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Abstract 

In this paper, a generalized functional analysis approach has been used to obtain the bound state 

solutions of the Schrödinger equation with solvable and quasi-solvable potentials. We extended the 

Nikiforov-Uvarov functional analysis method which has been limited to obtaining bound states 

solutions of exponential-type potentials. Here, we have generalized the approach to obtain the 

approximate and exact energy spectra and the corresponding wave functions of the Schrödinger 

equation under the Coulomb, Pseudo harmonic, hyperbolic, q-deformed hyperbolic and perturbed 

Coulomb potentials in closed forms. These potential functions with the Schrödinger equation were 

transformed into standard second-order linear differential equations such as the Whittaker, associated 

Laguerre, Gauss hypergeometric and the confluent Heun differential equations. The parameters of the 

wave functions and energy quantization conditions were derived from a direct comparison with the 

quantized systems of differential equations. Our results are in excellent agreement with the earlier 

works in which different approaches were utilized. Also, the quasi-exact energies for fixed potential 

parameters were found to be in good agreement with energy eigenvalues obtained via the matrix 

Numerov method. 
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1. Introduction 

 

In quantum mechanics, the wave functions and their 

corresponding energy eigenvalues play vital roles in 

describing the behaviour of particles in various contexts 

and phenomena. From the non-relativistic to the relativistic 

regimes, the bound state solution has been a useful tool in 

quantum physics and chemistry.  

Accordingly, the bound state problems under the influence 

of different potentials have attracted interest of researchers 
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over the years [1–8]. However, some potential models do 

not admit exact analytical solutions, leading to the 

formulation of mathematical tools to deal with the 

problem. Nikiforov and Uvarov [9] developed a method 

used in solving certain types of differential equations of 

hypergeometric-type with solutions as special orthogonal 

functions [10–18].  

Subsequently, the Nikiforov and Uvarov (NU) method has 

been simplified [19] and extended to accommodate other 

special functions such the Heun function and its confluent 

variants [20].  

Wentzel [21], Kramers [22], and Brillouin [23] (WKB) 

independently developed a semi-classical method for the 

special case where the potential varies slowly compared to 

the particle’s wavelength.  

This method allows for the calculation of approximate 

bound state problems, especially when finding exact 

solutions is challenging [24–28].  

The supersymmetric WKB (SWKB) method has been 

adopted to improve upon the shortcomings of the WKB 

method [29–34], as it facilitates obtaining both ground and 

excited states via ladder operators in higher dimensions. 

Moreover, it admits the energy spectra of all shape-

invariant potentials without necessarily modifying the 

centrifugal barrier as in the WKB approach. However, both 

the WKB and SWKB methods are insufficient to provide 

an exact quantization condition [2].  

Several alternative methods for obtaining exact or 

approximate bound state solutions, include Super 

Symmetric Quantum Mechanics (SUSYQM) [35–38], 

which considers the symmetric behaviour of particles 

(bosons and fermions) confined in shape invariant 

potentials have been formulated.  

The exact quantization rule, which has been developed 

based on fundamental quantum mechanics postulates, such 

as normalizability and boundary conditions, has been 

utilized to obtain the energy spectra of the wave equations 

[39–41].  

Also, the Asymptotic Iteration Method (AIM) is a useful 

method in obtaining approximate solutions for bound state 

problems in various potential models, including those 

difficult to solve by other methods [42–51]. The path 

integral method developed by Feynman [52] for special 

cases, where the evolution of the particle in space over time 

can be studied through the path integral within the initial 

and final states of the particles, has been used to solve the 

bound state solutions [53, 54].  

The factorization method [55], Ansatz methods [56, 57] 

have also been considered essential mathematical tools for 

bound state problems. 

Recently, Horchani et al. [58] presented the analytical 

solutions for the energy equations of deformed Kratzer and 

hyperbolic potentials using a generalized functional 

analysis method.  

They transformed the Schrödinger equation into a 

confluent Heun differential equation, which allows for 

quasi-exact energy and polynomial solutions of the wave 

function.  

Their analytical solutions were consistent with earlier 

results in the literature, where methods such as the 

supersymmetric WKB(SWKB), functional Bethe ansatz 

and the extended Nikiforov-Uvarov methods were used to 

obtain bound state solutions.  

Lévai and Soltész [59] studied polynomial solutions of the 

Heun-type equations and their application in generating 

exactly solvable Schrödinger potentials.  

They focused on the Heun equation and its confluent 

variants such as the confluent, biconfluent, double 

confluent, and triconfluent, exploring conditions under 

which these equations reduce to polynomial forms. 

Kisoglu [60] used the AIM Method to derive quasi-exact 

analytical solutions for the one-dimensional Schrödinger 

equation under a general sextic oscillator and provided 

closed-form expressions for the energy eigenvalues. 

Additionally, a numerical scheme based on AIM was 

employed to verify the reliability of the analytical 

expressions across various potential parameters.  

These methods have achieved considerable successes over 

the years but applying them requires significant 

mathematical knowledge and there have been several 

efforts to overcome this obstacle. Falaye et al. [61] 

formulated a parametric approach for obtaining the wave 

functions and energy spectra of relativistic and non-

relativistic particles.  

As a demonstration, the method was successfully used to 

obtain the wave functions and energy spectra of various 

potential models. Omugbe et al. [62] conjectured a method 

for obtaining energy spectra of solvable potentials and 

reproduced the energy spectra of the Schrodinger equation 

with the Hulthen, Pseudo harmonic and hyperbolic 

potentials.  

Similarly, Ikot et al. [63] developed an approach based on 

the Nikiforov-Uvarov Functional Analysis (NUFA) for the 

bound state study of exponential-type potentials. 

In this study, we are motivated by the absence of solutions 

for other potential types not treated in [63]. They applied 

their approach to exponential-type potentials and solved 

the second-order linear differential equation of a 

hypergeometric type.  

In what follows, we generalized their approach that may 

not only apply to exponential-type potentials but also to all 

classes of solvable potentials such as the Coulomb, Pseudo 

harmonic, hyperbolic, q-deformed hyperbolic functions 

and also quasi-solvable potential like the perturbed 
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Coulomb potential function. The rest of the article is 

organized as follows:  

in Sec. 2, we will study the solutions of some quantized 

standard second-order linear differential equations.  

In Sec. 3, we will apply the solutions to obtain the energy 

quantization conditions for different classes of potentials. 

The article is concluded in Sec. 4. 

