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Abstract:
The Dirac equation presents better perspective of understanding the motion of particles in region of relativistic
quantum mechanics. In this regard, we examine the approximate bound state solutions of the Dirac equation
under the spin and pseudospin symmetries for the screened Kratzer-Hellmann potential including generalized
tensor interaction. By using the Nikiforov-Uvarov functional analysis method and an approximation scheme,
the analytical, numerical and graphical energies of the combined potential were obtained for both symmetries,
for different quantum numbers. Degeneracies were observed in the energy values in the absence of the
generalized tensor interaction and these degeneracies were removed with the help of the generalized tensor
interaction, which is made up of the Coulomb, the Yukawa and the Hulthen potentials. The variations of the
energy eigenvalues with screening parameter for spin and pseudospin symmetries were studied for various
values of the quantum numbers. The increase and decrease of the energy eigenvalues are observed for both
symmetries, indicating tightly bound and loosely bound states, respectively. Our study shows that the obtained
energies are very sensitive to the screening parameter and quantum numbers.

Keywords: Dirac equation; Energy eigenvalues; Generalized tensor interaction; Degeneracy; Nikiforov-Uvarov functional analysis
method

1. Introduction

Dirac equation (DE) is known to be a wave equation widely
applied to relativistic quantum mechanics. It describes the
spin origin, relativistic behaviours of atoms, molecules and
fundamental particles and antiparticles [1, 2]. DE also offers
a significant understanding of high energy particles existing
within a strong potential field [3]. Dirac particles mostly
interact with electromagnetic fields in many branches of
science including photonic devices, modern instruments
and particle accelerators [4, 5].
Various potential models have been used to study DE [6–27],
with the help of different analytical methods and approxima-
tion schemes [28–32]. DE involves two major constituents,
being the spin symmetry and the pseudospin symmetry.
Spin symmetry is made up of equal scalar and vector po-
tentials. In the case of pseudospin symmetry, the scalar

potential is equal to the negative of the vector potential [33].
Also, two degeneracies of states involving quantum num-
bers are produced by spin symmetry. The pseudospin sym-
metry produces quasi-degeneracy with two-unit difference
in orbital angular momentum [34]. Recent studies show
that the Dirac equation under spin and pseudospin symme-
tries with a Hellmann-like tensor potential for a class of
Yukawa potential has been investigated using supersymmet-
ric quantum mechanics formalism [35]. Recently, Tas [36]
studied the DE with the ultra- generalized exponential hyper-
bolic potential. The energy equations for the Schrödinger
and Klein–Gordon particles in the spin and pseudospin
limit were obtained. Karayer et al. [37] investigated the
DE with spin and pseudospin symmetries within a com-
bined Manning-Rosen and Yukawa potential, enhanced by
a Coulomb tensor interaction. The tensor coupling effects
on the eigenstate degeneracies of the Dirac doublet were
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conspicuously established. In addition, Onate et al. [38]
studied the DE for spin and pseudospin symmetries with
a coshine Yukawa potential model. It was observed that
the coshine Yukawa potential and the real Yukawa potential
have the same trend of variation as the angular momentum
number. In contrast, the variation of the screening param-
eter with the energy for the two potential models differs
in their trend. Also, the energy eigenvalues of the coshine
Yukawa potential model are more bound, as compared to the
energies of the real Yukawa potential model. Other recent
studies of potential energy curves and combined potential
in different relativistic regimes are enumerated in the fol-
lowing references [39–44].
In the present study, we examine the effect of generalized
tensor interaction on the screened Kratzer-Hellmann po-
tential, with the help of the bound state solutions of the
DE with spin and pseudospin symmetries. The Screened
Kratzer-Hellmann potential is proposed as [45]

V (r) =
(

V0

r
+

V1eδ r

r
+

V2

r2

)
e−δ r (1)

where r is the distance of separation of the potential, δ is
the screening parameter and V0, V1, V2 are the potential
strengths. The generalized tensor interaction is made up of
the Coulomb, the Yukawa and the Hulthen potentials, given
as [46]

T (r) =−
[

1
r
(HC +HY e−δ r)+HH

e−δ r

(1− e−δ r)

