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Abstract:
The double distribution function lattice Boltzmann method (DDF LBM) has been explored for
its potential applications in a supersonic inlet. The goal is to evaluate its ability to estimate
the physics of shock wave/boundary layer interaction (SWBLI), including shock formation and
separation bubble size. To validate the stability characteristics of DDF LBM, authors studied a
well-known benchmark problem-the shock tube and the compressible flow around an airfoil. This
involved calculating the propagation of normal and oblique shocks and predicting the location
of contact discontinuities. Subsequently, the method was tested to predict the physics of shock
wave and boundary layer interaction near a supersonic inlet. Notably, accurate predictions require
careful consideration of space discretization, proper selection of the Courant-Friedrichs-Lewy
(CFL) number, and parameter adjustments. Two discretization schemes-the fifth-order weighted
essentially non-oscillatory (WENO) and the third-order weighted non-free-parameter dissipation
(WNND) schemes-were assessed for their effectiveness in capturing the relevant physics.
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1. Introduction

The interaction between shock waves and the boundary
layer on a surface is a fundamental challenge in fluid me-
chanics. Researchers encounter this phenomenon in various
contexts, such as estimating loads on nozzle walls in rocket
propulsion studies. In these scenarios, issues like viscous
flow with positive pressure gradients, flow separation due to
shock formation, shear layers, and rotating flow separation
bubbles must be addressed. For instance, supersonic aircraft
experience shock waves formed at the engine inlet, which
transition the flow from supersonic to subsonic as it enters
the engine. Accurately predicting the flow physics in such
situations falls under the category of shock wave-boundary
layer interaction (SWBLI).
A comprehensive study by Dolling in 2001 [1] reviewed
research on shock wave-boundary layer interaction over the
past 50 years. Despite significant advancements in numer-
ical methods and experimental studies, challenges remain.
Issues like overestimated temperature rise and unsteady

pressure loads persist. While the author remains optimistic
about future research, limitations related to time, cost, and
complex aerial missions necessitate a precise understanding
of the physics and accurate simulation results.
Over the past three decades, the lattice Boltzmann method
(LBM) has captivated the research community and academic
scholars. Its appeal lies in its simplicity, suitability for par-
allel systems, and ability to model intricate geometries. The
method is grounded in the robust Boltzmann equation. No-
tably, well-established approaches, including the Chapman-
Enskog expansion, connect dynamic conditions in LBM to
conservation equations on a macroscopic scale. Functioning
as a bridge between microscopic and macroscopic realms,
the recently developed lattice Boltzmann method operates in
the mesoscopic domain, capturing essential features of fluid
flow problems. Although its origins trace back to lattice
gas automata, its current form emerges from discretizing
the renowned Boltzmann equation. This discretization oc-
curs in the velocity domain, alongside spatial and temporal
discretizations, accounting for finite velocity values within
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each LBM framework. Given that the Boltzmann equation
encompasses all necessary physics, LBM finds application
across a wide range of computational fluid dynamics prob-
lems.
In the 2000s, the compressible version of the lattice Boltz-
mann method (LBM) was introduced and has since evolved.
Three main categories are considered: multispeed, double
distribution function (DDF), and hybrid methods.
Multispeed Methods: These extend isothermal models by
using a greater number of discrete velocities to account for
compressibility effects. In these models, the equilibrium
distribution function, f eq

