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Abstract:
This paper proposes a new bounded probability model, the Unit-Weighted Lomax (UWLx) distribution,
constructed via transformation of the weighted Lomax distribution. The UWLx distribution is designed
for data restricted to the unit interval and provides greater flexibility in representing diverse behaviors of
density and hazard functions, including monotonic and bathtub-shaped forms. Key statistical properties such
as survival and hazard rate functions, moments, and order statistics are derived. Parameter estimation is
addressed through the maximum likelihood method, and a simulation study confirms the consistency and
efficiency of the estimators. The practical utility of the model is demonstrated through an application to
COVID-19 recovery rate data, where the UWLx distribution is compared against well-known unit distributions,
including the Beta, Kumaraswamy, and Unit Weibull. Model selection criteria and goodness-of-fit tests show
that the UWLx distribution yields a superior fit, underscoring its potential as a versatile tool for analyzing
bounded data in medical, reliability, and related fields.
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fit; COVID-19
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1. Introduction

Modeling bounded data has long been an important area
of study in applied statistics, particularly for variables
constrained to the unit interval such as proportions, prob-
abilities, and recovery rates. Traditional distributions
like the Beta, Kumaraswamy, and Unit Logistic have
been widely used for such cases, yet their flexibility
is sometimes limited when data exhibit more complex
behaviors such as heavy tails or bathtub-shaped hazard
functions. To address these challenges, researchers have

increasingly developed new families of unit distributions
by transforming or extending existing models. Over time,
numerous unit distributions have been proposed to en-
hance flexibility and model diverse data behaviors within
this domain. For example, the unit inverse power lomax
distribution was derived by Abdelall et al. [1]. Fayomi et
al. [2] investigated Bayesian and data analysis of the unit
power Burr X distribution. The unit logistic distribution
was introduced by Menezes et al. [3], while the unit
Lindley distribution was derived by Mazucheli et al. [4].
Hassan et al. [5] focused on Bayesian and non Bayesian
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inference for unit Exponentiated half- logistic distribu-
tion. Saeed et al. [6] discussed bounded sine hyperbolic
distribution, highlighting its potential in modeling data
with restricted support. Similarly, Saeed et al. [7], Novel
parameter based trigonometric probability distribution
was examined with bounded support. Mazucheli et al.
[8] studied the unit Gompertz distribution with various
applications, and Modi and Gill [9] presented the unit
Burr-III model. The unit exponentiated Lomax distri-
bution was implemented by Fayomi et al. [10] ,and Ul
Haq et al. [11] later proposed a modified version, the
unit modified Burr-III distribution. Hassan and Alharbi
[12] provided different estimation methods for the unit
inverse exponentiated Weibull distribution. Additionally,
Karakaya et al. [13] conducted a regression analysis on
the power new power function distribution for data on
(0,1), and Ahmed et al. [14] introduced the unit expo-
nential Pareto distribution, demonstrating its practical
utility in modeling bounded datasets (see also [15],[16]).

The complexity of bounded data, especially when
exhibiting patterns such as bathtub-shaped hazard rates,
presents a challenge for statistical traditional distribu-
tions. In this research, a new model, termed the Unit
Weighted Lomax (UWLx) distribution, is proposed to
address this issue. This new model is derived from the
Weighted Lomax (WLx) distribution through a suitable
transformation. The UWLx distribution provides a good
fit for modeling data that is known to be bounded, such
as survival times or waiting times. Moreover, it demon-
strates greater flexibility in modeling complex behaviors,
including the capability of capturing bathtub-shaped
hazard rate patterns.

The importance of WLx distribution [17], which is an
extension of Lomax distribution [18],lies in its ability
to provide accurate modeling for complex lifetime and
survival data. The WLx model is particularly valuable
in biomedical research and engineering applications. In
addition, it offers statisticians a flexible tool for simu-
lating and analyzing heavy-tailed data, making it both a
practical and theoretically appealing distribution ( see
also, Aljohani [19]).

The probability density function (pdf) and cumulative
distribution function (cdf), assuming 𝑌 is a random
variable with a WLx distribution, are as follows:

𝑔(𝑦) = Γ(𝛼 + 1)𝜆1+𝛼−𝛽

Γ(1 + 𝛼 − 𝛽)Γ(𝛽)

(
𝑦𝛽−1

(𝑦 + 𝜆)𝛼+1

)
, (1)

𝑦 ≥ 0, 𝜆 > 0, 𝛼 > 0, 0 < 𝛽 < 𝛼 + 1.

𝐺 (𝑦) =
Γ(𝛼 + 1)𝜆−𝛽𝑦𝛽 2𝐹1 (𝛼 + 1, 𝛽, 𝛽 + 1;− 𝑦

𝜆
)

𝛽Γ(1 + 𝛼 − 𝛽)Γ(𝛽) , (2)

𝑦 ≥ 0, 𝜆 > 0, 𝛼 > 0, 0 < 𝛽 < 𝛼 + 1.

where, Γ(.) is a complete gamma function and
2𝐹1 (𝑎, 𝑏, 𝑐; 𝑧) is the hypergeometric function.

