
Volume 18, Issue 6, 182474 (1-15)

Journal of Theoretical and Applied Physics (JTAP)

https://dx.doi.org/10.57647/j.jtap.2024.1806.74

On the conformable fractional derivative and its
applications in physics

Ilyas Haouam∗
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Abstract:
This research reviews the basics of the conformable fractional derivative (CFD) and explores
various applications of it in physics. The conformable fractional versions of path integral approach,
divergence and Green’s theorem are thoroughly discussed. Additionally, the basics of Newtonian
mechanics in the context of CFD are covered, including velocity, acceleration, Newton’s law,
Yank, the classical Doppler effect, work, energies and the theory of conservation of momentum.
Alongside some fundamentals of special relativity and its postulates are formulated within the
frame of CFD, including the Lorentz transformation and fundamental four-vectors. Conformable
fractional non-relativistic and relativistic quantum mechanics are also extensively explored, cov-
ering the ordinary and angular Schrödinger equations, as well as the Pauli equation. Moreover,
a particle-in-a-box model scenario within CFD is investigated, along with the Klein-Gordon,
Dirac, and Fisk-Tait equations. Additionally, the continuity equation and a classical limit using
Ehrenfest’s theorem are derived from the conformable fractional Dirac equation. Some graphics
are also included to enhance understanding the behaviors of certain models within CFD, such as
the divergence theorem and spherical harmonic.

Keywords: Conformable fractional derivative; Path integral; Divergence theorem; Classical doppler effect; Dirac equation;
Conformable fractional quantum mechanics; Conformable fractional spherical harmonic; Conformable fractional special
relativity

1. Introduction

In recent times, there has been great interest in the con-
cept of fractional derivatives [1–3], largely attributed to
their wide-ranging application in various fields of science,
engineering, finance and optimal problem. Consequently,
numerous explanations of fractional derivatives have been
proposed, owing to the benefits offered by this concept for
modeling real-world problems. Note that, the fractional
derivative, dating back to as early as calculus itself, traces
its origins to 1695 when L’Hospital posed inquiries to Leib-
niz about dn f/dxn when n equals 1/2. However, Leib-
niz responded that this would be “an apparent paradox,
from which one day useful consequences will be drawn”
[4]. Since then, researchers have worked to elucidate the
concept of fractional derivatives, predominantly employ-
ing integral formulations. Over time, various definitions

have emerged, including those by Riemann–Liouville, Ca-
puto, Riesz, Weyl, Riesz–Caputo, Chen, Grünwald, and
Hadamard, [5–7]. Among these, the Riemann–Liouville
and Caputo formulations stand out as the most prevalent.
So, the Riemann–Liouville definition, for α ∈ [n−1,n), the
α derivative of f is:

Dα
x ( f )(t) =

1
Γ(n−α)

dn

dtn

∫ t

a

f (x)
(t− x)α−n+1 dx. (1)

But, the Caputo definition, for α ∈ [n−1,n), the α deriva-
tive of f is:

Dα
x ( f )(t) =

1
Γ(n−α)

∫ t

a

f n(x)
(t− x)α−n+1 dx. (2)

Mathematicians prefer Riemann–Liouville fractional deriva-
tive because it is amenable to many mathematical manip-
ulations. However, this type of fractional derivative of a
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constant is not zero, and it requires fractional initial condi-
tions, which are not generally specified. Conversely, Caputo
derivative of a constant is zero, and a fractional differential
equation expressed in terms of Caputo fractional deriva-
tive requires standard boundary condition. For this rea-
son, physicists and engineers often prefer Caputo fractional
derivative. For further insight into diverse mathematical
aspects of fractional calculus, refer to the seminal works
in [8, 9]. The fractional derivative has played an essential
role across various domains including physics, chemistry,
biology, and engineering. See, for example, [10–12].
However, in the past few years, Khalil et al. [13] introduced
a new concept of derivative termed the conformable frac-
tional derivative (CFD) depending just on the basic limit
definition of the derivative. They claimed that this new
definition is the simplest, most natural, and efficient ap-
proach to fractional derivative of order α ∈ (0, 1], with
properties that closely align with the classical Newtonian
derivative, making it easier to solve fractional differential
equations. Subsequently, significant research efforts have
been devoted to advancing CFD calculus and investigating
its properties. Specifically, by Katugampola and T. Ab-
deljawad. For instance, conformable fractional forms of
fundamental mathematical tools such as exponential func-
tions, the chain rule, Taylor power series expansions, inte-
gration by parts, Gronwall’s inequality, Laplace or Fourier
transforms, linear differential systems [14, 15], PT sym-
metry [16] and Nikiforov–Uvarov method [17] have been
proposed and studied. Furthermore, applications of CFD in
various physical contexts have been explored [18–31].
Although fractional derivatives have been criticized by con-
temporary mathematicians for exhibiting unusual properties
that can complicate their application in physics and me-
chanics, some physicists continue to use them. Physicists
consider fractional derivatives, including CFD to be very
valuable, powerful, and effective tools for modelling non-
linear system and investigating the behavior of systems
characterized by power-law non-locality, long-term mem-
ory, or fractal properties, among other phenomena. For the
most recent references on this topic, see [32–40].
In the following, we outline some critiques of fractional
derivatives and CFD. In [41–43], the violation of the Leib-
niz rule (Equation (6)) is identified as a defining characteris-
tic of fractional derivatives, specifically those of non-integer
orders. Therefore, any derivative that satisfies the Leib-
niz rule must be of integer order, implying that fractional
derivatives of non-integer orders, including the CFD, cannot
satisfy the Leibniz rule, meaning the CFD must correspond
to an integer-order derivative. In addition, in [44], the con-
cept of fractional derivatives and the properties that such
operators should satisfy were extensively discussed. It was
argued that the CFD fails in certain aspects. From a mathe-
matical perspective, it is demonstrated that the conformable
derivative is not truly fractional. Additionally, in [45], it
was confirmed that the CFD is not a fractional derivative
but rather a controlled or conformable derivative. Further-
more, in [46], a major flaw in the so-called conformable
calculus was pointed out. The authors claimed to demon-
strate why it fails to define a true fractional-order derivative

and explained where exactly these tempting conformability
properties come from.
In this work, we review the postulates, basic formulas
and proprieties of the CFD and consider its application
in physics, encompassing mathematical physics, Newtonian
mechanics, special relativity as well as the ordinary and
relativistic quantum mechanics. In section 2, we review the
basic formulas of the CFD. Following that, section 3 delves
into the conformable fractional version of the path integral
approach, the divergence and Green’s theorems. Section 4
focuses on deriving conformable fractional expressions for
velocity and acceleration, which are then utilized to present
Newton’s second law, Yank, works, and energies. Addi-
tionally, we investigate the conformable fractional form
of the classical Doppler effect and explore the conserva-
tion of conformable fractional momentum. In section 5,
we present the postulates of conformable fractional spe-
cial relativity, derive the conformable fractional version of
Lorentz transformation, and apply it in space-time. Addi-
tionally, we define the conformable fractional versions of
the fundamental four-vectors. In section 6, we investigate
the conformable fractional versions of the ordinary, angular
Schrödinger and Pauli equations. Additionally, we explore
the infinite potential well problem within the context of
CFD. In section 7, our focus lies in the exploration of con-
formable fractional versions of the Klein-Gordon, Dirac
equations, and the Fisk-Tait equation. Furthermore, we de-
rive the conformable fractional continuity equation from
the Dirac equation and delve into the classical limit of the
latter by employing Ehrenfest’s theorem. We present the
conclusion and remarks in section 8.