i , includes higher-order terms of
particle velocity to properly recover the energy equation.
However, multispeed methods suffer from numerical insta-
bility, and temperature variation is limited.
Double distribution function (DDF) models: DDF intro-
duces a new distribution function for energy, separate from
the density distribution function. Pressure and velocity are
still estimated using the standard LBM. In the absence of
viscous heat dissipation and compression work, temperature
can be treated as a scalar transported by the velocity field.
DDF models are more stable than multispeed methods and
cover a wider temperature range.
Hybrid methods: These resolve continuity and momentum
using LBM while handling energy using other approaches
(e.g., finite difference or finite volume methods). Hybrid
methods have fewer distribution functions compared to mul-
tispeed and DDF methods, resulting in better performance.
In a 2008 PhD dissertation, Kun [2] introduced a novel lat-
tice Boltzmann (LB) model and corresponding equilibrium
distribution functions for simulating compressible flows.
Instead of the complex Maxwell equation, this study re-
places it with a simpler equilibrium function that satisfies
the necessary relations to recover the Navier-Stokes (NS)
equations. To distribute this function across lattice sites
in velocity space, Lagrangian interpolation is employed.
Using this approach, several models are developed for com-
pressible/incompressible and viscous/inviscid flows. The
discrete Boltzmann equation is solved using the finite vol-
ume method, which effectively models shock waves and
other discontinuities at high Mach numbers. Additionally,
various boundary conditions (such as slip/no-slip on walls)
are considered. The proposed models and solution method
are validated against existing literature results. Numerical
investigations demonstrate that this method can simulate
flows at Mach 10.
In 2012, Xu et al. [3] reviewed their group’s research on
compressible lattice Boltzmann methods. The main cate-
gories include single relaxation time LBM with an extra
viscosity term, multiple relaxation time models, and investi-
gations into hydrodynamic instabilities. These instabilities,
common in natural and industrial processes, are classified
into three main types: RT, RM, and KH instabilities.
In 2014, Li and Zhang [4] conducted a study on compress-
ible flows using the lattice Boltzmann method (LBM). Their
approach, based on a multispeed lattice, introduced an ad-
ditional distribution function to account for potential en-
ergy and recover the Navier-Stokes (NS) equations. The
Chapman-Enskog expansion was employed to derive the

equilibrium density distribution function in two dimensions
with 17 discrete velocities. Equations were discretized using
a third-order upwind scheme, and the von Albada limiter
was used to prevent unwanted fluctuations. Validation in-
volved simulating the Riemann problem, Couette flow, and
NACA0012 airfoil, with detailed initial conditions and spec-
ifications.
Li et al. [5] introduced a well-known double distribution
function in 2007, based on a circular function to extract the
equilibrium distribution. This DDF approach was chosen by
the authors to simulate shock and boundary layer interaction
at the entrance of a diffuser in supersonic flows. Initially
validated against the benchmark shock tube problem, it was
then applied to 2-dimensional problems, evaluating its ca-
pabilities for compressible viscous flows-especially those
involving shock waves and boundary layers, which exhibit
intriguing features.
In 2017, Qiu et al. [6] utilized the double distribution
function LB model proposed by Li et al. [5] to simulate
compressible viscous flows. They successfully solved the
Riemann problem and Couette flow for validation. Subse-
quently, they simulated three cases: a compressible bound-
ary layer, a shock wave, and the shock wave/boundary layer
interaction. Laminar supersonic flow over an insulated flat
plate at Mach numbers 2, 4, and 6 was modeled to investi-
gate the numerical results.
In their research, Jammalamadka et al. [7] investigated the
canonical shock wave-boundary layer interaction (SWBLI)
problem using an LBM-VLES (Large Eddy Simulation)
approach. Their simulations were conducted in three di-
mensions (3D) and were unsteady, focusing on a Mach
number of 1.7. They employed the commercial software
PowerFLOW for their investigations, utilizing variable re-
finement regions to enhance grid size. Turbulence initiation
was achieved using a zig-zag strip. Notably, their findings
revealed an anti-correlation between temperature and ve-
locity fields—increasing one led to a decrease in the other.
Additionally, vortical structures were visualized in 3D, and
the results from 2D and 3D simulations closely matched.
Furthermore, low-frequency oscillations in the shock sys-
tem were captured.
Another significant study by Qiu et al. [8] explored non-
equilibrium effects in a shock tube. They assessed the
hydrodynamic and thermodynamic impacts of shock waves,
contact discontinuities, and rarefaction waves. Using a
mesoscopic kinetic approach with detailed molecular ve-
locity distribution descriptions, they examined the physi-
cal significance of kinetic moments in a one-dimensional
shock tube problem. Their conclusions highlighted that non-
equilibrium effects are more pronounced in shock waves
compared to contact discontinuities and rarefaction waves.
Interestingly, despite their strength, non-equilibrium effects
in shock waves are not stable. Interaction with the contact
discontinuity alters the direction of these effects, while in-
teracting rarefaction waves result in sharp crests in most
non-equilibrium kinetic moments.
The objective of this study is to evaluate the performance
of a double-distribution-function-based lattice Boltzmann
method (DDF-LBM) in capturing the underlying physics

2251-7227[https://dx.doi.org/10.57647/j.jtap.2024.1806.78]

https://dx.doi.org/10.57647/j.jtap.2024.1806.78


Hosseini & Goshtasbi Rad JTAP18 (2024) -182478 3/12

of shock wave boundary layer interaction (SWBLI). To
achieve this, we validate the DDF-LBM using well-known
benchmark problems: the compressible shock tube problem
in both 1D and 2D, as well as a 2D airfoil flow. Subse-
quently, we apply the method to a 2D supersonic inlet and
compare its results with those obtained by Soltani et al. [9].

