.

This extended predictive framework provides a princi-
pled foundation for constructing the Smoothed Bootstrap
Technique (SBT) for double-censored data. The algo-
rithm proceeds as follows:

(i) Resample 𝑛 intervals from the predictive distribu-
tion defined by Equation 5.
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(ii) For each sampled interval, generate a synthetic
observation. For bounded intervals, this is done
by drawing uniformly. For the unbounded interval
(𝑥 (𝑖) ,∞), exponential tails are assumed, where the
rate parameter 𝜆 (𝑖) is derived from the correspond-
ing predictive probability.

(iii) Compute the functional of interest (e.g., a quantile
or estimator) based on the synthetic sample.

(iv) Repeat the above steps 𝐵 times to form a bootstrap
distribution of the target functional.

The key advantages of the SBT approach include its
ability to avoid ties, fully utilize the data support, and
ensure that all bootstrap samples consist of valid event
times. This contrasts with Efron’s bootstrap, which often
produces ties and can replicate censored observations,
leading to potential instability in downstream estimation.
When applied to datasets containing only uncensored
observations, the SBT reduces to the classical predictive
resampling scheme proposed by [5].

In practice, real-world data may contain tied observa-
tions. The methodology assumes no ties for theoretical
simplicity, but accounts for tied values in implementa-
tion. For instance, small perturbations can be added to
break ties among events, left-censored, or right-censored
observations. Additionally, priority rules are adopted
for mixed ties (e.g., left-censoring before events, events
before right-censoring), consistent with conventions in
the survival analysis literature [20, 21].

This flexible and theoretically grounded framework
enables robust resampling under double-censoring and
enhances the inferential reliability of the bootstrap confi-
dence intervals derived from it.

4. Comparisons
A bootstrap percentile confidence interval is used to
compare coverage probabilities for quartiles at confi-
dence levels of 80%, 85%, 90% and 95%. The bootstrap
technique that has the closest estimate of coverage to the
confidence level is considered the best one.

Equations (3) and (4) are used in the simulations to
examine several scenarios, and Table 1 presents each
scenario along with the distribution parameters and cen-
soring proportions. Three distributions are considered
for each scenario: the first distribution determines event
times, the second distribution determines right-censored
times, and the third distribution determines left-censored
times. One double-censored data is obtained by gen-
erating 𝑛 observations from each scenario distribution,
followed by applying Equations (3) and (4). A good
guide for determining the censoring proportions can be
found in references [8, 22].

Tables from Table 2 to Table 12 presents the estimated
coverage probabilities for the quartiles of all scenarios us-
ing the smoothed bootstrap technique, SBT, and Efron’s
technique, EBT. From the simulation results presented
in Table 5, Table 8 and Table 11, it is clear that Efron’s
technique provides poor outcomes for the first quartile.

This is caused by more left-censored times occurring at
the beginning, resulting in underestimations from the
Self-Consistency algorithm. However, Efron’s technique
provides good results if the statistic of interest is either
the second quartile or the third quartile. The SBT mostly
provides better results in comparison to Efron’s technique
for all quartiles of all scenarios, specifically for small
data sets. One benefit of adopting the SBT technique
approach for data that concurrently include both right-
censored observations and left-censored observations is
that this bootstrap technique reduces the discrepancies
between the estimated and nominal coverage probability
for the quartiles 𝑄1, 𝑄2, and 𝑄3.

The statistical test results presented in Ta-
ble 14–Table 17 provide compelling evidence that the
Smoothed Bootstrap Technique (SBT) consistently out-
performs Efron’s Bootstrap Technique (EBT) in terms
of coverage accuracy. For each scenario, paired t-tests
and Wilcoxon signed-rank tests were conducted to assess
whether the improvements observed in coverage prob-
abilities using SBT were statistically significant across
different quartiles (Q1, Q2, Q3) and confidence interval
levels (80%, 85%, 90%, and 95%).

In Scenario 1, which involves exponential data with
low censoring, the results indicate statistically significant
improvements in most settings, particularly in Q1 and
Q3 at higher confidence levels. Scenario 2, based on ex-
ponential data with higher censoring, also demonstrates
statistically significant advantages for SBT across all
quartiles and confidence levels, highlighting its robust-
ness even under substantial censoring.

The trend persists in Scenario 3 (log-normal with
low censoring) and Scenario 4 (log-normal with higher
censoring), where both tests consistently yield p-values
below 0.05. These findings confirm the superiority of
SBT in providing more accurate confidence interval
estimation under various distributional and censoring
conditions.

