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Mathematica. The visual representation of these findings proves invaluable in grasping the practical
significance of the model equation under investigation. The acquired results represent a novel and broader
perspective, showcasing the efficacy of the proposed method in analytically addressing nonlinear challenges
in mathematical physics and engineering. They offer valuable insights into comprehending magnetic fields,

provided the original work is prop- . . " . . . . [
erly cited. ultimately contributing to the advancement of knowledge in this field. The modulation instability of the model
is also discussed. Modulation instability is a versatile and powerful phenomenon of practical applications in
scientific research. The computed solutions demonstrate that the methods employed are influential, efficient,
and skillful, establishing them as a top choice for addressing non-linear equations in the context of magnetic

fields.

Keywords: New extended direct algebraic approach; Nucci’s direct reduction technique; New coupled Konno-Oono equation; Modulation
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1. Introduction

Since the creation of the universe, there have been several extraordinary occurrences in a number of fields of life such as
(plasma physics, optics, environmental science, chemistry, hydrodynamics, mathematical physics, and fluid mechanics
and so forth). However, by cause of people are unaware of the source of these appearance and could not even capability
they work and how to utilize these. Humankind could be creeping beyond technological advancement. Whenever partial
differential equations were created (PDEs), that can be described numerous of those occurrences. However, even with all of
these, the difficulty still exists since we are not able to understand the physical significance of these phenomena. Kruskal
and Zabusky initially proposed the mean of soliton in 1965 and demonstrated how much each natural occurrence could be
possible in several fields, enabling us to gain a lot of knowledge about the physical significance of this phenomenon [1-4].
The non-linear evolution equations (NLEEs) have recently turn the especially popular the theme of study in a wide range of
fields for example, Atomic science, fluid mechanics, plasma physics, solid state, biology, cosmology, physics, ecology and
so forth.
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To properly understand non-linear phenomena, that is meaningful to obtain their exact solution and in addition to possible
appliances in daily life. Soliton is a steady non-linear localized wave that retains their format as travelling through
continuous velocities and depending on models, might be characterized as dark, solitary, or bright. In the non-linear
sciences which play an important role in many physical phenomena [5]. On the other hand, earthquakes cause some
stunning natural phenomena to happen especially, the seismic sea waves. The indicated wavelength and waves’ peak scale
is extremely significant. Furthermore, these waves produce incredible capacity should be transfigure within a suitable
power source that can be indispensable years happening next. consequently, picking along with the consideration similar
real troubles is essential into a mathematical physics [6]. Many fields of applied research, along with quantum mechanics,
plasma physics, economics, shallow water wave propagation, electromagnetic theory, meteorology, chemical kinetics solid
state physics, optics, fluid dynamics, ecology, and so on, depend heavily on NLPDEs see [7—12]. Because the nonlinear
wave equations are so complicated, more and more people are now becoming interested in investigating the travelling wave
solutions. Therefore, with the quick growth of symbolic computational systems.

Mathematicians and physicists have effectively presented and constructed a variety of new methodologies. For instance,
auxiliary equation methodology [13], Painlevé analysis method [14, 15], Riccati-Bernoulli sub-ODE technique [16],
modified Kudryashov methodology [17], exponential function methodology [18], Darboux transformations [19-22],
sine-Gordon expansion methodology [23], algebra technique [24], tanh-sech technique [25], sub-equation technique [26],
sine—cosine technique [27], Jacobi elliptic function methodology [28], homotopy perturbation [29], variational iteration
technique [30], first integral methodology [31], trial solution methodology [32], Gﬁl-expansion methodology [33], Studies
on solitons have recently spotted the interest of different analysts from all around the world [34-39]. Independently
introduced was the recommended theme, which is a major element in the magnetic field profile by K. Konno and H. Oono
[40-42]. As applications for present-field strings connecting with exterior magnetic field systems.

A current-fed string defined by a new coupled Konno-Oono equation which interacts along with the exterior magnetic
field in three dimensions of Euclidean space. Developed a more generalized form of the coupled integrable dispersion
less system in 1990, which is described as. The coupled integrable dispersion less system is used to present the nonlinear
CKO equation in [43]. These equations are derived from the principles of conservation laws and nonlinear wave theory,
encapsulating the complex interplay between nonlinearity and dispersion. This makes the system an excellent candidate for
testing the effectiveness of advanced analytical techniques.

th - 2X1JWxx - 2X2JKx + X3 (WK)X = O,
Wxt _ZXIWWX_2X2(2]J)(+WXK) _2x3(J)xW :0, (1)
K — 200K Ky — 2501 (2T + KW ) — 2503 (1)K = 0.

Where X1, X2 and 3 are arbitrary constants. This system describes the interaction of a magnetic field as well as a current-fed
string in three dimensions. When such particular values are chosen, that’s network transforms into a new Konno-Oono
equation coupled network of integrable dispersion free equations [5],

., — 29D =0,

@)
Y +200, =0.