2. Methodology
Double distribution function methods are evolved upon the
fact that the energy needs a separate distribution function
to be coupled with the density distribution function via the
equation of state and acts as a serious alternative for con-
ventional CFD methods in solving Navier-Stokes equations.
Accordingly, there will be another equilibrium distribution
function for energy. The method by Li et al. [5] is intro-
duced as follows:
The following equations should be solved for density and
energy distribution functions:

∂ fi

∂ t
+ ei ·∇ fi =− 1

τ f
( fi − f eq

i ) (1)

∂hi

∂ t
+ ei ·∇hi =− 1

τh
(hi −heq

i )+
ei ·u
τh f

( fi − f eq
i ) (2)

where fi and hi are density and energy distribution functions,
respectively with their corresponding equilibrium distribu-
tion functions f eq

i and heq
i . ei is discrete velocity and τ f and

τh are relaxation times for density and energy, respectively.
In which τh f = τhτ f /(τ f − τh).
The velocity set is defined as:

ei√
RTc

=


(0,0), i = 0
cyc : (±1,0), i = 1,2,3,4
cyc :

√
2(±1,±1), i = 5,6,7,8

cyc : 2(±1,0), i = 9,10,11,12.

(3)

By use of the Chapman-Enskog expansion, Navier-Stokes
equations are derived as:

∂ρ

∂ t
+

∂ρuα

∂xα

= 0 (4)

∂ρuα

∂ t
+

∂ρuα uβ

∂xβ

+
∂ p
∂xα

=
∂ Ṕαβ

∂xβ

(5)

∂ρE
∂ t

+
∂ (ρE + p)uα

∂xα

=
∂

∂xβ

(λ
∂T
∂xβ

+ Ṕαβ uα) (6)

where

p = ρRT, and

Ṕαβ = µ

(
∂uα

∂xβ

+
∂uβ

∂xα

− 2
D

∂uχ

∂xχ

δαβ

)
Parameters in Equation (6) are defined as follows:

µ = τ f p, µB = (
2
D
− 2

b
)τ f p, λ = τhcp p (7)

Macroscopic variables are obtained by the following rela-
tions:

ρ = ∑
i

fi, u = ∑
i

fi
ei
ρ
, T = 2

∑i
hi
ρ
− |u|2

2

bR
(8)

Within the compressible lattice Boltzmann (LB) commu-
nity, researchers commonly employ the IMEX-RK scheme
for time discretization. When it comes to space discretiza-
tion, scholars often favor various versions of weighted non-
negative distribution (WNND) and fifth-order Weighted
Essentially Non-Oscillatory (WENO) schemes. In our cur-
rent study, we follow the approach proposed by Qiu et al.
[8], where we specifically utilize the Z version of the third-
order WNND (WNND-Z) to enhance the numerical per-
formance of the compressible double-distribution-function
lattice Boltzmann method (DDF-LBM). Both WNND and
WENO schemes offer advantages in simulating flow discon-
tinuities, and their convergence capabilities are superior.
More details regarding the equilibrium distribution func-
tions as well as the second-order Implicit Explicit (IMEX)
Runge-Kutta method are outlined in [5]. Based on the
above-mentioned reasoning, two different schemes are con-
sidered for spatial discretization. The fifth-order WENO
scheme with a 7-point stencil and the third-order WNND
scheme with a 5-point stencil. In the WENO scheme, the
convective term is defined as follows: eαx fα,I,J

∂eαx fα,I,J

∂x
=

1
∆x

(F̂α,I+1/2,J − F̂α,I−1/2,J) (9)

where eαx is the x component of eα , F̂α,I+1/2,J is the nu-
merical flux at the interface of xI +∆x/2 which is defined
as:

F̂α,I+1/2,J = w1F̂1
α,I+1/2,J +w2F̂2

α,I+1/2,J +w3F̂3
α,I+1/2,J

(10)
Under condition eαx ≥ 0, these three fluxes are given by:

F̂1
0,α,I+1/2,J =

1
3

F̂α,I−2,J −
7
6

Fα,I−1,J +
11
6

Fα,I,J (11)

