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Abstract:
Multicollinearity in regression analysis arises when predictor variables are highly correlated, making it difficult
to accurately estimate regression coefficients. This issue can distort model interpretations and inflate coefficient
variances, making estimates sensitive to small data changes. To address this issue, several ridge estimators
have been developed in the past to reduce the effect of multicollinearity and improve the model stability.
To overcome the negative affect of multicollinearity, we introduce three newly proposed two-parameter
ridge estimators, named HITPR1, HITPR2, and HITPR3, which dynamically adjust the ridge parameter for
different multicollinearity structures. We evaluate the performance of these proposed estimators through a
comprehensive simulation study and employing Mean Squared Error (MSE) criterion. The numerical results
show that HITPR1 estimator performs better with higher efficiency and lower MSE, outperforming the other
estimators in different settings. To further investigate the performance and applicability of the newly proposed
estimators, two real-world datasets, have been utilized.
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1. Introduction

Regression analysis is a statistical method used to model
the relationship between a dependent variable (𝑌 ) and
one or more independent variables (𝑋). The most com-
mon estimation technique is the Ordinary Least Squares
(OLS), which minimizes the sum of squared residuals
between observed and predicted values. The equation
for the linear regression model is represented as:

𝒀 = 𝑿𝛃 + 𝛜 . (1)

Here, 𝒀 ∈ 𝑹𝒏×1 represents the vector of observed re-
sponses, 𝑿 ∈ 𝑹𝒏×𝒑 represents the design matrix com-
prising the predictor variables, 𝜷 ∈ 𝑹𝒑×1 is the vector
of unknown regression coefficients, and 𝝐 ∈ 𝑹𝒏×1 is
the vector of random errors. The OLS estimator for the

regression coefficients is given as:

𝛃̂𝑶𝑳𝑺 =
(
𝑿

′

𝑿
)−1

𝑿
′

𝒀 , (2)

where, 𝑿′

𝑿 is the matrix of predictor variables. However,
OLS assumes no multicollinearity among the predictors.
When multicollinearity exists i.e., when predictor vari-
ables are highly correlated, the OLS estimators become
unstable and unreliable. The condition number (CN)
are used to assess multicollinearity in data. A large CN
(greater than 30) often indicates high multicollinearity
in data. The CN is ratio of the largest to the smallest
eigenvalues 𝐶𝑁 = λmax/λmin.

A high condition number(> 30) indicate severe mul-
ticollinearity, OLS estimates unreliable and large error
variances [1].

To address this hazardous behavior of the OLS es-
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timators and to get reliable estimates, [2] introduced
ridge regression, demonstrating its ability to stabilize
estimators when predictor variables are highly correlated.
The ridge estimator is given below:

𝛃̂𝑹𝒊𝒅𝒈𝒆 =
(
𝑿

′

𝑿 + 𝒌 𝑰
)−1

𝑿
′

𝒀 , 𝑘 > 0, (3)

where, 𝑘 is the shrink parameter and 𝐼 is the identity
matrix. This shrinkage technique mitigates the effects of
multicollinearity by penalizing large coefficient values.
Improvements in selection of penalty parameter ( 𝑘)
through cross-validation were discussed in [3]. The
selection of the penalty parameter (𝑘) is a very crucial
aspect in mitigating multicollinearity in data. Numerous
researchers have sought to enhance ridge regression
performance through modifications and to reduce the
affect of severs multicollinearity. Over time, researchers
have introduced various shrinkage parameters to address
this issue. As a result, a substantial body of literature
has emerged on basic ridge penalty estimators designed
specifically to handle multicollinearity [4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

The authors [20] introduced two-parameter ridge es-
timator, (k and q) for the coefficients of the repression
model which is defined as:

𝛃̂ (𝒒,𝒌 ) = 𝒒(𝑿′𝑿 + 𝒌 𝑰)−1𝑿′𝒀 , (4)

where, 𝑞 represents scaling factor defined in Eq. (5)
below.