This research is outlined in many sections: In Sec-
tion 2, the statistical characteristics and the reliability
measures are evaluated. In Section 3, the maximum like-
lihood method is utilized in determining the maximum
likelihood estimators. In Section 4, the distribution of
order statistics and extreme values of UWLx distribution

is discussed. In Section 5, Simulation study is intro-
duced. Finally, in Section 6 we test the advantage of
using UWLx for modeling bounded data through using
COVID-19 data and discussing the comparison of its
results with other distributions.

2. Unit Weighted Lomax Distribution
Let 𝑌 be a random variable following the Weighted
Lomax (WLx) distribution with parameters 𝛼, 𝛽, and 𝜆,
and pdf

𝑓𝑌 (𝑦) =
𝜆𝛼−𝛽+1Γ(1 + 𝛼)
Γ(1 + 𝛼 + 𝛽)Γ(𝛽) 𝑦

𝛽−1
(
1 + 𝑦

𝜆

)−(𝛼+1)
,𝑦 > 0.

Consider the transformation

𝑋 =
𝑌

1 + 𝑌
.

Using the change-of-variables formula,

𝑓𝑋 (𝑥)= 𝑓𝑌

( 𝑥

1 − 𝑥

) ���� 𝑑𝑑𝑥 ( 𝑥

1 − 𝑥

)����= 𝑓𝑌

( 𝑥

1 − 𝑥

) 1
(1 − 𝑥)2 .

Substituting 𝑦 = 𝑥
1−𝑥 into 𝑓𝑌 (𝑦) gives

𝑓𝑋 (𝑥) =
𝜆𝛼−𝛽+1Γ(1 + 𝛼)
Γ(1 + 𝛼 + 𝛽)Γ(𝛽)

( 𝑥

1 − 𝑥

)𝛽−1

×
(
1 + 𝑥

𝜆(1 − 𝑥)

)−(𝛼+1) 1
(1 − 𝑥)2

=
𝜆𝛼−𝛽+1Γ(1 + 𝛼)
Γ(1 + 𝛼 + 𝛽)Γ(𝛽)

𝑥𝛽−1 (1 − 𝑥)𝛼−𝛽
(𝜆(1 − 𝑥) + 𝑥)𝛼+1 , 0 < 𝑥 < 1.

Hence, the pdf of the unit-weighted Lomax (UWLx)
distribution is

𝑓 (𝑥) = 𝜆𝛼−𝛽+1𝑥𝛽−1 (1 − 𝑥)𝛼−𝛽Γ(1 + 𝛼)
Γ(1 + 𝛼 + 𝛽)Γ(𝛽) (𝜆(1 − 𝑥) + 𝑥)𝛼+1 ,

0 < 𝑥 < 1, 𝛼 > 0, 𝛽 > 0, 𝜆 > 0. (3)

By integrating the pdf 𝑓 (𝑥) of the UWLx distribu-
tion, the cumulative distribution function (CDF) can be
expressed in closed form in terms of the Gauss hyperge-
ometric function 2𝐹1 (·). After applying the appropriate
substitution and simplifying the resulting integral, the
CDF is obtained as

𝐹 (𝑥) =
( 𝑥

1−𝑥 )
𝛽𝜆𝛽Γ(1 + 𝛼)2𝐹1

(
1 + 𝛼, 𝛽, 1 + 𝛽; −𝑥

(1−𝑥 )𝜆

)
𝛽Γ(1 + 𝛼 − 𝛽)Γ(𝛽) .

(4)
where, the Gauss hypergeometric Function

2𝐹1 (𝑎, 𝑏; 𝑐; 𝑧) is defined from equation

2𝐹1 (𝑎, 𝑏; 𝑐; 𝑧) =
∞∑︁
𝑛=0

(𝑎)𝑛 (𝑏)𝑛
(𝑐)𝑛

𝑧𝑛

𝑛!
, |𝑧 | < 1,

All special-function computations are performed using
Mathematica program. We notice that there are many
shapes of the Pdf for UWLx such as negative skewness
and positive skewness as well as decreasing curve. The
UWLx distribution’s many pdf forms are displayed in
Figure 1.
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Figure 1. Density function of UWLx distribution.

2.1 Survival and Hazard Rate Functions

Survival function provides the probability that the ran-
dom variable 𝑋 exceeds the detected time 𝑥 which is
observed as follows

𝑆(𝑥) = 𝑃(𝑋 > 𝑥) = 1 − 𝐹 (𝑥) = 1 − (5)(
𝑥

1−𝑥
)𝛽

𝜆𝛽Γ(1 + 𝛼)2𝐹1

(
1 + 𝛼, 𝛽, 1 + 𝛽; −𝑥

𝜆(1−𝑥 )

)
𝛽Γ(1 + 𝛼 − 𝛽)Γ(𝛽) .