With some mathematical relationships, several researchers have investigated and examined this system in connection
to various new and different properties. The sine-Gordon expansion approach [44], the extended exp function [45], the
external trial equation [46], and the tanh-function and extended tanh-function techniques [47], all could be used to study
this system in recent years. The coupled Konno-Oono system arising in magnetic fields, we know that Magnetic fields are
intimately related to electromagnetic waves. Electromagnetic waves are a form of energy transfer in the form of oscillating
electric and magnetic fields that propagate through space. These waves are generated when an electric charge accelerates,
creating a changing electric field, which, in turn, generates a changing magnetic field. These changing electric and magnetic
fields then feed off each other as they move through space, creating a self-sustaining wave [48]. These waves can occur in
various physical systems, including water, optical fibers, and plasmas. In the context of plasmas, where magnetic fields play
a significant role, soliton-like structures can emerge. These are often referred to as magnetic solitons or magnetic solitary
waves. The solitons in birefringent optical fibers with Hamiltonian perturbations and Kerr law nonlinearity [49]. The
enhanced Kudryashov’s and general projective Riccati equations techniques for obtaining exact solutions to the fifth-order
nonlinear water wave (FONLWWE) equation [50]. A new simple integration technique to extract optical solitons for the
cubic quartic Bragg-gratings having anti-cubic nonlinear form [51]. Dispersive optical solitons are naturally present in
optical fibers whenever there is a dominance of third order and fourth order dispersion in addition to nonlinear dispersion.
One particular type of optical fiber that appears with parabolic law nonlinearity and is also visible in sulfonate crystals [52].
The system models the propagation of magneto-hydrodynamic waves and the interaction of magnetic fields with plasma
flows. It captures the dynamics of wave interactions where magnetic forces and nonlinear effects are prominent, making it
a vital framework for understanding such scenarios in applied physics and engineering.
Recently, Rehman et al. [5], examine the new coupled Konno—Oono (CKO) equation and employed the Sardar Subequation
Approach to obtain soliton type results in the development of dark, bright, periodic singular, mixed solutions, and singular.

2251-7227[https://doi.org/10.57647/j.jtap.2025.1901.15]


https://doi.org/10.57647/j.jtap.2025.1901.15

Asghar et al. JTAP19 (2025) -192515 3/29

Rehman can not explain the modulation instability and their failure to provide an explanation for the solutions presented
in this article have left a significant knowledge gap. Within this work, numerous solutions have been concealed, and it
is imperative to address this deficiency. By doing so, we aim to bridge the void in our understanding, ensuring that the
undisclosed solutions are comprehensively elucidated, and the potential insights they offer are fully realized. This effort to
fill the gap will enhance the depth and completeness of the research, making it more valuable to the scientific community
and advancing our understanding of the subject matter. Based on our current understanding, we have successfully obtained
an array of diverse solutions associating with magnetic field, including singular solutions, complex solitary shock solutions,
mixed singular solutions, shock singular solitons, mixed trigonometric solutions, shock solutions, complex combination
solutions, periodic trigonometric solutions, mixed periodic solutions, hyperbolic solutions, as well as combined bright-dark
and periodic solutions. In this research, we have introduced and refined these novel solutions, contributing to the existing
body of knowledge and expanding the available solutions for the problem at hand. Our work adds value by unveiling these
new and enhanced solutions, which offer valuable insights into the subject matter. While Rehman did not address the
topic of modulation instability, our work has rectified this gap by providing a comprehensive description and a concise
explanation of modulation instability. This addition serves to enhance the comprehensiveness of our research, filling the
gap that existed in the understanding of this phenomenon.

The primary objective of this article is to provide exact solutions for the recently formulated coupled Konno-Oono equation
within the context of a magnetic field. In pursuit of this goal, we have harnessed the power of generalized expansion
schemes, which have allowed us to explore new frontiers and unveil fresh findings in the field. Our study hinges on two
pivotal methodologies, each with its distinct strengths and contributions. The first method is an innovative extension of
the direct algebraic approach, which has yielded an impressive total of thirty-seven diverse solutions. These solutions are
not only numerous but also distinct from one another, rendering them invaluable for advancing research and fostering a
more comprehensive understanding of the problem at hand. They open up exciting avenues for further exploration and
application. Furthermore, we have employed Nucci’s direct reduction technique as our second methodology. Through
this approach, we have achieved the acquisition of exact solutions, which stand as significant contributions to the broader
body of knowledge in this area. These exact solutions are crucial in refining our understanding and facilitating practical
applications within the domain of the Konno-Oono equation in a magnetic field. Following the implementation of this
scheme, we have successfully obtained combined bright-dark soliton and periodic soliton solutions. These findings hold
substantial practical significance at the industrial level, offering valuable tools and insights for various applications. In
addition to presenting our findings, we have included graphical representations to further illustrate the significance of
our results. These novel outcomes are highly relevant and beneficial in the realm of applied sciences, opening up new
avenues for practical applications. Scientists exploring this specific system will find that the methods we discuss are not
only robust but also highly effective in deriving solitary wave solutions, enhancing their toolkit for tackling complex
problems. The stability of our model has been addressed through an examination of modulation instability. Modulation
instability is of paramount importance as it provides critical insights into the stability and behavior of our model. It helps
us understand how small perturbations or variations in our system evolve over time and impact its overall stability and
performance. This understanding is invaluable for assessing the reliability and robustness of our model, as well as for
making informed decisions about its real-world applications and implications. The coupled Konno-Oono system arising
in a magnetic field offers substantial industrial benefits. This system’s practical utility spans across various industrial
applications, where its precise solutions can enhance processes, optimize designs, and contribute to the advancement of
technology. By harnessing the insights derived from this system, industries can improve efficiency, develop innovative
products, and achieve a competitive edge. The solutions obtained from this system serve as valuable tools for engineers and
researchers, enabling them to tackle complex problems and pave the way for new, industrially relevant developments in
science and technology.