F̂2
0,α,I+1/2,J =−1

6
Fα,I−1,J +

5
6

Fα,I,J +
1
3

Fα,I+1,J (12)

F̂3
0,α,I+1/2,J =

1
3

Fα,I,J +
5
6

Fα,I+1,J −
1
6

Fα,I+2,J (13)

where Fα,I,J = eαx fα,I,J .
The weighting factors are given by:

wq =
w̃q

w̃1 + w̃2 + w̃3
(14)

w̃q =
δq

(10−6 +σq)2 (15)

with δ1 = 1/10, δ2 = 3/5, δ3 = 3/10. Coefficients σqs are
smoothness indicators defined by:

σ1 =
13
12

(Fα,I−2,J −2Fα,I−1,J +Fα,I,J)
2+

1
4
(Fα,I−2,J −4Fα,I−1,J +3Fα,I,J)

2
(16)

σ2 =
13
12

(Fα,I−1,J −2Fα,I,J +Fα,I+1,J)
2+

1
4
(Fα,I−1,J −Fα,I+1,J)

2
(17)
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σ3 =
13
12

(Fα,I,J −2Fα,I+1,J +Fα,I+2,J)
2+

1
4
(3Fα,I,J −4Fα,I+1,J +Fα,I+2,J)

2
(18)

For the WNND scheme:

∂eαx fα,I,J

∂x
=

1
∆x

(F̂α,I+1/2,J − F̂α,I−1/2,J) (19)

where F̂α,I+1/2,J is the numerical flux at the interface of
xI +∆x/2, and given by:

F̂α,I+1/2,J = F̂+
α,I+1/2,J + F̂−

α,I+1/2,J (20)

In which F̂+
α,I+1/2,J and F̂−

α,I+1/2,J are the positive and neg-
ative numerical fluxes, respectively. We go through the
following just for the positive part since the negative one
should be extracted symmetrically.

F̂+
α,I+1/2,J =

1

∑
k=0

wkF̂+
k,α,I+1/2,J (21)

where

F̂+
0,α,I+1/2,J =− 1

2
F̂+

α,I−1,J +
3
2

F̂+
α,I,JF̂+

1+α,I+1/2,J =

1
2

F̂+
α,I,J +

3
2

F̂+
α,I+1,J

(22)

F̂+
α,I,J and F̂−

α,I,J are defined as:

F̂+
α,I,J =

1
2
(eαx + |eαx|) fα,I,J (23)

F̂−
α,I,J =

1
2
(eαx −|eαx|) fα,I,J (24)

Weights are calculated as:

wk =
αk

∑
1
l=0 αl

, k = 0,1 (25)

In which coefficients αk are as follows for the WNND-Z
scheme:

αk = dk(1.0+
βZ

ISk + ε
), k = 0,1 (26)

where dk are the ideal weights with the values d0 = 1/3 and
d1 = 2/3, and the value of ε is 10−6. The expression of ISk
and βZ are:

IS0 = (F+
α,I,J −F−

α,I−1,J)
2 (27)

IS1 = (F+
α,I+1,J −F−

α,I,J)
2 (28)

βZ =

∣∣∣∣ISGZ −
IS0 + IS1

2

∣∣∣∣,
ISGZ =

1
4
(F+

α,I+1,J −F+
α,I−1,J)

2
(29)

As for the Courant-Friedrichs-Lewy (CFL) number, it
must be chosen carefully to ensure thorough capture of
flow evolution. The CFL number is defined as: CFL =
(∆t ·max|eα |)/(min{∆x,∆y}). Here, ∆t represents the time
step, while ∆x and ∆y correspond to the spatial steps. This
number should be small enough for the numerical scheme

to capture the whole flow evolution successfully since flow
with discontinuities have the potential of numerical instabil-
ities which should be suppressed accordingly. Numerical
oscillation near the shock is high so specific care should
be taken in selecting the proper value for the CFL number.
Achieving stability conditions requires a compromise be-
tween these simulation parameters, considering that particle
velocity is determined by the model.