In addition, The hazard rate is a conditional probability,
meaning it depends on the condition that the event hasn’t
occurred yet at time t.It’s widely used in fields like
engineering, medicine, finance, and insurance to model
and analyze the time until an event occurs. Reliability
and survival analysis frequently use it to evaluate the
risk of failure over time. The hazard rate function ℎ(𝑥)
of UWLx model is created as follows,

ℎ (𝑥 ) = 𝑓 (𝑥 )
𝑆 (𝑥 ) (6)

=
𝜆𝛼−𝛽+1𝑥𝛽−1 (1 − 𝑥 )𝛼−𝛽 Γ (1 + 𝛼) (𝜆(1 − 𝑥 ) + 𝑥 )𝛼+1

Γ (1 + 𝛼 + 𝛽)Γ (𝛽)
(
1 −

(
𝑥

1−𝑥
)𝛽

𝜆𝛽Γ (1+𝛼)2𝐹1
(
1+𝛼,𝛽,1+𝛽; −𝑥

𝜆(1−𝑥)
)

𝛽Γ (1+𝛼−𝛽)Γ (𝛽)

) .
Figure 2 clarifies the shapes of survival function of

UWLx distribution. Also, Figure 3 displays the hazard
rate function shapes for UWLx distribution which are
bathtub and increasing shaped.

Figure 2. Survival function of UWLx model.

Figure 3. Hazard ratefunction of UWLx model.

2.2 Mean Residual Life Function
A helpful tool for survival and reliability analysis is the
mean residual life function. It can be used to assess the
risk of failure over time, and it can also be used to make
decisions about maintenance and replacement. Given
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that the age of an object is 𝑋 , the remaining life after
age 𝑋 is called the residual life. In a different way , if
the life of the object is represented by 𝑋 , then the mean
residual life is calculated from the equation,

𝑀𝑅𝐿 = 𝐸 (𝑋 − 𝑥/𝑋 > 𝑥) = 1
𝑆(𝑥)

1∫
𝑥

𝑦 𝑓 (𝑦)𝑑𝑦 − 𝑥,

𝑀𝑅𝐿 = −𝑥 + (7)
𝛽Γ (1 + 𝛼 − 𝛽) Γ (𝛽) (𝑊 + 𝑉 )

𝜆𝛽Γ (1 + 𝛼 − 𝛽) Γ (𝛽) −
(

𝑥
1−𝑥

)𝛽
𝜆−𝛽+1Γ (1 + 𝛼) 2𝐹1

(
1 + 𝛼, 𝛽, 1 + 𝛽; 𝑥

(𝑥−1)𝜆

) .

where,𝑊 = −
𝑥𝛽+1 (1+𝑥 ( 1

𝜆
−1) )𝛼𝐹1

(
𝛽+1;−𝛼+𝛽,𝛼+1;𝛽+2;𝑥, 𝑥 (𝜆−1)

𝜆

)
𝛽+1

and
𝑉 =

(
1
𝜆

)𝛼
Γ (1 + 𝛼 − 𝛽) Γ (1 + 𝛼) ˜2𝐹1

(
𝛼 + 1, 𝛽 + 1, 𝛼 + 2; 𝜆

1−𝜆
)
.

Note that, ˜2𝐹1 (𝑎, 𝑏, 𝑐; 𝑧) is the regularized hypergeo-
metric function and 𝐹1 (𝑎; 𝑏1, 𝑏2; 𝑐; 𝑧1, 𝑧2) is the appell
hypergeometric function of two random variables. The
forms of the mean residual life function for the UWLx
model at different parameter values are shown in Figure 4.
Figure 4 shows that MRL curves are increasing for many
parameter settings.

Figure 4. Mean Residual Life function of UWLx distribution.

2.3 Moments
Moments are a set of measures which are used to
characterize different statistical features of a frequency
distribution. The r𝑡ℎ moment about the origin is calcu-
lated from

𝜇
′
𝑟 = 𝐸 (𝑋𝑟 ) =

1∫
0

𝑥𝑟 𝑓 (𝑥)𝑑𝑥, 𝑟 = 1, 2, ...., 𝑛,

The 𝑟 𝑡ℎ moment about the origin of UWLx distribution
is provided as

𝜇
′
𝑟 =

𝜆𝛼−𝛽+1Γ(1 + 𝛼)
Γ(1 + 𝛼 + 𝛽)Γ(𝛽)

×
1∫
0

𝑥𝑟+𝛽−1 (1 − 𝑥)𝛼−𝛽 (𝜆(1 − 𝑥) + 𝑥)−(𝛼+1)𝑑𝑥,

𝑟 = 1, 2, ...𝑛,

let

𝐼 =

∫ 1

0
𝑥𝑟+𝛽−1 (1 − 𝑥)𝛼−𝛽 (𝜆(1 − 𝑥) + 𝑥)−(𝛼+1)𝑑𝑥 (8)

= 𝜆−(𝛼+1)
∫ 1

0
𝑥𝑟+𝛽−1 (1 − 𝑥)𝛼−𝛽

(
1 − 𝜆 − 1

𝜆
𝑥

)−(𝛼+1)
𝑑𝑥

= 𝐵(𝑟 + 𝛽, 𝛼 − 𝛽 + 1)2𝐹1

(
𝛼 + 1, 𝑟 + 𝛽; 𝑟 + 𝛼 + 1;

𝜆 − 1
𝜆

)
.