]
(2)

where HC, HY , HH are components of the Coulomb, Yukawa
and Hulthen potentials, respectively. It has been established
that combined tensor potential is better, as compared to a
single tensor potential [47]. The tensor interaction is used to
remove the degeneracy between two states in the combined
potentials with a tensor interaction. In addition, it plays
a critical role in expounding a complete solution to the
problem of squaring the DE [48, 49]. In addition, these
studies promise to be applicable in quantum mechanical
system with fermions, nucleon-nucleon interactions, nuclear
binding energies, quark-gluon plasma, etc.
Our major contributions in this work are highlighted as
follows:
√

Derivation of the relativistic and nonrelativistic energy
expressions of screened Kratzer-Hellmann potential
with generalized tensor interaction in both spin and
pseudospin symmetries condition, using the Nikiforov-
Uvarov functional analysis (NUFA) method [50].

√
Presentation of numerical solutions of the DE for the
screened Kratzer-Hellmann potential with generalized
tensor interaction in both spin and pseudospin symme-
tries condition at various quantum states.

√
Graphical variations of the energy eigenvalues of the
screened Kratzer-Hellmann potential with generalized
tensor interaction with respect to screening parameter
for both spin and pseudospin symmetries condition at
various quantum states.

2. Review of DE with tensor coupling
The DE for fermionic massive spin−1/2 particles moving
under an attractive scalar potential S(r), a repulsive vector
potential V (r) and a tensor potential T (r) (h̄ = c = 1) is
given as

[x ·p+ y(M+S(r))− ibx · r̂T (r)]ψ(r) = [E −V (r)]ψ(r)
(3)

Here, E is the relativistic energy of the system, p = −i∇
is the 3-dimensional momentum operator, M is the mass
of the fermionic particle, x,y are the 4×4 Dirac matrices
defined as

x =

(
0 αi
αi 0

)
,y =

(
I 0
0 −I

)
(4)

where I is 2×2 unitary matrix and αi being the three- vector
Pauli spin matrices given as

α1 =

(
0 1
1 0

)
, α2 =

(
0 −i
i 0

)
, α3 =

(
1 0
0 −1

)
(5)

The eigenvalues of the spin-orbit coupling operator are
known to be κ = ( j+ 1/2) > 0, κ = −( j+ 1/2) < 0; for
unaligned spin j = l−1/2 and the aligned spin j = l+1/2,
respectively. The set (H2,K,J2,Jz) forms the complete set
of conservative quantities with J being the total angular mo-
mentum operator and K̂ = −y(α ·L+ 1) is the spin-orbit
where L is orbit angular momentum. The spinors can be
classified according to their angular momentum j, the spin-
orbit quantum number κ and the radial quantum number n.
The spinors can be written as

ψnκ(r) =
1
r

(
Rnκ(r) Y l

jm(θ ,ϕ)

iQnκ(r) Y l̃
jm(θ ,ϕ)

)
(6)

Here, Rnκ(r), Qnκ(r) represent the upper and lower compo-
nents of the Dirac spinors; Y l

jm(θ ,ϕ), Y l̃
jm(θ ,ϕ) represent

the spin and pseudospin spherical harmonics and m is the
projection on the z-axis.
Using the following identities [51];

(α ·A)(α ·B) = A ·B+ iα · (A×B),

α ·p = α · r̂
(

r̂ · p̂+ i
α ·L

r

)
,

(α ·L)Y l̃
jm(θ ,ϕ) = (κ −1)Y l̃

jm(θ ,ϕ),

(α ·L)Y l
jm(θ ,ϕ) =−(κ +1)Y l

jm(θ ,ϕ),

(α · r̂)Y l
jm(θ ,ϕ) =−Y l̃

jm(θ ,ϕ),

(α · r̂)Y l̃
jm(θ ,ϕ) =−Y l

jm(θ ,ϕ)

(7)

Eq. (3) becomes the two coupled first-order Dirac equations
given as:(

d
dr

+
κ

r
−U(r)

)
Rnκ(r) = (M+Enκ −∆(r))Qnκ(r) (8)

(
d
dr

− κ

r
+U(r)

