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Introduction

In the year 2003, Srivastava and Gupta [1] introduced
a general family of summation-integral type operators
which includes some well-known operators as special
cases. They estimated the rate of convergence for func-
tions of bounded variation. For the details of special cases
in [1], we refer the readers to [2-7]. Ispir and Yuksel [8]
considered the Bezier variant of the operators studied
in [1] and estimated the rate of convergence for func-
tions of bounded variation. Very recently, Deo [9] studied
Srivastava-Gupta operators and obtained the faster rate
convergence as well as Voronovskaja type results for these
operators by using the King approach. In the last section,
he considered Stancu variant of these operators and estab-
lished some approximation properties.

The operators G, is defined as follows:

o0
Gue(f,x) =n an,k(x; c)

k=1

/0 Prtek—1 (6 Of () dt+puo(x, )f (0),
(1.1)
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where
k
—x
Py = o (12)
and

e—nx, c=0,
¢n,6(x) - { (1 _{_Cx)_n/C, c= 1,2, 3;

Here {¢,,c(x)}52 ; is a sequence of functions defined on
the closed interval [0, 5], b > 0, satisfying the following
properties. For each n € Nand k € N° := N U {0} :

(i) ¢uce C®la,b]l, b>a=>0,
(ii) Pnc(0) =1,
(iii) ¢n,c is completely monotone so that
(—1* ¢ (%) = 0, x €[0, 5], and
(iv) there exists an integer ¢ such that
(k+l)(x) — _n¢(k)

n,c n+tc,c

(see [1]).

Nowadays, the rate of convergence for the functions
having the derivatives of bounded variation (BV) is an
interesting area of research. Bai et al.[10] worked in
this direction and estimated the rate of convergence for
the several operators. Gupta [4] estimated the rate of
convergence for functions of BV on certain Baskakov-
Durrmeyer type operators. Ispir et al. [11] estimated the
rate of convergence for the Kantorovich type operators

(%), n > max{0, —c}; x €[ 0, b]
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for functions having derivatives of BV. Recently, Acar et
al. [12] introduced the general integral modification of
the Szdsz-Mirakyan operators having the weight functions
of Baskakov basis functions. The rate of convergence for
functions having the derivatives of bounded variation is
obtained. This motivated us to study the rate of con-
vergence for the generalized Srivastava-Gupta operators
as follows: For a function f € BV,[0,00), the class of
bounded variation functions satisfying the growth condi-
tion |[f(t)| < M(1+1t)*, M > 0, @ > 0, the operators G, ;..
are defined by

nC(M 4+ —r+1)

F(}Z +1)F(;z) ](X:Z‘)pn-‘rm'k(x’C)

Gn,r,c (f; x) =

o0
/ pn—(r—l)c,k+r—l(ty C)f(t) dt, (1.3)
0
where p,, (%, ¢) is given by Equation 1.2 and n > (r — 1)c.

Remark 1. For the special case of ¢ = 1, the operators in
Equation 1.3 are reduced to the following operators:

m+r—D!'(n—r)! >
Gn,r,l (f’ x) = ((I’l _ 1); )2 ](X:Z‘)pn—b—r,k(x; 1)

00
/(; pn—(r—l),k+r—l(t7 l)f(t) dt;

k—1 k
where p,, x(x,1) = (n+/< )(1+fc)”+k )

We denote that the class of absolutely continuous func-
tions f on (0, 00) by DB;(0, 00), (where g is some positive
integer) are satisfied:

i) [f@®] < Cit?, C; > 0and

(ii) the function f has the first derivative on interval
(0, 00) which coincide, a.e., with a function which is
of bounded variation on every finite subinterval of
(0, 00). It can be observed that for all f € DB4(0, 00),
we can have the representation

fx) =f() +/xw(t)dt, x>c>0.

In the present paper, we study the rate of convergence
for the operators G, for functions having the derivatives
of bounded variation. We also mention a corollary which
provides the result in simultaneous approximation.