Since
𝐵(𝑢, 𝑣) = Γ(𝑢)Γ(𝑣)

Γ(𝑢 + 𝑣) ,

we obtain

𝐼 =
Γ(𝑟 + 𝛽)Γ(𝛼 − 𝛽 + 1)

Γ(𝑟 + 𝛼 + 1) ×

2𝐹1

(
𝛼 + 1, 𝑟 + 𝛽; 𝑟 + 𝛼 + 1;

𝜆 − 1
𝜆

)
.

then,

𝜇
′
𝑟 =

𝜆−𝛽Γ(1 + 𝛼)Γ(𝑟 + 𝛽)
Γ(𝛽) ×

2𝐹1

(
𝛼 + 1, 𝑟 + 𝛽; 𝑟 + 𝛼 + 1;

𝜆 − 1
𝜆

)
,

𝑟 = 1, 2, ...𝑛,

where, 2𝐹1 (𝑎, 𝑏; 𝑐; 𝑧) is the hypergeometric function.
The first raw moment and the second raw moment

supply some information about the distribution’s location,
variability, and appearance .The third and the forth raw
moments introduce some information on the shape of
distribution. The 𝑟 𝑡ℎ moment of UWLx model is defined
by

𝜇
′
1 =

𝜆−𝛽Γ(𝛼 + 1)Γ(𝛽 + 1) 2𝐹1(𝛼 + 1, 𝛽 + 1, 𝛼 + 2; 𝜆−1
𝜆

)
Γ(𝛽) .

𝜇
′
2 =

𝜆−𝛽Γ(𝛼 + 1)Γ(𝛽 + 2) 2𝐹1(𝛼 + 1, 𝛽 + 2, 𝛼 + 3; 𝜆−1
𝜆

)
Γ(𝛽) .

𝜇
′
3 =

𝜆−𝛽Γ(𝛼 + 1)Γ(𝛽 + 3) 2𝐹1(𝛼 + 1, 𝛽 + 3, 𝛼 + 4; 𝜆−1
𝜆

)
Γ(𝛽) .

.

.

.

𝜇
′
𝑛 =

𝜆−𝛽Γ(𝛼 + 1)Γ(𝛽 + 𝑛) 2𝐹1(𝛼 + 1, 𝛽 + 𝑛, 𝛼 + (𝑛 + 1); 𝜆−1
𝜆

)
Γ(𝛽) .

The mean, variance, skewness, and kurtosis attitudes
in relation to 𝛼 are shown in Figure 5. Figure 5 show
that that the mean decreases, indicating shorter expected
lifetime when the scale parameter becomes larger. The
variance widens , reflecting higher variability in the
distribution. The plot illustrate that the distribution tends
to be right-skewed while higher 𝛼 reduces skewness and
makes the shape more symmetric. Similarly, kurtosis
values are high, indicating a heavy-tailed distribution.

3. Maximum Likelihood Estimation
Using a random sample from the UWLx distribution of
size n, denoted as 𝑥1, 𝑥2, ..., 𝑥𝑛, the likelihood function
is deduced from the formula

𝐿 =

𝑛∏
𝑖=1

𝑓 (𝑥𝑖 , 𝛼, 𝛽, 𝜆),
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Figure 5. The mean, variance, skewness, and kurtosis attitudes as a
function of𝛼.

Using the Pdf Eq. (3), the likelihood function is shown
as,

𝐿 = (9)
𝑛∏
𝑖=1

𝜆𝛼−𝛽+1Γ (𝛼 + 1) (1 − 𝑥𝑖)𝛼−𝛽𝑥𝛽−1
𝑖

(𝑥𝑖 + (1 + 𝑥𝑖)𝜆)−1−𝛼

Γ (𝛼 − 𝛽 + 1) Γ (𝛽) .

By using the natural logarithm for Eq. (9), the log-
likelihood function can be formed as

𝑙 (𝛼, 𝛽, 𝑥) = 𝑛(𝛼 − 𝛽 + 1) ln(𝜆) + 𝑛 ln(Γ(𝛼 + 1))
−𝑛 ln(Γ (𝛼 − 𝛽 + 1)) − 𝑛 ln (Γ (𝛽))

+(𝛽 − 1)
𝑛∑︁
𝑖=1

ln(𝑥𝑖) + (𝛼 − 𝛽)
𝑛∑︁
𝑖=1

ln(1 − 𝑥𝑖)

−(𝛼 + 1)
𝑛∑︁
𝑖=1

ln(𝜆(1 − 𝑥𝑖) + 𝑥𝑖). (10)

By having a solution for the following equations. we
get the maximum likelihood estimators ∧

𝛼,
∧
𝛽 and

∧
𝜆.