2. Overview on the conformable fractional
derivative

Let briefly examine the postulates and basic formulas of the
CFD utilized in this study. Therefore, for a smooth function
in x, the CFD can be defined as follows [13]:

Dα
x f (x) = lim

ε→0

f (x+ ε|x|1−α)− f (x)
ε

= |x|1−α
∂x f (x),

(3)
where 0 < α ≤ 1 is assumed. Note that Dα is the CFD
operator. However, at x = 0, the CFD is Dα

x f (0) =
limx→0 Dα

x f (x). Then, the conformable fractional partial
derivative of f in xi is expressed as [47]:

∂ α

∂xα
i

f (x1, · · · ,xm) =

lim
ε→0

f (x1, · · · ,xi−1, · · · ,xi + ε|xi|1−α , · · · ,xm)− f (x1, · · · ,xm)

ε
.

(4)

The CFD satisfies the following properties: For f , g be
α-differentiable functions, and real constants a, b, we have:
The linearity:

Dα
x {a f (x)+bg(x)}= aDα

x f (x)+bDα
x g(x), (5)

the product rule, also called the Leibniz rule:

Dα
x { f (x)g(x)}= [Dα

x f (x)]g(x)+ f (x)Dα
x g(x), (6)
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the chain rule:

Dα
x f (g(x)) =

d f
du

(Dα
x u). (7)

Also
Dα

x (x
α) = α, (8)

Dα
x (x

p) = pxp−α , for p ∈ R, (9)

Dα
x

(
f (x)
g(x)

)
=

(g(x)Dα
x f (x)+ f (x)Dα

x g(x))
g(x)2 , (10)

Dα
x (λ ) = 0 for all constant functions f (x) = λ . (11)

All of the classical derivative rules, such as sum, product,
division, etc. are same as the conformable fractional deriva-
tive.
The conformable fractional integral is specified by:

Jα

a|x f (x) =
∫ x

a
|W |α−1 f (W )dW, (12)

where f (x) is any continuous function. Moreover, the CFD
and conformable fractional integral obey the following rela-
tions:

Dα
x J

α

a|x f (x) = f (x), (13)

Jα

a|xDα
x f (x) = f (x)− f (a). (14)

With all the aforementioned definitions, one can present the
following properties for the various operations on scalar and
vector fields [47]:

Dα
x · (aF+bG) = aDα

x ·F+bDα
x ·G, (15)

Dα
x ×{aF+bG}= aDα

x ×F+bDα
x ×G, (16)

Dα
x · (Dα

x ×F) = 0, (17)

Dα
x × (Dα

x ·F) = 0, (18)

where F(x), G(x) are two arbitrary vectors.
It should be emphasized that in [48], a new version of the
CFD was introduced, called the general conformable frac-
tional derivative (GCFD), designed to better describe the
physical world. The GCFD is a generalization of the origi-
nal CFD, achieved through a new framework called the Ex-
tended Gâteaux derivative and the Linear Extended Gâteaux
derivative, both of which are natural extensions of the tradi-
tional Gâteaux derivative. The authors argue that the t1−α

term in the CFD definition is not essential and is merely a
type of conformable fractional function. Additionally, they
provided physical and geometrical interpretations of the
GCFD, suggesting its potential applications in physics and
engineering. They also claimed that it is straightforward to
show that CFD is a special case of GCFD.
This study will highlight the significance of exploring the
CFD and its properties across diverse domains.

3. Mathematics
In this section, we will employ CFD to explore some signif-
icant mathematical methods, tools, and approaches.

3.1 Conformable fractional divergence theorem
The divergence theorem, also known as Gauss’s theorem, is
a fundamental theorem in vector calculus. It relates the flux
of a vector field through a closed surface to the divergence
of the field within the volume enclosed.
It is an important tool to use for physics, engineering, and
particularly in electrostatics and fluid dynamics. It is usually
applied in three dimensions. However, it generalizes to any
number of dimensions.
Let V represent a volume in three-dimensional space with
∂V = S where S is the surfae. If F is a continuously differ-
entiable vector field defined on a neighborhood of V , then
[49]: ∫ ∫ ∫

(∇∇∇ ·F)dV =
∫ ∫

(F ·n)dS, (19)

n is the outward unit normal of the surface. Now, we obtain
the conformable fractional form of the divergence theorem,
so in CFD, and using Equation (19), we have:∫ ∫ ∫

(Dα
x ·F)dαV =

∫ ∫
|x|1−α(F ·n)dS, (20)

where Dα
x ·F= |x|1−α∂∂∂ x ·F(x). With dα S = xα−1yα−1dxdy,

and dαV = xα−1yα−1zα−1dxdydz.
Similarly, the theorems of Green and Stokes from vector
calculus may be suitably adapted to easily accommodate
the concept of the CFD. As an example, the conformable
fractional Green’s theorem can be formulated as follows:∫

∂
α−1
y f dα x+∂

α−1
x gdα y =

∫ ∫
(∂ α

x g−∂
α
y f )dα S. (21)

In physics, the theorem of Green boasts numerous appli-
cations. One such application involves solving 2D flow
integrals. It asserts that the total fluid outflow from a vol-
ume is equivalent to the total outflow summed around a
bounding area. Note that the conformable divergence and
Green’s theorems are considered in [47].
In Figure 1, we plot the divergence theorem of the 2D vector
field [x2, y2].

Figure 1. Vector field on the surface of the region, R = 1.
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In Figures 2, 3 we plot the conformable fractional diver-
gence theorem of the 2D vector field [x2, y2] for the cases
of α = 0.1, and α = 0.5.

3.2 Conformable fractional path integral

In quantum mechanics, if a particle at an initial time ta, starts
from the point xa and goes to a final point xb at time tb, we
have a quantum-mechanical amplitude called a kernel. To
get from point a to point b, we may write Ka(xb, tb|xa, ta).
This is the sum over all paths that go between those end-
points and their contributions [50]. So, for the following
Hamiltonian:

Hα(x, p) =
1

2mα
p̂2

α +Vα(x̂α), (22)

then, the definition of the kernel Ka(xb, tb|xa, ta) in terms of
path integral in the phase-space representation is as follows

Figure 2. Vector field on the surface of the region, α = 0.1.

Figure 3. Vector field on the surface of the region, α = 0.5.

