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Abstract:
In this paper, we consider a 1D nonlinear stochastic partial differential equation of parabolic type.
In this problem, values of the function on a part of physical boundary of the domain are unknown.
A numerical approach has been developed to approximate the exact solution for this issue by
employing Legendre wavelets and their operational matrix. This method is combined with the
Levenberg-Marquardt regularization technique. In continuation, the error analysis is given. Finally,
a numerical sample confirms the efficiency and accuracy of this method.
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1. Introduction

Inverse deterministic problems are commonly used in math-
ematics and engineering. These problems belong to the
class of ill-posed problems. Therefore, Many researchers
have made great efforts to find a stable approximate of the
solution for them. J. V. Beck et al. have considered the
one-dimensional linear inverse heat conduction problem
and have suggested a numerical method that compares with
the classic Beck’s function specification method [1].
Furthermore, W. Rundell and H. M. Yin have examined a
parabolic inverse problem in which an unknown function
was involved in the boundary condition, and they attempted
to recover this function by measuring the temperature at a
fixed point on the boundary [2].
In recent years, the use of stochastic equations in scien-
tific texts has increased across various fields. Due to their
high efficiency in modeling physical phenomena, stochastic
equations have recently attracted the attention of researchers.
Therefore, inverse stochastic equations are of great impor-
tance. Badri Narayana and Zabaras in [3] are restated a
conditionally well-posed L2 optimization problem for the
ill-posed stochastic inverse problem. Crisan, Otobe and
Peszat analyzed stochastic linear transport equations that

depend on an unknown potential and have either additive
noise or multiplicative noise [4].
Orthogonal wavelet basis are commonly utilized in the nu-
merical solution of partial differential equations. The use
of these basis was developed by Meyer and his group [5].
The application of these foundations can be seen in many
papers. For example, we refer [6] and [7].
Also, wavelet methods are used to solve stochastic partial
differential equations (PDEs). In recent years, several meth-
ods have been proposed to address these problems, Such
as the Chebyshev wavelets method [8] and the Legendre
wavelets method [9].
Legendre wavelets have been extensively applied in engi-
neering and physics research as a valuable mathematical
tool. An efficient computational method, based on Legendre
and Chebyshev wavelets, has been developed to find an ap-
proximate solution for one-dimensional partial differential
equations with specified initial conditions in [10]. Further-
more, a new computational method has been proposed based
on a new class of orthogonal Chebyshev cardinal wavelets
to solve a class of nonlinear stochastic differential equations
driven by fractional Brownian motion in [8].
In this paper, we present a computational method for solv-
ing inverse nonlinear SPDEs. The outline of this paper is as
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follows.
Section 2 is devoted to introducing preliminaries. In sec-
tion 3, a brief review of Legendre wavelets and their proper-
ties is provided. Then we present the main result and solve
the inverse problem using Legendre wavelets bases. In con-
tinuation, the error analysis is given in section 4. Finally,
in section 5, a numerical example is given to demonstrate
the applicability and accuracy of this method. In the final
section, the conclusion is stated.

2. Preliminaries

First, we need to introduce some necessary preliminaries
about spaces and norm notations. Let (Ω, F, P) be a prob-
ability space. In this space, Ω is the set of outcomes, F
and P are the σ− algebra of events and the probability mea-
sure, respectively. For a Hilbert space H, let u be a random
variable taking values in L2(Ω, H), with the corresponding
norm defined as follows

∥u∥L2(Ω, H) =

(
E∥u∥2

H

) 1
2
,

where E is expectation operator. Let Λ ⊂ Rn, (n ≥ 1) is a
bounded open set, then for u ∈ L2(Ω, L2(Λ)), we set

∥u∥2
L2(Ω, L2(Λ))

:= E
(∫

Λ

u2dΛ

)
.

3. Solving inverse stochastic problem

The main aim of this paper is to use the Legendre wavelets
bases for solving a nonlinear inverse stochastic partial dif-
ferential equation (NISPDE) of the form

du =−F(u)dt +B(x)dw(t), t ∈ (0, T ), x ∈ Λ = (0, 1),
(1)

subject to the boundary and initial conditions

u(x, 0) = φ(x), x ∈= (0, 1)
u(0, t) = λ (t), t ∈= (0, 1)
u(1, t) = q(t), t ∈= [0, T ]

(2)

and the overspecified condition

u(a, t) = g(t), t ∈= [0, T ] (3)

where 0 < a < 1. Here F is a nonlinear differential op-
erator in (0, 1) that describes an elliptic boundary-value
problem (for more details see [11, 12]). In this problem,
u ∈ L2(Ω, L2(QT )), where QT = (0, 1)× (0, T ) and we
assume that the operator B belongs to L2(Ω, L2(Λ)). The
noise term w(t) is a Wiener process defined on a probability
space (Ω, F, P), where Ω is the set of outcomes and F and
P are the σ− algebra of events and the probability measure,
respectively.
Moreover, φ is a continuous function, g and q are differen-
tiable functions and T represents the final time. While the
function λ is unknown, the problem is an inverse.