 

2. Quantized standard second-order linear 

differential equations 

 

The Schrödinger equation may be transformed into a 

standard differential equation often encountered in applied 

Physics and mathematics.  

The solutions of these equations are the usual special 

functions such as the Laguerre, Jacobi, confluent Heun and 

Gauss hypergeometric functions.  

The standard equations of the associated Laguerre type are 

given as [64]: 

𝑥
𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+ (𝛼 + 1 − 𝑥)

𝑑𝜓𝑛(𝑥)

𝑑𝑥
+ 𝑛𝜓𝑛(𝑥) = 0 (1) 

𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+ (

𝑛 +
𝛼
2
+
1
2

𝑥
+
1 − 𝛼2

4𝑥2
−
1

4
)𝜓𝑛(𝑥) = 0 (2) 

𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+ (4𝑛 + 2𝛼 + 2 − 𝑥2 +

1
4
− 𝛼2

𝑥2
)𝜓𝑛(𝑥) = 0 (3) 

The Jacobi differential equation is given as [64, 65] 

(1 − 𝑥2)
𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+ (𝛽 − 𝛼 − (𝛽 + 𝛼 + 2)𝑥) 

(4) 
𝑑𝜓𝑛(𝑥)

𝑑𝑥
+ 𝑛(𝑛 + 𝛽 + 𝛼 + 1)𝜓𝑛(𝑥) = 0 

Eq. (2) and (4) may be transformed to the Whittaker and 

Gauss Hypergeometric differential equations respectively 

[65]. 

𝑑2𝑊𝜅,𝜈(𝑥)

𝑑𝑥2
+ (

𝜅

𝑥
+

1
4
− 𝜈2

𝑥2
−
1

4
)𝑊𝜅,𝜈(𝑥) = 0 (5) 

𝑦(1 − 𝑦)
𝑑2𝜓(𝑦)

𝑑𝑦2
+ (𝛼 + 1 − (𝛽 + 𝛼 + 2)𝑦) 

(6) 

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝑛(𝑛 + 𝛽 + 𝛼 + 1)𝜓(𝑦) = 0 

In Eq. (5), 𝜅 = 𝑛 + 𝜈 +
1

2
, 𝜈 =

𝛼

2
. The solution of (5) are 

the Whittaker functions [65]: 

𝑀𝜅,𝜈(𝑥) = 𝑒
−
𝑥
2𝑥𝜈+

1
2𝑀(𝜈 +

1

2
− 𝜅, 1 + 2𝜈 ; 𝑥) (7) 

𝑊𝜅,𝜈(𝑥) = 𝑒
−
𝑥
2𝑥𝜈+

1
2𝑈 (𝜈 +

1

2
− 𝜅, 1 + 2𝜈 ; 𝑥) (8) 

The functions 𝑀(∙) and 𝑈(∙) are confluent Hypergeometric 

functions. In Eq. (6), we have used the change of variable 

(𝑥 = 1 − 2𝑦) and the solution is the Gauss 

Hypergeometric function given by  

𝜓𝑛(𝑦) = 𝐹2 1(−𝑛, 𝑛 + 𝛼 + 𝛽 + 1, 𝛼+1;  𝑦) (9) 

The transformation of (2) and (4) into Eq. (5) and (6) 

allows the relationships between the associated Laguerre 

polynomial and the Confluent Hypergeometric function: 

𝐿𝑛
(𝛼)(𝑥) = (

𝑛 + 𝛼
   𝑛

) 𝐹1 1(−𝑛, 𝛼 + 1, 𝑥) (10) 

On the other hand, the Jacobi function may be written as a 

function of the Gauss Hypergeometric function:  

𝑃𝑛
(𝛼,𝛽)(𝑥) = 

(11) 

(
𝑛 + 𝛼
   𝑛

) 𝐹2 1 (−𝑛, n+𝛼 + 𝛽 + 1, 𝛼+1, 
1 − 𝑥

2
) 

These standard equations with their solutions play vital 

roles in determining the energy of quantum systems for a 

given potential function within the relativistic and non-

relativistic wave equations.  

In the context of the NU approach, the Schrödinger 

equation may be transformed into a second-order linear 

differential equation of a hypergeometric type [9] 

𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+
𝜏(𝑥)

𝜎(𝑥)

𝑑𝜓𝑛(𝑥)

𝑑𝑥
+
𝜎̃(𝑥)

𝜎2(𝑥)
𝜓𝑛(𝑥) = 0 (12) 

where 𝜏(𝑥) is a polynomial of at most degree one. The 

functions 𝜎(𝑥) and 𝜎̃(𝑥) are polynomial of at most second 

order. Eq. (12) has been reparameterized [19]  

𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+
(ℎ1 − ℎ2𝑥)

𝑥(1 − ℎ3𝑥)

𝑑𝜓𝑛(𝑥)

𝑑𝑥
 

(13) 

+
−𝛬1𝑥

2 + 𝛬2𝑥 − 𝛬3
𝑥2(1 − ℎ3𝑥)

2 𝜓𝑛(𝑥) = 0 

The solution of the energy and wave function in (12) 

requires a series of mathematical steps whereas in (13), the 

steps have been simplified by using closed form 

quantization conditions for the bound state solutions. The 

readers are referred to Refs. [9, 10, 19] for further details. 

It is worth stating that these methods have limitations in 

handling non-exactly solvable potentials whose solutions 

may be obtained by other approximation and numerical 
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methods. Also, quasi-solvable potentials with the 

Schrodinger equation may be transformed into the 

confluent Heun differential  equation (CHDE) given by 

[20, 66]: 

𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+ (𝛼 +

𝛽 + 1

𝑥
+
𝛾 + 1

𝑥 − 1
)
𝑑𝜓𝑛(𝑥)

𝑑𝑥
 

(14) 

+(
𝜅

𝑥
+

𝜏

𝑥 − 1
)𝜓𝑛(𝑥) = 0 

Eq. (14) has singularities at 𝑥 =  0 and 𝑥 =  1 and the 

solution around 𝑥 =  0 is the confluent Heun function 

given as  

𝐻𝐶(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑥) = ∑𝑉𝑛(𝛼, 𝛽, 𝛾, 𝛿, 𝜂)

∞

𝑛=0

𝑥𝑛 (15) 

The parameters 𝛿 and 𝜂 are given by  

𝛿 = 𝜅 + 𝜏 −
𝛼

2
(𝛽 + 𝛾 + 2) (16) 

𝜂 =
𝛼

2
(𝛽 + 1) − 𝜅 −

1

2
(𝛽 + 𝛾 + 𝛽𝛾) (17) 

The solution of (14) may be reduced to a polynomial of 

degree n provided the following constraints are obeyed [20, 

66]: 

𝜅 + 𝜏 + 𝑛𝛼 = 0 (18) 

𝛥𝑛+1(𝜅) = 0 (19) 

where (19) is an (𝑛 +  1) × (𝑛 +  1) tridiagonal matrix 

determinant [20, 66]. In Sec 3, we will consider the CHDE 

and its solutions to obtain the energy equation of the 

perturbed Coulomb potential. 