In section 2, the analytical methods are described and important information to utilize methodologies are explained. In
the next portion 3, 4, the application of the given model will be derived by new extended direct algebraic methodology
and Nucci’s direct reduction scheme together with also shown the graphical representation. In section 5, the graphical
explanation is given. Furthermore, modulation instability is explained in section 6. In the end the conclusions 7 will be
demonstrated.

2. Description of the analytical methods

The suggested approaches are successfully pertinent to complex non-linear dominant structures.
Let a non-linear partial differential equation [53]:

y(¢7¢)ﬁ¢t7¢xt7¢xm---):Oa (3)

where, . is the polynomial in ¢ = ¢(x,¢) is an unspecified function and it’s partial derivatives.
That converts through the ordinary differential equation [54]:

J(H,H H",...) =0. @)
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Apply the transformation is given:
¢(x,1) =H(y), )

where, Y = ajx+ast. a; and a, are constant and it can be adjusted according to the model.

3. New extended direct algebraic method
Let Eq. (4) has solutions as [55-58]:
) = ¥ 4L, dn 20, ©
j=0

where d; 0 < j <m are constant coefficients to be evaluated later; m is a positive integer, which is found by the balancing
principle in Eq. (5) and ' (y) holds the ODE in the form,

L'(y) =loge] (o + BL(yw) + YL (y)), 0<e#1, @)

where, o, B and ¥ are real constants. The general roots concerning to parameters &, 3 and y of Eq. (7) are: (Class 1):
When 7 # 0, and B2 —4ay < 0,

_ 2_
Liy) = -1 + ), ( Sy, ®
Lz(w:_zﬁy - —(B;/—4a¥)cots< —(ﬁ22—4a7)w>’ ©

La(y) = ‘fﬁ v _(ﬁ;y_““” (tane (Mw) © mnsece (Ww)) , (10)
La(y) = — 2y A 2_ 4a) (cotg(m )iﬁcscg(mw» (11

Ls(y) = zy vy oo y —4o7) (tang (Wv) — cot, (Wv)) . (12)
(Class 2): When y# 0, and B2 —4ay > 0,
Lo(y) = —Q—Wtamhg (”322_40‘71,/>, (13)
2 _ 2 _
Ly (y) = —2’; - V%/40”’(:0&18 (VﬁZW’qf) , (14)
Ls(y) = 2}/ VA 40‘”( tanh, (\//32—4051/1//) + iy/mnseche (\/[32—4067/1//)) : (15)
2 _

Lo(y) = z/ + W (—cothg (\/ﬁz 74057/1;/) + /mnesche (\/ﬁZ 7405}/1;/)) , (16)
o () ()
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(Class 3): When 8 =0 and ay > 0,

Lo () = |5 tane (Vaw),
Lia(y) = —\/f cote (/aTw),
Liz(y) = ﬁ(tang (2\/ayy) £/ mn sece (2y/ayy)),

Lis(w) =[5 (= core 2/aw) & Vimesee (2/@7v).

Lis(y) = ;ﬁ(tans (@Wv) —cote (V;Tyw» :

(Class 4): When 8 =0 and ay < 0,

Lis(y) = —,/—%tanhg (V=ayy),
Li7(y) = —, /—%coth‘g (vV=ayy),
Lis(y) = |~ (~tanhe (2/=apy) & iv/mnseche (2/~a7y)).

Lio(y) = , /_% (= cothe (2y/=ayy) & mnesche (2/=apy)),

1 o —Q —Q
]Lzo(l//):—?/—? (tanhg( 5 yl//)—f— cothg( 5 Yl//)).

(Class 5): When 8 =0 and o =7,

Loi (y) = tang (Qy),
Lo (y) = —cote (ay)

Ly3(y) = tan, 2ay) + /mnsece 2ay),
L4 () = —cote (200y) + /mncsce 2ay),

1= e (80) e (49))
(Class 6): When y = —ca and 8 =0,

Lo¢(y) = —tanhe (ay),
La7(y) = —cothe (ay),

Lyg(y) = —tanh, 2o y) £ iv/mnsechs 2oy),

2251-7227[https://doi.org/10.57647/j.jtap.2025.1901.15]

529

(18)

19)

(20)

2n

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

3D

(32)

(33)

(34)

(35)


https://doi.org/10.57647/j.jtap.2025.1901.15

6/29 JTAP19 (2025) -192515 Asghar et al.