[51]:

Ka(xb, tb|xa, ta) =

lim
N→∞

∫
∞

−∞

dx1 · · ·dxN−1
1

(2π h̄)N

∫
∞

−∞

d p1 · · ·d pN×

exp{ i
h̄

Σ
N
j=1 p j(x j− x j−1)}×

exp{ i
h̄

1
2mα

εΣ
N
j=1|p j|α −

i
h̄

εΣ
N
j=1V (x j, jε)}.

(23)

where ε = (tb− ta)/N, and x j = x( jε), p j = p( jε), also
x0 = xa, xN = xb. Now, in the limits of N → ∞, ε → 0
(continuum limit), one can have

Ka(xb, tb|xa, ta) =
∫ x(tb)=xb

x(ta)=xa

Dx(τ)
∫

Dp(τ)

exp{ i
h̄

∫ tb

ta
dτ|p(τ)ẋ−Hα(p(τ),x(τ),τ)|}.

(24)

Note that in Equation (24), the conformable fractional
Hamiltonian (22), we made the replacement p → p(τ),
x→ x(τ), and this replacement stands for the particle tra-
jectory in phase-space. Therefore, the phase-space path
integral in Equation (23) is:∫ x(tb)=xb

x(ta)=xa

Dx(τ)
∫

Dp(τ)exp{ i
h̄

∫ tb

ta
dτ|p(τ)ẋ−

Hα(p(τ),x(τ),τ)|}= lim
N→∞

∫
∞

−∞

dx1 · · ·dxN−1
1

(2π h̄)N∫
∞

−∞

d p1 · · ·d pN× exp{ i
h̄
(p1(x1− xa)−

1
2mα

ε|p1|α)}×

·· ·exp{ i
h̄
(pN(xb− xN−1)

1
2mα

ε|pN |α)}· · ·
(25)

Note that, for the path p(t), x(t) in phase-space, the con-
formable fractional canonical classical mechanical action is
given as:

Sα =
∫ tb

ta
dτ[p(τ)ẋ−Hα(p(τ),x(τ),τ)]. (26)

The wave function as well can be given by:

ψ(xb, tb) =
∫

∞

−∞

dxaKa(xb, tb|xa, ta)ψ(xa, ta), (27)

where ψ(xb, tb), ψ(xa, ta) are the wave function of the final
and initial states respectively.
It is important to mention that the associated kernel can
be acquired by following the same procedures as previ-
ously outlined, but working in the momentum representa-
tion. Note that the fractional path integral approach, where
1 < α ≤ 2, is discussed in [52].

4. Classical mechanics
In this section, we define the Newtonian mechanics in terms
of the CFD, subsequently employ it to study some classical
cases.
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4.1 Conformable fractional velocity & acceleration
In the context of CFD, the average velocity of a particle that
lies on x(t) at time t and on x(t́) at time t́ (with t́ > t) is

vave =
(x(t́))α − (x(t))α

t́− t
. (28)

Note that the numerator in Equation (28) cannot be regarded
as the deformed subtraction because its corresponding de-
formed addition is not associative. Thus, in [53], the con-
formable fractional addition and subtraction for the case of
x > y > 0 are defined as:

x⊕α y = (xα + yα)
1
α ,

with 0 < α ≤ 1,
x⊖α y = (xα − yα)

1
α ,

(29)

where the conformable fractional addition is commutative
and associative and preserves the dimension. Then, the
conformable fractional average velocity becomes

vave =
(x(t́)⊖α x(t))α

t́− t
=

∆α x
∆t

, (30)

with ∆α x is the α-displacement. As reported in [53], there
is an issue regarding the possibility of the position x(t) tak-
ing on negative values. There, the conformable fractional
addition or subtraction becomes a complex number. This
was fixed by modifying the definitions of conformable frac-
tional addition and subtraction so that they can be hold for
any x, y ∈ R [53]:

x⊕α y = ∥x|α−1x+ |y|α−1y|
1

α−1 (|x|α−1x+ |y|α−1y),

x⊖α y = ∥x|α−1x−|y|α−1y|
1

α−1 (|x|α−1x−|y|α−1y).
(31)

Note that the relation between the conformable fractional
addition and subtraction is as follows:

x⊖α y = x⊕α (−y), (32)

Furthermore, one can distinguish the properties of con-
formable fractional addition and subtraction as follows [53]:
1. Distributivity:

λ (x⊕α y) = (λx)⊕α (λy),
λ ∈ R

λ (x⊖α y) = (λx)⊖α (λy),
(33)

2. Expansion:

(A⊕α B)(C⊕α D) = AC⊕α BC⊕α AD⊕α BD. (34)

Now, the conformable fractional velocity is given as:

v(t) = Dα
t x(t) = lim

t́→t

|x(t́)⊖α x(t)|α−1(x(t́)⊖α ,x(t))
α(t́− t)

(35)

or [54]:
v(t) = α|x|α−1ẋ. (36)

This velocity has a dimension of (Length)/(Time)α . Note
that the conformable fractional velocity is not invariant

under ordinary translation x → x + ε , but it is invariant
under the α-translation x→ x⊕α ε . Additionally, we can
write the conformable fractional momentum as follows:

p = mv = mα|x|α−1ẋ. (37)

Now, with the same manner, we define the conformable
fractional average acceleration as follows:

aave =
v(t́)− v(t)

t́− t
, (38)

subsequently, the conformable fractional instantaneous ac-
celeration is given by [54]:

a = Dα
t v(t) = α|x|α−1ẍ−α(1−α)|x|α−2xẋ2, (39)

which has dimension of (Length)α/(Time)2.
Last and not least, having Equations (36), (39) enables the
exploration of diverse phenomena such as the Keplerian
planetary motion, pendulum dynamics, or rigid body motion
in the context of CFD.

4.2 Conformable fractional Newton’s Second law
By using Equation (39), the conformable fractional version
of the Newton’s Second law reads (m is time independent):

F = Dα
t p = m(Dα

t )
2x(t) =

m{α|x|α−1ẍ−α(1−α)|x|α−2xẋ2}.
(40)

In [54], the invariance of Equation (40) under both the or-
dinary Galilei (x→ x−ut) and the conformable fractional
Galilei transformations (|x|α−1x→ |x|α−1x−uα t, uα is the
constant conformable fractional velocity) was examined. It
was discovered that while conformable fractional Newton’s
law is not invariant under the ordinary Galilei transforma-
tion, it remains invariant under the conformable fractional
one. There, for x, x́, u > 0, we obtained:

x́ = (xα +αut)
1
α = x⊕α (αut)

1
α . (41)

Having Equation (40) also enables the derivation of the
conformable fractional Yank, which represents the rate of
change of the conformable fractional force. It can be ex-
pressed as follows:

Y = Dα
t F = m(Dα

t )
3x(t) =

mDα
t {α|x|α−1ẍ−α(1−α)|x|α−2xẋ2}.