 

3. Solutions of the energy equations and wave 

functions of the schrödinger equation 

 

3.1. The coulomb potential function 

 

The Coulomb potential plays a pivotal role in accessing the 

binding energies of hydrogen-like atoms in atomic physics. 

The potential is asymptotic at large distances and also plays 

an important role together with confining potentials in the 

study of quark properties in high-energy physics [67]. The 

potential is given by  

𝑉 = (𝑟) = −
𝐴

𝑟
 (20) 

where 𝐴 is a constant parameter. 

The radial Schrödinger equation with the Coulomb’s 

potential can be written as  

𝑑2𝜓𝑛𝑙(𝑟)

𝑑𝑟2
+
2𝜇

ℏ2
(𝐸𝑛𝑙 +

𝐴

𝑟
−
𝑙(𝑙 + 1)ℏ2

2𝜇𝑟2
)𝜓𝑛𝑙(𝑟) = 0 (21) 

where 𝜇, ℏ, 𝐸𝑛𝑙 and 𝜓𝑛𝑙(𝑟) are the respective reduced mass 

of a two-body particle, reduced Planck’s constant, energy 

spectra and the wave function. The notations 𝑛 and 𝑙 are 

the radial and orbital quantum numbers respectively.  

Eq. (21) may be simplified using new parameters: 

𝑑2𝜓𝑛𝑙(𝑟)

𝑑𝑟2
+ (𝜀𝑛𝑙 +

𝜒0
𝑟
−
𝐿

𝑟2
)𝜓𝑛𝑙(𝑟) = 0 (22) 

where 𝜀𝑛𝑙 = −
2𝜇𝐸𝑛𝑙

ℏ
2 , 𝜒0 =

2𝜇𝐴

ℏ
2  and 𝐿 = 𝛿2 −

1

4
;  𝛿 = (𝑙 +

1

2
) Using the coordinate change 𝜌 = 2√𝜀𝑛𝑙𝑟, Eq. (22) 

transforms into a standard Whittaker equation 

𝑑2𝜓𝑛𝑙(𝜌)

𝑑𝑥2
+ (

𝜒1
𝜌
−

1
4
− 𝛿2

𝜌2
−
1

4
)𝜓𝑛𝑙(𝜌) = 0 

(23) 

𝜒1 =
𝜒0

2√𝜀𝑛𝑙
 

Comparing Eq. (23) with (5), the energy quantization 

condition may be written as  

𝜒0

2√𝜀𝑛𝑙
= 𝑛 + 𝛿 +

1

2
 (24) 

Inserting the terms for 𝜒0, 𝜀𝑛𝑙 and 𝛿 into (24), the energy is 

obtained as 

𝐸𝑛𝑙 = −
𝜇𝐴2

ℏ2(𝑛 + 𝑙 + 1)2
 (25) 

It is worth stating that (23) may be solved using the 

parametric NU approach [19] where the wave function may 

be obtained in terms of the associated Laguerre 

polynomial.  

Also, the Whittaker equation may be transformed into the 

associated Laguerre differential equation by utilizing the 

substitution  

𝜓𝑛𝑙(𝜌) = 𝑒
−
𝜌
2𝜌𝛿+

1
2𝐹𝑛(𝜌) 

(26) 

For large 𝜌, the wave function behaves as 𝜓𝑛𝑙(𝜌) ∼ 𝑒
−
𝜌

2 , 

while for small 𝜌, the wave function tends to 𝜌𝛿+
1

2 such that 

the boundary conditions 𝜓𝑛𝑙(𝜌)|𝜌=0 = 𝜓𝑛𝑙(𝜌)|𝜌=∞ = 0 

for a well behaved wave function is obeyed in the interval 

(0 ≺ 𝜌 ≺ ∞). Inserting the function 𝜓𝑛𝑙(𝜌) =

𝑒−
𝜌

2𝜌𝛿+
1

2𝐹𝑛(𝜌) into (23) with algebraic simplification gives 

the standard equation 

𝜌
𝑑2𝐹𝑛(𝜌)

𝑑𝜌2
+ (2𝛿 + 1 − 𝜌)

𝑑𝐹𝑛(𝜌)

𝑑𝜌
 

(27) 

+(𝜒1 − (𝛿 +
1

2
))𝐹𝑛(𝜌) = 0 
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Comparing (27) with (1) gives the same energy 

quantization condition obtained in (22). The function 𝐹𝑛(𝜌) 

corresponds to the associated polynomial 𝐿𝑛
2𝛿(𝜌). 

 

3.2. Pseudo-harmonic potential 

 

The bound state solutions of the Schrodinger equation with 

the pseudo harmonic potential have been obtained with 

several mathematical methods [11, 59, 68, 69]. This 

potential admits the exact energy equation regardless of the 

solution approach. The potential is given by  

𝑉(𝑟) = 𝐷0 (
𝑟

𝑟0
−
𝑟0
𝑟
)
2

 (28) 

where 𝐷0 and 𝑟0 are potential parameters. Inserting the 

potential into the radial Schrödinger equation with 

algebraic simplification yields 

𝑑2𝜓𝑛𝑙(𝑟)

𝑑𝑟2
+ (𝜀𝑛𝑙 − 𝜂0𝑟

2 +
𝜂1
𝑟2
)𝜓𝑛𝑙(𝑟) = 0 (29) 

where 𝜀𝑛𝑙 =
2𝜇(𝐷0+𝐸𝑛𝑙)

ℏ
2 , 𝜂0 =

2𝜇𝐷0

𝑟0
2ℏ
2  and 𝜂1 =

1

4
− 𝜆2;  𝜆 =

(𝑙 +
1

2
)
2

−
2𝜇𝐷0𝑟0

2

ℏ
2 . Using the change of variable 𝑠2 =

𝑟2√𝜂0, (29) reduces to the standard equation in (3) 

𝑑2𝜓𝑛(𝑟)

𝑑𝑟2
+ (

𝜂1
𝑠2
− 𝑠2 +

𝜀𝑛𝑙

√𝜂0
)𝜓𝑛(𝑟) = 0 (30) 

Comparing with (3), the energy quantization condition is 

obtained as  

𝜀𝑛𝑙

√𝜂0
= 4𝑛 + 2𝜆 + 2 (31) 

Inserting the terms for 𝜀𝑛𝑙, 𝜂0 and 𝜆 in (29), the energy is 

obtained as 

𝐸𝑛𝑙 = −2𝐷0 

(32) 

+ ℏ√
8𝐷0

𝜇𝑟0
2 (𝑛 +

1

2
+
1

2
√
2𝜇𝐷0𝑟0

2

ℏ2
+ (𝑙 +

1

2
)
2

) 

In the context of the NUFA approach [63], using the 

coordinate transformation 𝑦 = 𝑠2 allows one to write Eq. 