Methods

The principal methods used in the present work involve
the application of the theory of functions having the
derivatives of bounded variation to analyze and study the
rate of convergence, in simultaneous approximation, for
the Srivastava-Gupta operators.
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Results and discussion
In the sequel we shall need the following lemmas:

Lemma 1. If we define the moments as

oo
T (%, €) = (1= 7€) > Purek(®,©)
k=0

o0
/ Pr—(r—Dyck+r—1 (6 0 (t — %)™ dt,
0

and then, Ty 0(x,¢) = 1, Typ1(x,c) = (Lt%:lf’f)t " and for

n > (m+r+1)c, we have the following recurrence relation:

[n— (m~+r+1)] T rm1(%, €)

=x(1+cex)[ Ty, (%, €) + 20Ty 1 (%, €)]
+[ (m+ QA + 2¢x) + cx] Tyrm(x, ©).

Consequently,

T, 0)= x(1 4+ cx)(2n — o) +[ (1 + (1 + 2¢x) + ex] -[ (1 + 2r)ex + 7]
2 0= 1=+ 1O — (r +2)0) '

Furthermore, Ty rm(%, ¢) is polynomial of degree m in x
and

Tn,r,m(xy =0 (l’l[m;l}) .

Proof. Taking the derivative of T}, , (%, ¢) with respect
to » and using the identity x(1 + cx)p/n treg®o) =
[k — (n+ ro)x] Prtrek(®, €), we have

x(1+ex)[ T, (%, ) + mTy -1 (%, 0)]

= (n—rc) Z[ k — (n+ ro)x] pryrex(%,€)
k=0

/(; pnf(rfl)c,k+r71 (tr C) (t - x)m dt
= (n—rc) an+rc,k(x; )
k=0
/ [((k4+r—1)— (n— (r—1Do)]
0

Prn—r—Dyck+r—1(E¢) (8 — %)™ dt

+Hn— (=Dl (1= 7)Y Purex(®,©)
k=0

o0
/ Pu—(r—Dyek+r—1 (& Ot (8 —x)" dt
0

—[(m+rox+ (r — 1] Tyrmc)
=h+DL~[(m+rcox+ r— D] Tyrmx,c).
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To compute I we have

h=[n— (-1 n-r0) puirck®c)
k=0

00
/ pn—(r—l)c,k+r—l(t; )
0

X |:(t —x)"H px it — x)’"] dt
=[n— @ —1)] |:Tn,r,m+1 (%, ) + x T m (%, C):| .

Using £(1 + ct)p/n_(r_l)cyk(t, ¢) =[k — (n— (r — Do)t]
Pn—r—1)ck(t; €), we can write I as

o0
Li=(—7r0) ) Puirek(x,0)
k=0

=)
/ p;fz—(r—l)c,k+r—l(t’ Ot (t— x)m dt
0

o0
+ (n—rc)c Z Prtrek (% C)
k=0

o
/(; p;fz—(r—l)c,k—o—r—l(t’ C)t2 (- x)m dt
=1+
Again using t(t — x)" = (¢ — %) + x(t — %)™ and

integrating by parts, we get

N= (=10 Puirek(®c)

k=0

00
/0 p;’l*(rfl)C,k‘Fr*l (to) |: (t— x)erl +x (t_x)m:| dt

=(n—rc) an+rc,k (x,0)

k=0

o0
/ Pr—r—Dek+r—1(E€)
0

x |:—(m+l)(t—x)m—mx(t—x)m_1:| dt

=—(m~+ DTy rmx c) — mxTyym—1(xc).