Lao(y) = —cote (2ay) £ /mn csche (2ay), (36)
1
Lao(y) = ~3 (tanhg (%I]/) + cothg (%y/) ) (37)

(Class 7): When B2 = 4ay,

~20(Bylogle] +2)

L = 38
31("’) ‘BZIIfIOg[S} ( )
(Class 8): When a = pq,(q #0),p =p,and y=0,
Laz(y) =€V —q. 39)
(class 9): When 3 =y =0,
L33(y) = aylog[e]. (40)
(class 10): When B = a =0,
—1
L = . 41
(Class 11): When ¢ =0 and 3 # 0,
mp
L - : , 42
5 == (coshe (By) —sinhe (By) < m) @
_ B (sinhe (By) +coshe (BY))
F3ol¥) = Sinhe (By) + coshe (By) +1) @
(Class 12): When v = pq, (¢ #0), B = p,and a =0,
meP¥
Lar(y)=——— % el (44)

Here the generalized hyperbolic and trigonometric functions are defined as [59],

eV _ny VvV eV e Vv
sinhe () = meTonx coshe () = w’
2 2
me¥Y —ne ¥V meY +ne ¥V
tanhe (y) = T " cothe(y) = 15T
anhe (y) meV +ne-v' ° (W)= eV e v
2 2
h = h =V —_—
seche(V) = g ey Sche(W) = g,
) meV —ne= ¥ meV +ne=V
sing(Y) = ———;——, cose(y) = —————,
2i 2
me'Y —ne”V meY e~V
tang (y) = — te(V)=i—@——

j———, co
meY 4+ ne v
where m,n > 0 are arbitrary constant deformation parameters.

3.1 Nucci’s reduction approach

This method of operation is distinct out of the earlier one. The present technique, look over the exact solutions of the
derived single nonlinear ODE Eq. (4). The analogous effective model of derived ODE is derived. Eventually selecting
a dependent parameter of structure, a single first order separable ODE if obtained. Solve this equation and return the
choosing variables independent variable, one gets the ending out comes. Some first integrals are extracted, by utilize this
method.
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4. Construction of analytical solutions

4.1 Application of new extended direct algebraic method

In this section, we could pertain the new extended distinct algebraic mechanism. To extract solutions of the Eq. (2) we set
up a traveling wave transformation:

D(x,1)
Y(x,1)

M(y), ¥ =v(x—&1),
P(y), y =v(x—&1),

where, £ and v are the velocity and wave number. By putting the Eq. (45) in to the Eq. (2) we obtain the following ODEs,

(45)

Ev*M +2PM =0, (46)

EvP +2yMM = 0. (47)

Now, integrating the Eq. (47) with respect to y, we acquire,

P:é<M2+6>7 48)

where, § is an integration constant. By putting Eq. (48) into an Eq. (46), we get,
EXAM +2MP +286M = 0. (49)
Now, by balancing constant M and M’ in above Eq. (49) we get j = 1. So it offers a series from Eq. (6) as:

M(y) = do +di (L(y)). (50)

Recognize the coefficient of the different powers,

L(y)°: E2v2d, B (In(€))* e+ 2dy* +28dy = 0.
L(y)' : 224, B2 (In())* +2EX%d Y (In(¢))? ot + 6do>dy +28 dy = 0.
2 2.2 2 2 (1)
L(y)":3&vd B (In(g))” y+6dod;” = 0.
L(y)?: 2E%2d, 7 (In(€))* +2d,° = 0.
The solution of upper model Eq. (51) is acquired along the support of Mathematica,
2
5 i, do = +1AB, dy = £21Ay|, (52)
v (A)loge]?
where,
Ve N
A=+— A= "—4ay,1=+v—1. 53
JA B V=V (53)
The general solution of Eq. (2) is obtained,
(x,1) = 1A (B +2y(Li(¥))),
1 (54)

W) = (6—A2 <ﬁ+2y<m<w>>>2>.

Since, we have to extract various unlike solutions by taking L; from the Eq. (8) to Eq. (44) respecting. We will obtain the
unlike solutions of different forms as follows.
(Class 1): As B> —4ay < 0, and y # 0, then mixed trigonometric solutions are acquired,

@ (x,1) = +A\/B2 — darytan, (V_(ﬁzz_‘my)v(x—ét)>, (55)
Wi (x,1) = é (6 + A%(B* — 4ovy) tan? (V(ﬁ;‘“mv(x— 5t)> ) , (56)
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3(x,1) = £A/ (B2 —4ary) (tan£

ng(x,t) = 5

1 <6 +A2(ﬁ2 —4ay)

4(x, 1) = FA\/ — (B2 —4ary) (cotg v/ —(B%—4ay) l//) + /mncsce

D, (x,1) = FA/ (B2 —4ay) cote <_([322_40W)v(x— §t)> )

Yy (x,1) =

(5—|—A2 (B? —4ay)cot? < > (ﬁ224a}/)v(x—§t)>),

xﬁ'w\»—\

—(B%—4ay) 1/1) + /mnsece ( —(B2—4ay)v(

(V-0
ane (/5 —sany) s (5 sap—
( (- sannio-

‘I‘4(x,t):é<6A2([32—4ay)<cotg(1/—([32—405)/ )i\/n%csq;(,/ (B2 —4ap)v(

@5()6,1‘) =

‘Ps(x,t):é(5—|—

ﬁ<W4w%m4-#%mm0_m4¢#ﬁwm(

2 4

&))

A*(B* —4ay) (tang (W‘I’) — /mncote <—(ﬁi—4ay)v(x_ 50))

— &)

)
) (63)

Asghar et al.