(30) as  

𝑑2𝜓𝑛𝑙(𝑦)

𝑑𝑦2
+

1
2
𝑦

𝑑𝜓𝑛𝑙(𝑦)

𝑑𝑦
 

(33) 

+
1

4𝑦
(
𝜀𝑛𝑙

√𝜂0
− 𝑦 +

1
4
− 𝜆2

𝑦
)𝜓𝑛𝑙(𝑦) = 0 

For large𝑦, the wave function behaves as 𝑒−
𝑦

2  while as 

𝑦approaches zero, the wave function becomes zero. This 

allows one to guess the function at the origin as 𝑦𝑎 with 

𝑎being a positive constant.  

To transform (33) into a standard equation, we may use the 

trial wave function 𝜓𝑛𝑙(𝑦) = 𝑦
𝑎𝑒−

𝑦

2𝐹𝑛𝑙(𝑦). Inserting this 

trial function into (33) yields  

𝑦
𝑑2𝐹𝑛𝑙(𝑦)

𝑑𝑦2
+ (2𝑎 +

1

2
− 𝑦)

𝑑𝐹𝑛𝑙(𝑦)

𝑑𝑦
+ 

(34) 

(
𝜀𝑛𝑙

4√𝜂0
− 𝑎 −

1

4
+
1

𝑦
(𝑎2 −

𝑎

2
−
𝜆2

4
+
1

16
))𝐹𝑛𝑙(𝑦) = 0 

To write (34) as a standard equation in (1), we must set the 

coefficients of 
1

𝑦
 to zero 

𝑎2 −
𝑎

2
−
𝜆2

4
+
1

16
= 0 (35) 

Solving Eq. (35) gives 𝑎 =
1

4
+
𝜆

2
. With the knowledge of 

𝑎, Eq. (34) reduces to 

𝑦
𝑑2𝐹𝑛𝑙(𝑦)

𝑑𝑦2
+ (𝜆 + 1 − 𝑦)

𝑑𝐹𝑛𝑙(𝑦)

𝑑𝑦
 

(36) 

+(
𝜀𝑛𝑙

4√𝜂0
−
𝜆

2
−
1

2
)𝐹𝑛𝑙(𝑦) = 0 

By comparing Eq. (36) with Eq. (1), we obtained the same 

energy quantization condition as in (31) with the function 

𝐹𝑛𝑙(𝑦) = 𝐿𝑛
(𝜆)(𝑦). 

 

3.3. Hyperbolic potential 

 

The non-relativistic energy equation and wave function of 

the hyperbolic-type potential have been derived with 

another method in existing literature [70]. Solving the 

problem with this generalized approach allows us to 

demonstrate the extension of the approach in [63]. In this 

present work, we consider the hyperbolic potential given 

as [70] 

𝑉(𝑟) =
𝐴

𝑐𝑜𝑠ℎ2(𝛼𝑟)
+

𝐵

𝑠𝑖𝑛ℎ2(𝛼𝑟)
 

(37) 

+𝐶 𝑡𝑎𝑛ℎ2(𝛼𝑟) +
𝐷

𝑡𝑎𝑛ℎ2(𝛼𝑟)
+ 𝐸 

Following Ref. [70] and using the appropriate coordinate 

transformation (𝑥 = 𝑡𝑎𝑛ℎ 2 (𝛼𝑟)) and centrifugal barrier 

approximation, the 𝑁-dimensional Schrödinger equation 

may be transformed into a second-order linear differential 

equation of a hypergeometric type given in (13)
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𝑑2𝜓𝑛(𝑥)

𝑑𝑥2
+
(
1
2
−
3
2
𝑥)

𝑥(1 − 𝑥)

𝑑𝜓𝑛(𝑥)

𝑑𝑥
 

(38) 

+
−𝛬1𝑥

2 + 𝛬2𝑥 − 𝛬3
𝑥2(1 − 𝑥)2

𝜓𝑛(𝑥) = 0 

Where 

𝛬1 =
𝜇

2𝛼2ℏ2
(𝐶 − 𝐴 − 𝐿𝑑0) 

 

𝛬2 =
𝜇

2𝛼2ℏ2
(𝐸𝑛𝑙 − 𝐴 + 𝐵 − 𝐸 + 𝐿𝑑0) 

 

𝛬3 =
𝜇

2𝛼2ℏ2
(𝐵 + 𝐷 + 𝐿) 

 

𝐿 =
𝛼2ℏ2

2𝜇
((𝑙 +

𝑁 − 2

2
)
2

−
1

4
) 

 

All the constant parameters have the usual meanings given 

in Ref. [70]. Eq. (38) has singularities at 𝑥 = 0and 𝑥 = 1. 

Using the trial wave function 𝑥𝑎0(1 − 𝑥)𝑏𝐺𝑛𝑙(𝑥), 𝑎0, 𝑏 ≻

0 in Eq. (38) with algebraic simplification we obtain: 

𝑥(1 − 𝑥)
𝑑2𝐺𝑛(𝑥)

𝑑𝑥2
 

(39) 

+(2𝑎0 +
1

2
− (2𝑎0 + 2𝑏 +

3

2
)𝑥)

𝑑𝐺𝑛(𝑥)

𝑑𝑥
 

−(𝑎0
2 + 𝑏2 + 2𝑎0𝑏 +

1

2
(𝑎0 + 𝑏) − 𝛬1)𝐺𝑛(𝑥) 