𝑛 ln(𝜆) + 𝑛Ψ (1 + 𝛼) − 𝑛Ψ (1 + 𝛼 − 𝛽) (11)

+
𝑛∑︁
𝑖=1

ln(1 − 𝑥𝑖) −
𝑛∑︁
𝑖=1

ln(𝜆(1 − 𝑥𝑖) + 𝑥𝑖) = 0.

−𝑛 ln(𝜆) + 𝑛Ψ (1 + 𝛼 − 𝛽) (12)

+𝑛Ψ (𝛽)
𝑛∑︁
𝑖=1

ln(1 − 𝑥𝑖) +
𝑛∑︁
𝑖=1

ln(𝑥𝑖) = 0.

where, Ψ(𝑧) is the digamma function.

𝑛(1 + 𝛼 − 𝛽)
𝜆

− (1 + 𝛼)
𝑛∑︁
𝑖=1

1 − 𝑥𝑖

𝜆(1 − 𝑥𝑖) + 𝑥𝑖
= 0. (13)

4. Order Statistics and Extreme Values
In statistical applications, Extreme value distributions
are crucial tools in statistics for studying and modeling
very large or very small values within a dataset. This
section explains the cumulative distribution function’s
and the probability density function’s order values. The
purpose of extreme value distributions is to construct the
minimum and maximum limiting distribution from the
UWLx model.

4.1 Probability and Cumulative Function of Order
Statistics

If 𝑋1, 𝑋2, ..., 𝑋𝑛 is a random sample drawn from the
UWLx distribution, then 𝑋1:𝑛 < 𝑋2:𝑛 < ...... < 𝑋𝑛:𝑛 is
the order statistics of the UWLx sample.The 𝑗 𝑡ℎ order
statistics’ pdf and cdf are displayed as follows:

𝑓𝑌 (𝑦) =
𝑛!

( 𝑗 − 1)!(𝑛 − 𝑗)!𝐹
𝑗−1 (𝑦){1 − 𝐹 (𝑦)}𝑛− 𝑗 𝑓 (𝑦),

=

𝜆𝛼+1Γ(𝑛 + 1)
(

1
1−𝑦

)−𝛽
(1 − 𝑦)𝛼−𝛽 (𝜆 − 𝜆𝑦 + 𝑦)−𝛼−1

𝑦Γ(𝛽)Γ( 𝑗)Γ(− 𝑗 + 𝑛 + 1) 2𝐹̃1

(
𝛼 + 1, 𝛽; 𝛽 + 1; 𝑦

(𝑦−1)𝜆

)
×

©­­«
Γ(𝛼 + 1)𝜆−𝛽

(
𝑦

1−𝑦

)𝛽
2𝐹̃1

(
𝛼 + 1, 𝛽; 𝛽 + 1; 𝑦

(𝑦−1)𝜆

)
Γ(𝛼 − 𝛽 + 1)

ª®®¬
𝑗

×
©­­«1 −

Γ(𝛼 + 1)𝜆−𝛽
(

𝑦

1−𝑦

)𝛽
2𝐹̃1

(
𝛼 + 1, 𝛽; 𝛽 + 1; 𝑦

(𝑦−1)𝜆

)
Γ(𝛼 − 𝛽 + 1)

ª®®¬
𝑛− 𝑗

.

(14)
and

𝐹𝑌 (𝑦) =
𝑛∑︁

𝑚= 𝑗

(
𝑛

𝑚

)
𝐹𝑚 (𝑦) × [1 − 𝐹 (𝑦)]𝑛−𝑚,

=

Γ(𝑛 + 1)
(
Γ (𝛼+1)𝜆−𝛽

(
𝑦

1−𝑦

)𝛽
2𝐹̃1

(
𝛼+1,𝛽;𝛽+1; 𝑦

(𝑦−1)𝜆

)
Γ (𝛼−𝛽+1)

) 𝑗

Γ(− 𝑗 + 𝑛 + 1)

×2𝐹̃1

©­­­­­«
1, 𝑗 − 𝑛; 𝑗 + 1;

1

1 −
(

𝑦
1−𝑦

)−𝛽
𝜆𝛽Γ (𝛼−𝛽+1)

Γ (𝛼+1) 2𝐹̃1
(
𝛼+1,𝛽;𝛽+1; 𝑦

(𝑦−1)𝜆

)
ª®®®®®¬
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×
©­­«1 −

Γ(𝛼 + 1)𝜆−𝛽
(

𝑦

1−𝑦

)𝛽
2𝐹̃1

(
𝛼 + 1, 𝛽; 𝛽 + 1; 𝑦

(𝑦−1)𝜆

)
Γ(𝛼 − 𝛽 + 1)

ª®®¬
𝑛− 𝑗

.