(57)

(58)

cu))
2

«))) @

)) (61)

o)) e

4

(Class 2): As B —4ay > 0, and y # 0, we obtained the solutions of various kinds as follows.
The shock solution is achieved,

®(x,1) = +1A/B? — daytanh, ( v *40‘7 )

‘P6(x,t)

(3 A2(B? —4ay) tanh2<v —40Y ))

e

The singular solution is derived as,

®1(x,1) = +1A/B? — daycoth, (VW )

\P7(X,l‘) =

% (5 — A2B2 — darycoth (”322_4“%@— g:)) ) .

The mixed complex solitary wave solution is acquired,

q)g (x

‘Pg(x,t) =

g

t) = F1AV/ B2 —4ay (—tanh‘9 (\/BZ —4057/1//) +iv/mnsech, (\/ﬁz —4ayv(x—
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The mixed singular solutions are within the shape of,

Dy (x,1) = F1A/ B2 —4ay (—cothg (\/Bz —405}/1;/) +iv/mncsche (\/[32 —4ayv(x— ét))) ,

‘“Pg(x,t) = é

The mixed shock singular solutions are achieved along with shape of,

+ cothg

Dig(x,1) = :I:mi W (tanhg (Wl]/)

2
A% —4ay (tanh‘S ( B2—4ay ) +/mncothg (13244(”"()‘_ 5”))

1
¥ t)=—(6—
lO(-xa ) é ( 4
(Class 3): As ay > 0 and B = 0, we obtained trigonometric solution as,

Dy (x,1) = £V'8 tang (\/opv(x — Et)),

Wi (x,1) = g(1+tan (voayv(x &))),

Dyy(x,1) = FVS cote (vJorpv(x — Et)),

Wi, (x,t) = g(l +cot? (\/@v(x—ét)))

The mixed trigonometric solutions derived as,
®@i3(x,1) = £V (tang (2y/apv(x — 1)) £ v/mn sece (2y/apv(x— 1)),
1) 2
Wis(x,t) = 3 <1 + (tane (2y/0yv(x — &1)) = \/mn sece (2\/ayv(x — &t))) ) :
Pa(x,1) = £V8 (—cote (2y/apv(x — Et)) £ /mn csce (2 /apv(x — Er))),

TM@J)§<1+(<m%@¢ww@éﬂﬁtVWNWAZJWW@€OD2>

x-t0)).

Wis(x,t) = 2(14—4( <\/7 (x— ét)) —cot‘g(\/?v(x—&t)))z).

(Class 4): As ay < 0 and 8 = 0, we obtained solutions with in the shape of shock solutions,

Dy5(x,1) = ig (t ang (ﬂ (x &)) —cotg <\/;Tyv

P15(r,1) = F1V/3 (tanhe (v/=apv(x — £1)))
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Yi6(x,t) = g(l — tanh? (\/Tyv(xét))>

We obtain the singular solution as,

®y7(x,1) = F1V§ (cothe (vV—apv(x—Er)))),

Wig(x,1) = 2 (1 —coth? (v/—ayv(x— ét))> .

The distinct solutions of complex combo type are derived as,
D ig(x,1) = £1V8 (—tanhe (2y/=ayv(x —&r)) &+ /mnseche (2¢/—oyv(x—&1)))

Wig(x,1) = 2(1 — (—tanhg (2¢/=ayv(x — &1)) £ /mnseche (2/—ayv(x— &))))2),

Di9(x,t) = £1V§ (—cothg (2¢/=ayv(x— &) + /mncsche (2/=oyv(x—&1)))

Wig(x,t) = g(l — (—cothe (2y/=ayv(x — &t)) £ v/mnesche (2/—ayv(x — ét)))2>,

Do (x,1) = :I:l? (tanhe < zo‘yv(x_gt)> + cothe < zayv(x_gt)» ,

Wao(x,1) = g (1 - i <tanhg (*/T‘Wv(x 5:)) +cothe ( _Zayv(xf 5:)) > 2) .

Asghar et al.

(86)

87)

(88)

(89)

(90)

oD

92)

93)

(94)

(Class 5): As o« =7, and B = 0, the periodic and mixed periodic solutions could be acquired in the configuration of periodic

as well as mixed periodic class,

qDZ] (-x7t) = :t\/g(tan&' (W(X— ét))) )

W (1) = 2(1 T (an? (pv(x— &)))),

Doy (x,1) = £V8 (cote (p(x —&1))),

W (1) = 2(1 Teot? (w(x—ér)))

o3 (x,1) = £V/8 (tang (2yv(x — E1)) £ /mnsece (2yv(x — E1)))

Wos(x.1) = 2(1  (tang (2v(x — E1)) £ v/mmsece (2v(x ét)))2>,

Dos(x,1) = £V8 (—cote (2yv(x — Er)) £ /mnesce (2yv(x — E1)))

Wou(x,t) = g (1 + (—cote (2yv(x — &Et)) £ /mncsce (2yv(x — &t)))z) ,
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Dy (x,1) = i? (1ane (Zvx—&0) —cote (2vx—&1)). (103)
Wos(x,1) = 2(; (tang (gv(x— ﬁt)) — cotg (%/v(x— ét)))z—i— 1). (104)
(Class 6): As B =0 and y= —a, single as well as mixed wave composition have obtained with in following class,
Do (x,1) = T1V 8 (tanhg (av(x — 1)), (105)
_9(y- anh2 (ow(x —