)
Qnκ(r) = (M−Enκ +Σ(r))Rnκ(r) (9)
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where ∆(r) =V (r)−S(r); Σ(r) =V (r)+S(r). Also, ∆(r)
and Σ(r) are the difference and sum potentials, respectively.
By eliminating Rnκ(r) and Qnκ(r) in Eqs. (8) and (9), the
following second-order Schrodinger-like equations are ob-
tained:{

d2

dr2 − κ(κ +1)
r2 +

2κU(r)
r

− dU(r)
dr

−U2(r)

− (M+Enκ −∆(r))(M−Enκ +Σ(r))

+
d∆(r)

dr ( d
dr +

κ

r −U(r))
(M+Enκ −∆(r))

}
Rnκ(r) = 0

(10)

{
d2

dr2 − κ(κ +1)
r2 +

2κU(r)
r

+
dU(r)

dr
−U2(r)

− (M+Enκ −∆(r))(M−Enκ +Σ(r))

−
dΣ(r)

dr ( d
dr −

κ

r +U(r))
(M−Enκ +Σ(r))

}
Qnκ(r) = 0

(11)

where κ(κ −1) = Ĩ(Ĩ +1), κ(κ +1) = l(l +1).
For spin symmetry to occur, d∆(r)/dr = 0 and ∆(r) be-
comes a constant, CS [52]. Hence, Eq. (10) becomes{

d2

dr2 − κ(κ +1)
r2 +

2κU(r)
r

− dU(r)
dr

−U2(r)

− (M+Enκ −CS)Σ(r)+E2
nκ −M2

+CS(M−Enκ)

}
Rnκ(r) = 0

(12)

Here, κ = l for κ > 0 and κ = −(l + 1) for κ < 0. The
lower spinor component can be obtained from Eq. (8) as

Qnκ(r) =
1

(M+Enκ −CS)

(
d
dr

+
κ

r
−U(r)

)
Rnκ(r) (13)

There exists only real positive energy spectrum for exact
spin symmetry where Enκ ̸= −M for CS = 0. In addition,
pseudospin symmetry occurs when dΣ(r)/dr = 0 and Σ(r)
becomes a constant, CPS [52]. Hence, Eq. (11) becomes{

d2

dr2 − κ(κ +1)
r2 +

2κU(r)
r

+
dU(r)

dr
−U2(r)

− (M−Enκ +CPS)∆(r)− (M2 −E2
nκ

+CPS(M+Enκ))

}
Qnκ(r) = 0

(14)

Here, κ =−Ĩ for κ < 0 and κ = Ĩ+1 for κ > 0. The SU(2)
pseudospin symmetry can be obtained when Ĩ ̸= 0, in which
degenerate states are produced with j = Ĩ ±1/2. The upper
spinor component can then be obtained from Eq. (9) as

Rnκ(r) =
1

(M−Enκ +CPS)

(
d
dr

− κ

r
+U(r)

)
Qnκ(r)

(15)
Here, there exist only real negative energy spectrum for
exact pseudospin symmetry where Enκ ̸= M for CPS = 0.

3. Analytical solutions of DE with screened
Kratzer-Hellmann potential including

generalized tensor interaction using NUFA

3.1 Spin symmetry solution
In this subsection, we substitute the screened Kratzer-
Hellmann potential of Eq. (1) and the generalized tensor
interaction of Eq. (2) into Eq. (12) to obtain{

d2

dr2 − κ(κ +1)
r

2

− 2κHC

r
− 2κHY e−δ r

r2 − 2κHHe−δ r

r(1− e−δ r)

− δHY e−δ r

r
− HC

r2 − HY e−δ r

r2 − δHHe−αr

(1− e−δ r)

− δHHe−2δ r

(1− e−δ r)
−

H2
C

r2 − 2HCHY e−δ r

r2 − H2
Y e−2δ r

r2

− 2HCHY e−δ r

r(1− e−δ r)
− 2HHHY e−2δ r

r(1− e−δ r)
− H2

He−2δ r

(1− e−δ r)2

− UV0e−δ r

r
− UV1

r
− UV2e−δ r

r2 − ε
2
nκ

}
Rnκ(r) = 0

(16)
Here, the sum potential Σ(r) is taken as the screened Kratzer-
Hellmann potential, the difference potential ∆(r) taken as
constant CS, the tensor potential U(r) taken as the general-
ized tensor interaction and the following parameters Q and
ε2

nκ are also defined as

U = (M+Enκ −CS); ε
2
nκ =−(E2

nκ −M2 +CS(M−Enκ))
(17)