Proceeding in a similar manner, we obtain /; as

h=c [—(Wl +2) Tn,r,m+1(x; c) —2(m+ l)xTn,r,m (%, ¢)

2
—mx” Ty pm—1(%, C)] .
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Combining I, I5,]1, and /2, we have

x(L+ e[ T,y % ) + mTyym—1(x, )]
=—m+ DTyrmx, ¢c) — mxTyrm—1(x,c)
+ ¢ [=(m+2) Ty pyms1 (% ) — 2(m+ 18Ty 1 m (%, €)
—mx® Thrm—1(, c)]
+n— r = De] [ Turm1 %, ©) + 5T rm(%, 0) ]
—[(n+ro)x + (r — V)] Tyyrm(, ),

x(L+ e[ Ty, % ) + mTyym_1(x,0)]
= [{n— (r = Dc} = (m + 2)c] Ty my1(x, ©)
+ [—(m+1)—2(m~+1)cx+{n—(r—1)c}x
—{m+rox+ (r— 1D} Tyrmx, c)

+ [—mx — mcxz] Ty r.m—1(, ¢), and

[n— (m+r+ 1] Tnrmr1(x,c)
=x(1+cx)[ Ty, ,, (%) + 2mTyrm—1(x, )]
+[(m + 1) + 2¢x) + cx] Typm(x, €).

Remark 2. Let x € (0,00) and ). > 2; then for n
sufficiently large, Lemma 1 yields that

Ax(1 4+ cx)
n

Tyrax,c) < (c € Np).

Lemma 2. Let x € (0,00) and . > 2; then for n
sufficiently large, we have

oo
Mo (6,9) = (1= 10) D Putrek (%)

k=0
y
/ Pr—r—1)ck+r—1( o)dt
0
Ax(1
S x( +C§)y 0§y<x,
n(x —y)

00
1— ppr(x,2) = (n—rc) an—kre,k(% c)

k=0
o0
/ pn—(r—l)c,k+r—l(t7 C)dt
z
Ax(1 + cx)
< , X<z <00,
n(z — x)2
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Proof. The proof of the lemma follows easily by
Remark 2. For instance, for the first inequality for n suffi-
ciently large and 0 < y < x, we have

oo
W (6, 9) = (1= 10) D Putrex(®0)
k=0

y
/ Pr—r—1)ck+r—1( o)dt
0

o
S (=10 Putrek(®0)

k=0
y (t —x)?
/0 pn—(r—l)c,k+r—l(t; ) (y— x)2 dt
- Ty ro(x) - Ax(1 4+ cx)

T (y—x? " nly—x?’

The proof of the second inequality follows along the
similar lines. [

Lemma 3. Let f be s times differentiable on [ 0, 00) such
that f6~D(t) = O(t7) as t — 00 where q is a positive
integer. Then for any r,s € Ng and n > max{q,r + s+ 1},
we have

d
D= .

DSGn,r,c(fy %) = Gurise (Dsf; x), dx

Proof. We prove this result by applying the principle of
mathematical induction and using the following identity:

p/n,k (%, ¢) = n[Putci—1*€) — Puyck(®,¢)] and

Po(€) = —npuico(x, c). (2.1)

The above identities are true even for the case of k =
0, as we observe that p,,.x = 0 for k < 0. Using
Equation 2.1 and integrating by parts, we have

nC(E+nCE—r+1) S

D[ Gyl (f, %)= F(}Z n I)F(Z) kg(:) Dpy e (%, 0)

00
/0 Pn—(r—1)ck+r—1 (, C)f(t) dt
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B n(C+nr —r+1)
B r(”+1Dr

o0
. Z(n + 1O Pr+ (1)1 (% ©)
k=0

— Pn+(r+1)ck (*, ¢)]

o0
/ Prn—(r—Deh+r—1 (& O)f (£) dt
0

B nn+rol (0 +nC —r+1)
B r(”+1Dr

o0 00
'an+(r+1)c,k(x7 C)/ [pn—(r—l)c,k—b—r(ty c)
0
k=0

- pn—(r—l)c,k+r—l(t7 C)]f(t) dt
_ nmn+rol(C+nr —r+1)
B (n—ro' (" + DT(")

00
: an+(r+1)c,k(x; c)
k=0
00
/ Dpnfrc,k+r (t, C)f(t) dt
0

B nT(0 +r+DI —7)
B r(”+1Dr

: an+(r+1)c,k (%, 0)

k=0
00
[) Pr—rck+r(& C)Df(lf), dt

=[ Gn,r+1,c] (Df; x),

which shows that the result holds for s = 1. Let us suppose
that the result holds for s = m i.e.,

D" [ G ] (%) =[ Gurim,e] (D"'f, %)
_ PG +r+ml(; —r—m+1)
L +nrd)

)
Z Pni-(r+m)c,k (x,¢)
k=0

o0
/(; Pr—(r+m—1)ck+r+m—1(t, )D"f (£) dt.