3. Validation
Firstly, the method is applied to obtain density and velocity
distributions in a shock tube. The shock tube is a benchmark
test case to assess the ability of different numerical methods
to estimate the behavior of compressible flows. It consists
of a diaphragm which divides the tube into two high density
and pressure and low density and pressure sides. A 400×5
uniform mesh was considered, and the two ends are walls
while we have periodicity in the vertical directions. Initial
conditions are as follows.(

ρ

ρ0
,

ux

u0
,

p
p0

)
= (1,0,1), 0 <

x
L0

≤ 1
2

(30)

(
ρ

ρ0
,

ux

u0
,

p
p0

)
= (0.125,0,0.1),

1
2
<

x
L0

≤ 1 (31)

When the diaphragm is picked up, a compression wave in
the form of a normal shock moves from the high-pressure
side to the low-pressure side. An expanding wave is also
formed going in the opposite direction to the normal shock.
Figure 1 shows an acceptable level of agreement in com-
paring the results with the exact solution since both the
locations of discontinuity and the shock wave are estimated
correctly.
In two dimensions, a NACA 0012 airfoil is considered to
validate the results of DDF LBM. A 200×200 uniform rect-
angular mesh with sides equal to 7 chord lengths (c = 1)
is generated. For upper, lower and left boundaries, equilib-
rium boundary condition with macroscopic variables are
considered while the right boundary is set to be open. Sur-
face of the airfoil is set to be a no-slip wall.
Initial values are set to be ρ0 = 1.165 kg/m3, R = 287
J/(kg.K), T0 = 288.15 K, µ = 1.789e5 kg/(m.s). The first
case was performed for the airfoil at Mach number 0.85 and
angle of attack 1 degree and results of two discretization
schemes (5th order WENO and 3rd order WNND) are com-
pared in Figure 2 to those presented in Figure 4 of [10] by
Zhou et al.
According to this figure, results of WENO and WNND
schemes match well together and are close to experimental
results except for small portions on the lower surface of the
airfoil.
For the second case, NACA 0012 airfoil is studied in a flow
of with Mach number 0.8, Reynolds number 500 and angle
of attack 10 to compare the results with those presented
in figure 23 of [11] by Hafez et al. Such a comparison is
shown in Figure 3.
As it is evident, pressure values obtained from the WNND
scheme are closer to the results of Hafez et al while values
from the WENO scheme are slightly higher.
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Figure 1. Comparison between the exact solution and results of the DDF LBM for normalized distribution of (a): density
(ρ), (b): horizontal velocity (u) and (c): pressure (p) in a shock tube vs. normalized length (x).

Figure 2. Pressure coefficient on the airfoil surface.

Figure 3. Pressure coefficient on the airfoil body.

The shock tube problem defined in Equations (30) and (31)
is considered in two dimensions with a 400× 200 mesh
using both WNND and WENO schemes. Results are pre-
sented in the Figures 4 & 5.
As it can be observed, after 0.1 s the shock front almost
has arrived at x = 0.7 and there are considerable density
changes at the shock foot area for both methods. When
the diaphragm is removed, the unsteady process of shock
wave/boundary layer interaction starts. In the beginning, the
incident contact discontinuity and shock wave move right
and interact with the bottom wall of the tube, creating a
boundary layer. Then, some vortices are generated due to
the boundary layer, resulting in the evolution of complex

flow pattern on the bottom wall. The shock wave/boundary
layer interaction in the shock tube leads to a lambda-shape
like shock pattern.

4. Results and discussion
As the main concentration of this study and based on the
study by Soltani et al. [9], a typical two-dimensional geom-
etry of a supersonic inlet is constructed to be studied by the
DDF LBM in supersonic airflow. The corresponding geom-
etry is illustrated in Figure 6. A uniform rectangular grid
is used in this study and a flow with Mach number 2 and
Reynolds number 500 was considered. Other settings for
the simulation are as: γ = 1.4, Pr = 0.71, R = 1, µ = 1/Re.
A C++ program was developed to carry out the computa-
tions. Different parts of the problem from the equilibrium
to the discretization schemes are all written in separate func-
tions to be called in their appropriate sequence.
Figure 7 shows a comparison between results obtained by
three different mesh sizes for density distribution at a speci-
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Figure 4. Density distribution in a 2D shock tube problem, (a): WNND scheme, (b): WENO scheme.

Figure 5. Magnified views of density distribution in a 2D shock tube problem, (a): WNND scheme, (b): WENO scheme.

Figure 6. Geometry of the supersonic inlet.

Figure 7. Mesh dependency results (a): WNND, (b): WENO).
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Table 1. Results of the mesh dependency study.