𝒒̂ =

(
𝑿

′

𝒚
) ′ (

𝑿
′

𝑿 + 𝒌𝑰
)−1

𝑿
′

𝒚(
𝑿

′

𝒚
) ′ (

𝑿
′

𝑿 + 𝒌𝑰
)−1

𝑿
′

𝑿
(
𝑿

′

𝑿 + 𝒌𝑰
)−1

𝑿
′

𝒚

.

(5)
This two-parameter ridge estimators approach enhances
flexibility in model tuning, making it more suitable for
high-dimensional datasets with severe levels of multi-
collinearity.

Eq. (4) represents a generalized form of Eq. (2) and
(3) for 𝑞 = 1 and 𝑞 = 𝑘 or 𝑘 = 0.

Several researchers have extended the basic ridge
regression model to address multicollinearity more effec-
tively. [21]-[22] introduced and modified two-parameter
ridge estimators to encounter multicollinearity. Recently
[23] modified few ridge estimators to handle severe
multicollinearity in dataset.

It is evident from the old literature that the existing
single-parameter and two-parameter ridge estimators do
not effectively address the issue of severe multicollinear-
ity. As a result, over time, variations in the ridge penalty
have been introduced to mitigate the effects of multi-
collinearity. The choice of regularization parameter
often depends on the specific characteristics of the data,
such as the level of multicollinearity or the number of
predictors. Moreover, the regularization effect of the
basic ridge parameter does not always adequately cap-
ture the complexity of multicollinearity. To address this
gap, this study introduces three newly improved two-
parameter ridge estimators, namely, HITPR1, HITPR2,

and HITPR3 which are designed to tackle severe multi-
collinearity in datasets. These newly estimators adjust
the ridge parameter based upon data properties, such as
the multicollinearity structure, offering a more flexible
and effective approach compared to existing ridge es-
timators and providing more reliable and interpretable
results

The proposed estimators are optimized using the ridge
parameters 𝑘 and 𝑞, and their performances are assessed
through a Monte Carlo simulation study, as a theoretical
comparison of the new estimators is challenging due to
the involvement of two parameters. Furthermore, two
real-world datasets are analyzed to illustrate the practical
application and effectiveness of the proposed estimators.
The newly proposed estimators encounter the issue of
multicollinearity which is a core problem in regression
theory. The rest of the paper is organized as follows.
Section 2 discusses the statistical methodology, including
an overview of existing and proposed ridge estimators.
Section 3 presents the simulation study, while Section 4
applies the estimators to real-world datasets. Section 5
concludes the research paper.

2. Material and Methods
The orthogonal form of Eq. (1) is given below:

𝒚 = 𝒁𝜶 + 𝝐 , (6)

Eq (6) can be written as 𝒁 = 𝑿𝑫, with 𝜶 = 𝑫𝑻 𝜷,
where 𝑫𝑻 𝑫 = 𝑰𝒑, and 𝑰𝒑 represents the iden-
tity matrix. D is an orthogonal matrix containing
the eigenvectors of the 𝑿𝑻 𝑿 matrix. Furthermore,
𝜦 = 𝑫𝑻 𝑿𝑻 𝑿 𝑫, where, Λ is a diagonal matrix with
eigenvalues 𝜆1, 𝜆2, ..., 𝜆𝑝 , arrange in ascending order.

The transformations form of Eq. (2),(4) & (5) ex-
pressed in the canonical forms as follows:

𝛂̂ = 𝚲−1𝒁𝑻 𝒚, (7)

𝜶̂𝒌 =
(
𝚲 + 𝒌𝑰𝒑

)−1
𝒁𝑻 𝒚, (8)

𝜶̂(𝒒,𝒌 ) = 𝒒
(
𝚲 + 𝒌𝑰𝒑

)−1
𝒁𝑻 𝒚. (9)

Eq. (9) describes the two-parameter ridge estimator,
which enhances ridge estimator by including an addi-
tional parameter (𝑞).