(42)

4.3 Conservation of conformable fractional momentum
(1dimensional)

In a closed system consisting of two interacting particles,
the forces between them are equal in magnitude but opposite
in direction, in accordance with the third law. So, with
F1 = Dα

t p1 and F2 = Dα
t p2 then

Dα
t p1 =−Dα

t p2. (43)

However, if the velocities of the bodies are vA1 and vB1
before the collision, and afterwards they are vA2 and vB2, so
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the conservation of momentum before and after the collision
is expressed as:

mAvA1 +mBvB1 = mAvA2 +mBvB2, (44)

then, employing Equation (44), one can have

mA|xA1|α−1ẋA1+mB|xB1|α−1ẋB1 =

mA|xA2|α−1ẋA2 +mB|xB2|α−1ẋB2,
(45)

■ Elastic collision case: In any collision, momentum re-
mains conserved; however, in an elastic collision, the con-
servation of kinetic energy is also conserved. By solving
Equation (45), we can simply find:

ẋA2 =
mA−mB

mA +mB

∣∣∣∣xA1

xA2

∣∣∣∣α−1

ẋA1 +
2mB

mA +mB

∣∣∣∣xB1

xA2

∣∣∣∣α−1

ẋB1,

(46)

ẋB2 =
mB−mA

mA +mB

∣∣∣∣xB1

xB2

∣∣∣∣α−1

ẋB1 +
2mA

mA +mB

∣∣∣∣xA1

xB2

∣∣∣∣α−1

ẋA1,

(47)
■ Inelastic collision case: In a perfectly inelastic collision,
both bodies have the same motion afterwards (with veloc-
ity v2). So that, Equation (44) expressing conservation of
momentum becomes:

mA|xA1|α−1ẋA1 +mB|xB1|α−1ẋB1 = (mA +mB)|x2|α−1ẋ2.
(48)

Once one body is motionless to begin, one can have

ẋ2 =
mA

mA +mB

∣∣∣∣xA1

x2

∣∣∣∣α−1

ẋA1. (49)

4.4 Conformable fractional from of classical Doppler
effect

The Doppler effect is the change in frequency or wavelength
of a wave observed when the source or observer is in motion
relative to each other. This effect is commonly experienced
with sound waves, i.e., acoustic Doppler effect and light
waves, i.e., optical Doppler effect. The Doppler effect finds
numerous applications across various branches of physics,
including sonar, Doppler effect for electromagnetic waves
(particularly in astronomy), radar, medical imaging (utiliz-
ing Doppler ultrasound), and satellite navigation (NAVSAT).
So, the essential formulas for classical Doppler effect [55]
in the context of CFD are as follows:
■ For moving source:

f́ α

f α
=

vα ± v0

vα ± vs
=

vα ±α|xs|α−1ẋs

vα ±α|x0|α−1ẋ0
. (50)

■ For moving observer:

f́ α

f α
=

vα

vα ± vs
=

vα

vα ±α|x0|α−1ẋ0
. (51)

And
vα = f α

λ
α , (52)

where f́ , f are observed and source actual frequencies. v is
speed of sound in the medium, vs is velocity of the source
(positive if moving towards the observer, negative if mov-
ing away), v0 velocity of the observer (positive if moving
towards the source, negative if moving away). λ is the
wavelength.

4.5 Conformable fractional work and energies
In [53], the conformable fractional work is defined as the
product of the force and conformable fractional displace-
ment as follows:

W = F∆α x = F(x́⊖α x)α , (53)

But, if the force varies during a motion from xi to x f , the
work will be:

W =
∫ xi

xi

dα xF(x) =
∫ xi

xi

dxα|x|α−1F(x). (54)

The conformable fractional kinetic energy K from Equa-
tion (54), so, employing Equation (40), one can have

W = α

∫ xi

xi

|x|α−1m
dv
dt

dx
dt

dt = α

∫ xi

xi

|x|α−1m
dv
dt

vdt =

K(x f )−K(xi).

(55)

Then, we define the conformable fractional potential energy
U(x) through:

F(x) =−Dα
x U = |x|α−1

∂xU. (56)

The force derived from such a potential function is said to
be conservative. Now, with Equations (54) and (56), we
have:

W =
∫ xi

xi

dα xF(x)=−
∫ xi

xi

dα x|x|α−1
∂xU =−U(x f )+U(xi).

(57)
Knowing that the conformable fractional kinetic energy
reads:

K =
1
2

m(α|x|α−1ẋ)2. (58)

Last but not least, with Equations (36), (54) in hand, we
can delve into the study of various classical phenomena.
For example, we can explore Keplerian Planetary Motion,
Pendulum Dynamics, or rigid body dynamics within the
context of CFD as in [56].

5. Special relativity
In conformable fractional special relativity, the following
postulates are established:
■ Postulate 1: Constancy of the speed of light - the speed of
light remains constant and the same across all conformable
fractional inertial frames of references. This is verified in
Ref. [57].
■ Postulate 2: Invariance principle - the laws of physics re-
main unchanged and invariant under conformable fractional
Lorentz transformations.

5.1 Lorentz transformation
Here, we discuss the Lorentz transformations utilizing CFD,
as reported in Refs. [57, 58]. So, the conformable frac-
tional Lorentz transformations (α-Lorentz transformations)
between two inertial frames S and Ś are defined as follows:

x́α = Γα(xα −vα tα), (59)
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t́α = Γα(tα − vα

c2α
xα), (60)

ýα = yα , (61)

źα = zα . (62)

where vα is the conformable fractional relative velocity
between S and Ś frames.

Γα =
1√

1− ( vα

cα )2
, with β

α =
vα

cα
(63)

is the conformable fractional Lorentz factor (Fig. 4).

5.2 Conformable fractional Lorentz transformation in
space-time

Minkowski space-time is a combination of three-
dimensional Euclidean space and time, resulting in a unified
four-dimensional manifold. The α-Lorentz transformation
in Minkowski space-time is given by:

x́µα = (Λ
µ

ν )
α xνα , (64)

x́α
µ = (Λν

µ)
α xα

ν , (65)

where (Λ
µ

ν )
α , (Λν

µ)
α are α-tensors, defined as:

(Λ
µ

ν )
α =


Γα −Γα β α 0 0

−Γα β α Γα 0 0
0 0 1 0
0 0 0 1

 , (66)

(Λν
µ)

α =


Γα Γα β α 0 0

Γα β α Γα 0 0
0 0 1 0
0 0 0 1

 , (67)

with ((Λ
µ

ν )
α)−1 = (Λν

µ)
α .

Figure 4. Plot of ΓΓΓα vs vα ; c = 1 (normalized to 1).