Now by Equation 2.1,

Dl [ Gn,r,c] (f; x)

nC(t4+r+mr( —r—m+1) &
= Dpn+(r+m)c,k (x,¢)
L +Dre) lg

00
/ Pn—(r+m—1)ck+r+m—1 @ C)Dmf(t) dt
0
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nC(t+r+mU (7 —r—m+1) o
= (Y + DI kX:;‘)[n—F(r—Fm)c]

X (pn+(r+m+1)c,k1 (x,¢) — Pu+(r+m+1)ck (x, C))

o
/ Pr—(r+m—1)ck+r+m—1 C)Dmf(t) dt
0
nelr (D +r+m+ D0 —r—m+1)
r(+nrd)

0 00
an+(r+m+1)c,k / <pn—(r+m—l)c,k+r+m (t 0
0
k=0

—Pn—(r+m—1)c,k+r+m—1 (t, C)) Dmf(t) dt

nel’ (U +r+m+ D00 —r—m+1)
r+nrd)

o0
an+(r+m+1)c,k
k=0

/oo Dpy—ramyck+r+m(t: €) Dmf(t) dr.
0 n—r+m-—1)c

Integrating by parts the last integral, we have

nT +r+m+DI( —r—m)

m+1 —
D [Grprel (f,%) = F(Z +1)F(;Z)

00
an+(r+m+l)c,k
k=0

0
/ Prn—(r+myck+r+m (& C)Dm+lf(t) dt.
0

Therefore,
D" G o (f, %) = Guypimi1,c D™, x).

Thus, the result is true for s = m+ 1; hence, by mathemat-
ical induction the proof of the lemma is completed. [

Main results
In this subsection we prove our main results.

Theorem 1. Let f € DBy(0,00),q > 0 and x €
(0,00). The for & > 2 and n sufficiently large, we have

T(?
r(’c‘+r)r(’c‘7r) G}’I,V,C(f;x) _f(x)
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[V/n] x+x/k xtx//n

Al +cx) , x ,
<7 T \/((f>x>+¢n AVAR(OD

k=1 x—x/k x—x//n

Al +cx

n ( )
n

+0m™ ) + If ()]
If' () — f'(x7)) /xxmcx)
+
2 n

(If 2%) —f @) — f )| + [f )
A1+ cx)
n

If )+ ()| r(1+2¢x) +cx
+ ,
2 n—(r+1)c

where \/2 fx denotes the total variation of f; on [ a, b), and
the auxiliary function f; is defined by

SO —fx7), 0=<t<ux
f;C(t) = 0) t:x,
f@®) —f&xh), x<t<oo

Proof. Using the mean value theorem, we have

rdy?

F(,Z n F)F(Zl — ¥ G c(f3%) — f(%)

0 00
= (n —rc) an—b—rc,k(x’ c) / Pn—Gr—1)ck+r—1(& €)
0
k=0

x[f(®) —f(x)] dt

00 t 0
= / / (n—rc) an+rc,k (x, C)pnf(rfl)c,kJrrfl
0 x

k=0
x (¢, c)f(u)du) dt.

Also it is a valid identity that
:f’(x+)+f’(x_)

2
+Vm—

L (ot ! (e
+aw+ @ )2f @7

f&) +f(7)
2

f'w

sgn(u — x)

] XX(M)I

where

1, u=ux,

Xx(u)z{o U x.