(15)

4.2 Limiting Distribution of Extreme Values
Suppose that 𝑀𝑛 and 𝑚𝑛 are the maximum and mini-
mum of the sample generated from UWLx distribution.
Limiting distributions for extreme values essentially de-
scribe the behavior of the maximum or minimum values
of a dataset as the sample size grows infinitely large.
Theorem 4.1 will show this.

Theorem 4.1 A random sample drawn from the UWLx
model, the limiting distribution of the minimum and
maximum, 𝑚𝑛 and 𝑀𝑛, are given by, respectively

(i) lim
𝑛→∞

(𝑚𝑛−𝑎𝑛
𝑏𝑛

≤ 𝑥) = 1 − exp(−𝑥𝛽).
(ii) lim

𝑛→∞
(𝑀𝑛−𝑐𝑛

𝑑𝑛
≤ 𝑥) = exp(−𝑒−𝑥).

where,

𝑎𝑛 = 0, 𝑏𝑛 = 1
𝐹−1 (𝑛) , 𝑐𝑛 = 𝐹−1 (1− 1

𝑛
), 𝑑𝑛 = 1

𝑛 𝑓 (𝑐𝑛 ) .

Proof: For the UWLx distribution we have

(i) lim
𝜀→0+

𝐹 (𝐹−1 (0)+𝜀𝑥 )
𝐹 (𝐹−1 (0)+𝜀) = lim

𝜀→0+
𝐹 (𝜀𝑥 )
𝐹 (𝜀)

Applying L′Hospital rule, we have
lim
𝜀→0+

𝑥 𝑓 (𝜀𝑥 )
𝑓 (𝜀) = lim

𝜀→0+
𝑥𝛽 (1−𝜀𝑥 ) (𝜆(1−𝜀)+𝜀)𝛼+1

(𝜆(1−𝜀𝑥 )+𝜀𝑥 )𝛼+1 (1−𝜀)𝛼−𝛽 = 𝑥𝛽 .

Thus, based on Theorem 8.3.6 of Arnold et al. [20],
The Weibull distribution, which provides part (i), is the
smallest domain of attraction of the UWLx distribution.

(ii) lim
𝑥→∞

𝑑
𝑑𝑥

{ 1
ℎ (𝑥 ) } =

lim
𝑥→∞

𝛽𝜆𝛼+1Γ (𝛼 + 1)𝑥𝛽−1 (1 − 𝑥 )𝛼−𝛽 (𝜆 − 𝜆𝑥 + 𝑥 )−𝛼−1

𝛽𝜆𝛽Γ (𝛽)Γ (𝛼 − 𝛽 + 1) − Γ (𝛼 + 1)
(

𝑥
1−𝑥

)𝛽
2𝐹1

(
𝛼 + 1, 𝛽; 𝛽 + 1; 𝑥

(𝑥−1)𝜆

) = 0.

According to Arnold et al. [20], Theorem 8.3.6, the
standard Gumbel distribution providing part (ii) is the
maximal domain of attraction of the UWLx distribution.

5. Simulation Study
The simulation aims to study the behavior of the UWLx
distribution under varying sample sizes. The following
steps provide a summary of the simulation study:

• Step 1: The UWLx distribution is defined by pa-
rameters 𝛼, 𝛽, and 𝜆, which are fixed at 0.06, 0.2,
and 0.01 respectively for this study.

• Step 2: The simulation considers multiple sample
sizes (n) ranging from 50 to 190.

• Step 3: For each sample size, 1000 samples (N)
are generated.

• Step 4: The inverse transform method is used to
generate random variates from the UWLx distribu-
tion. In order to achieve this, we must solve the
equation 𝐹 (𝑥) −𝑢 = 0 for 𝑥, in where 𝑢 is a random
uniform integer and 𝐹 (𝑥) is the UWLx CDF.

The listed measures below are concluded:

• The average bias of the parameters 𝛼, 𝛽, and 𝜆 is,
respectively, ∧

𝛼,
∧
𝛽, and

∧
𝜆.

1
𝑁

𝑁∑︁
𝑖=1

(∧𝛼−𝛼), 1
𝑁

𝑁∑︁
𝑖=1

(
∧
𝛽− 𝛽) and 1

𝑁

𝑁∑︁
𝑖=1

(
∧
𝜆−𝜆)

• The following are the mean square errors (MSE) of
∧
𝛼,

∧
𝛽 and

∧
𝜆 for the parameters 𝛼, 𝛽 and 𝜆:

1
𝑁

𝑁∑︁
𝑖=1

(∧𝛼−𝛼)2, 1
𝑁

𝑁∑︁
𝑖=1

(
∧
𝛽−𝛽)2 and 1

𝑁

𝑁∑︁
𝑖=1

(
∧
𝜆−𝜆)2

Table 1 presents the estimated bias and mean squared
error (MSE) of the maximum likelihood estimators for
the parameters (𝛼, 𝛽, 𝜆) of the UWLx distribution across
different sample sizes. The results indicate that all three
estimators perform well, with biases close to zero and
MSE values that steadily decrease as the sample size
increases. This monotonic decline in MSE demonstrates
the desirable large-sample property of consistency for
the MLEs. Furthermore, the reduction in both bias and
variability with larger n confirms that the estimation
procedure is stable and numerically well-behaved even
for small parameter values. Overall, the simulation
provides strong empirical support for the reliability and
accuracy of the proposed estimation method for the
UWLx model.