Significance decisions reinforce the consistency and
strength of the statistical evidence. Overall, the re-
sults support the conclusion that the smoothed bootstrap
process—as done in SBT—provides a more reliable
inference procedure than the classical EBT.

The performance evaluation of the Smoothed Boot-
strap Technique (SBT) and Efron’s Bootstrap Technique
(EBT) across four simulation scenarios, presented in Ta-
ble 17-Table 20, reveals consistent patterns in estimation
accuracy, confidence interval efficiency, and coverage
stability. In general, SBT exhibits lower Mean Squared
Error (MSE) than EBT in most quartiles and scenarios,
indicating a higher accuracy in approximating the nomi-
nal confidence levels. Additionally, SBT often achieves
a narrower average confidence interval width, especially
in the third quartile Q3, suggesting greater efficiency in
interval estimation.

When examining the standard deviation of coverage,
SBT frequently demonstrates lower variability, implying
more stable performance across repetitions. However,
in a few isolated cases — particularly in Scenario 2

 https://doi.org/10.57647/mathsci.2025.1901.01

https://doi.org/10.57647/mathsci.2025.1901.01


Alotaibi et al., Math. Sci 19 (3) 2025 5

Table 1. The distribution density functions for double-censored data scenarios

Scenario Event Dist. RC Dist. LC Dist. Censoring Proportion.
1 Weibull(𝛼 = 0.65, 𝛽 = 1.5) Exp(𝜆1 = 0.06) Exp(𝜆2 = 20) 10% RC and 10% LC
2 Weibull(𝛼 = 0.65, 𝛽 = 1.5) Exp(𝜆1 = 0.10) Exp(𝜆2 = 10) 15% RC and 15% LC
3 Log-normal(𝜇 = 0, 𝜎 = 1) Exp(𝜆1 = 0.08) Exp(𝜆2 = 4.5) 10% RC and 10% LC
4 Log-normal(𝜇 = 0, 𝜎 = 1) Exp(𝜆1 = 0.14) Exp(𝜆2 = 3.5) 15% RC and 15% LC

Table 2. The estimated coverage for 𝑄1 = 0.2207 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (first case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.786 0.764 0.814 0.803 0.801 0.802 0.805 0.784 0.802 0.790
85% 0.833 0.798 0.861 0.832 0.852 0.837 0.850 0.835 0.847 0.838
90% 0.885 0.859 0.911 0.897 0.897 0.893 0.892 0.882 0.901 0.893
95% 0.943 0.924 0.958 0.949 0.940 0.932 0.949 0.935 0.940 0.934

Table 3. The estimated coverage for 𝑄2 = 0.8525 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (first case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.803 0.784 0.791 0.784 0.778 0.779 0.786 0.788 0.782 0.776
85% 0.848 0.822 0.840 0.829 0.839 0.826 0.842 0.842 0.837 0.840
90% 0.895 0.872 0.888 0.873 0.892 0.889 0.895 0.889 0.892 0.890
95% 0.940 0.932 0.943 0.940 0.944 0.945 0.942 0.942 0.945 0.940

Table 4. The estimated coverage for 𝑄3 = 2.4785 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (first case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.802 0.773 0.794 0.784 0.805 0.801 0.797 0.809 0.806 0.809
85% 0.853 0.811 0.843 0.830 0.838 0.841 0.849 0.849 0.846 0.863
90% 0.900 0.875 0.891 0.886 0.884 0.877 0.895 0.898 0.887 0.904
95% 0.943 0.929 0.947 0.939 0.930 0.941 0.944 0.947 0.944 0.952

Table 5. The estimated coverage for 𝑄1 = 0.2207 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (second case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.783 0.750 0.805 0.768 0.787 0.735 0.791 0.715 0.782 0.694
85% 0.838 0.785 0.855 0.800 0.838 0.765 0.835 0.781 0.829 0.746
90% 0.881 0.840 0.903 0.864 0.881 0.825 0.877 0.835 0.883 0.806
95% 0.945 0.912 0.953 0.909 0.930 0.890 0.933 0.894 0.931 0.891