W) = ¢ (1 anbd (vl ) ). (106
@57 (x,1) = F1V5 (cothe (av(x — E1))), (107)
Wy (x,1) = §<1—coth§(av(x—§z))>, (108)
®as(x,1) = £1V8 (—tanhg (av(x — Er)) £ iv/mnseche (2av(x— 1)), (109)

0 . 2
Wog(x,1) = z (l + (—tanhg (20v(x — &1)) £ iv/mnseche (2av(x — &t))) ) , (110)
Poo(x,1) = £1V/§ (—cothe (2av(x — Et)) £ in/mncsche (2av(x — Er)))) (111)
Woo(x,1) = g <1 + (—cote (2av(x — &t)) £ iv/mnesche (20v(x — ét)))2> ) (112)
Dy (x,1) = ¥l? (tanhg (%v(x— 51‘)) + coth, (%v(x— (gt)) ), (113)

2
Wio(x,t) = 2 (1 - % (—tanhE (%v(x— ét)) + cothg (%v(x— &)) ) ) . (114)

The (Class 7), (Class 8), (Class 9), (Class 10) have the constant solutions.
(Class 11): As a =0 and 8 # 0, the mixed hyperbolic solution have been created of the,

Pusn) =718 (1 e B8~ =51 +m>> ’ (115)
vaien) = £ (1- (- omgegy —mpe—gem) ) e
o - B ot S "
=3 (= (= Fametpor o o5 5m) )
(Class 12): As Y= pq, (g #0), B = p, and o = 0, we gain plane solution as,
@33(x7t):$l\/g<l—n%>, (119)

2
) 2gmeP?—50)
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(b) Contour wave profile at wave number v = 0.02 (¢) 2D wave profile at wave number v = 0.02
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(e) Contour wave profile at wave number v = 0.0 (f) 2D wave profile at wave number v = 0.04
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(g) 3D wave profile at wave number v = 0.06 (h) Contour wave profile at wave number v = 0.06 (i) 2D wave profile at wave number v = 0.06

Figure 1. Impact of wave number visualized through 3D, 2D and Contour for solution ®;; (x,7)
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(b) Contour wave profile at wave number v = 0.08 (¢) 2D wave profile at wave number v = 0.08
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(e) Contour wave profile at wave number v = 0.1 (f) 2D wave profile at wave number v = 0.1
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(g) 3D wave profile at wave number v = 0.4 (h) Contour wave profile at wave number v = 0.4 (i) 2D wave profile at wave number v = 0.4

Figure 2. Impact of wave number visualized through 3D, 2D and Contour for solution ®;; (x,7)
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(b) Contour wave profile at wave number v = 0.02 (¢) 2D wave profile at wave number v = 0.02
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(e) Contour wave profile at wave number v = 0.04 (f) 2D wave profile at wave number v = 0.04
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(g) 3D wave profile at wave number v = 0.06 (h) Contour wave profile at wave number v = 0.06 (i) 2D wave profile at wave number v = 0.06

Figure 3. Impact of wave number visualized through 3D, 2D and Contour for solution Wy (x,)

2251-7227[https://doi.org/10.57647/j.jtap.2025.1901.15]


https://doi.org/10.57647/j.jtap.2025.1901.15

Asghar et al. JTAP19 (2025) -192515 15/29

_ T¢1

= |z}
= =il
VI ths
s = . - 5 [ [} 10
(b) Contour wave profile at wave number v = 0.08 (¢) 2D wave profile at wave number v = 0.08
o e o ; : m :
I l‘ I
Sl 11
11 11 —_— s
[ 11 ]
Sl 11 = = Lil
1 [
!
=,
e ] 1
(e) Contour wave profile at wave number v = 0.1 (f) 2D wave profile at wave number v = 0.1

¢ —_— s
—_—
- ==
! Y _ , ‘ w4 Ty W
(g) 3D wave profile at wave number v = 0.4 (h) Contour wave profile at wave number v = 0.4 (i) 2D wave profile at wave number v = 0.4

Figure 4. Impact of wave number visualized through 3D, 2D and Contour for solution ¥y (x,7)
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(a) 3D wave profile at velocity & = 0.1 (b) Contour visualization of wave number at velocity (c) 2D wave profile at velocity & = 0.1
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(d) 3D wave profile at velocity & = 1.5 (e) Contour wave profile at velocity & = 1.
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(f) 2D wave profile at velocity & = 1.5
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(g) 3D wave profile at velocity & =2.5 (h) Contour wave profile at velocity & = 2.5 (i) 2D wave profile at velocity & = 2.5

Figure 5. Impact of velocity visualized through 3D, 2D and Contour for solution ®;; (x,7)
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(e) Contour wave profile at velocity & = 4.5 (f) 2D wave profile at velocity & = 4.5
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(g) 3D wave profile at velocity & = 6.5 (h) Contour wave profile at velocity & = 6.5 (i) 2D wave profile at velocity & = 6.5

Figure 6. Impact of velocity visualized through 3D, 2D and Contour for solution ®;; (x,7)
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4.2 Application of Nucci’s reduction method

In the present portion, we are applying Nucci’s reduction method [60]. To utilize the technique, if we assume the variance
of variables,

Ki(y) = M(y), K (y) = M'(y),
then Eq. (49) can be transformed with is following of 1st order system ODE:s:

dK,
— — A,

d

d;("z 2 121)
d’(l/ 62 2(K1 +6K])

Since, we could be choose K as a another independent variable, now upper model is autonomous. Therefore, Eq. (121)
reduces into,

dK> -2

K, ~ K, (K} +8K1). (122)

The equation is separable ODE, along that ensuing exact result that can be one time integration concludes,

\/29522 K} —25K?