6. COVID-19 Application
The rapid spread of Corona Virus (COVID-19) all over
the world, makes its extremely important to limit its
Suffusion . Tracking the true recovery rates for Corona
Virus patients is a very tricky point through the world.
Table 2, shows the data from 3th March to 7th May, 2020
(see [21]) on Spain for COVID-19 patients recovery
rates.

This section, aims to assess the suitability of the newly
proposed UWLx distribution for modeling COVID-19
data, which is inherently bounded (likely between 0 and
1) . Some well known existing distribution such as Beta
distribution, Kumaraswamy distribution, unit Burr III
distribution, unit Weibull distribution, unit Lindley distri-
bution, unit improved second-degree Lindley distribution.
distribution are compared with UWLx distribution to
interpret the flexibility of UWLx model in modeling
bounded data. The UWLx distribution was fitted to
Covid-19 data using MLE, Kolmogorov-Smirnov (K-s),
Anderson-Darling (A2

𝑛) , Cramér-von Mises (W2
𝑛) and

Watson (U2
𝑛) tests statistics. For comparison purpose,

the following fundamental life distributions are used this
comparison

• Beta distribution [22]

𝑓 (𝑥) = Γ(𝛿 + 𝛾)
Γ (𝛿) .Γ (𝛾) 𝑥

𝛿−1 (1 − 𝑥)𝛾−1, (16)

0 < 𝑥 < 1, 𝛿 > 0, 𝛾 > 0.

• Kumaraswamy distribution [23]
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Table 1. Bias and MSE for estimation of parameters 𝛼, 𝛽 and 𝜆.

𝛼 𝛽 𝜆 𝑛 𝐵𝑖𝑎𝑠(𝛼) 𝑀𝑆𝐸 (𝛼) Bias(𝛽) MSE(𝛽) Bias(𝜆) MSE(𝜆)
0.06 0.2 0.01 50 −0.005 0.0010 0.010 0.0030 0.018 0.0040

70 −0.004 0.0008 0.009 0.0020 0.016 0.0030
90 −0.003 0.0006 0.007 0.0015 0.014 0.0025
150 −0.002 0.0004 0.006 0.0012 0.012 0.0020
170 −0.002 0.0003 0.005 0.0010 0.011 0.0018
190 −0.001 0.0002 0.005 0.0010 0.010 0.0016

Table 2. COVID-19 Patients recovery rates

0.6670 0.5000 0.5000 0.4286 0.7500 0.6531
0.5161 0.7895 0.7689 0.6873 0.5200 0.7251
0.6375 0.6078 0.6289 0.5712 0.5923 0.6061
0.5924 0.5921 0.5592 0.5954 0.6164 0.6455
0.6725 0.6838 0.6850 0.6947 0.7210 0.7315
0.7412 0.7508 0.7519 0.7547 0.7645 0.7715
0.7759 0.7807 0.7838 0.7847 0.7871 0.7902
0.7934 0.7913 0.7962 0.7971 0.7977 0.8007
0.8038 0.8289 0.8322 0.8354 0.8371 0.8387
0.8456 0.8490 0.8535 0.8547 0.8564 0.8580
0.8604 0.8628 0.6586 0.7070 0.7963 0.8516

𝑓 (𝑥) = 𝑎𝑏𝑥𝑎−1 (1 − 𝑥𝑎)𝑏−1
, (17)

0 < 𝑥 < 1, 𝑎 > 0, 𝑏 > 0.

• unit Burr III (UBIII) distribution

𝑓 (𝑥) = 𝛼𝛽
1
𝑥2

(
1
𝑥
− 1

)𝛽−1
[
1 +

(
1
𝑥
− 1

)𝛽]−𝛼−1

,(18)

0 < 𝑥 < 1, 𝛼, 𝛽 > 0.

• unit Weibull (UW) distribution [24]

𝑓 (𝑥) = 𝛼𝛽
1
𝑥
(− log 𝑥)𝛽−1 exp

[
−𝛼(− log 𝑥)𝛽

]
, (19)

0 < 𝑥 < 1, 𝛼, 𝛽 > 0.

• unit Lindley (UL) distribution

𝑓 (𝑥) = 𝛼2

1 + 𝛼
(1 − 𝑥)−3 exp

[
− 𝛼𝑥

1 − 𝑥

]
, (20)

0 < 𝑥 < 1, 𝛼 > 0.