3.1 Legendre wavelets bases
According to [13] the family of continuous wavelets is ob-
tained as

ψa,b(x) = |a|−
1
2 ψ(

x−b
a

), a,b ∈ R, a ̸= 0,

where a, b are dilation and translation parameters, respec-
tively.
Legendre wavelets functions are defined as ψn,m(x) =
ψ(k, n̂, m, x), where k ∈ N,

n̂ = 2n−1, n = 1,2, ...,2k−1

and m = 0,1,2, ...,M−1 are their arguments. Note that m
is the degree of the Legendre polynomial. They are defined
on the interval [0, 1] as

ψn,m(x)=

{√
m+ 1

2 2
k
2 dm(2kx−2n+1) n−1

2k−1 ≤ x ≤ n
2k−1 ,

0 otherwise.

In the above definition

dm(x), (m = 0,1,2, ...,M−1)

are the well-known Legendre polynomials of degree m. One
of the important properties of these polynomials is orthogo-
nality with respect to the weight function w(x) = 1 on the
interval [−1, 1] and satisfy the following recursive formula

d0(x) = 1,
d1(x) = x ↱,

dm+1(x) =
2m+1
m+1

xdm(x)−
m

m+1
dm−1(x)

Any function f ∈ L2([0, 1]) can be expressed by the Legen-
dre wavelets as follows

f (x) =
∞

∑
n=1

∞

∑
m=0

Cn,mψn,m(x), (4)

where

Cn,m =< f (x),ψn,m(x)>=
∫ 1

0
f (x)ψn,m(x)dx. (5)

Equation (4), may be truncated and we use an approxima-
tion of this, in the following series form

f (x)≃
2k−1

∑
n=1

M−1

∑
m=0

Cn,mψn,m(x) =CT
Ψ(x),

where C and Ψ(x) are 2k−1M×1 matrices given by

CT = [c10,c11, ...,c1M−1,c20,c21, ...,c2M−1, ...,c2k−10,

c2k−11, ...,c2k−1M−1]

(6)

Ψ(x) = [ψ10,ψ11, ...,ψ1M−1,ψ20,ψ21, ...,ψ2M−1, ...,

ψ2k−10,ψ2k−11, ...,ψ2k−1M−1].
(7)
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For the integration of the vector Ψ(x) as
∫ x

0 ψ(s)ds∼=PΨ(x),
the operational matrix P of order 2k−1M×2k−1M is defined
as

P =
1
2k


L G G · · · G
0 L G · · · G
0 0 L · · · G
...

...
...

. . .
...

0 0 0 · · · L

 (8)

where G and L are M × M matrices given by G =
diag(2,0, · · · ,0) and

L =

1 1√
3

0 0 · · · 0 0 0
− 1√

3
0 1√

15
0 · · · 0 0 0

0 − 1√
15

0 1√
35

· · · 0 0 0
0 0 − 1√

35
0 · · · 0 0 0

...
...

...
...

. . .
...

...
...

0 0 0 0 · · · ζ1 0 ζ2
0 0 0 0 0 0 ζ3 0


where

ζ1 =

√
2M−3

(2M−3)
√

2M−5
, ζ2 =

√
2M−3

(2M−3)
√

2M−1
,

and ζ3 =

√
2M−1

(2M−1)
√

2M−3

3.2 The computational algorithm
In this subsection, we solve an inverse nonlinear stochas-
tic partial differential equation with idea of the established
method. A computational algorithm is given to find the
function λ of the NISPDE (1)-(3).
Algorithm: Identification of the unknown function λ .
Step 1. Suppose that uxxt(x, t) expanded in terms of Legen-
dre wavelet as

uxxt(x, t)≃
2k−1

∑
n=1

M−1

∑
m=0

Cn,mψn,m(x) =CT
Ψ(x). (9)