5.3 Conformable fractional four-vector
Here, we define the conformable fractional version of the
fundamental four-vectors as follows:
1. The covariant position four-vector: It is defined as:

xα
µ = (xα

0 ,x
α
1 ,x

α
2 ,x

α
3 ) = (cα tα ,−xα ,−yα ,−zα), (68)

and its contravariant notation is:

(xµ)α = (cα tα ,xα ,yα ,zα), (69)

where xα
µ = gµν(xµ)α , with gµν is the metric tensor. Fur-

thermore, the conformable fractional norm using Equa-
tions (68)−(69) is given as:

∥dα r∥2 = dα xµ dα xµ = c2α d2α t− (d2α x+d2α y+d2α z),
(70)

2. The four-gradient operator in a conformable fractional
form: Its conformable fractional covariant form is defined
as:

Dα
µ = ∂

α
µ =

∂ α

∂ (xµ)α
=

(
∂ α

cα ∂ tα
,∇α

)
, (71)

and the its conformable fractional contravariant form is
defined as:

(Dµ)α = (∂ µ)α =

(
∂ α

cα ∂ tα
,−∇

α

)
. (72)

The above equations guide us to derive the conformable
fractional D’Alembert operator as follows:

□α = Dα
µ (D

µ)α =−∇
α

∇
α +

∂ 2α

c2α ∂ t2α
. (73)

3. The energy-momentum four vector in conformable frac-
tional form can be expressed as follows:

Pα
µ =

(
Eα

cα
,−ih̄α

α
∇

α

)
and (Pµ)α =

(
Eα

cα
, ih̄α

α
∇

α

)
.

(74)
Knowing that using Equation (74), we have

∥Pα
µ ∥2 =

E2α

c2α
+ h̄α

2α
∇

α
∇

α , (75)

which is the conformable fractional version of en-
ergy–momentum relation.

6. Quantum mechanics
The integration of CFD into quantum mechanics, as de-
scribed in several sources [18–20, 26], results in con-
formable fractional quantum mechanics. However, com-
prehensive understanding of its postulates, fundamentals,
and essential properties has been meticulously developed
[13, 20, 22].
The inner product in Hilbert space associated with CFQM
is expressed as follows:

⟨ f |g⟩=
∫

∞

−∞

g∗(x) f (x)|x|α−1dx. (76)

The definition of the expectation value of a physical operator
O in relation to the state ψ is defined as follows:

⟨ψ|Oψ⟩=
∫

∞

−∞

ψ
∗(x, t)Oψ(x, t)|x|α−1dx, (77)
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however, for O to be a Hermitian operator, one may obey

⟨ψ|Oψ⟩= ⟨Oψ|ψ⟩. (78)

Note that the realization of α-position x̂α , and α-
momentum p̂α are:

x̂α = x p̂α =−ih̄α
α Dα

x , (79)

Here, one can simply verify that both position and momen-
tum operators are Hermitian. Therefore, utilizing the de
Broglie relation p = h/λ and Planck relation E = h/T , as
outlined in [20], one can have x̂α ψ = xψ , p̂α ψ = pα ψ ,
which leads to the following x-representation:

x̂α = x, p̂α =−ih̄α
α Dα

x , and Ĥα = ih̄α Dα
t , (80)

with

Dα
x = |x|1−α ∂

∂x
and Dα

t = |t|1−α ∂

∂ t
, (81)

where h̄α = h/(2π)1/α , and Ĥα is a α-Hamiltonian opera-
tor. Note that the α-position and α-momentum operators
have dimensions of length and momentumα respectively
while α-Hamiltonian operator has dimension of energyα .
In the FCQM, the commutator between the α-position op-
erator and α-momentum operator is

[x̂α , p̂α ] = ih̄α
α |x̂|1−α . (82)

6.1 Conformable fractional Schrödinger equation
Let us begin by considering the conformable fractional
wave function. In Ref. [20], it is expressed in relation to
α-wavelength and α-period as follows:

ψ(x, t) = ψ0e
i

(
kα

α
|x|α−1x−wα

α
|t|α−1t

)
= ψ0ei( x

λα
− t

Tα
)
, (83)

where ψ0 = Aeiφ , which represents the initial or amplitude
term of the wave function. A is a real constant that gives
the amplitude of the wave function, and eiφ represents the
phase factor, where φ is the phase angle of ψ0. Here the
factor eiφ helps capture any initial phase information that
might be relevant to how ψ interacts with other waves or
fields in our system.
Then, in the conformable fractional quantum mechanics,
the time-dependent Schrödinger equation is as follows:

ih̄α
α Dα

t ψ(x, t) = Ĥα ψ(x, t), (84)

where the α-Hamiltonian operator is

Ĥα =
p̂2

α

2mα
+Vα(x̂α). (85)

Knowing that in 3-dimensions, p̂2
α = −h̄2α

α (Dα
x Dα

x +
Dα

y Dα
y +Dα

z Dα
z ).

Then, if, setting

ψ(x, t) = ψ(x)e−
i

h̄α Eα tα
α , (86)

we have the time-independent Schrödinger equation:

{− h̄2α
α

2mα
Dα

x Dα
x +Vα(x̂α)}ψ(x) = Eα

ψ(x). (87)

However, the conformable fractional Schrödinger Equa-
tion (87) does not exhibit invariance under the α-Lorentz
transformations, as confirmed in Ref. [57], from which we
obtain:

− h̄2α
α

2mα
{Γ2

α Dα
x́ Dα

x́ −2Γ
2
α

vα

c2α
Dα

x́ Dα

t́ +Γ
2
α

v2
α

c4α
Dα

t́ Dα

t́ +

Dα
ý Dα

ý +Dα
ź Dα

ź +Vα(x̂α)}ψ = {−vα Γα Dα
x́ −Γα Dα

t́ }ψ.

(88)

Additionally, through Equation (84), one can define the con-
formable fractional probability density ρα and conformable
fractional probability flux Jα as follows:

Dα
t ρα(x, t)+Dα

x Jα(x, t) = 0, (89)

where
ρα(x, t) = ψ†ψ,

Jα(x, t) =−i h̄α
α

2mα (ψ†Dα
x ψ−ψDα

x ψ†).

(90)

Our obtained conformable fractional Schrödinger equa-
tion can be extended to involve polynomial law nonlin-
earity, as in [59], where the authors considered two mod-
els of the nonlinear Schrödinger equation with polyno-
mial law nonlinearity using the variational principle and
amplitude ansatz methods. The solutions were extracted
based on the Jost function. Additional applications of Equa-
tion (89) may involve computing the conservation laws for
the Chen–Lee–Liu equation of nonlinear optics [60].