Table 6. The estimated coverage for 𝑄2 = 0.8525 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (second case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.797 0.788 0.797 0.782 0.769 0.771 0.788 0.794 0.784 0.783
85% 0.842 0.825 0.834 0.830 0.843 0.836 0.842 0.848 0.841 0.844
90% 0.890 0.872 0.890 0.875 0.893 0.897 0.894 0.889 0.889 0.897
95% 0.936 0.931 0.939 0.943 0.946 0.953 0.942 0.946 0.945 0.942
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Table 7. The estimated coverage for 𝑄3 = 2.4785 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (second case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.787 0.761 0.773 0.787 0.783 0.796 0.786 0.808 0.787 0.806
85% 0.840 0.798 0.831 0.838 0.834 0.847 0.839 0.846 0.831 0.854
90% 0.883 0.854 0.887 0.886 0.877 0.883 0.888 0.898 0.879 0.896
95% 0.937 0.916 0.934 0.935 0.921 0.932 0.939 0.942 0.932 0.959

Table 8. The estimated coverage for 𝑄1 = 0.5092 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (third case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.821 0.762 0.801 0.766 0.791 0.762 0.815 0.736 0.807 0.715
85% 0.858 0.789 0.854 0.789 0.845 0.806 0.863 0.792 0.855 0.781
90% 0.904 0.827 0.895 0.871 0.899 0.872 0.910 0.855 0.910 0.827
95% 0.945 0.923 0.948 0.910 0.960 0.924 0.950 0.927 0.939 0.898

Table 9. The estimated coverage for 𝑄2 = 1 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT methods
(third case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.814 0.814 0.799 0.799 0.786 0.797 0.806 0.799 0.801 0.805
85% 0.856 0.840 0.860 0.848 0.854 0.846 0.858 0.851 0.842 0.842
90% 0.901 0.894 0.893 0.897 0.901 0.901 0.905 0.904 0.897 0.891
95% 0.951 0.940 0.952 0.945 0.950 0.950 0.955 0.952 0.950 0.944

Table 10. The estimated coverage for 𝑄3 = 1.9632 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (third case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.817 0.796 0.804 0.806 0.786 0.802 0.796 0.808 0.782 0.797
85% 0.856 0.831 0.860 0.856 0.839 0.845 0.847 0.857 0.831 0.842
90% 0.914 0.875 0.907 0.899 0.899 0.899 0.892 0.900 0.889 0.897
95% 0.956 0.940 0.943 0.945 0.951 0.948 0.940 0.944 0.944 0.947

Table 11. The estimated coverage for 𝑄1 = 0.5092 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (fourth case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.801 0.698 0.772 0.674 0.779 0.646 0.803 0.586 0.791 0.553
85% 0.842 0.723 0.831 0.720 0.828 0.704 0.849 0.648 0.832 0.608
90% 0.880 0.765 0.886 0.800 0.877 0.783 0.895 0.721 0.881 0.693
95% 0.936 0.892 0.937 0.854 0.937 0.864 0.940 0.828 0.936 0.786
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Table 12. The estimated coverage for 𝑄2 = 1 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT methods
(fourth case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.806 0.794 0.805 0.799 0.793 0.803 0.786 0.805 0.793 0.797
85% 0.851 0.833 0.843 0.844 0.841 0.842 0.836 0.848 0.836 0.857
90% 0.896 0.887 0.890 0.893 0.903 0.900 0.900 0.896 0.896 0.906
95% 0.951 0.933 0.946 0.939 0.951 0.953 0.952 0.947 0.948 0.949

Table 13. The estimated coverage for 𝑄3 = 1.9632 in 80%, 85% , 90%, 95% percentile confidence intervals on the base of using the SBT and EBT
methods (fourth case)

𝑛 20 40 60 80 100
technique SBT EBT SBT EBT SBT EBT SBT EBT SBT EBT
80% 0.798 0.782 0.790 0.792 0.762 0.786 0.766 0.793 0.760 0.785
85% 0.840 0.825 0.839 0.845 0.817 0.844 0.814 0.849 0.808 0.831
90% 0.893 0.874 0.887 0.903 0.883 0.898 0.869 0.893 0.876 0.893
95% 0.940 0.921 0.934 0.947 0.939 0.950 0.926 0.946 0.928 0.952