Let ∆t = T/N, where ti = i∆t, (i = 0,1, ...,N). So, the vec-
tor CT is constant in each subinterval [ti, ti+1].
Step 2. Similar to the method given in [9] to solve the NIS-
PDE, by integrating from Equation (9) twice with respect
to x from a to x and respect to t, from tn to t, we obtain

uxx(x, t) = (t − tn)CT
Ψ(x)+uxx(x, tn), (10)

ut(x, t) =CT P(PΨ(x)−PΨ(a)− (x−a)Ψ(a))+

ut(a, t)+(x−a)uxt(a, t)
(11)

and

ut(x, t) = (t − tn)CT P(PΨ(x)−PΨ(a)− (x−a)Ψ(a))+

u(x, tn)+u(a, t)−u(a, tn)+(x−a)(ux(a, t)−ux(a, tn)).
(12)

Putting x = 1 in (11) and (12). Using boundary conditions
(11) and overspecified condition (3), we obtain

uxt(a, t) =CT P
(

1
a−1

PΨ(1)− 1
a−1

PΨ(a)+Ψ(a)
)
+

1
1−a

q́(t)− 1
1−a

ǵ(t)

(13)

and

ux(a, t) =ux(a, tn)−CT (t − tn)

P
(

1
1−a

PΨ(1)− 1
1−a

PΨ(a)−Ψ(a)
)
+

1
1−a

(q(t)−q(tn))−
1

1−a
(g(t)−g(tn)).

(14)

Assume that x = xl and t = tn+1, where

xl =
l −0.5
2k−1M

are collocation points. Substituting Equations (13) and (14)
into (11) and (12), respectively, we have

uxx(xl , tn+1) = (tn+1 − tn)CT
Ψ(xl)+uxx(xl , tn), (15)

ut(xl , tn+1) =
xl −a
1−a

q́(tn+1)+
1− xl

1−a
ǵ(tn+1)+CT P2(

Ψ(xl)+
xl −1
1−a

Ψ(a)− xl −a
1−a

Ψ(1)
)
,

(16)

and

u(xl , tn+1) =(tn+1 − tn)CT P2(
Ψ(xl)+

xl −1
1−a

Ψ(a)− xl −a
1−a

Ψ(1)
)
+

u(xl , tn)+
xl −a
1−a

(q(tn+1)−q(tn))+

1− xl

1−a
(g(tn+1)−g(tn)),

(17)

where P is obtained from (8).
Step 3. From Equation (1), we have

↱ du(xl , tn+1) =−F(u(xl , tn))dt +B(xl)dw(tn) ↱,

so
ut(xl , tn+1) =−F(u(xl , tn))+B(xl)ẇ(tn). (18)

Substituting Equation (16) into Equation (18) gives

CT P2
(

Ψ(xl)+
xl −1
1−a

Ψ(a)− xl −a
1−a

Ψ(1)
)
=−F(u(xl , tn))

− xl −a
1−a

q́(tn+1)−
1− xl

1−a
ǵ(tn+1)+B(xl)ẇ(tn).

(19)

Now, using the collocation points xl = (l −0.5)/(2k−1M),
l = 1,2, ...,2k−1M. In order to identify the unknown coef-
ficients CT within the interval [tn, tn+1], it is imperative to
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solve the system of equations. Since the obtained system
of algebraic equations is ill-conditioned [14], the computa-
tional algorithm for the Levenberg-Marquardt regularization
is provided in the next step and the coefficient CT can be
calculated.
After the computation of the unknown coefficients CT , we
inserted x = 0 into the Equation (17). This way, the value
of u(0, t) is found. Following this procedure, the value of
function λ can be obtained at any time.
Step 4. Levenberg-Marquardt regularization
At first, consider an initial guess for the vector of unknown
coefficients C and denote it with C0.
1. Let µ0 be an arbitrary regularization parameter (e.g.,
µ0 = 0.001) and set k = 0.
2. Compute Φk, where

Φ =CT
(

P2
Ψ(xl)+

xl −1
1−a

P2
Ψ(a)− xl −a

1−a
P2

Ψ(1)+

F(u(xl , tn))
)
+

xl −a
1−a

q́(tn+1)+
1− xl

1−a
ǵ(tn+1)−B(xl)ẇ(tn).