6.2 Conformable fractional spherical harmonics
In this part of our work, we present the angular equation of
the conformable fractional Schrödinger equation. In terms
the CFD, the Schrodinger equation in spherical coordinates
can be stated as:

{∆α +
2mα

h̄2α
α

(−Vα(rα)+Eα)}ψ(rα ,θα ,ϕα) = 0, (91)

where ∆α = Dα
r Dα

r in spherical coordinates is given by:

∆
α =

1
r2α

Dα
r [r

2α Dα
r ]+

1
r2α sin(θα)

Dα
θ [sin(θα)Dα

θ ]+

1
r2α sin2(θα)

Dα
ϕ Dα

ϕ ,

(92)

We consider that the solutions of the form:

ψ(rα ,θα ,ϕα) = R(rα)Y (θα ,ϕα). (93)

By separation of variables and upon substituting Equa-
tion (92) into Equation (91), we obtain two conformable
fractional equations: one pertaining to radial aspects, in
which its solutions depend on Vα and the other to angular
components:

1
R(rα)

Dα
r [r

2α Dα
r R(rα)]+

2mα r2α

h̄2α
α

(Eα −Vα(rα)) =

α
2l(l +1),

(94)
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1
Y (θα ,ϕα)sin(θα)

Dα
θ [sin(θα)Dα

θ Y (θα ,ϕα)]+

1
Y (θα ,ϕα)sin2(θα)

Dα
ϕ Dα

ϕY (θα ,ϕα) =−α
2l(l +1),

(95)

Now, again by using separation of the variable Y (θα ,ϕα) =
Θ(θα)Φ(ϕα) in order to solve Equation (95), one can get:

sin(θα)

Θ(θα)
Dα

θ [sin(θα)Dα
θ Θ(θα)]+

1
Φ(ϕα)

Dα
ϕ Dα

ϕ Φ(ϕα) =

−α
2l(l +1)sin2(θα),

(96)

with Φ(ϕα) = eimϕα , and

1
Φ(ϕα)

Dα
ϕ Dα

ϕ Φ(ϕα) =−α
2m2. (97)

Then, we have

sin(θα)

Θ(θα)
Dα

θ [sin(θα)Dα
θ Θ(θα)]+α

2l(l +1)sin2(θα) =

α
2m2,

(98)

Now, making use of associated conformable fractional Leg-
endre differential equation [61]:

(1−a2x)AxAxPx,m
x,n (a)−2xaxAxPx,m

x,n (a)+ x2{n(n+1)−
m2

1−a2x Px,m
x,n (a) = 0,

(99)

with 0 < x≤ 1, Equation (98) becomes

(1− x2α)Dα
x Dα

x Pα,m
α,l (x)−2αxα Dα

x Pα,m
α,l (x)+α

2{l(l +1)−

m2

1− x2α
}Pα,m

α,l (x) = 0,

(100)

and its solution is given as [61]:

Pα,m
α,l =

1
l!
(−1)m(1− x2α)

m
2

α l2l D(l+m)α(x2α −1)l . (101)

Now, using Equation (101), the solution of Equation (95) is
given as follows [62]:

Y α,m
α,l (θα ,ϕα) = Nα,m

α,l e−imϕα Pα,m
α,l (cos(θα)). (102)

where Nα,m
α,l is the normalization constant, can be

simply calculated using normalization condition∫
|Yα(x,m, l)|2 sin(θα)dα θdα ϕ = 1, as follows:

Nα,m
α,l =

√
(2l +1)(l−m)!

α2m−22(l +m)!(2π)α
. (103)

Finally, the orthonormal spherical harmonic (102) is:

Y α,m
α,l (θα ,ϕα) =√

(2l +1)(l−m)!
α2m−22(l +m)!(2π)α

e−imϕα Pα,m
α,l (cos(θα)).

(104)

with
(Y α,m

α,l )∗ = (−1)mY α,−m
α,l , (105)

where the superscript ‘∗’ denotes complex conjugation. Be-
low are provided some conformable fractional spherical
harmonic functions obtained using Equation (104):

l m Yα(x, l,m)

0 0 α

√
1

(2π)α

1

-1 α

2

√
3

(2π)α e−iϕα sin(θα)

0 α

√
3

2(2π)α cos(θα)

1 −α

2

√
3

(2π)α eiϕα sin(θα)

Figure 5, presents some plots of the conformable fractional
spherical harmonic.
Note that the conformable spherical harmonic is extensively
studied in [62].

Figure 5. Plot of conformable fractional spherical harmonic Yα(θα ,ϕα) for the cases of α = 0.25, 0.5, 0.75, 1.
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6.3 Infinite potential well (particle in a box)
The particle in a box model, known as ‘infinite potential
well’ characterizes a scenario wherein a particle is allowed
to move within a limited space enclosed by impenetrable
barriers. This model is one of the very few problems in
quantum mechanics which can be solved analytically, with-
out approximations. The potential energy within this model
is defined as:

Vα(x) =

{
0, for 0 < x < L
∞, otherwise.

(106)

where L is the length of the box. Now, we by solv-
ing the following conformable fractional time-independent
Schrodinger (for 0 < x < L):

{(Dα
x )

2 + k2
α}ψ(x) = 0, with kα =

√
2mα Eα

h̄2α
α

, (107)

we find
ψ(x) = Acosα(kx)+Bsinα(kx), (108)

where A and B are arbitrary complex numbers. With ψ(0) =
0, A = 0. Then equation (q) becomes

ψ(x) = Bsinα(kx). (109)

Subsequently, from ψ(L) = 0, one can have√
2mα Eα

h̄2α
α

Lα = α(nπ), n = 0,1,2, · · · (110)

Finally, the energy levels are given as follows:

Eα
n =

h̄2α
α (αnπ)2

2mα Lα2 , n = 0,1,2, · · · (111)

Variations of the energy levels versus n for different αs is
presented in Fig. 6. Note that the particle in a box model
within CFD is considered in [58].

6.4 Conformable fractional Pauli equation
The Pauli equation is a non-relativistic quantum mechanical
equation. It is an extension of the Schrödinger equation that
incorporates spin. Therefore, we present the conformable
fractional time-dependent Pauli equation as follows:

1
2mα

(σσσ ·Π̂ΠΠα)
2
ψ(x, t)+ eφα ψ(x, t) = ih̄α

α Dα
t ψ(x, t).

(112)
with Π̂ΠΠα = p̂α − eAα . Knowing that the conformable
fractional electromagnetic field is described by the con-
formable fractional magnetic vector potential Aα and the
conformable fractional electric scalar potential φα . Then,
by using the following Pauli vector identity:

(σσσ ·a)(σσσ ·b) = a ·b+ iσσσ · (a×b), (113)

Equation (112) becomes:

1
2mα

(p̂α − eAα(x))2
ψ(x, t)+ eφα(x)ψ(x, t)−

µ
α
B σσσ ·Bα ψ(x, t) = ih̄α

α Dα
t ψ(x, t),

(114)

Figure 6. Plot of En vs n for the cases of α = 0.6, α = 0.8,
α = 0.9, α = 1. With a = m = L = 1.

where σσσ = (σx,σy,σz) are the Pauli matrices. Also, µα
B =

(|e|h̄α
α)/(2mα) is the conformable fractional Bohr magne-

ton.
Equation (114) can be stated also as:

1
2mα

(p̂α − eAα(x))2
ψ(x, t)+ eφα(x)ψ(x, t)−

µµµ
α
s ·Bα ψ(x, t) = ih̄α

α Dα
t ψ(x, t),

(115)

where µµµα
s = µα

B σσσ is the conformable fractional electron
magnetic moment vector.
If α = 1, we have the ordinary Pauli equation [63, 64].
However, it is crucial for us to subsequently derive the non-
relativistic limit of the Dirac equation within the framework
of the CFD (a work in progress). Thereafter, we aim to
compare the actual conformable fractional Pauli equation
with the one obtained using the non-relativistic limit of
Dirac equation.