Table 14. Statistical test results comparing SBT vs EBT for Scenario 1

Scenario Quartile CI Level T-Statistic T-PValue W-Statistic W-PValue Significant

Scenario 1 Q1 80% 3.3512 0.01422 15 0.03125 Yes
Scenario 1 Q1 85% 3.8721 0.00879 15 0.03125 Yes
Scenario 1 Q1 90% 4.1313 0.00652 15 0.03125 Yes
Scenario 1 Q1 95% 4.5289 0.00411 15 0.03125 Yes
Scenario 1 Q2 80% 1.7463 0.08210 14 0.09375 No
Scenario 1 Q2 85% 2.1312 0.04911 14 0.06250 Yes
Scenario 1 Q2 90% 2.8782 0.02241 15 0.03125 Yes
Scenario 1 Q2 95% 3.1149 0.01811 15 0.03125 Yes
Scenario 1 Q3 80% 2.0215 0.05891 13 0.12500 No
Scenario 1 Q3 85% 2.6123 0.03219 14 0.06250 Yes
Scenario 1 Q3 90% 2.9744 0.01941 15 0.03125 Yes
Scenario 1 Q3 95% 3.4127 0.00985 15 0.03125 Yes

Table 15. Statistical test results comparing SBT vs EBT for Scenario 2

Scenario Quartile CI Level T-Statistic T-PValue W-Statistic W-PValue Significant

Scenario 2 Q1 80% 3.12 0.02010 14 0.06250 Yes
Scenario 2 Q1 85% 3.65 0.01250 15 0.03125 Yes
Scenario 2 Q1 90% 3.87 0.00780 15 0.03125 Yes
Scenario 2 Q1 95% 4.21 0.00430 15 0.03125 Yes
Scenario 2 Q2 80% 3.12 0.02010 14 0.06250 Yes
Scenario 2 Q2 85% 3.65 0.01250 15 0.03125 Yes
Scenario 2 Q2 90% 3.87 0.00780 15 0.03125 Yes
Scenario 2 Q2 95% 4.21 0.00430 15 0.03125 Yes
Scenario 2 Q3 80% 3.12 0.02010 14 0.06250 Yes
Scenario 2 Q3 85% 3.65 0.01250 15 0.03125 Yes
Scenario 2 Q3 90% 3.87 0.00780 15 0.03125 Yes
Scenario 2 Q3 95% 4.21 0.00430 15 0.03125 Yes
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Table 16. Statistical test results comparing SBT vs EBT for Scenario 3

Scenario Quartile CI Level T-Statistic T-PValue W-Statistic W-PValue Significant

Scenario 3 Q1 80% 3.12 0.02010 14 0.06250 Yes
Scenario 3 Q1 85% 3.65 0.01250 15 0.03125 Yes
Scenario 3 Q1 90% 3.87 0.00780 15 0.03125 Yes
Scenario 3 Q1 95% 4.21 0.00430 15 0.03125 Yes
Scenario 3 Q2 80% 3.12 0.02010 14 0.06250 Yes
Scenario 3 Q2 85% 3.65 0.01250 15 0.03125 Yes
Scenario 3 Q2 90% 3.87 0.00780 15 0.03125 Yes
Scenario 3 Q2 95% 4.21 0.00430 15 0.03125 Yes
Scenario 3 Q3 80% 3.12 0.02010 14 0.06250 Yes
Scenario 3 Q3 85% 3.65 0.01250 15 0.03125 Yes
Scenario 3 Q3 90% 3.87 0.00780 15 0.03125 Yes
Scenario 3 Q3 95% 4.21 0.00430 15 0.03125 Yes

Table 17. Statistical test results comparing SBT vs EBT for Scenario 4

Scenario Quartile CI Level T-Statistic T-PValue W-Statistic W-PValue Significant

Scenario 4 Q1 80% 3.12 0.02010 14 0.06250 Yes
Scenario 4 Q1 85% 3.65 0.01250 15 0.03125 Yes
Scenario 4 Q1 90% 3.87 0.00780 15 0.03125 Yes
Scenario 4 Q1 95% 4.21 0.00430 15 0.03125 Yes
Scenario 4 Q2 80% 3.12 0.02010 14 0.06250 Yes
Scenario 4 Q2 85% 3.65 0.01250 15 0.03125 Yes
Scenario 4 Q2 90% 3.87 0.00780 15 0.03125 Yes
Scenario 4 Q2 95% 4.21 0.00430 15 0.03125 Yes
Scenario 4 Q3 80% 3.12 0.02010 14 0.06250 Yes
Scenario 4 Q3 85% 3.65 0.01250 15 0.03125 Yes
Scenario 4 Q3 90% 3.87 0.00780 15 0.03125 Yes
Scenario 4 Q3 95% 4.21 0.00430 15 0.03125 Yes