+(
𝛬2 − 𝛬1 − 𝛬3 + 𝑏

2

1 − 𝑥
+
𝑎0
2 −

𝑎0
2
− 𝛬3

𝑥
)𝐺𝑛(𝑥) = 0 

To obtain a standard equation of a Hypergeometric type 

given in (6), the terms 𝛬2 − 𝛬1 − 𝛬3 + 𝑏
2 and 𝑎0

2 −
𝑎0

2
−

𝛬3 must independently vanish 

𝛬2 − 𝛬1 − 𝛬3 + 𝑏
2 = 0 (40) 

𝑎0
2 −

𝑎0
2
− 𝛬3 = 0 (41) 

Eq. (40) and (41) allows for the determination of the wave 

function parameters  

𝑎0 =
1

4
+
1

4
√1 + 16𝛬3 (42) 

𝑏 = √𝛬1 − 𝛬2 + 𝛬3 (43) 

In Eq. (42) and (43), we have chosen positive values to 

maintain boundary condition of the wave function. In a 

final step, we factorized the coefficient of 𝐺𝑛𝑙(𝑥) to obtain 

a standard equation: 

𝑥(1 − 𝑥)
𝑑2𝐺𝑛(𝑥)

𝑑𝑥2
 

(44) 

+(2𝑎0 +
1

2
− (2𝑎0 + 2𝑏 +

3

2
)𝑥)

𝑑𝐺𝑛(𝑥)

𝑑𝑥
 

−(𝑎0 + 𝑏 +
1

4
− √𝛬1 +

1

16
) 

(𝑎0 + 𝑏 +
1

4
+ √𝛬1 +

1

16
)𝐺𝑛(𝑥) = 0 

Comparing (44) with (6), the conditions for energy 

quantization equation may be written as  

(𝑎0 + 𝑏 +
1

4
− √𝛬1 +

1

16
) = −𝑛 (45) 

(𝑎0 + 𝑏 +
1

4
+ √𝛬1 +

1

16
) = 𝑛 + 𝛼 + 𝛽 + 1 (46) 

The parameters𝛼and 𝛽 of the standard equation in (6) are 

obtained as  

𝛼 =
1

2
√1 + 16𝛬3 (47) 

𝛽 = 2√𝛬1 − 𝛬2 + 𝛬3 (48) 

Using either (45) or (46), the energy and the wave function 

equation are obtained in closed form  

𝐸𝑛𝑙 = 𝐶 + 𝐷 + 𝐸 −
2𝛼2ℏ2

𝜇
 

(49) 

(

 
 
 
 

𝑛 +
1

2
+
1

2

(

 
 
 √
2𝜇(𝐵 + 𝐷)

𝛼2ℏ2
+ (𝑙 +

𝑁 − 2

2
)
2

−√
2𝜇(𝐶 − 𝐴)

𝛼2ℏ2
− (𝑙 +

𝑁 − 2

2
)
2

𝑑0 +
1

3)

 
 
 

)

 
 
 
 

2

 

𝜓𝑛(𝑥) = 
(50) 

𝑥𝑎0(1 − 𝑥)𝑏 𝐹2 1(−𝑛, 𝑛 + 𝛼 + 𝛽 + 1, 𝛼+1; 𝑥) 

In the next section, we will apply this current approach to 

the q-deformed hyperbolic potential, which to our 

knowledge has not been reported. 
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3.4. 𝐪-deformed hyperbolic potential 

 

The 𝑞-deformed hyperbolic function has been successfully 

used to model the vibrational energy spectra of diatomic 

molecules [71, 72]. The non-relativistic energy equation 

was obtained in [71] using the path integral approach, 

while Omugbe et al. [72] applied the NU and WKB 

approach to obtain the energy equation in closed form. The 

path integral approach is complex and rigorous, while the 

NU and WKB methods require careful mathematical 

manipulations to arrive at the energy solutions. We 

demonstrate the utility and the exactness of the generalized 

functional analysis approach in solving the problem. The 

𝑞-deformed function is given by [71, 72] 

( ) ( )
( )

( )
2

tanh
tanh

cosh

q

q

q

C x
V x

x
x A B





= + +

 

(51) 

where 

𝑐𝑜𝑠ℎ 𝑞 (𝛼𝑟) =
𝑒𝛼𝑥 + 𝑞𝑒−𝛼𝑥

2
 (52) 

𝑠𝑖𝑛ℎ 𝑞 (𝛼𝑟) =
𝑒𝛼𝑥 − 𝑞𝑒−𝛼𝑥

2
 (53) 

( )
( )

( )

sinh
tanh

cosh

q

q

q

x
x

x





=  (54) 

Using the change of variable 𝑥 = 𝑦 + 1/𝛼𝐼𝑛√𝑞, the one 

dimensional Schrodinger equation with Eq. (51) may be 

written as  

𝑑2𝑅𝑛(𝑦)

𝑑𝑦2
+
2𝜇

ℏ2
 

(55) 

(𝜖𝑛𝑙 +
𝐵

𝐶𝑜𝑠ℎ2(𝛼𝑦)
−
𝐶𝑆𝑖𝑛ℎ(𝛼𝑦)

𝐶𝑜𝑠ℎ2(𝛼𝑦)
)𝑅𝑛(𝑦) = 0 

where 

𝜖𝑛𝑙 = 𝐸𝑛𝑙 − 𝐴 − 𝐵  
 

𝐶 =
𝐶

√𝑞
 

 

Using the change of variable 𝑧 = 𝑆𝑖𝑛ℎ(𝛼𝑦), Eq. (55) can 

be written in a standard form given in (12): 

𝑑2𝑅𝑛(𝑧)

𝑑𝑧2
+

𝑧

1 + 𝑧2
𝑑𝑅𝑛(𝑧)

𝑑𝑧
 

(56) 

+
−ϒ1𝑧

2 + ϒ2𝑧 − ϒ3
(1 + 𝑧2)2

𝑅𝑛(𝑧) = 0 

where  

ϒ1 =
2𝜇

𝛼2ℏ2
(𝐴 + 𝐵 − 𝐸𝑛𝑙) 

 

ϒ2 = −
2𝜇𝐶

𝛼2ℏ2
 

 

ϒ3 =
2𝜇

𝛼2ℏ2
(𝐴 − 𝐸𝑛𝑙) 

 

Eq. (56) has singularities at 𝑧 =  ±𝑖 such that we may 

guess the wave function as 𝑅𝑛(𝑧)  =  (𝑧 +  𝑖)
𝑎1(𝑧 −

 𝑖)𝑏1H(z). With this wave function, Eq. (56) transforms as  

(𝑧2 + 1)
𝑑2𝐻(𝑧)

𝑑𝑧2
+ ℎ1

′ (𝑧)
𝑑𝐻(𝑧)