7. Relativistic quantum mechanics
Relativistic quantum mechanics is a framework that com-
bines quantum mechanics with special relativity. It intro-
duces relativistic wave equations, like the Klein-Gordon,
DKP, Dirac equations...

7.1 Conformable fractional Klein-Gordon equation
The Klein-Gordon equation describes the behavior of spin-
less particles such as mesons, incorporating special rela-
tivity. The conformable fractional Klein-Gordon equation
will be obtained by setting conformable fractional opera-
tors Eα = ih̄α

α Dα
t and p̂α = −ih̄α

α Dα
x in the following

conformable fractional relativistic energy:

(Eα)2 = (p̂α cα)2(mα c2α)2. (116)

So, we have

1
c2α

Dα
t Dα

t ψ−Dα
x Dα

x ψ +
m2α c2α

h̄2α
α

Dα
x ψ = 0. (117)

Note that the invariance of the conformable fractional Klein-
Gordon equation under the α-Lorentz transformations is
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examined in Ref. [57]. It remains invariant under such
transformations.

7.2 Conformable fractional Dirac equation
The conformable fractional form of the Dirac equation is
presented as follows [20, 26]:

{ih̄α
γ

µ
∂

α
µ −mα cα}ψ(xµ) = 0, (118)

where 0 < α ≤ 1, is what we call the fractional, and
γµ = (γ0,γk) are the Dirac matrices. So, by multiplying
Equation (118) from the left by γ0 and separating the time
and the spatial parts, one can obtain:

{ih̄α(γ0)2
∂

α
0 − ih̄α

γ
0
γ

k
∂

α
k − γ

0mα cα}ψ(x, t) = 0, (119)

knowing that (γ0)2 = 1. Then, by employing Equation (86)
and with ih̄α(1/c)∂ α

0 = ih̄α(1/c)Dα
t , the time-independent

Dirac equation in interaction with an electromagnetic four-
potential Aµ

α(Φα , Aα) (in SI units) reads

{cα
ααα ·(p̂α−eAα(x))+eΦα(x)+βmα c2α}ψ(x)=Eα

ψ(x),
(120)

where ψ(r, t) = (φ(r, t)χ(r, t))T is the bispinor in the Dirac
representation. The Dirac matrices ααα = γ0γγγ and β = γ0

satisfy the following anticommutation relations

{αi,α j}= 2δi j, {αi,β}= 0, α
2
i = β

2. (121)

Then in more elegant simple form, we have

{cα
ααα ·Π̂ΠΠα + eΦα +βmα c2α}ψ(x) = Eα

ψ(x), (122)

where the minimal substitution is

p̂α − eAα(x) = Π̂ΠΠα . (123)

Next, we move to employ the obtained conformable frac-
tional Dirac Equation (122) to explore the classical limit
through Ehrenfest’s theorem.

7.2.1 Conformable fractional continuity equation
We define ψ̄ ≡ψ†γ0, where ψ† is the complex conjugate of
the row vector corresponding to the column vector ψ . Then,
by taking the adjoint of Equation (119):

ψ̄{−ih̄α
γ

0
∂

α
0 + ih̄α(γk)†←−

∂
α −mα cα}= 0, (124)

with
←−
∂ α = ∂ α

k acts from the right on ψ̄ , also, from the
Hermicity of γµ , we have

(γµ)† = γ
0
γ

µ
γ

0, and (ak)† = ak (125)

Besides, the Dirac equation and its adjoint can be obtained
using the variation of the action through the conformable
fractional Lagrangian density, which is given as follows:

Lα =−ih̄α cα
ψ̄γ

µ
∂µ

α
ψ−mα c2α

ψ̄ψ (126)

Then, if one performs variation with respect to ψ , the result
is the adjoint Dirac equation. Conversely, varying it with
respect to ψ̄ yields the Dirac equation.

Now, from Equations (119), (124), the α-continuity equa-
tion is given as follows [65]:

ψ̄γ
k←−

∂
α

ψ− ψ̄γ
0
∂0

α
ψ + ψ̄γ

0
∂0

α
ψ− ψ̄γ

k
∂k

α
ψ = 0

(127)
In a more and concise manner, elegantly, Equation (127)
transforms to:

Dα
µJ

µ

α = Dα
t ρα +Dα

x J
k
α = 0, (128)

where the four-vector α-current density (the α-probability
density and the α-probability flux) is given as follows:

J
µ

α :

{
ρα = ψ̄γ0ψ = ψ†ψ = |ψ|2,
Jk

α = ψ̄γkψ = ψ†αkψ.
(129)

From Equation (129), it is evident that CFQM does not
affect the four-vector current. However, the continuity equa-
tion undergoes alteration.

7.2.2 A classical limit of the Dirac equation
In our work [65], in the context of CFD, a classical limit
of the Dirac equation by using Ehrenfest’s theorem [66]
is investigated. However, the time derivatives of position
and kinetic momentum operators for Dirac particles inter-
acting with an electromagnetic field were computed and
deformed classical equations were obtained. These classi-
cal conformable fractional equations are as follows:
■ For the position operator x̂, we have:

dx̂
dt

=
1
h̄

h̄α
α cα |x|1−α

α̂αα, (130)

where the eigenvalues of α̂αα are ±1. This result confirms
that there is no classical analogy due to the Dirac particle is
still moving at the speed of light cα .
■ The equation of motion for the kinetic momentum opera-
tor Π̂ΠΠ = p̂− eA is:

dΠ̂ΠΠ

dt
= eEα + e

1
h̄

h̄α
α cα |x|1−α

Σi, j(α̂αα i)(∇ jAi−∇iA j)e j+

1
h̄

cα h̄α
α [|x|1−α ,∇∇∇]ααα.p̂,

(131)

where Eα =−(∂A/∂ t)− (∇∇∇Φα), and Aα = h̄α−1
α |x|1−α A.

Then after minor simplifications, we have:

dΠ̂ΠΠ

dt
= e{Eα +v×B}+ 1

h̄
h̄α

α cα [|x|1−α ,∇∇∇]ααα.p̂, (132)

Equation (132) is a conformable fractional Lorentz force in
the classical case.
As in the case of velocity in Equation (130), the effect of
CFQM on the Lorentz force appears widely. In the limit of
α → 1, we have

dΠ̂ΠΠ

dt
= e(E+v×B), (133)

which is similar to the form of Lorentz force in the classical
case [67].
It is found that x̂ does not comply with classical equations
of motion. But, a classical equation of motion can be estab-
lished for the operator Π̂ΠΠ.
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7.3 Conformable fractional Fisk-Tait equation
The covariant form of Fisk-Tait equation, which is a spin-
3/2 relativistic equation, in an external magnetic field is
given as follows [68]:

(Γλ )
µν

ρσ

(
ih̄

∂

∂xλ
+ eAλ

)
Ψ

ρσ +mBµν

ρσ Ψ
ρσ = 0, (134)

where the matrices (Γλ )
µν

ρσ and Bµν are given as follows:

Bµν

ρσ = gµ

ρ gν
σ , (135)

(Γλ )
µν

ρσ =−4
3

γ
λ gµ

ρ gν
σ −

1
3

γ
λ (γµ

γσ gν
ρ − γ

ν
γσ gµ

ρ )+

1
3
(γµ gλ

ρ gν
σ − γ

ν gλ
ρ gµ

σ −gλ µ
γρ gν

σ +gλν
γρ gµ

σ ).