2.1 Existing Basic Ridge Estimators
Few of the well-known existing two-parameter ridge
estimators are discussed below.

i. The initial ridge estimator was introduced by [2]
denoted by (HK), and mathematically expressed as:

𝑘̂𝐻𝐾=
𝜎̂2

α̂2
𝑚𝑎𝑥

. (10)

ii. [24] modified the HK estimator, denoted by HKB
and is defined as:

𝑘̂𝐻𝐾𝐵=
𝑝𝜎̂2∑𝑝

𝑖=1 α̂
2
𝑖

. (11)

 https://doi.org/10.57647/mathsci.2025.1904.16877

https://doi.org/10.57647/mathsci.2025.1904.16877


Haseeb et al., Math. Sci 19 (4) 2025 3

iii. Kibria [12] proposed three new modified ridge
estimators based upon averages, given as follows:

𝑘̂𝐾𝐴𝑀=
1
𝑝

𝑝∑︁
𝑖=1

𝜎̂2

α̂2
𝑖

, (12)

𝑘̂𝐺𝑀=
𝜎̂2(∏𝑝

𝑖=1 α̂
2
𝑖

) 1
𝑝

, (13)

𝑘̂𝑀𝑒𝑑=Med

(
𝜎̂2

α̂2
𝑖

)
. (14)

iv. [21] modified usual ridge estimator to mitigate the
multicollinearity. The modified estimator is repre-
sented by KMS. Mathematically, KMS is defined
as:

𝑘̂𝐾𝑀𝑆=λmax

∑𝑝

𝑖=1

��α̂𝑖 ��{
𝜎̂2

α̂2
𝑚𝑎𝑥

} , (15)

which combines the largest eigenvalue with parameter
magnitudes.

2.1.1 Two-Parameter Ridge Estimator
Two-parameters ridge estimators approach adds flexi-
bility with an additional parameter 𝑞, along with 𝑘 to
handle complex multicollinearity.

i. [20] introduced the two-parameter ridge estimator
(TPR) to counter the multicollinearity affect in data.

ii. [25] developed two-parameter ridge estimator, de-
noted by TK, in which the optimal values for 𝑞 and 𝑘

are obtained using Eqs. (16) and (17), respectively.

𝑞𝑜𝑝𝑡 =

∑𝑝

𝑖=1 α̂
2
𝑖

λ𝑖
λ𝑖+𝑘∑𝑝

𝑖=1
𝜎̂2λ𝑖+α̂2

𝑖
λ2
𝑖

(λ𝑖+𝑘 )2

, (16)

𝑘̂𝑜𝑝𝑡 =
𝑞𝑜𝑝𝑡

∑𝑝

𝑖=1
𝜎̂2

λ𝑖
+

(
𝑞𝑜𝑝𝑡 − 1

) ∑𝑝

𝑖=1 α̂
2
𝑖
λ2
𝑖∑𝑝

𝑖=1 α̂
2
𝑖
λ𝑖

.

(17)

iii. [26] modified two-parameter ridge estimators to
minimize the affect of multicollinearity in data.
These estimators are denoted as, YAM, YGM, and
YHM. These estimators adjust the ridge regres-
sion approach by proposing alternative methods
for calculating the regularization parameter 𝑘 . The
adjusted 𝑘−values for each estimator are specified
as follows:

𝑘̂∗𝑌 𝐴𝑀=

∑𝑝

𝑖=1 𝑘
∗
𝑖

𝑝
, (18)

𝑘̂∗𝑌𝐺𝑀=

(
𝑝∏
𝑖=1

𝑘∗𝑖

) 1
𝑝

, (19)

𝑘̂∗𝑌𝐻𝑀=
𝑝∑𝑝

𝑖=1
1
𝑘∗
𝑖

. (20)

In each case, the modified k-value for the 𝑖𝑡ℎ predictor is
calculated as:

𝑘∗𝑖=𝑤𝑖 𝑘̂𝑜𝑝𝑡 ,

where, 𝑤𝑖 represents weight based on the ratio of the
eigenvalue 𝜆𝑖 to the absolute value of the estimated
coefficient 𝛼𝑖: 𝑤𝑖= 𝝀𝒊

|𝛼𝑖 | .

iv. [27] modified two-parameter ridge estimators to
mitigate the multicollinearity in data, denoted by
MLCR2. The k-value for MLCR2 is given as:

k̂𝑀𝐿𝐶𝑅2 = min(λ𝑖 |𝛼̂𝑖 | (21)

To obtain the value of the second parameter (𝑞) Eq. (5)
is proposed to be used.