𝑑𝑧
+ ℎ2

′𝐻(𝑧) 

(57) 

+
ℎ3
′ 𝑧 + ℎ4

′

𝑧2 + 1
𝐻(𝑧) = 0 

where 

ℎ1
′ (𝑧) = (2𝑏1 + 2𝑎1 + 1)𝑧 + 2𝑏1 − 2𝑎1 

ℎ2
′ = 𝑎1

2 + 𝑏1
2 + 2𝑎1𝑏1 − ϒ1 

ℎ3
′ = 𝑖(2𝑏1

2 − 2𝑎1
2 − 𝑏1 + 𝑎1) + ϒ2 

ℎ4
′ = −2𝑎1

2 − 2𝑏1
2 + 𝑎1 + 𝑏1 + ϒ1 − ϒ3 

Following the same process adopted in Sec. 3.3 for 

obtaining the parameters of the wave function and a 

standard differential equation, the constant terms ℎ3
′  and ℎ4

′  

must be equated to zero:  

𝑖(2𝑏1
2 − 2𝑎1

2 − 𝑏1 + 𝑎1) + ϒ2 = 0 (58) 

−2𝑎1
2 − 2𝑏1

2 + 𝑎1 + 𝑏1 + ϒ1 − ϒ3 = 0 (59) 

Using (58) and (59), Eq. (57) reduces to 

(𝑧2 + 1)
𝑑2𝐻(𝑧)

𝑑𝑧2
+ ℎ1

′ (𝑧)
𝑑𝐻(𝑧)

𝑑𝑧
+ ℎ2

′𝐻(𝑧) = 0 (60) 

Solving Eq. (58) and (59) completely, we obtained the 

values of 𝑎1 and 𝑏1 respectively 

𝑎1 =
1

4
±
1

2
√
1

4
+ ϒ1 − ϒ3 − 𝑖ϒ2 (61) 

𝑏1 =
1

4
±
1

2
√
1

4
+ ϒ1 − ϒ3 + 𝑖ϒ2 (62) 

Using the substitution 𝑧 = 𝑖(2𝑦 − 1), Eq. (60) may be 

reduced to a standard Gauss hypergeometric equation:
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𝑦(1 − 𝑦)
𝑑2𝐻(𝑦)

𝑑𝑦2
+𝑊1(𝑦)

𝑑𝐻(𝑦)

𝑑𝑦
 

(63) 

−(𝑎1 + 𝑏1 − √ϒ1)(𝑎1 + 𝑏1 + √ϒ1)𝐻(𝑦) = 0 

Where 

𝑊1(𝑦) = 2𝑎1 +
1

2
− (2𝑎1 + 2𝑏1 + 1)𝑦 

 

Comparing with the standard equation in (6), the necessary 

conditions for the energy spectra equation are obtained as  

𝑎1 + 𝑏1 − √ϒ1 = −𝑛 (64) 

𝑎1 + 𝑏1 + √ϒ1 = 𝑛 + 𝛼 + 𝛽 + 1 (65) 

The parameter 𝛼and 𝛽are obtained as  

𝛼 = 2𝑎1 −
1

2
 (66) 

𝛽 = 2𝑏1 −
1

2
 (67) 

Using either Eq. (64) or (65), the energy is obtained in 

closed form  

𝐸𝑛 = 𝐴 + 𝐵 −
𝛼2ℏ2

2𝜇
 

(68) 

(

  
 
𝑛 +

1

2
− √

𝜇𝐵

𝛼2ℏ2
+
1

8
+ √(

𝜇𝐵

𝛼2ℏ2
+
1

8
)
2

+ (
𝜇

𝛼2ℏ2
(
𝐶

√𝑞
))

2

)

  
 

2

 

3.5. Solution of the Schrödinger equation with non-

exactly solvable potential function 

 

In this section, we will consider the perturbed Coulomb 

potential investigated with the WKB approximation [73], 

Lie algebra approach [74], and the Bethe ansatz method 

[75]: 

𝑉(𝑟) = −
𝐴

𝑟
+

𝐵

𝑟 + 𝑔
 

(69) 

Substituting (69) into the radial Schrodinger equation 

gives: 

𝑑2𝜓𝑛𝑙(𝑟)

𝑑𝑟2
+ 

(70) 
2𝜇

ℏ2
(𝐸𝑛𝑙 +

𝐴

𝑟
−

𝐵

𝑟 + 𝑔
−
𝑙(𝑙 + 1)ℏ2

2𝜇𝑟2
)𝜓𝑛𝑙(𝑟) = 0 

In (70), it is difficult to obtain the analytical solutions of 

the energy spectra with most of the reviewed methods. 

Using the WKB approach in [73], the authors obtained a 

transcendental energy equation in terms of complete 

elliptic integrals, where the numerical results of the energy 

levels were presented for the s-wave states (𝑙 =  0). In [74] 

and [75] rigorous approaches have been applied to the 

problem.  

In this present work, we attempt to simplify the solution 

and also to obtain the energy equation in closed form for 

any l-states.  

We introduce a variable change 𝑥 =  −
𝑟

𝑔
 to obtain: 

𝑑2𝜓𝑛𝑙(𝑥)

𝑑𝑥2
+ 

(71) 

(−𝜀𝑛𝑙 −
𝑘0
𝑥
+

𝑘1
𝑥 − 1

−
𝑘2
𝑥2
)𝜓𝑛𝑙(𝑥) = 0 

where 

𝜀𝑛𝑙 = −
2𝜇𝑔2𝐸𝑛𝑙
ℏ2

 

(72) 𝑘0 =
2𝜇𝑔𝐴

ℏ2
 

𝑘1 =
2𝜇𝑔𝐵

ℏ2
 

𝑘2 = 𝑙(𝑙 + 1) 

Eq. (71) has singularities at x = 0 and x = 1, such that the 

wave function may have weighted functions 

(−𝑔)𝜆+𝜈𝑥𝜆(𝑥 −  1)𝜈.  