Due to the presence of the centrifugal terms in Eq. (16), we
employ the following approximation scheme [53]:

1
r2 ≡ δ 2

(1− e−δ r)2 ;
1
r
≡ δ

(1− e−δ r)
(18)

By substituting Eq. (18) and the coordinate transformation
s = e−δ r into Eq. (16), we have

d2Rnκ(s)
ds2 +

(1− s)
s(1− s)

dRnκ(s)
ds

+
(−B1s2 +B2s−B3)

(s(1− s))2

Rnκ(s) = 0
(19)

Here, the following parameters are defined:

B1 =
ε2

nκ

δ 2 − UV0

δ
+

2HHHY

δ
+

H2
H

δ
+HY (HY −1);

B2 =
2ε2

nκ

δ 2 − U
δ
(V0 −V1)−UV2 −2HY (βκC +1)

− HH

δ
(2βκC +1);

B3 =
ε2

nκ

δ 2 +
UV1

δ
+βκC(βκC +1);

βκC = κ +HC

(20)

By employing the NUFA method as presented in “Appendix
A” and proposing a wave function of the form

Rnκ(s) = sσ1(1− s)w1 fnκ(s) (21)
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where

σ1 =

√
(M2 −E2

nκ −Cs(M−Enκ))

δ 2 +
UV1

δ
+βκC(βκC +1);

w1 =
1
2

[
1+

√
1+4

(HH

δ
(2βκC +2HY +HH +1)

+(βκC +1)(2HY +βκC)+UV2 +HY (HY −1)
)]

(22)
the approximate energy spectra of the screened Kratzer-
Hellmann potential with generalized tensor interaction for
the spin symmetry limit in closed form is obtained as

M2 −E2
nκ +CS(M−Enκ) = δ

2
{(

t
2(n+w1)

− (n+w1)

2

)2

−
(

βκC(βκC +1)+
UV1

δ

)} (23)

where

t =
HH

δ
(2HY +HH)−βκC(βκC +1)− U

δ
(V0 +V1)

+HY (HY −1)
(24)

By using Eq. (21), the wave component of the screened
Kratzer-Hellmann potential with the generalized tensor in-
teraction for the spin symmetry limit becomes

Rnκ(s) = sσ1(1− s)w1 2F1(−n,n+2(σ1 +w1),2σ1 +1,s)
(25)

3.2 Pseudospin symmetry solution
In this subsection, the screened Kratzer-Hellmann potential
of Eq. (1) and the generalized tensor interaction of Eq. (2)
are substituted into Eq. (14) to obtain{

d2

dr2 − κ(κ −1)
r2 − 2κHC

r
− 2κHY e−δ r

r2 − 2κHHe−δ r

r(1− e−δ r)

+
δHY e−δ r

r
+

HC

r2 +
HY e−δ r

r2 +
δHHe−δ r

(1− e−δ r)

+
δHHe−2δ r

(1− e−δ r)
−

H2
C

r2 − 2HCHY e−δ r

r2 − H2
Y e−2δ r

r2

− 2HCHY e−δ r

r(1− e−δ r)
− 2HHHY e−2δ r

r(1− e−δ r)
− H2

He−2δ r

(1− e−δ r)2

+
U ′V0e−δ r

r
+

U ′V1

r
+

U ′V2e−δ r

r2 +ζ
2
nκ

}
Qnκ(r) = 0

(26)
Here, the difference potential ∆(r) is taken as the screened
Kratzer-Hellmann potential, the sum potential Σ(r) taken
as constant CPS, the tensor potential T (r) taken as the gen-
eralized tensor interaction and the following parameters Q′

and ζ 2
nκ are also defined as

U ′=(M−Enκ +CPS); ζ
2
nκ =−(M2−E2

nκ +CPS(M+Enκ))
(27)

By employing the approximation scheme of Eq. (18) and
the coordinate transformation s =−qe−δ r, we obtain

d2Qnκ(s)
ds2 +

(1− s)
s(1− s)

dQnκ(s)
ds

+
(−D1s2 +D2s−D3)