Obviously, we have

0 [ee] t s 7, —
=10 Y Putrek ®0) /0 ( / [f/(x)_f(x );f ( )]
k=0 x

Xx (u)du> Pr—(r—1)ck+r—1(5 c)dt = 0.
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Thus, using the above identities, we can write = |Aur(f, %) + By (f, %)|
! (ant e
&™) = f ()]
re? LV SN g, o112
P 4nr(n—p Gnrelfs %) —f (%) 2
"5+ @)
+ 5 Tur1(x, ). (3.4)

=

00 t o0
/ / (n — rc) an+rc,k (%, C)pn—(r—l)c,k+r—l (t o
0 x

k=0

8 (f’(x+) +f/(x7)
2

Applying Remark 2 and Lemma 1 in Equation 3.4, we

have

+ (f/)x(u)) du) dt

(T()?
]"(g+r)l"(';7r) Gn,r,c(f;x) _f(x)

+

00 t o0
/ / (Vl—rC)ZPn+rc,k (% OPn—(r—Dck+r—1( €)
0 x k=0

Vs SN Jrove LN ) (a—
D —fx )]sgn(u —x)du) dt|. (3.1) < |Anr(f, %) + |Bu,(f,%)| + e 2f w )I\/Mu: cx)

2
n [f' &) + £ () r(1 4 2ex) + ex
Also it can be verified that 2 n—@+1c
00 t +y - (3.5)
/ (/ e -/ )]sgn(u - x)du) (n—rc)
0 x 2
o0 In order to complete the proof of the theorem, it suffices
an+rc,k % OPn—(r—1)ck+r—1(t ©)dlt to estimate the terms A, ,(f, x) and By, ,(f, x) as follows:
k=0
SN ) (a—
< eSOl o012 (32) o/
2 A ()] = / ( f (f’)x(u)du) (n—rc)
and o ¥
/00 (/t [f’(x+) —I—f’(x_)] du) 1 — r¢) kZ:()pn+rc,k(x; APn—(r-1)ck+r—1( c)dt
0 x 2 00 :
0 = / (/ (f’)x(u)du) (n —rc)
an+rc,k (x, C)Pnf(rfl)c,kJrrfl (t, c)dt 2x x
= fj (x,0) (t,c)dt
Ty /o o— Prtre kX5 C)Pn—(r—1)c,k+r—11, C
Ve wo. (33) =
X t
Combining Equations 3.1-3.3, we get + /x (/X ¢ )x(u)du> (n—ro)
oo
rc” 2
r(’g(+r()cr )()’3 o Gre(f50) = f () kzzopnwc,k(x, OPn—(r—yc+r—1(E )t

e} t [e’e]
= / ( / (f ’)x(u)du) (n—rc) <|(n=r0) Y Putrex®0)
X x k=0
s oo
an+rc,k (x, C)Pnf(rfl)c,k+r71 (t, ¢)dt A (f(t) _f(x))Pn—(r—l)c,k+r—1 (t, c)dt
k=0 X
X t oo
+ / (/ (f/)x(u)du) (n—rc) +|f' D) |(n = rc) anwc’k(x, <)
0 x o
> 2x
ZP ntrek (¥ OPn—(r—1cktr—1(L €)dt ‘ / Prn——Dyck+r—1(t ) (¢ — x)dt
k=0 x
"(xt) — F(x~ 2x
+ e 2f ()] [ Ty (x, )12 + (Fx)du| |1 =y, (x,2%)]

n If' ) +f (7))

2x
) / I |1 = s (5, t)!dt‘

Ty (x,0) +
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o0
< (n—rc) Z Prtrek (%)
k=0

o0
/ Pr—(r—ek+r—1(t: 0)C1tdt
2x

+ Vg) 1= 10> Purres(,0)

k=0

00
/0 pnf(rfl)c,k+r71 (tr C) (t - x)zdt

@O0 =10) Y Prrek(®,c)

k=0

o0
/ Pr—(r—)ck+r—1(t O |t — x|dt
2x
Al +cx
I ( )
nx

([f(2x) —f(x) — xf (xT)]

A1+ cx) Nl x T
+ Y NVo+ 5, \ (w36

n \/I’l .