Also, at large distances, the wave function possesses the 

behavior of an exponentially decaying function. The wave 

function may be written as: 

𝜓𝑛(𝑥) = (−𝑔)
𝜆+𝜈𝑥𝜆(𝑥 − 1)𝜈𝑒𝑐𝑥𝐻𝐶(𝑥) (73) 

Inserting the wave function into (71) with algebraic 

simplifications gives 

𝑥(𝑥 − 1)
𝑑2𝐻𝐶(𝑥)

𝑑𝑥2
 

(74) 
+(2𝑐𝑥2 + (2𝜈 + 2𝜆 − 2𝑐)𝑥)

𝑑𝐻𝐶(𝑥)

𝑑𝑥
 

+
𝑃𝑥4 + 𝑄𝑥3 + 𝑅𝑥2 + 𝑆𝑥 + 𝑇

𝑥(𝑥 − 1)
𝐻𝐶(𝑥) = 0 

where 
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𝑃 = 𝑐2 − 𝜀𝑛𝑙  

𝑄 = 𝑘1 − 𝑘0 + 2𝜀𝑛𝑙 − 2𝑐
2 + 2𝜆𝑐 + 2𝜈𝑐 

𝑅 = 2𝑘0 − 𝑘1 − 𝑘2 − 𝜀𝑛𝑙 + (𝜆 + 𝜈)
2 − 𝜆 − 𝜈 

−4𝜆𝑐 − 2𝜈𝑐 + 𝑐2 

𝑆 = 2𝑘2 − 𝑘0 + 2𝜆 + 2𝜆𝑐 − 2𝜆𝜈 − 2𝜆
2 

𝑇 = 𝜆2 − 𝜆 − 𝑘2 

To put (74) into a standard form, we decompose the 

functional coefficient of 𝐻𝐶(𝑥): 

𝑃𝑥4 + 𝑄𝑥3 + 𝑅𝑥2 + 𝑆𝑥 + 𝑇

𝑥(𝑥 − 1)
= 𝑃𝑥2 + (𝑃 + 𝑄)𝑥 

(75) 

+𝑃 + 𝑄 + 𝑅 +
(𝑃 + 𝑄 + 𝑅 + 𝑆)𝑥 + 𝑇

𝑥(𝑥 − 1)
 

The wave function parameters and a CHDE may be 

obtained from (74), provided that in (75), the coefficients 

of 𝑥2, 𝑥 in the last terms, and the constant T appearing on 

the right hand side must independently vanish: 

𝑃 = 0 

(76) 
𝑃 + 𝑄 + 𝑅 + 𝑆 = 0 

𝑇 = 0 

Solving (76) completely, we obtained 

𝜆 =
1

2
±
1

2
√1 + 4𝑘2 

(77) 𝜈 = 1 

𝑐 = ±√𝜀𝑛𝑙 

In the final step, using the results of (75) together with the 

conditions in (76), the CHDE is obtained as 

𝑑2𝐻𝐶(𝑥)

𝑑𝑥2
+ (2𝑐 +

2𝜈

𝑥 − 1
+
2𝜆

𝑥
)
𝑑𝐻𝐶(𝑥)

𝑑𝑥
 

(78) 

+(
𝑃2
𝑥 − 1

+
𝑃1
𝑥
)𝐻𝐶(𝑥) = 0 

where 

𝑃1 = 𝑘2 − 𝑘0 + 𝜈 − 𝜈
2 − 𝜆(2𝜈 − 2𝑐 − 1) − 𝜆2 

 

𝑃2 = 𝑘1 − 𝑘2 − 𝜈 + 𝜈
2 − 𝜆(1 − 2𝜈) + 2𝜈𝑐 + 𝜆2 

 

Comparing Eq. (78) with (14), and using (16) and (17), the 

parameters of the CHDE are obtained as 

𝛼 = 2𝑐, 𝛽 = 2𝜆 − 1, 𝛾 = 2𝜈 − 1  

𝛿 = 𝑘1 − 𝑘0, 𝜂 = 𝑘0 +
1

2
, 𝜅 = 𝑃1, 𝜏 = 𝑃2 

 

Utilizing the quantization condition in (18) , the energy of 

the perturbed Coulomb potential is obtained in closed 

form. 

𝐸𝑛𝑙 = −
𝜇(𝐵 − 𝐴)2

2ℏ2(𝑛 + 𝑙 + 2)2
 (79) 

The radial wavefunction is obtained from Eq. (73) as  

𝜓𝑛𝑙(𝑟) = 

(80) 

𝑒
−√−

2𝜇𝐸𝑛𝑙
ℏ2

𝑟
𝑟𝑙+1(𝑟 + 𝑔)𝐻𝐶 (𝛼, 𝛽, 𝛾, 𝛿, 𝜂, −

𝑟

𝑔
) 

Also, it is necessary to use the second constraint in Eq. (19) 

to obtain a relationship between the potential parameters 

which makes the solution quasi-exactly solvable. Using the 

tri-diagonal matrix determinant within Appendix A, for the 

ground state, the constraint equation is obtained as 

𝛥1(𝜅) = 𝜅 = 𝑘2 − 𝑘0 + 𝜈 − 𝜈
2 

(81) 

−𝜆(2𝜈 − 2𝑐 − 1) − 𝜆2 = 0 

Using the notations; 𝑘𝑖(𝑖 =  0, 2), 𝜆, 𝑐, 𝜇 = ℏ = 1, and ν = 

1, Eq. (81) can be expressed in terms of the potential 

parameters 

𝐵 = −
𝑙 + 2

𝑔
−

𝐴

𝑙 + 1
 (82) 

For the first excited state (𝑛 = 1), the constraint equation 

is given by the matrix determinant 

𝛥2(𝜅) = |
𝜅 − 𝑞1 1 + 𝛽
𝑛𝛼 𝜅 − 𝑞2 + 𝛼

| = 

(83) 
(𝑘2 − 𝑘0 + 𝜈 − 𝜈

2 − 𝜆(2𝜈 − 2𝑐 − 1) − 𝜆2) 

(𝑘2 − 𝑘0 − 𝜈 − 𝜈
2 − 𝜆(2𝜈 − 2𝑐) − 𝜆2 − 𝜆 + 𝛼) 

−4𝛼𝜆 = 0 

Using (82) and (83), we determined the potential parameter 

𝐵 for fixed values of 𝐴 and 𝑔 and 𝑙 as shown in Tables 1-3 

within the appendix B. These values were inserted into Eq. 

(79) to obtain quasi-exact energy spectra for 𝑛 = 0 and 

𝑛 = 1 with varying orbital quantum number. The energy is 

bounded and increase with both 𝑙 and 𝑔. Also, the results 

are in good agreement with the exact energy eigenvalues 

obtained using the matrix Numerov approach [76]. It is 

worth stating that the polynomial solution for 𝑛 = 1, 

yielded two roots of 𝐵 parameter (see Table 3). 
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The smallest of the roots causes the potential to be more 

attractive and reproduced energy spectra that matches the 

numerical energies obtained by the matrix Numerov 

approach at ground state (𝑛 = 0). This anomaly may be 

caused by the truncation effects and suggests a zero node 

due to the strong attractive nature of the potential.