Grid sizes Maximum discrepancy (WNND) Maximum discrepancy (WENO)

400×200 vs 600×300 10% 12%

400×200 vs 800×400 12% 15%

600×300 vs 800×400 2% 3%

fied y-station (y = 0.8).
Three different grid sizes were selected to be tested in
the simulations namely, a 400× 200, a 600× 300 and a
800×400 grid. According to Table 1, results were almost
the same but the 600×300 grid was selected for final simula-
tions since it has sufficient resolution, and its computational
cost is not as high as the 800×400 one.
A horizontal supersonic flow with Mach number 2 is con-
sidered at the left boundary symmetrical with respect to the
lower part of the domain. The right and upper boundaries
are considered as open boundaries while the surface walls
are set to be bounce-back type for which a special function
is provided in the flux calculation step. In this function, wall
nodes are firstly identified by calling another function and
then the no slip bounce back method is applied. Regarding

the computational domain, it should be mentioned that a
chord length of 1 is considered in our computational code
to care for length units, and the computational domain is
11*chord length in the horizontal direction while the verti-
cal direction is half of this value due to symmetric boundary
condition. Also, the grid is uniform with equal spatial incre-
ments in both directions. Three ghost layers are considered
at each boundary.
For the WENO scheme, solution diverges for CFL numbers
more than 0.5 while for the WNND scheme gives accept-
able results at CFL numbers smaller than 0.7 so a CFL
number of 0.5 is selected to get acceptable results by both
discretization schemes. Figures 4 and 5 show the contours
of density and horizontal velocity for the inlet at its super-
critical regime.

Figure 8. Distribution of (a): density and (b): horizontal velocity by the WNND scheme.

Figure 9. Distribution of (a): density and (b): horizontal velocity by the WENO scheme.
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Figure 10. Comparison of density distribution along the line
y = 0.8.

Figures 8 and 9 show the distribution of density and hori-
zontal velocity for both schemes while the inlet operates at
its supercritical regime which its main characteristic is the
oblique shock train. It means that a considerable number of
oblique shocks exist presenting a repetitive pattern of shock
reflections. These oblique shocks are responsible for the
compression needs to be achieved. Separations that occur
cause the flow to distort.
According to Figure 10, the location of the shock is pre-
dicted to take place sooner by the WENO scheme. Point of
maximum density is predicted higher by the WENO scheme
while the region of highest density is somehow narrower.
After the throat, the WNND scheme predicts higher val-
ues of density up to x = 8 while the trend reverses after
this point and values predicted by the WENO schemes are
higher. As observed in Figure 5, when the flow comes close
to the cowl lip and passes through the throat area, a shock
appears, and the density magnitude increases dramatically.
Figure 11 shows a vertical distribution of the horizontal
velocity at x = 3. Both schemes match well together par-
ticularly in regions where the values of horizontal velocity
experiences ups and downs.
As it is evident from Figures 12 and 13, these two discretiza-
tion schemes predict the flow qualitatively similar except
for some differences regarding areas of maximum or mini-
mum values. For example, the zone of maximum density
at the interaction foot of two oblique shocks is larger in the
WNND scheme. Generally, the WENO scheme predicts
lower values with respect to the WNND scheme. Since the
WENO scheme is of order 5, its computational requirement
is higher, and it needs at least twice the time for each simu-
lation.
Considering Figure 14, just when the flow approaches the
throat, the interaction between the reflected shock from the
cowl lip and the boundary layer causes the flow to separate.
Downstream of the throat the flow accelerates again and
reattaches to the body. The separation zone begins some-
how sooner in the WENO scheme (separation point at about
x = 3) while the flow begins to separate at x = 3.15 for the

Figure 11. Comparison of horizontal velocity distribution
along the line x = 3.