K> (K 123
2( 1) gv ) ( )
with 0 is a arbitrary constant. The constant 6, evidently yields the ensuing 1st integral:
! 4 2
o (M (y)éEv)? + M +28M (124)
262 2
Substituting Eq. (123) into the first Eq. (121) yields,
dK (8 \/29§2v2 K} —28K>
= , (125)
dé Ev
it’s a separable first order equation, too, as well as accordingly to general solution is, whenever 6 # 0:
V2
M(y) = Ki(y) = £———e
85+1/20£224.82
oc% (126)
0+1/20E%?2+ 62 _QE22 22182_852
TacobiSN \/ 3 1//, 0522 +6,/20822 162 - 5]
Ev 0E2y2
2
q)(XJ) — i#
5+1/20E22+452
622 (127
6+\/29 22+ 0%y 2,2 2218252
TacobiSN \/ 5 —05%2 +51/208%2 1+ 52 - 8]
0&E2y2
1 20622
W(x,1) = ( S
¢ 20E2)2 1 §2
\/5 E22 102 2 (128)
+/20E02+ 0%y [ _9E22 L §./20E22 + 82 — 52
JacobiSN , §r 8y 2€2v + +9].
Ev 0&2y
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(a) A three-dimensional representation for wave number
v=0.08

(d) A three-dimensional representation for wave number
v=0.1

(g) A three-dimensional representation for wave number
v=04
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(h) Contour representation for wave number v =0.4 (i) A two-dimensional representation for wave number
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Figure 7. Graphical representation of the wave number in 3D, 2D, and contour for the solution ®s (x,)
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Figure 8. Graphical representation of the velocity in 3D, 2D, and contour for the solution ®s(x,7)
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(g) A three-dimensional representation for velocity & = (h) Contour representation for velocity & = 6.5 (i) A two-dimensional representation for velocity & = 6.5
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Figure 9. Graphical representation of the wave number in 3D, 2D, and contour for the solution ®s (x,)
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(g) A three-dimensional representation for wave number  (h) Contour representation at wave number v =0.06 (i) A two-dimensional representation for wave number
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Figure 10. Graphical representation of the wave number in 3D, 2D, and contour for the solution W's (x,)
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Figure 11. Graphical representation of the wave number in 3D, 2D, and contour for the solution ¥s(x,7)
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5. Graphical explanation

In this section, we discuss the results through various illustrative examples using different parameter values. This approach
enables the identification of periodic waves, shock waves, singular waves, and complex solitary shocks. A magnetic shock
wave, also known as a “magnetic compression wave,” is a phenomenon observed in plasma and high-energy astrophysical
environments. It involves rapid changes in the properties of the magnetic field, including its strength and direction.
Magnetic shock waves are often accompanied by significant variations in plasma density, temperature, and pressure, and
they play a crucial role in both astrophysical and laboratory plasma settings.

In the context of magnetic fields, complex solitary shocks typically occur in plasma environments, where the interactions
between magnetic fields and plasma properties lead to intricate shock structures. These shocks involve not only rapid
changes in plasma density, pressure, and velocity, but also in magnetic field strength and direction. The graphical
representations presented in this section illustrate these phenomena, highlighting how waves can transmit energy across
different points in space.

The picture of various specified out comes is concluded in 3-D, 2-D, and there associated contours by selecting various
values for such parameter, y = 2.5, § = 0.5, v=0.02, £ = 1. Fig. 1 and Fig. 2 are expressing the periodic along-with
mixed periodic solution @, (x,7) at wave number v = 0.02,0.04,0.06,0.08,0.1,0.4 and wave velocity & = 1. Periodic and
mixed periodic solutions in the context of magnetic fields are often associated with the behavior of charged particles (e.g.,
electrons or ions) in a magnetic field. When charged particles move in a uniform magnetic field, they can exhibit periodic
motion. In more complex situations, charged particles can exhibit mixed behavior, including a combination of periodic and
chaotic motion. The mixed periodic along with periodic outcomes could be acquired into the development of periodic and
mixed periodic class. In Fig. 3 and Fig. 4 we tackle the same values for another solution and get the periodic and mixed
periodic soliton. Fig. 5 and Fig. 6 we are increasing the value of velocity & = 0.1,1.5,2.5,3.5,4.5,6.5 and wave number
is v =0.06 and acquired the results in the shape of periodic and mixed periodic soliton. These graphical representations
provide a foundation for researchers to pursue diverse and advanced directions in their studies and applications. Fig. 7
and Fig. 8 we can show that the results into the shape of combined bright dark soliton and periodic soliton. In Fig. 9,
Fig. 10 and Fig. 11, where the wave pattern of ®(x,¢) is bright-dark and the wave pattern of W(x,) is periodic. This criteria
is same for next figures, where the value of £, and v is also same for the previous figures. The obtained results possess
profound importance, benefiting not only physicians and chemists but also various industrial applications. These findings
offer new avenues for research, enabling physicians to enhance their understanding of medical conditions and chemists to
develop innovative solutions and compounds. While, also propelling progress at an industrial scale, with the promise of
driving innovation and improvements in multiple sectors.