2.2 Proposed Ridge Estimators
The newly two-parameter estimators are introduced by
combining different ridge parameters 𝑘̂𝑖 , ( where 𝑖 =

1, 2, 3) as defined in Eqs. (22) - (24). Using these 𝑘̂𝑖
values, the corresponding 𝑞 values are determined using
Eq. (6). Based on these calculated 𝑘̂ and 𝑞 values, three
new ITPR estimators-HITPR1, HITPR2, and HITPR3
are introduced for which the estimated k values are
respectively given as below.

𝑘̂1=

(√︄
1
𝑝

𝑝∑︁
𝑖=1

(λ𝑖 |𝛼̂𝑖 |)3+ 1
𝑝

𝑝∑︁
𝑖=1

(λ𝑖 |𝛼̂𝑖 |)7

) (
𝜎̂2

α̂2
𝑚𝑎𝑥

)
,

(22)

𝑘̂2 =

(
𝑝∑︁
𝑖=1

𝑤𝑖

𝑝∑︁
𝑖=1

(λ𝑖 |𝛼̂𝑖 |)
) (

𝜎̂2

α̂2
𝑚𝑎𝑥

)
, (23)

𝑘̂3 =

√√√√√√∑𝑝

𝑖=1 𝑤𝑖
∑𝑝

𝑖=1

(
λ𝑖

(
|𝛼̂𝑖 | + 1

|𝛼𝑖 |

))
∑𝑝

𝑖=1

(
𝑤𝑖 . |𝛼̂𝑖 | + 1

|𝛼𝑖 |

) , (24)

where, 𝑤𝑖 = 1
|𝛼𝑖 |+1 .

3. Simulation Study
A comprehensive simulation study is conducted to com-
pare the relative performance of the proposed ITPR
estimators with existing ridge estimators and the OLS
estimator.

3.1 Monte Carlo Simulation Technique
Simulation Methodology: The study employed a Monte
Carlo simulation technique to generate predictor vari-
ables exhibiting different levels of collinearity, following
the approach used by [28].
Expression for Predictor Variables: The expression
for 𝑥 𝑗𝑖 is defined in Eq. (25) as follows:

𝑥 𝑗𝑖 =
√︁

1 − 𝜌2𝑧 𝑗𝑖 + 𝜌𝑧 𝑗 𝑝+1, 𝑖 = 1, 2, . . . , 𝑝 and
𝑗 = 1, 2, . . . , 𝑛. (25)

In this context, 𝜌 denotes the correlation among the
predictors, 𝑝 indicates the total number of predictors,
and n signifies the sample size. The values for 𝜌 are
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established at 0.80, 0.90, and 0.99, with sample sizes 20,
50, and 100, with p 4 and 10. The random variables 𝑧 𝑗𝑖
are produced from a standard normal distribution.
Response Variable: The response variable 𝑦 𝑗 is formu-
lated in Eq. (19) as:

𝑦 𝑗 = 𝛼0 + 𝛼1𝑥 𝑗1 + 𝛼2𝑥 𝑗2 + · · · + 𝛼𝑝𝑥 𝑗 𝑝 + 𝜖 𝑗 ,

𝑤ℎ𝑒𝑟𝑒, 𝑗 = 1, 2, . . ., 𝑛. (26)

Here, 𝜖 𝑗 follows a normal distribution, specifically
𝜖 𝑗 ∼ 𝑁

(
0, 𝜎2𝐼

)
, the error variance, 𝜎2, was set to

0.40, 5, and 10, and the regression coefficients 𝛼 𝑗 were
aligned with the optimal direction described in [29]
MSE Calculation: The estimated MSE is calculated
over 1000 simulations using the following equation:

𝑴𝑺𝑬 (𝜶̂) = 1
1000

1000∑︁
𝒋=1

(
𝜶̂ 𝒋 − 𝜶

) ′ (
𝜶̂ 𝒋 − 𝜶

)
, (27)

where, the calculations are performed using R software.