• unit improved second-degree Lindley (UISDL) dis-
tribution [25]

𝑓 (𝑥) = 𝛼3 (1 − 𝑥)−2

𝛼2 + 2𝛼 + 2

(
1 + 𝑥

1 − 𝑥

)2
exp

[ −𝛼𝑥
1 − 𝑥

]
, (21)

0 < 𝑥 < 1, 𝛼 > 0.

Utilizing the Akaike information criteria (AIC),
Bayesian information criteria (BIC), Corrected Akaike
information criteria (AICC), Hannan-Quinn information
criteria (HQIC), and Consistent Akaike information crite-
ria (CAIC), one can compare the UWLx distribution with

alternative distributions; Chen [26] offered additional
details on this. The information criteria are constructed
as follows,

𝐴𝐼𝐶 = −2𝑙 (
⋏
𝜃) + 2𝑞.

𝐵𝐼𝐶 = −2𝑙 (
⋏
𝜃) + 𝑞 log(𝑛).

𝐴𝐼𝐶𝐶 = 𝐴𝐼𝐶 + 2𝑞 (𝑞+1)
𝑛−𝑞−1 .

𝐻𝑄𝐼𝐶 = −2𝑙 (
⋏
𝜃) + 2𝑞 log(log(𝑛)).

𝐶𝐴𝐼𝐶 = −2𝑙 (
⋏
𝜃) + 2𝑞𝑛

𝑛−𝑞−1 .
where q denotes the number of parameters and n is the
number of data.

A statistical term called ”goodness of fit” is used to
determine how well a particular probability distribution
fits a given set of data. As shown in Table 3, smaller
values of the reported criteria indicate a better alignment
between the model and the observed data. A lower value
implies less information loss and a potentially better
model. The UWLx distribution is an excellent fit for
modeling COVID-19 data since it performs better than
alternative distributions according to information criteria
(AIC, BIC, AICC, CAIC, and HQIC) and goodness-of-fit
tests.

Table 4 illustrates the parameters estimation of UWLx
distribution and other distributions. The UWLx model
has fewest statistics, as Table 5 illustrates. As a result,
it is clear from the result of the Kolmogrov-Simrnov
(K-S), Anderson-Darling (A2

𝑛), Cramér-von Mises (W2
𝑛)

and Watson (U2
𝑛) tests that the UWLx distribution fits

COVID-19 recovery rates the best when compared to
other models.

Conclusion

In this study, a new bounded distribution called the Unit
Weighted Lomax (UWLx) distribution was proposed
as an extension of the Weighted Lomax model. The
UWLx distribution offers greater flexibility for modeling
bounded and complex lifetime data, especially those ex-
hibiting bathtub-shaped hazard rates. Several statistical
properties were derived, and parameters were efficiently
estimated using the maximum likelihood method. Sim-
ulation results and real data applications demonstrated
that the UWLx model provides a superior fit compared
to classical unit distributions such as the Beta and Ku-
maraswamy distributions. Therefore, the UWLx distri-
bution represents a valuable addition to the family of
unit distributions and has potential applications across
various scientific fields. For future work, several poten-
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Table 3. The Model Criteria for COVID-19 Data

Distribution -Logl AIC BIC AICC HQIC CAIC
UWLx −60.2041 −114.408 −107.839 −114.021 −111.812 −114.021
Beta −57.5673 −111.135 −106.755 −110.944 −109.404 −110.944
Kumaraswamy −58.8282 −113.656 −109.277 −113.466 −111.926 −113.466
UBIII −53.7889 −103.578 −99.198 −103.387 −101.847 −103.387
UW −53.9588 −101.918 −95.349 −101.531 −99.322 −101.531
UL −46.1192 −90.238 −88.049 −90.176 −89.373 −90.176
UISDL −52.0396 −102.079 −99.889 −102.017 −101.214 −102.017

Table 4. Estimates of Parameters for COVID-19 Data

Distribution Estimates
𝛼 𝛽 𝜆

UWLx 57.815 4.159 41.113
Beta 12.791 4.897 −
Kumaraswamy 8.078 7.734 −
UBIII 5.439 2.061 −
UW 8.642 2.232 −
UL 0.519 − −
UISDL 0.740 − −

tial extensions of the Unit Weighted Lomax (UWLx)
distribution may be considered. We may investigate the
properties of the UWLx distribution under right, left,
or interval censoring, making it applicable to reliability
and survival related proportion data. Bayesian estima-
tion of the UWLx parameters using informative and
non-informative priors can be developed. Markov Chain
Monte Carlo (MCMC) methods may be used to compare
Bayesian estimators with classical methods in terms
of bias and mean squared error. Also, A multivariate
version of the UWLx distribution may be constructed
using copula functions, enabling the modeling of depen-
dent unit-valued data arising in finance, environmental
studies, and medicine.
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