3. Compute the sensitivity matrix Jk [15] and Ωk =
diag((Jk)T Jk). 4. Solve the system of algebraic equations

((Jk)T (Jk)+µ
k
Ω

k)∆(C)k = (Jk)T (Φ),

and compute (C)k+1 = ∆(C)k +(C)k.
5. If Φk+1 ≥ Φk replace µk with 10µk and go to item 4,
otherwise, accept (C)k+1 and replace µk with 0.1µk.
6. Assume that “tol” (tolerance) is given. If ∥(C)k+1 −
(C)k∥2 ≤ tol, then an acceptable approximation is obtained.
Otherwise, replace k with k+1 and go to item 3.

4. Error analysis
Similar to what was mentioned in [9], to assess the con-
vergence in the Legendre wavelet method, we proceed as
follows.
Suppose that uxxt(x, t) = Γ(x). The Legendre wavelets
method is convergence if the function Γ(x) be N times
continuously differentiable. We assume that Γ̄(x) is an ap-
proximation of Γ(x) with Legendre wavelet basis

Γ̄(x) =
2k−1

∑
n=1

M−1

∑
m=0

Cnmψnm(x) =CT
Ψ(x). (20)

We have

∥Γ(x)− Γ̄(x)∥2
L2(Ω, L2(Λ))

= E
(
∥Γ(x)− Γ̄(x)∥2

L2(Λ)

)
= E

(∫ 1

0
|Γ(x)−CT

Ψ(x)|2dx
)

≤
2k−1

∑
n=1

E
(∫ n

2k−1

n−1
2k−1

|Γ(x)− Γ̂(x)|2dx
)
,

where Γ̂(x) denotes the interpolating polynomial of Γ(x)
see [15]. If β is an upper bound for Γ hence

|Γ(x)− Γ̂(x)| ≤ (x− x0)(x− x1) · · ·(x− xN−1)

N!
Γ

N(x)

≤ β

(N!)2k−1

Therefore,

∥Γ(x)− Γ̄(x)∥2
L2(Ω, L2(Λ))

≤ E
(∫ 1

0

β 2

(N!)222k−2 dx
)

=
β 2

(N!)222k−2

In continuation, the Legendre wavelets method will be con-
vergent when N, k → ∞.

5. Numerical results
In this section, we have applied the proposed method to
solve NISPDE. To illustrate the applicability and accuracy
of this method, we compare the results obtained from the
exact solution with those obtained from the approximate
solution using the method presented with Legendre wavelets
as the basis. Due to the non-existence of the exact solution
to this problem, we consider a numerical approximation
obtained using Legendre wavelets with k = 4 and M = 5 as
the exact solution.
A special case of the problem (1) is

ut(x, t) = uxx(x, t)+u(x, t)(1−u(x, t))+θ ẇ(t),

x ∈ (0, 1), t ∈ (0, T ).
(21)

Obviously, if θ = 0, Equation (21) is the famous Fisher’s
equation in the deterministic case. We solve problem (21)
with following known functions for the initial and boundary
conditions (2) and overspecified condition (3) as below

φ(x) =
(

1+ e
x√
6

)−2

, x ∈ [0, 1]

q(t) =
(

1+ e
√ x

6−
5
6 t
)−2

, t ∈ [0, T ]

g(t) =
(

1+ e
√ x

6 a− 5
6 t
)−2

, t ∈ [0, T ],

(22)

where a = 0.5. Here ẇ(t) = dw/dt denotes white noise
process on the probability space (Ω; F ; P) and we consider
various fixed values for θ ∈ [0, 1].
Applying the our numerical algorithm that presented in the
subsection 3.2, let

ut(xl , tn+1) = uxx(xl , tn)+u(xl , tn)(1−u(xl , tn))+θ ẇ(tn),
(23)

where
xl =

l −0.5
2k−1M

, l = 1, 2, · · · , 2k−1M

are collocation points. It is obtained similar to Equation
(19)

CT P2
(

Ψ(xl)+
xl −1
1−a

Ψ(a)− xl −a
1−a

Ψ(1)
)
=

uxx(xl , tn)+u(xl , tn)(1−u(xl , tn))−
xl −a
1−a

q́(tn+1)−
1− xl

1−a
ǵ(tn+1)+θ ẇ(tn).