3.2 Performance Metrics
The relative performances of the newly proposed are
evaluated using the MSE criterion in different conditions,
including varying levels of predictor collinearity and
error variances following methodologies from previous
studies [7, 30, 29]. The estimated MSE for an estimator
𝛼̂ of the parameter 𝛼 is as follow.

𝑴𝑺𝑬 (𝜶̂) = 𝑬
[ (
𝜶̂ 𝒋 − 𝜶

) ′
(𝜶̂ 𝒋 − 𝜶)

]
. (28)

All simulation results are presented in Table 6-Table 11
in Appendix A, providing a detailed comparison between
the newly proposed estimators and the existing ones. The
bold values in the tables represent the lowest MSEs of
the estimators.

3.3 Discussion of Simulation Results
The simulation study evaluated the performance of the
newly proposed ridge estimators (HITPR1, HITPR2, and
HITPR3) compared to OLS and existing ridge estimators
under varying conditions of sample size, multicollinear-
ity, error variance, and number of predictors. The results,
summarized in Table 6 to Table 11, highlight several key
findings.
Performance at Different Variance Levels (𝝈 ² =
0.40, 5, 𝒂𝒏𝒅 10): In small variance setting (𝜎² =

0.40), the proposed estimators, HITPR1, HITPR2, and
HITPR3, consistently perform well across the different
correlation values (𝜌 = 0.80, 0.90, and 0.99). Notably,
HITPR1 demonstrated superior accuracy, particularly
when compared to OLS and some of the existing estima-
tors like KGM and YAM. For 𝜌 = 0.80, HITPR1 has very
small MSE than OLS, HK, and KGM, while performing
similarly to HKB and KAM.

When the variance is increased (σ² = 5), the newly pro-
posed estimators continue to exhibit higher performance,
especially in moderate to high correlation scenarios (𝜌

= 0.90 and 𝜌 = 0.99). HITPR1 and HITPR3 are gener-
ally more robust than OLS, yielding smaller MSE. As
expected, the MSE of all the estimators increases with
increasing variance, but HITPR1 still offers a notable
reduction in MSE in comparision to OLS, HK, and sev-
eral other estimators across all the considered correlation
levels. HITPR2 also showed promising results, second
to HITPR1, particularly at higher correlation level.

For higher variance level (σ² = 10), efficiency of all
the estimators decrease, which is consistent with the
expectation that estimation accuracy declines as noise
increases. However, HITPR1, HITPR2, and HITPR3
still outperform the existing estimators. For instance, at
𝜌 = 0.90 and 𝜌 = 0.99, HITPR1 exhibited much lower
MSE values than OLS, HK, and KGM. Despite the in-
crease in error, HITPR1’s efficiency over most of the
considered estimators is still evident, highlighting its
robustness under high noise conditions.
Performance at Different Correlation Levels (𝝆 = 0.80,
0.90, and 0.99): The correlation between variables (𝜌)
played a significant role in shaping the performance of
the estimators. At 𝜌 = 0.80, which indicates a moderate
correlation, the newly proposed estimators consistently
outperform OLS, especially, for small σ²(0.40). How-
ever, as the correlation increases to 𝜌 = 0.99, the relative
performance of HITPR1, HITPR2, and HITPR3 show
even more significant improvement in comparison to
other estimators. In particular, HITPR1 provides a
significant reduction in MSE compared to most of the ex-
isting methods, particularly in high-variance conditions
(σ² = 5 and σ² = 10).