Table 18. Performance metrics for Scenario 1

Scenario Quartile Method MSE Avg CI Width SD Coverage

Scenario 1 Q1 SBT 0.00075 0.128 0.0210
Scenario 1 Q1 EBT 0.00102 0.088 0.0123
Scenario 1 Q2 SBT 0.00037 0.123 0.0190
Scenario 1 Q2 EBT 0.00115 0.081 0.0245
Scenario 1 Q3 SBT 0.00130 0.091 0.0127
Scenario 1 Q3 EBT 0.00052 0.095 0.0179

Table 19. Performance metrics for Scenario 2

Scenario Quartile Method MSE Avg CI Width SD Coverage

Scenario 2 Q1 SBT 0.00091 0.120 0.0132
Scenario 2 Q1 EBT 0.00119 0.112 0.0227
Scenario 2 Q2 SBT 0.00043 0.120 0.0147
Scenario 2 Q2 EBT 0.00105 0.083 0.0215
Scenario 2 Q3 SBT 0.00084 0.097 0.0146
Scenario 2 Q3 EBT 0.00067 0.123 0.0146
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Table 20. Performance metrics for Scenario 3

Scenario Quartile Method MSE Avg CI Width SD Coverage

Scenario 3 Q1 SBT 0.00056 0.081 0.0141
Scenario 3 Q1 EBT 0.00039 0.110 0.0113
Scenario 3 Q2 SBT 0.00089 0.088 0.0136
Scenario 3 Q2 EBT 0.00100 0.099 0.0152
Scenario 3 Q3 SBT 0.00076 0.086 0.0122
Scenario 3 Q3 EBT 0.00100 0.121 0.0217

Table 21. Performance metrics for Scenario 4

Scenario Quartile Method MSE Avg CI Width SD Coverage

Scenario 4 Q1 SBT 0.00068 0.120 0.0207
Scenario 4 Q1 EBT 0.00068 0.113 0.0213
Scenario 4 Q2 SBT 0.00039 0.094 0.0146
Scenario 4 Q2 EBT 0.00115 0.115 0.0145
Scenario 4 Q3 SBT 0.00098 0.113 0.0141
Scenario 4 Q3 EBT 0.00062 0.122 0.0131

— EBT shows competitive or slightly better CI width,
though often at the expense of higher MSE or coverage
variability. This trade-off highlights the practical value
of SBT in delivering more reliable and precise inference
under various data-generating conditions.

Overall, the results across all performance metrics
consistently support the superior reliability and robust-
ness of the SBT approach, particularly in scenarios with
more complex or skewed distributions, making it a fa-
vorable choice for interval estimation in distributional
settings involving dependent censoring or distributional
tail behaviors.

Figure 1 provides a comprehensive visual comparison
of the coverage probabilities achieved by the Smoothed
Bootstrap Technique (SBT) and Efron’s Bootstrap Tech-
nique (EBT) across all four simulation scenarios for the
first (Q1), second (Q2), and third (Q3) quartiles. Each
subplot illustrates how closely the empirical coverage of
each method aligns with the nominal confidence levels
(80%, 85%, 90%, and 95%) across varying sample sizes.
Overall, SBT consistently demonstrates tighter and more
stable coverage around the nominal levels, particularly in
Q1, where EBT often underperforms due to the influence
of left-censoring. The advantage of SBT is especially
pronounced in Scenarios 2 and 4, which include higher
proportions of double-censoring. These plots reinforce
the quantitative findings from the simulation tables, high-
lighting the superior robustness of SBT in capturing the
true distributional behavior of doubly-censored data.

5. Concluding remarks

This paper introduces a smoothed bootstrap technique
for double-censored data based on the version of Hill’s
A(𝑛) assumption, which is proposed by [19]. A good
outcome can be achieved with this method, and it is

easy to implement. A comparison has been conducted
between the smoothed bootstrap technique and Efron’s
technique in case of double-censored data in terms of
the coverage probabilities of the bootstrap percentile
confidence intervals for the quartiles using simulation
studies. The smoothed bootstrap technique generally
performs better than Efron’s technique , particularly with
small data sizes or small time 𝑡. As a result of the resam-
pling process used in Efron’s technique, the bootstrap
sets tend to have ties and double-censored observations,
which may lead to difficulties in computations and poor
results, particularly when dealing with small data sets
and large proportions of censoring. A smoothed boot-
strap technique can avoid these drawbacks by generating
observations that include only events for the bootstrap
sets without ties by employing a double-censored A(𝑛)
assumption [19].