6. Modulation instability

6.1 Linear stability analysis

Into that portion, the purpose is to utilize linear stability analysis to establish the modulation instability (MI) of the
governing system’s (2) steady state solution. The MI might be consist of tiny optical wave phase or amplitude perturbations
that develop rapidly over time. It is important to look into it with in nonlinear wave physics. In order to conduct the stability
analysis, let’s assume a steady state solution.

® = Xo,and ¥ = Yo, (129)

where, X and Y are the initial incidence power (real constant amplitude). Further, outomes (129) is also transferring to
perturbed stationary outcomes as,

D =Xo+ oI (x,7),and ¥ = Yo + @O (x,1), (130)

where, I' and IT are real functions of the x and r. The perturbation coefficient parameter is @ << 1. The disturbance
equation is generated through inserting in the stationary perturbation outcomes into model 2.

22
@ 5 5 T (x1) = 2XoYo —2Xo@ 1 (x,1) —2®7T (x,1) Yo —2®°T (x,t) 1 (x,t) = 0.

5 5 5 (131)
2 —
w—atr(x,t) +2@ (axr(x,t)> Xo+2@ (axr(x,t)) I'(x,7)=0.

After linearization, the disturbance Eq. (131) can be written as,
32
oJxot
0 0
O =—I(x,t)+2@ | =I'(x,7) | Xo =0.

(0)

T (x,1) —2XoYo — 2Xo® 1 (x,1) — 2@ (x,1) Yo = 0.
(132)

ot Jx
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Forthwith, introduce a I'(x,#) and I1(x,?), such as,

T(x,r) = Pyt @) 4 Qe t(@x—bn),

133
H(x,t) _ Pzel(axfbt) + Qzefl(axfbl). ( )
The function (133) situate within (132) and obtain the model of homogeneous equations,
ab@oP; —2@0P Yy —20P,Xy =0,
ab(ﬁQl *2&7Q1Y0*20Q2X0 :0, (134)
21Xo@0Pa—1@0P,b =0,
— 2lX()lea + la)'sz =0.
The coefficient matrix of model (134) might be explicit like following Py, P, Qy, also Q»,
abw —20Y 0 —2wXo 0 P 0
0 ab® —20Y 0 —2mX Q 0 (135)
21Xoa 0 —1@b 0 P, |O]°
0 —21Xo®a 0 —1ob Q 0

when the determinant disappears, the coefficient matrix (135) has nonlinear solutions. The dispersion relation obtain by
expending the determinant of overhead coefficient matrix,

a?b*o* — 82w Xy’ + 16a°0* Xy — 4ab® @*Yy + 16 ab@* Xo*Yy + 4 b*@*Y?, (136)

Yo+ /4a2X3 + Y3 ~Yo+4/4a®X3+Y3
b= b= : (137)
a a

It can be observed that the coupled nonlinear system is modulational stable for any value of X5, Y and for all values of a
except zero.

7. Conclusion

This study investigates the new coupled Konno-Oono (CKO) equation within the context of a magnetic field, focusing on
the explicit solitonic structures derived using a novel extended algebraic equation mechanism and Nucci’s reduction. These
methods offer valuable insights and solutions applicable across a range of scientific and engineering disciplines. The study
also examines modulational instability, a phenomenon in nonlinear media where wave amplitude grows over time, altering
the wave’s characteristics. This instability can evolve differently depending on the specific physical system and parameters
involved. As a result,

* The proposed methods yield new, generalized, and distinct solutions to the current model, offering researchers
a deeper understanding of complex phenomena, such as particle behavior in magnetic fields. This enhanced
comprehension can lead to the development of more accurate models and improved predictive capabilities. The
findings and methodologies established in this study have broad practical applications across various industries,
ranging from healthcare to energy production.

L]

Applied analytical approaches are powerful tools for understanding and solving nonlinear phenomena. These methods
offer exact, closed-form solutions, providing a precise understanding of the underlying dynamics. Analytical solutions
are often more computationally efficient than numerical simulations, particularly for systems with well-behaved
mathematical properties.

The stability of the model is analyzed by calculating the modulational instability, which demonstrates that the model
remains stable for all values of X5, Yo and a. This indicates that, under the given conditions, the system does not
exhibit any instability due to modulational effects, ensuring that the model’s behavior is robust and consistent across
these parameter ranges.

These solutions are crucial for explaining specific physical phenomena in applied science. The new findings from
this study are expected to be significant for key researchers and practitioners. The discovered solitary waves have
important applications in various fields, including the modeling of oceanographic phenomena such as ocean gravity
waves, as well as in other critical areas of research.
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