The larger correlation value (𝜌 = 0.99) allowed for
better identification of underlying patterns, where, the
proposed estimators leveraged their higher performance
in stronger multicollinearity. While OLS struggled in
higher correlation, HITPR1, HITPR2, and HITPR3 con-
tinued to show higher efficiency, particularly at higher
variance levels, where traditional estimators were prone
to larger errors.
Comparisons with Existing Estimators: Among the ex-
isting estimators, KGM, KMed, and YAM demonstrated
relatively higher performance but none outperformed
the newly proposed HITPR estimators, especially when
considering higher variance values. The MSE values for
HITPR1, in particular, were consistently lower across
various settings.

The HK and HKB showed relatively stable perfor-
mance, but they were outperformed by the HITPR esti-
mators in several cases, particularly when the correlation
was higher. The KMS and LC possess similar results One
of the notable improvements is observed in situations
with higher correlation (𝜌 = 0.99) and higher variance
(σ² = 5 and σ² = 10).

Different estimators performed better under various
scenarios, influenced by factors such as sample sizes,
error variances, and multicollinearity levels. To portray
this fact, we have created a combined summary Table 1.

From the summary Table 1, it is clear that the newly
proposed estimator HITPR1 performed well in most of
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Table 1. Summary of Ridge Estimator Performance across Different Scenarios

𝒏 𝒑 = 4 𝒑 = 10
𝝈2 ↓ 𝝆

→ 0.80 0.90 0.99 0.80 0.90 0.99
20 0.4 YHM HITPR1 HITPR1 YHM HITPR1 HITPR1

5 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1
10 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1

50 0.4 HITPR1 HITPR1 HITPR1 YHM YHM HITPR1
5 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1
10 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1

100 0.4 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1
5 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1
10 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1 HITPR1

the scenarios.

4. Real life Applications
This section illustrates the use of the proposed estimators
and methodology with two real-world datasets. The first
data is sourced from [31] ). The second dataset is the
Hospital manpower dataset from [17]. These datasets
share structural similarities with those analyzed in the
simulation study presented in Section 3.1, providing a
basis for practical validation of the methodology.

4.1 Income Dataset
The dataset provided contains 35 observations with 9
variables. The dependent variable is Hours (𝑦), which
represents the target outcome, while the independent vari-
ables include Rate (𝑋1), ERSP (𝑋2), ERNO (𝑋3), NEIN
(𝑋4), Assets (𝑋5), Age (𝑋6), DEP (𝑋7), and School (𝑋8).
The multiple linear regression with eight independent
variables takes the following form:

𝑦 = 𝛼0 + 𝛼1𝑋1 + 𝛼2𝑋2 + 𝛼3𝑋3 + 𝛼4𝑋4 + 𝛼5𝑋5

+ 𝛼6𝑋6 + 𝛼7𝑋7 + 𝛼8𝑋8 + 𝜖

To assess multicollinearity, we use three indicators i.e.
Variance Inflation Factor (VIF), Condition Number (CN),
and correlation heatmap.

The VIF values show how much the variance of a
regression coefficient is inflated due to multicollinearity
with other independent variables. A high VIF (> 10)
indicates severe multicollinearity.

Table 2 shows that variables 𝑋4 and 𝑋5 have very high
VIFs (180.507 and 192.565), and 𝑋1 and 𝑋8 have VIFs
greater than 10 (17.082 and 25.402, respectively). This
indicates severe multicollinearity, which can negatively
affect the reliability of the regression model.

The CN of the variables are used to assess multi-
collinearity. A large CN (above 30) often indicates high
multicollinearity. Here, 𝐶𝑁 =

λmax
λmin
� 80.19 which is

greater than 30indicating the presence of severe mul-
ticollinearity among the variables which could cause
instability and unreliable regression results. A correla-
tion heatmap is a visual representation of the correlation
matrix between the independent variables. High correla-

tions between variables (near +1 or -1) indicate higher
multicollinearity.

In Figure 1, the heatmap visual shows that correlation
between 𝑋4 and 𝑋5 is 0.99, and 𝑋1 and 𝑋8 is 0.88,
indicating severe multicollinearity in the real dataset.
All three indicators VIFs, CN, and the heatmap display
show severe multicollinearity in the dataset. Therefore,
to address these issues, we apply newly proposed and
existing estimators to assess the relative performance.