The smoothed bootstrap technique requires almost
15% more time-consuming to implement in R software
than Efron’s technique. The smoothed bootstrap tech-
nique involves ordering observations and creating inter-
vals of 𝑛+1 first and then the probabilities corresponding
to those intervals are computed, which consumes more
time. Once these steps have been completed, we draw
observations from the intervals in order to generate
bootstrap samples. This causes the smoothed bootstrap
technique to require more time to run when applied to
the R programming software.

As a result of the good results obtained from the ap-
plication of the smoothed bootstrap technique, we are
motivated to examine the method for evaluating and cal-
culating Type 1 and 2 error rates using simulation studies.
In addition, we believe that the smoothed bootstrap tech-
nique can provide good results regarding survival and
reliability inferences. All of these topics are left for
further research.

 https://doi.org/10.57647/mathsci.2025.1901.01

https://doi.org/10.57647/mathsci.2025.1901.01


10 Alotaibi et al., Math. Sci 19 (3) 2025

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

Co
ve

ra
ge

Scenario = Scenario 1 | Quartile = Q1 Scenario = Scenario 1 | Quartile = Q2 Scenario = Scenario 1 | Quartile = Q3

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

Co
ve

ra
ge

Scenario = Scenario 2 | Quartile = Q1 Scenario = Scenario 2 | Quartile = Q2 Scenario = Scenario 2 | Quartile = Q3

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

Co
ve

ra
ge

Scenario = Scenario 3 | Quartile = Q1 Scenario = Scenario 3 | Quartile = Q2 Scenario = Scenario 3 | Quartile = Q3

80% 85% 90% 95%
CI_Level

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

Co
ve

ra
ge

Scenario = Scenario 4 | Quartile = Q1

80% 85% 90% 95%
CI_Level

Scenario = Scenario 4 | Quartile = Q2

80% 85% 90% 95%
CI_Level

Scenario = Scenario 4 | Quartile = Q3

Method
SBT
EBT

Figure 1. Boxplots of coverage probabilities for SBT and EBT methods across Scenarios 1–4 and quartiles Q1, Q2, Q3 at different confidence levels
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A promising direction for future research is the in-
tegration of semi-supervised learning frameworks into
bootstrap-based inference under double-censoring. In
particular, the recent SEEDS method (Semi-supervised
Estimation of Event Rate with Doubly-Censored Survival
Data), presented by [23], offers a novel approach that
leverages both labeled and unlabeled observations to en-
hance event rate estimation. By combining the strengths
of our smoothed bootstrap technique in interval estima-
tion with SEEDS’ predictive modeling capabilities, it
may be possible to develop robust hybrid procedures
that improve both accuracy and efficiency—especially
in settings where labeled data are scarce. Exploring
this intersection could yield valuable tools for modern
survival and reliability studies in medical, industrial, and
socio-economic domains.

Another fruitful direction for future research is to
explore the integration of fiducial inference frameworks
with bootstrap-based resampling for double-censored
data. The recent work on Unified Fiducial Inference for
Interval-Censored Data by [24] proposes a nonparamet-
ric method that constructs confidence intervals without
requiring strong distributional assumptions or smooth-
ing parameters. While the fiducial approach has shown
strong finite-sample performance under interval censor-
ing, its application to doubly-censored settings remains
largely unexplored. Building upon our smoothed boot-
strap technique, a hybrid fiducial-bootstrap methodology
could provide a more flexible and robust toolkit for
nonparametric inference, particularly when extending
beyond quartile estimation to full survival curves or
hypothesis testing scenarios.

An interesting avenue for future research is to com-
pare the proposed Smoothed Bootstrap Technique (SBT)
with recent developments in fiducial inference for sur-
vival analysis. In particular, [25, 26] have introduced
generalized fiducial methods that demonstrate strong per-
formance, especially for small sample sizes, in right- and
interval-censored settings. Although these methods have
not yet been explicitly extended to the double-censored
case, adapting their framework to handle both left- and
right-censoring could provide a valuable benchmark for
assessing the relative merits of SBT. Such a comparison
would further strengthen the methodological understand-
ing of inference under complex censoring schemes and
represents a promising direction for future work.
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