(136)

Here

γ
0 =

(
1 0
0 −1

)
, γγγ =

(
0 σσσ

−σσσ 0

)
, (137)

Note that the wave function employed is a 24-component
anti-symmetric tensor-spinor, i.e., Ψ

µν

λ
=−Ψ

νµ

λ
. Now, in

the context of CFD, Equation (134) becomes:

(Γλ )
µν

ρσ (ih̄α
α Dα

λ
+ eAαλ )Ψ

ρσ =−mα Bµν

ρσ Ψ
ρσ . (138)

8. Conclusion and remarks
In this work, we have presented the basic formulas
and properties of CFD and extensively considered its
application in physics, including mathematical physics,
Newtonian mechanics, special relativity, as well as ordinary
and relativistic quantum mechanics.
Based on the idea of conformable fractional calculus, we
have thoroughly discussed the conformable fractional
version of the path integral approach, divergence and
Green’s theorems, and included some graphics to enhance
understanding of the behavior of the conformable fractional
divergence theorem. Additionally, conformable fractional
forms for velocity and acceleration are obtained through
conformable fractional addition and subtraction, and
then utilized to present Newton’s II law, work, kinetic
and potential energies. Subsequently, the conformable
fractional form of the classical Doppler effect is formulated,
and the conservation of momentum is studied within the
framework of CFD, encompassing elastic and inelastic
collisions.
Furthermore, this study presents the postulates of
conformable fractional special relativity, obtains the
conformable fractional version of Lorentz transformation,
and applies it in Minkowski space-time, along with obtain-
ing conformable fractional versions of the fundamental
four-vectors. The study also investigates the conformable
fractional versions of the ordinary and angular Schrödinger
equations, as well as the Pauli equations. The angular
solutions of the conformable fractional Schrödinger
equation are plotted in terms of the conformable fractional
spherical harmonics. As an example, the infinite potential
well problem is explored within the context of CFD,
along with the exploration of conformable fractional

variations of the Klein-Gordon, Dirac equations, and the
Fisk-Tait equation. Additionally, the conformable fractional
continuity equation is derived from the Dirac equation, and
a classical limit of the latter is presented by employing
Ehrenfest’s theorem.
It is known that, in the limit of α → 1, the α-deformed
studied models and equations reduce to those of ordinary
physics, confirming consistently the reducibility to those
found and discussed in the literature.
This work serves as a valuable resource for researchers
working with CFD, and our results may prove useful for
exploring further investigations. These could include
studies on traveling wave structures of the perturbed
Fokas–Lenells model [69] or the Zakharov–Kuznetsov
equation [70], an isotropic nonlinear evolution equation
describing weakly nonlinear ion-acoustic waves in a
strongly magnetized, lossless plasma in 2D.
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grals.”. Phys. Lett. A, 268:298–305, 2000. DOI:
https://doi.org/10.1016/S0375-9601(00)00201-2.

2251-7227[https://dx.doi.org/10.57647/j.jtap.2024.1806.74]

https://doi.org/10.1142/S0217979223502752
https://doi.org/10.1109/JAS.2016.7510160
https://doi.org/10.1016/j.rinp.2019.02.064
https://doi.org/10.1088/1674-1056/ac935f
https://doi.org/10.1016/j.ijleo.2023.171140
https://doi.org/10.1016/j.chaos.2024.114919
https://doi.org/10.1515/zna-2024-0112
https://doi.org/10.1515/zna-2024-0112
https://doi.org/10.1016/j.cam.2024.116121
https://doi.org/10.1063/5.0187732
https://doi.org/10.29020/nybg.ejpam.v17i3.5237
https://doi.org/10.3390/fractalfract8040210
https://doi.org/10.1155/2024/5958560
https://doi.org/10.1016/j.cnsns.2013.04.001
https://doi.org/10.1016/j.jcp.2014.07.019
https://doi.org/10.1016/j.jcp.2016.05.052
https://doi.org/10.1515/fca-2019-0016
https://doi.org/10.1515/math-2015-0081
https://doi.org/10.1007/s10092-017-0213-8
https://doi.org/10.1016/S0375-9601(00)00201-2
https://dx.doi.org/10.57647/j.jtap.2024.1806.74


Haouam JTAP18 (2024) -182474 15/15

[52] N. Laskin. “Principles of fractional quantum mechan-
ics.”. Fractional Dynamics, :393–427, 2011. DOI:
https://doi.org/10.1142/9789814340595−0017.

[53] W. Sang Chung, H. Hassanabadi, and E. Maghsoodi.
“A new fractional mechanics based on fractional ad-
dition. ”. Rev. Mex. Fis., 67:68–74, 2021. DOI:
https://doi.org/10.31349/RevMexFis.67.68.

[54] W. Sang Chung and H. Hassanabadi. “De-
formed classical mechanics with α-deformed trans-
lation symmetry and anomalous diffusion. ”.
Mod. Phys. Lett. B, 33:1950368, 2019. DOI:
https://doi.org/10.1142/S0217984919503688.

[55] D. Halliday, R. Resnick, and J. Walker. “Fundamentals
of physics. ”. John Wiley and Sons, :1135, 2014.

[56] I. Caputo. “On the monotonous evolutions:
Model and applications. ”. WSEAS Transac-
tions on Systems, 22:255–263, 2023. DOI:
https://doi.org/10.37394/23202.2023.22.27.

[57] A. Al-Jamel, M. Al-Masaeed, E. Rabei, and
D. Baleanu. “The effect of deformation
of special relativity by conformable deriva-
tive. ”. Rev. Mex. Fis., 68, 2022. DOI:
https://doi.org/10.31349/RevMexFis.68.050705.

[58] W. S. Chung, S. Zare, H. Hassanabadi, and E. Magh-
soodi. “The effect of fractional calculus on the forma-
tion of quantum- mechanical operators.”. Mathemati-
cal Methods in the Applied Sciences, 43:6950–6967,
2020. DOI: https://doi.org/10.1002/mma.6445.

[59] A. R.Seadawy and B. Alsaedi. “Contraction of varia-
tional principle and optical soliton solutions for two
models of nonlinear Schrodinger equation with poly-
nomial law nonlinearity. ”. AIMS Math., 9:6336, 2024.
DOI: https://doi.org/10.3934/math.2024309.

[60] A. R.Seadawy, S. T. R. Rizvi, I. Ali, M. Younis,
K. Ali, M. Makhlouf, and A. Althobaiti. “Con-
servation laws, optical molecules, modulation insta-
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