(24)

Using system of Equations (24) and Levenberg-Marquardt
regularization, the coefficient CT can be calculated. Thus,
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we obtain the unknown function λ (t) with approximate
the value of λ (t) for all t ∈ [0, T ]. The results obtained for
u(0, t) = λ (t) are presented in the following Figures 1- 4
and Tables 1-4 with T = 1, ∆t = 0.01.
Figures 1 and 2 display both the exact solution and the ap-
proximate solution u(0, t) for the different values of θ and
the plots of the error function S which is mentioned in the
subsection 5-1, are shown in Figures 3 and 4. The numer-
ical results are listed in Tables 1-4 provide a comparison
between the exact solution and the approximate solution for
k = 1 and M = 5, and we have also listed the error function
S in these tables. As we observe, the error value increases
at the endpoints of the interval [0, 1].
The results demonstrate that the proposed method is effec-
tive, and we see that the desired solution is also provided

with an approximate solution in both the deterministic and
stochastic cases.

5.1 Remark

To compare the exact and approximate solutions for NIS-
PDE, we consider the resulting variance of measurement
errors. Therefore, we compare exact and approximate solu-
tions by considering the total error S defined as

S =

(
1

N −1

N

∑
i=1

(λ̂i −λi)
2
) 1

2
,

where n, λ , and λ̂ are the number of estimated values, the
estimated values and the exact values, respectively.

Figure 1. The plots of approximation λ (t) with Legendre Wavelets for θ = 0 and 0.01.

Figure 2. The plots of approximation λ (t) with Legendre Wavelets for θ = 0.001 and 0.0001.

Figure 3. The error function S for θ = 0 and 0.01.
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Figure 4. The error function S for θ = 0.001 and 0.0001.

Table 1. The exact solution, approximate solution and error function S for θ = 0.

t Exact solution Approximate solution Error function S

0.01 0.254173 0.252484 1.7×10−3

0.08 0.303525 0.285239 1.8×10−2

0.1 0.324024 0.299687 2.5×10−2

0.19 0.450485 0.391951 6.005×10−2

0.38 0.888529 0.898668 1.5×10−1

0.5 1.26872 1.0569 2.1×10−1

0.62 1.71182 1.45052 2.6×10−1

0.8 2.45653 2.16144 3.02×10−1

0.94 3.06626 2.79396 2.7×10−1

1 3.32725 3.08076 2.5×10−1

Table 2. The exact solution, approximate solution and error function S for θ = 0.01.

t Exact solution Approximate solution Error function S

0.01 0.24638 0.240226 1.9×10−2

0.08 0.313103 0.311820 6.8×10−3

0.1 0.287934 0.308411 2.1×10−2

0.19 0.390715 0.355019 1.3×10−2

0.38 0.888529 0.700753 1.5×10−1

0.5 1.30141 1.10034 2.2×10−1

0.62 1.76571 1.56044 2.2×10−1

0.8 2.53457 2.28597 2.5×10−1

0.94 3.13037 2.97688 1.4×10−1

1 3.43947 3.26978 1.1×10−1
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Table 3. The exact solution, approximate solution and error function S for θ = 0.001.

t Exact solution Approximate solution Error function S

0.01 0.253522 0.251574 2.7×10−3

0.08 0.304385 0.290410 1.7×10−2

0.1 0.337868 0.310422 2.5×10−2

0.19 0.450380 0.393358 5.9×10−2

0.38 0.900921 0.753228 1.5×10−1

0.5 1.28117 1.08062 2.04×10−1

0.62 1.72031 1.46880 2.6×10−1

0.8 2.46157 2.16929 3.03×10−1

0.94 3.06494 2.79688 2.7×10−1

1 3.32153 3.08292 2.5×10−1

Table 4. The exact solution, approximate solution and error function S for θ = 0.0001.

t Exact solution Approximate solution Error function S

0.01 0.253988 0.252408 1.6×10−3

0.08 0.302515 0.286081 1.7×10−2

0.1 0.322744 0.300115 2.3×10−2

0.19 0.449093 0.392261 5.8×10−2

0.38 0.886323 0.737384 1.5×10−1

0.5 1.26622 1.05718 2.1×10−1

0.62 1.70991 1.45017 2.6×10−1

0.8 2.45293 2.16227 2.9×10−1

0.94 3.06252 2.79516 2.7×10−1

1 3.32326 3.08197 2.4×10−1

6. Conclusion

In this paper we study the inverse nonlinear stochastic
problem. A numerical method has been developed to
approximate values of the function on a part of physical
boundary of the domain. This method approximates
the exact solution for this issue by employing Legendre
wavelets and their operational matrix combining with the
Levenberg-Marquardt regularization technique. It can be
concluded from the obtained results and error analysis
that the above method has the appropriate efficiency. The
numerical results provide a comparison between the exact
solution and the approximate solution and we observe, the
error value increases at the endpoints of the interval [0, 1].
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