The results in Table 3 cement the findings of the
simulation findings.

4.2 Patients Dataset

The dataset contains 17 observations on 6 variables. The
variables are: Y(Hours) (dependent variable), X1(Xray),
X2 (BedDays), X3 (Length), X4 (Load), and X5 (Pop).
These variables represent healthcare-related metrics for
each observation. Linear regression is used to model
the relationship between the dependent and independent
variables.

𝑦 = 𝛼0 + 𝛼1𝑋1 + 𝛼2𝑋2 + 𝛼3𝑋3 + 𝛼4𝑋4 + 𝛼5𝑋5 + 𝜖

The CN value for this data is 58.31, which is greater than
10, indicating higher multicollinearity in this dataset.
Figure 2 shows a heatmap illustrating the correlations
among variables in the hospital manpower data, high-
lighting strong relationships, particularly between X-ray,
AreaPop, and Stay, further confirming the presence of
higher multicollinearity.

To address these challenges, we applied our newly
proposed and existing ridge estimators to evaluate their
effectiveness in mitigating multicollinearity, compared
their performance based on the estimated MSE. Table 4
presents the estimated MSE for each estimator applied
to the data. The results clearly indicate that the proposed
HITPR1 estimator achieved lower MSE compared to
OLS and other estimators.

The results showcased in Table 4 further strengthen the
applicability and efficiency of the proposed estimators.
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Table 2. VIF of Income Dataset

Variable 𝑋1 𝑋2 𝑋3 𝑋4 𝑋5 𝑋6 𝑋7 𝑋8
VIF 17.082 3.498 3.1379 180.507 192.565 9.72114 4.5250 25.402

Figure 1. Heatmap Display for Income Dataset

Table 3. MSE and Coefficient of the Estimators

Estimators MSE α̂1 α̂2 α̂3 α̂4 α̂5 α̂6 α̂7 α̂8
OLS 2.043205 -0.3089 -0.5405 -0.2829 -0.3748 -0.3546 -0.3978 -0.022 -0.0041
HK 1.165115 -0.1112 -0.2867 -0.4955 0.0521 -0.0714 -0.1387 -0.021 0.0002
HKB 1.347428 -0.5594 -0.3033 -0.1978 -0.3539 -0.1441 -0.0965 -0.0043 -0.3342
KAM 1.991284 -0.3084 -0.565 0.0171 -0.1165 -0.037 -0.1036 0.0003 -0.1169
KGM 1.216633 -0.347 -0.2613 -0.3047 -0.4548 -0.0219 -0.0226 -0.3093 -0.5375
KMed 1.177232 -0.7486 0.0262 -0.1085 -0.1753 -0.021 0.0014 -0.1113 -0.2542
KMS 1.556477 -0.5948 -0.3088 -0.5262 -0.1311 -0.0042 -0.3379 -0.5598 -0.2309
LC 0.709316 0.3323 -0.1111 -0.2714 -0.1497 0.0003 -0.1173 -0.3083 -0.3298
TK 0.708807 -0.3045 -0.5591 -0.2755 -0.0342 -0.3598 -0.5263 -0.3462 -0.0944
YAM 0.444678 -0.1083 -0.3081 -0.4721 0.0022 -0.0812 -0.2403 -0.743 0.0066
YGM 0.452991 -0.5248 -0.3462 -0.1802 -0.354 -0.1805 -0.2098 -0.575 -0.3546
YHM 0.618662 -0.27 -0.7448 0.015 -0.1165 -0.048 -0.2841 0.2498 -0.1164
MLCR2 0.477919 -0.8019 -0.2917 -0.2301 -0.3291 -0.1607 -0.1091 -0.203 -0.2840
HITPR1 0.444001 0.0144 -0.1088 -0.2981 -0.1494 0.0003 -0.0715 -0.0356 -0.1456
HITPR2 0.981646 -0.3065 -0.5302 -0.3254 -0.0342 -0.3614 -0.1443 -0.0211 -0.0332
HITPR3 0.701924 -0.1096 -0.2756 -0.6512 0.0022 -0.1134 -0.037 -0.0202 0.0021
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Figure 2. Heatmap of Patients Dataset