(s(1− s))2 Qnκ(z) = 0
(28)

where

D1 =
U ′V0

δ
+

2HHHY

δ
+

H2
H

δ
+HY (HY +1)− ζ 2

nκ

δ 2 ;

D2 =
U ′

δ (V0 −V1)
−U ′V2 −2HY (βκC −1)

− HH

δ
(2βκC −1)− 2ζ 2

nκ

δ 2 ;

D3 = βκC(βκC −1)− U ′V1

δ
− ζ 2

nκ

δ 2 ;

βκC = κ +HC

(29)

With the help of the NUFA method as presented in “Ap-
pendix A” and proposing a wave function of the form

Qnκ(s) = sσ2(1− s)w2 fnκ(s) (30)

where

σ2 =

√
βκC(βκC −1)− U ′V1

δ
+

M2 −E2
nκ +CPS(M−Enκ)

δ 2 ;

w2 =
1
2

[
1+
(HH

δ
(2βκC +2HY +HH −1)

+(βκC −1)(2HY +βκC)−U ′V2 +HY (HY +1)
)]

(31)
the approximate energy spectra of the screened Kratzer-
Hellmann potential with generalized tensor interaction for
the pseudospin symmetry limit in closed form is obtained
as

M2 −E2
nκ +CS(M−Enκ) = δ

2
{(

t ′

2(n+w2)
− (n+w2)

2

)2

−
(
βκC(βκC −1)− (U ′V1)

δ

)}
(32)

where

t ′ =
HH

δ
(2HY +HH)+

U ′

δ
(V0 +V1)+HY (HY +1)

−βκC(βκC −1)
(33)

In addition, the wave component of the screened Kratzer-
Hellmann potential with generalized tensor interaction for
the pseudospin symmetry limit becomes

Qnκ(s) = sσ2(1− s)w2 2F1(−n,n+2(σ2 +w2),2σ2 +1,s)
(34)

3.3 Spin and nonrelativistic limit for the Screened
Kratzer-Hellmann Potential (SKHP) model

We obtained the above solution by employing the following
transformations to the solution of the spin symmetry limit
of Eq. (23):

CS = HH = HY = HC = 0; κ = l; Rnκ(r)→ Rnl(r);

M+Enκ → 2µ

h̄2 ; M−Enκ → Enl

(35)
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Hence, the resulting nonrelativistic solution of SKHP model
becomes:

Enl = δV1 +
h̄2

δ 2l(l +1)
2µ

− h̄2
δ 2

2µ

( (
2µ

h̄2
δ
(V2 +V1)+ l(l +1)

)
2
[

n+ 1
2 +
√

1
4 + l(l +1)+ 2µV2

h̄2

]

−
2
[
n+ 1

2 +
√

1
4 + l(l +1)+ 2µV2

h̄2

]
2
[

n+ 1
2 +
√

1
4 + l(l +1)+ 2µV2

h̄2

])2

(36)

This result is very consistent with the result obtained in
Ref. [45].

4. Results and discussion
In our present study, the numerical analysis of the energies
obtained are carried out in the absence (Hc = HH = HY = 0)
and the presence (Hc = HH = HY = 0.05) of the general-
ized tensor interaction potential for various values of the
quantum numbers n, l and κ . The following parameters
were employed in this work:

V1 = 3 fm−1, V2 =−5 fm−1, V3 =−10 fm−1,

Cs = 10 fm−1, Cps =−10 fm−1, α = 0.01 fm−1,

M = 4.76 fm−1

Different energy eigenvalues of the screened Kratzer-
Hellmann potential with and without generalized tensor
interaction for spin symmetry and pseudospin symmetry are
presented in Tables 1 and 2, respectively. Eqns. (23) and
(32) give the expression for the eigenvalues of the screened
Kratzer-Hellmann potential with generalized tensor interac-
tion respectively, for the spin and pseudospin symmetries.
It is observed that there is a slight decrease and increase in
energy values in both symmetries as the quantum numbers
n, l and |κ| increases, as seen in Tables 1 and 2, respectively.
In the absence of the generalized tensor, degeneracy is seen
to occur as a results of multiple quantum states sharing the
same energy. In the case of the spin symmetry, Dirac spin-
doublet eigenstates exist with the same n and κ states. As
the generalized tensor interaction occurs, the degeneracies
disappear in the spin symmetry. In the case of pseudospin
symmetry, the Dirac spin-doublets eigenstates are observed
when n and l are different. The degeneracies also disap-
pear in the presence of the generalized tensor interaction.
In addition, we observe that (np 3