WNND scheme. The separation zone is larger in the WENO
scheme with respect to the WNND scheme.
As it is evident from Figures 15 and 16, both schemes can
capture the turning of velocity vectors correctly. According
to Figure 15, velocity vectors turned their way upside before
they reach the body since they are arrived at the shock front.
When the flow reaches the cowl lip (Figure 16), another
shock forces the velocity vectors to adapt their way accord-
ing to the geometry. In addition, smaller velocity at the
close vicinity of the surface is evident of the effects of the
boundary layer which tries to zero the values of velocities.
Figures 17 and 18 verify that formation of the oblique shock
and the angle at which it reflects are predicted correctly by
both discretization schemes. Results of the study in Soltani
et al. [9] are obtained by a mesh with 90000 elements while
the current study is accomplished by a 180000-element
mesh and it predicts the shock formation, its location, sepa-
ration, and reattachment points correctly so the DDF LBM
is a promising method in studying compressible flows while
care should be taken in selecting the proper discretization
scheme and simulation criteria regarding the CFL number.
Since the WENO scheme is more vulnerable to instabili-
ties regarding the CFL number and it takes a computational
time at least twice the WNND scheme, authors recommend
the WNND scheme for such problems.
Figure 19 shows the distribution of density along the line
y=0.536814 where the outside wall of the cone exists. This
figure illustrates how density peaks occur in different x
stations. The first oblique shock which occurs in front of
the cone tip causes density to experience a jump at around
x = 1.5. Another jump in density occurs just before x = 3
where the cowl lip exists. Between x = 3 and x = 3.5
where the separation bubble dominates, density experiences
a sharp decrease and then its value rises again. Further
downstream, several minor peaks occur in density value due
to successive oblique shocks. Except for the end part of the
inlet, which has a straight shape, 8 < x < 11, density val-
ues predicted by the WENO scheme are higher than those
obtained by the WNND scheme. The conclusion is that
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Figure 12. A magnified view of density distribution near the throat ((a): WNND, (b): WENO).

Figure 13. Magnified view of the Mach number distribution near the throat ((a): WNND, (b): WENO).

Figure 14. Comparison of discretization schemes regarding SWBLI ((a): WNND, (b): WENO).
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Figure 15. Velocity vectors at the beginning of the inlet (a): WNND, (b): WENO).

Figure 16. Velocity vectors at the proximity of the cowl lip (a): WNND, (b): WENO).

Figure 17. Comparison of density distribution (a): Soltani et al. [9], (b): WNND).

Figure 18. Comparison of density distribution (a): Soltani et al. [9], (b): WENO).
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Figure 19. Density distribution at y = 0.536814.

the WENO scheme gives exaggerated results regarding val-
ues of macroscopic variables in compressible flows having
shock waves.

5. Conclusion
In this study, two different spatial discretization schemes
are employed to evaluate the effectiveness of a double dis-
tribution function lattice Boltzmann method (LBM) for an-
alyzing shock wave-boundary layer interaction in a super-
sonic inlet. Specifically, the fifth-order WENO (Weighted
Essentially Non-Oscillatory) scheme and the third-order
WNND (Weighted Non-Negativity-Preserving Discretiza-
tion) scheme are compared based on density and velocity
distribution.
The WNND scheme, derived from the stencils of the NND
scheme, operates as a third-order method. In contrast, the
WENO scheme boasts a fifth-order accuracy but comes with
a higher computational cost. Specifically, when simulating
a supersonic inlet, the WENO scheme requires 1.3 to 1.5
times more computational time than the WNND scheme,
depending on the mesh size. Although the WENO scheme
is more accurate according to its higher order, it demands
high memory usage, and it suffers from instability problems
at higher CFL numbers compared to the WNND scheme.
The WNND scheme, while computationally less intensive,
preserves the essential physical aspects of the problem.
Notably, in the WNND scheme, areas of maximum den-
sity at the point where two oblique shocks intersect are
larger, whereas separation zones are more pronounced in
the WENO scheme.
The strength of the double-distribution-function lattice
Boltzmann method (DDF-LBM) lies in its ability to be
executed on personal computer systems such as laptops.
For this study, we employed a Core i7-10750H laptop with
a 2.6 GHz CPU and 16 GB RAM. Remarkably, all runtimes
remained within a single day (24 hours) for continuous
simulations, whereas similar numerical simulations using
ANSYS packages which solve the Navier-Stokes equations
necessitated at least 3 days to achieve comparable results.
Although compressible lattice Boltzmann methods, such

as the double distribution function approach, hold promise
for predicting discontinuities in high Mach number flows,
further advancements are needed in exploring different dis-
cretization schemes and enhancing stability capabilities.
In the context of compressible lattice Boltzmann methods,
careful tuning, or adjustment of the CFL number is a crucial
task since higher order discretization schemes reveal insta-
bilities at some specific CFL numbers. According to the
definition of the CFL number, the stability of the method is
influenced by the minimum size used for space discretiza-
tion. Therefore, careful consideration is necessary when
selecting the minimum spatial step, as it directly impacts the
time step. There is not a unique procedure to be prescribed
for mesh resolution in such problems since flow instabilities
may be triggered in any time so the selection criteria for
simulation parameters such as the CFL number usually goes
through a try and error process in order to find the optimum
range.
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