=,

S— X
k=1 =%

For estimating the integral (n — rc) Y o oPutrek
0 fzoxo Pn—r—1)ck+r—1(t, ¢)C1t1dt above, we proceed as
follows: since ¢t > 2x implies that £ < 2(¢ — x) Schwarz
inequality which follows from Lemma 1,

& 00
(1 =710) Y Ptrek(®,) / Pr—r—Dektr—1(6, ) Crldt
2x
k=0

oo
< C21(n=10) ) Putrek(®0)
k=0

00
/ Pn—(r—1)ck+r—1 (t, C)Cl (t - x)th
0

= C129Ty 1 q(x,¢) = On~ %), asn— occand (3.7)

@) = >
lfxz (n—rc) an+rc,k(x) 19) /(; Pn—(r—1)ck+r—1(& €)

k=0

x (¢t — x)*dt = |f(%)]

A1+ cx)' (3.8)
nx

By using the Hoélder’s inequality and Remark 2, we get
the estimate as follows:

If' &I =7¢) Y Pusrek(®,©)

k=0

o
/ Pr—(r—)ck+r—1(t O |t — x|dt
2

X
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= lf/(x+)| ((” —rc) an+rc,k(x7 )

k=0

~ 1/2
/ Pn—@r—1)ck+r—1 (t, C) (t_x)zdt>
0

ot Ax(1 4+ cx)
=|f'(x )I\/ .

Collecting the estimates from Equations 3.6-3.9, we
obtain

(3.9)

|An,r(f,x)| =07 + lf/(x+)|\/kx(1: cx)

Al
P ,;;Cx)(wzx) —f@) = O+ @)

A4 ey L ,
+ NV + 5, (.
no =Y vn Y,

k Jn
(3.10)

On the other hand, to estimate By, ,(f, x) by applying the

Lemma 2 withy = x — jn and integration by parts, we

have

x t
|Bn,r(f; x)| = ‘[) / (f/)x(u)dt(ﬂn,r(xy t))‘

= ’(/(; (f/)x(u)d”) Mn,r(x; t)‘
y x

< ( / + / ) ()2 e )
0 y

amd+cx) 7\, 1 LN
< [0 V@ adet /y \/ (e
t t
amd+ex) [P\, 1 x ,
=T V@, _\C )

_ Ax(1 + cx) Vi ¥ , x ,

| V@it 7V @0
Viu Jn

- A1+ cx) NZH] \7 Ny 4 X \x/ ,

< " ((f)x) Jn V. ((F)x)s

k=1 x—7% A= T

(3.11)

—_ X
whereu = % .

Through combining the Equations 3.4, 3.10, and 3.11,
we get the desired results. I

As a consequence of Lemma 3, we can easily prove the
following corollary for the derivatives of the operators
GVI,V,C'
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Corollary 1. Let f* € DB;(0,00), g > 0 and x € (0, 00).
The for . > 2 and n sufficiently large, we have

T? DG : s
rrnr(r—n D Gnrelfi2) = (%)

A1 + cx) (Vn] x+x/k X x+x//n
< YoV @+ ¥ \V @
" k=1 x—x/k " x—x//n
A1
+ AT Dty - Df o)

n
—aD T (D) + D (W)]) + O(m ™)
M ey,

N D () — DL ()| \/)\x(l + cx)
n

2
IDHLf (xt) + DSTLf (7)) (1 + 2¢x) + cx
+
2 n—(r+1)c

where \/2 fx denotes the total variation of fy on [ a, b], and
the auxiliary function D*Tf, is defined by

" D) — D7), 0<t<uw,
DS f-;C(t) = 0) t = x,
DY) — D f (), x <t <oo

Conclusions

We have obtained the rate of convergence for the general-
ized Srivastava-Gupta operators for the functions having
the derivatives of bounded variation which gives a bet-
ter rate of convergence than the classical Srivastava-Gupta
operators.
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