2
, np 1

2
), (nd 5

2
, nd 3

2
), (n f 7

2
,

n f 5
2
), etc pair states degenerate in the case of spin symmetry.

Conversely, (ns 1
2
, nd 3

2
), (np 3

2
, n f 5

2
), (nd 5

2
, ng 7

2
), etc pair

states degenerate in the case of pseudospin symmetry. The
trend of our results is consistent with the results obtained in
literatures [18]. The variation of energy eigenvalues with
screening parameter for selected values of n and l is pre-
sented in Fig. 1 for both spin and pseudospin symmetry case.
Here, the energy eigenvalues decrease slightly first and later
increase monotonously for the spin symmetry case. In the

case of the pseudospin symmetry, the energy eigenvalues in-
crease gradually first and later decrease monotonously. The
increase and decrease of the energy eigenvalues obtained
is an indication of tightly bound and loosely bound states,
respectively.

5. Conclusion
In this paper, we have solved the DE involving the screened
Kratzer-Hellmann potential with generalized tensor
interaction using the NUFA method and an approximation
scheme to handle the centrifugal term. Implicit approximate
solutions of the DE under spin and pseudospin symmetries
are obtained analytically and numerically, for various values
of the quantum numbers. In the absence of the generalized
tensor interaction, the energies obtained for both spin and
pseudospin symmetries are seen to be the same with Dirac
spin-doublet eigenstates, hence degeneracy occurring. As
the generalized tensor interaction occurs, the degeneracies
are eliminated and there exists variance in energies at
various quantum states. A plot of energy eigenvalues with
screening parameter for selected values of quantum states
is also presented for both spin and pseudospin symmetry
case. It can be deduced that the energy eigenvalues of the
screened Kratzer-Hellmann potential including generalized
tensor interaction are sensitive to the screening parameter
and quantum numbers for spin symmetry and pseudospin
symmetry cases. Our results are seen to agree with results
in literatures, and they promise to be applicable to a wide
scope of physical systems [54–57]. Our study gives insight
information about the quantum mechanical system like
fermions, nucleon-nucleon interactions, nuclear binding
energies, quark-gluon plasma, etc [58–64].
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Figure 1. Variation of energy eigenvalues of the screened Kratzer-Hellmann potential with generalized tensor interaction with respect to screening
parameter for (a) spin symmetry and (b) pseudospin symmetry cases, at various quantum states.
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Appendix A

Review of Nikiforov-Uvarov-Functional Analysis
(NUFA) method
Using the concepts of NU method [31], parametric NU
method [65] and the functional analysis method [66], we
proposed a simple and elegant method for solving a second
order differential equation of the hypergeometric type called
Nikiforov-Uvarov-Functional Analysis (NUFA) method.
As it is well-known, the NU is used to solve a second-order
differential equation of the form [67]

d2ψ(s)
ds2 +

τ̃(s)
σ(s)

dψ(s)
ds

+
σ̃(s)
σ2(s)

ψ(s) = 0 (A.1)

where σ(s) and σ̃(s) are polynomials, at most of second
degree, and τ̃(s) is a first-degree polynomial. Tezcan and
Sever [58] latter introduced the parametric form of NU
method in the form

d2ψ(s)
ds2 +

α1 −α2s
s(1−α3s)

dψ(s)
ds

+
1

s2(1−α3s)2 [−ξ1s2 +ξ2s−ξ3]ψ(s) = 0

(A.2)
where αi and ξi (i = 1,2,3) are all parameters. It can be
observed in Eq. (A.2) that the differential equation has two
singularities at s → 0 and s → 1

α3
thus we take the wave

function in the form,

ψ(s) = sλ (1−α3s)ν f (s) (A.3)