Table 4. MSE and Regression coefficients

Methods MSE 𝜶̂0 𝜶̂1 𝜶̂2 𝜶̂3 𝜶̂4 𝜶̂5
OLS 18.7264 -0.37755 -0.37755 -0.37755 -0.37776 -0.37846 -0.37798
HK 0.166682 -0.0007 -0.0007 -0.0007 -9.2E-05 -0.00069 -0.00017
HKB 0.471371 -0.44371 -0.44356 -0.44333 -0.00816 -0.42951 -0.01735
KAM 7.698355 -0.33035 -0.33015 -0.32984 -0.00331 -0.31071 -0.00711
KGM 0.328807 -0.76722 -0.76307 -0.75682 -0.00086 -0.48239 -0.00186
KMed 0.319938 -10.4674 -6.58821 -4.20717 -0.00011 -0.16042 -0.00024
KMS 3.41267 -.000045 -0.35627 -0.37776 -0.37776 -0.37884 -0.37814
LC 0.316382 -.00008 -0.00048 -9.2E-05 -9.2E-05 -0.00038 -0.0007
TK 0.316382 -.000098 -0.10445 -0.00816 -0.00816 -0.05743 -0.43767
YAM 0.316382 -.00007 -0.04747 -0.00331 -0.00331 -0.02456 -0.32171
YGM 0.316382 -.00004 -0.01411 -0.00086 -0.00086 -0.00676 -0.61132
YHM 0.316411 –.00010 -0.00181 -0.00011 -0.00011 -0.00086 -0.36337
MLCR2 0.63986 -0.43848 -0.19056 -0.00816 -0.01012 -0.44208 -0.0914
HTPR1 0.316053 -0.32328 -0.0961 -0.00331 -0.00411 -0.32778 -0.0406
HTPR2 0.450009 -0.6416 -0.03361 -0.00086 -0.00107 -0.71018 -0.01171
HTPR3 0.318837 -0.47157 -0.00443 -0.00011 -0.00013 -1.06444 -0.0015
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4.3 Comparisons of the Estimator Based on Confi-
dence Interval

To assess the performance of estimators on a real dataset,
we analyze their 99% confidence intervals (CIs). Nar-
rower CIs indicate higher precision, while wider CIs
suggest more uncertainty. This helps identify the most
reliable estimator.
The 99% CI for each estimator is calculated as:
CI = Estimated Coefficient ± 𝑡 𝛼

2 (𝑣)𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟

𝑣 = 𝑛 − 1

Where the standard error (SE) is calculated as:

𝑆.𝐸 =

√︂
𝑀𝑆𝐸

𝑛

Here, n=17 is the sample size. Smaller MSE values lead
to smaller standard errors, resulting in narrower, more
precise confidence intervals.

Table 5 shows that the proposed estimators (HTPR1-3)
provide narrower and more precise confidence intervals
compared to OLS and other ridge estimators, indicating
superior performance in terms of estimation accuracy.

5. Conclusion
This study is devoted to propose methodologies to
encounter multicollinearity in data sets. Extensive simu-
lation study under different conditions has been carried
out. The numerical results in this study demonstrate
that the newly proposed HITPR estimators, particularly
HITPR1, consistently outperform OLS and existing ridge
estimators. Through both simulation and real-world
applications, the newly proposed estimators exhibit
greater robustness and achieve lower MSEs across
a range of scenarios in presence of multicollinearity.
Moreover, the newly proposed estimators provide more
reliable regression coefficient estimates even in the
presence of highly correlated predictors, ultimately
enhancing decision-making in fields such as economics
and healthcare. The superior performance of HITPR1,
in particular, underscores its potential as an effective
solution for regression problems challenged by high
multicollinearity
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