 

Table1. Variations of energy spectra with orbital quantum number (𝑙). 𝐴 = 5, 𝑔 = 0.1, 𝑛 = 0, 𝜇 = 1, ℏ = 1 

state Constraint parameter Eq. (79) Matrix Numerov approach [76] 

𝑙 𝐵   

1 -32.50000000 -78.12500000 -78.12803062 

2 -41.66666667 -68.05555555 -68.05556569 

3 -51.25000000 -63.28125000 -63.28125216 

4 -61.00000000 -60.50000000 -60.50000082 

5 -70.83333333 -58.68055555 -58.68055595 

6 -80.71428571 -57.39795920 -57.39795940 

7 -90.62500000 -56.44531250 56.44531264 

8 -100.5555556 -55.70987660 -55.70987668 

9 -110.5000000 -55.12500000 -55.12500006 

10 -120.4545455 -54.64876040 -54.64876041 

 

Table 2. Variations of energy spectra with 𝑔. 𝐴 = 4, 𝑙 = 1, 𝑛 = 0, 𝜇 = 1, ℏ = 1 

 Constraint parameter Eq. (79) Matrix Numerov approach [76] 

𝑔 𝐵   

0.1 -32.00000000 - 72.00000000 - 72.00234215 

0.2 -17.00000000 - 24.50000000 -24.50019380 

0.3 -12.00000000 - 14.22222222 -14.22228130 

0.4 - 9.500000000 - 10.12500000 -10.12502922 

0.5 -8.000000000 -8.000000000 -8.000018368 

0.6 -7.000000000 - 6.722222220 -6.722235467 

0.7 - 6.285714286 - 5.877551030 -5.877561423 

0.8 - 5.750000000 - 5.281250000 -5.281258661 

0.9 - 5.333333333 - 4.839506172 -4.839513674 

1.0 -5.000000000 -4.500000000 -4.500006686 
 

Table3. Non-degenerate first excited state energy spectra. 𝐴 = 5, 𝑔 = 0.1, 𝑛 = 1, 𝜇 = 1, ℏ = 1 

State Constraint 

parameter 

Eq. (79) Matrix 

Numerov 

approach [76] 

Constraint 

parameter 

Eq. (79) Matrix 

Numerov 

approach [76] 

𝑙 𝐵   𝐵   

1 -31.66666667 -42.01388890 -42.01546321 -95.00000000 -312.5000000 -312.5341972 

2 -41.19224281 -42.67446592 -42.67447664 -113.3910905 -280.3290062 -280.3292955 

3 -50.93869644 -43.46024666 -43.46025010 -132.5613036 -262.8210034 -262.8210823 

4 -60.77852169 -44.15116241 -44.15116409 -152.0548116 -251.6960597 -251.6960939 

5 -70.66713794 -44.73059190 -44.73059287 -171.7138144 -243.9669703 -243.9669883 

6 -80.58472456 -45.21447579 -45.21447640 -191.4688469 -238.2716531 -238.2716637 

7 -90.52104300 -45.62134828 -45.62134870 -211.2845126 -233.8949520 -233.8949587 

8 -100.4702322 -45.96681768 -45.96681799 -231.1408789 -230.4236144 -230.4236190 

9 -110.4286770 -46.26312316 -46.26312339 -251.0258684 -227.6015462 -227.6015494 

10 -120.3940171 -46.51970272 -46.51970291 -270.9317404 -225.2613176 -225.2613200 

 

4. Conclusion 

 

In this paper, a generalized functional analysis approach 

has been used to obtain the bound state solutions of the 

wave equations with solvable potentials. We extended the 

previous Nikiforov-Uvarov functional analysis method 

which has been limited to obtaining exponential-type 

potentials [63]. We have generalized the approach to obtain 

the approximate and exact energy spectra and the 

corresponding wave functions of the Schrodinger equation 

under the Coulomb, Pseudo harmonic, hyperbolic, q-

deformed hyperbolic and perturbed Coulomb potentials in 
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closed forms. These potential functions with the 

Schrodinger equation were transformed into a standard 

second-order differential equations such as the Whittaker, 

associated Laguerre, Gauss hypergeometric and confluent 

Heun equations. Parameters of the wave functions and also 

the energy quantization conditions were derived from a 

direct comparison with the quantized systems of 

differential equations. The obtained results are in excellent 

agreement with the works reported earlier for the Coulomb 

[62], Pseudo harmonic [62, 68, 69], hyperbolic-type [70–

72], and the perturbed Coulomb [74, 75] potentials. Also, 

the quasi-exact energies for fixed potential parameters 

were found to be in good agreement with energy spectra 

obtained via the matrix Numerov method. 
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Appendix A: Second termination condition 

 

The tridiagonal matrix determinant in eq. (19) is given by the equation [66] by 

 

|

|

|

𝜅 − 𝑞1     (1 + 𝛽)              0                      ⋯         0                                 0                                           0

𝑛𝛼          𝜅 − 𝑞2 + 𝛼        2(2 + 𝛽)         ⋯          0                                 0                                           0

0             (𝑛 − 1)𝛼           𝜅 − 𝑞3 + 2𝛼    ⋯         0                                0                                            0 
⋮                     ⋮                       ⋮              ⋱           ⋮                                  ⋮                                            ⋮
⋮                     ⋮                       ⋮                             ⋮                                  ⋮                                            ⋮
⋮                     ⋮                       ⋮                             ⋮                                  ⋮                                            ⋮
0                   0                      0    ⋯         𝜅 − 𝑞𝑛−1 + (𝑛 − 2)𝛼      (𝑛 − 1)𝛼(𝑛 − 1 + 𝛽)𝛼           0

0                   0                      0    ⋯                     2𝛼                             𝜅 − 𝑞𝑛 + (𝑛 − 1)𝛼            𝑛(𝑛 + 𝛽)
0                   0                      0    ⋯                      0                                     𝛼                                𝜅 − 𝑞𝑛+1 + 𝑛𝛼

|

|

|

= 0 

 

 

 
 

(A1) 

 

Where 
 

𝑞𝑛 = (𝑛 − 1)(𝑛 + 𝛽 + 𝛾) 

 

Appendix B 

 

Energy spectra of the potential  

 

𝑉(𝑟) = −
𝐴

𝑟
+

𝐵

𝑔 + 𝑟
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