Substituting Eq. (A.3) into Eq. (A.2) leads to the following
equation,

s(1−α3s)
d2 f (s)

ds2 +[α1 +2λ − (2λα3 +2να3

+α2)s]
d f (s)

ds
−α3(λ +ν +

1
2
(

α2

α3
−1)

+

√
1
4
(

α2

α3
−1)2 +

ξ1

α2
3
)(λ +ν +

1
2
(

α2

α3
−1)

−

√
1
4
(

α2

α3
−1)2 +

ξ1

α2
3
)+ [

λ (λ −1)+α1λ −ξ3

s

+
ν(ν −1)α3 +α2ν −α1α3ν − ξ1

α3
+ξ2 −ξ3α3

(1−α3s)
] f (s) = 0

(A.4)
Eq. (A.4) can be reduced to a Gauss hypergeometric equa-
tion if and only if the following functions vanished,

λ (λ −1)+α1λ −ξ3 = 0 (A.5)

ν(ν −1)α3 +α2ν −α1α3ν − ξ1

α3
+ξ2 −ξ3α3 = 0 (A.6)

Thus, Eq. (A.4) now becomes

s(1−α3s)
d2 f (s)

ds2 +[α1 +2λ − (2λα3 +2να3

+α2)s]
d f (s)

ds
−α3(λ +ν +

1
2
(

α2

α3 −1
)

+

√
1
4
(

α2

α3 −1
)2 +

ξ1

α2
3
)(λ +ν +

1
2
(

α2

α3 −1
)

−

√
1
4
(

α2

α3 −1
)2 +

ξ1

α2
3
) f (s) = 0

(A.7)

Solving Eqs. (A.5) and (A.6) completely give,

λ =
1
2
((1−α1)±

√
(1−α1)2 +4ξ3) (A.8)

ν =
1

2α3

(
(α3 +α1α3 −α2)

±

√
(α3 +α1α3 −α2)2 +4(

ξ1

α3
+α3ξ3 −ξ2)

) (A.9)

Eq. (A.7) is the hypergeometric equation type of the form,

x(1− x)
d2 f (x)

dx2 +[c+(a+b+1)x]
d f (x)

dx
− [ab] f (x) = 0

(A.10)
where a,b,c are given as follows,

a =
√

α3(λ +ν +
1
2
(

α2

α3
−1)+

√
1
4
(

α2

α3
−1)2 +

ξ1

α2
3
)

(A.11)

b =
√

α3(λ +ν +
1
2
(

α2

α3
−1)−

√
1/4(

α2

α3
−1)2 +

ξ1

α2
3
)

c = α1 +2λ

(A.12)
Setting either a or b equal to a negative integer −n, the hy-
pergeometric function f (s) turns to a polynomial of degree
n. Hence, the hypergeometric function f (s) approaches fi-
nite in the following quantum condition i.e. a =−n, where
n = 0,1,2,3, · · · ,nmax.
Using the above quantum condition,

√
α3(λ +ν +

1
2
(

α2

α3
−1)+

√
1
4
(

α2

α3
−1)2 +

ξ1

α2
3
) =−n

(A.13)

λ +ν +
1
2
(

α2

α3
−1)+

n
√

α3
=−

√
1
4
(

α2

α3
−1)2 +

ξ1

α2
3

(A.14)
Squaring both sides of Eq. (A.14) and rearranging, we ob-
tain the energy equation for the NUFA method as

λ
2 +2λ (ν +

1
2
(

α2

α3
−1)+

n
√

α3
)+(ν +

1
2
(

α2

α3
−1)+

n
√

α3
)2

− 1
4
(

α2

α3 −1
)2 − ξ1

α2
3
= 0

(A.15)
By substituting Eqs. (A.8) and (A.9) into Eq. (A.3), we ob-
tain the corresponding wave equation for the NUFA method
as

ψ(s) = Nnls
(1−α1)+

√
(α1−1)2+4ξ3
2

× (1−α3s)

(α3+α1α3−α2)+

√
(α3+α1α3−α2)

2+4(
ξ1
α2

3
+α3ξ3−ξ2)

2α3

× 2F1(a,b,c;s)
(A.16)

where Nnl is the normalization constant.
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