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Abstract:
Some orthogonal polynomial systems are mapped onto each other by the Fourier trans-form. In this paper,
based on generalized Laguerre polynomials, we introduce a new sequence of biorthogonal hypergeometric
polynomials and obtain its orthogonali-ty relation explicitly. In this sense, we also recall some similar results
available in the literature as the sequence introduced in this work is the last one for classical cases.

Keywords: Generalized Laguerre polynomials; Meixner-Pollaczek polynomials; Fourier trans-form; Parseval identity; Hypergeometric
series

1. Introduction

Using a suitable integral transform, many orthogonal sets
can be mapped onto other orthogonal sets in the weighted
-space. For example, Koornwinder in [1] has proved that
the classical Jacobi polynomials can be mapped onto the
Wilson polynomials by using Jacobi function transform. In
this direction, Koelink in [2] has shown that the continu-
ous Hahn polynomials are the Fourier transform of Jacobi
orthogonal polynomials. Since in the Askey’s scheme of
hypergeometric orthogonal polynomials, Wilson polynomi-
als are located in the top with the most degrees of freedom,
all mentioned references can be generalized by the integral
transform of Wilson polynomials. This line of thought has
been followed by Groenevelt in [3]. See also [4, 5] in this
regard.
Although in [6] Koornwinder has shown that the classi-
cal Laguerre polynomials are mapped onto the Meixner-
Pollaczek polynomials by the Mellin transform, using
their Fourier transform, a new sequence of hypergeometric
biorthogonal polynomials can still be derived together with
its explicit orthogonality relation. In this paper, we intro-

duce such type of hypergeometric polynomials and study
their general properties. To meet this goal, we begin with
the monic type of the generalized Laguerre polynomials [7]

L(α)
n (x) = (−1)n(α +1)n1F1

(
−n

α +1

∣∣∣∣x) (1)

which are orthogonal with respect to the weight function
xα e−x on [0,∞) as∫

∞

0
xα e−xL(α)

m (x)L(α)
n (x)dx = n!Γ(n+α +1)δn,m (2)

where

δn,m =

{
0 (n ̸= m)

1 (n = m)

Note in definition (1) that 1F1(.) is a special case of the
generalized hypergeometric series [8]

pFq
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where (a)b in (3) denotes the Pochhammer symbol given by

(a)b =
Γ(a+b)

Γ(a)

=

{
1 (b = 0, a ∈ C\{0})
a(a+1) · · ·(a+b−1) (b ∈ N, a ∈ C)

We here also add although the Askey and Racah polynomi-
als stand at the summit of the Askey scheme of classical or-
thogonal polynomials, it should not be however over-looked
that this framework relies fundamentally on a concept of
orthogonality with respect to measures, i.e. an approach
that by its nature excludes important families such as the
Bessel polynomials. Since the development of the theory of
topological vector spaces has offered a significantly broader
perspective, the notion of orthogonal-ity can be meaning-
fully extended beyond the classical Hilbert space setting,
see a new theory of least p-variances approximation and
p-uncorrelated functions [9] as an im-provement of classi-
cal least square theory. Within this more general context,
classical families of orthogonal polynomials may be there-
fore characterized in ways that trans-cend the limitations
of measure-based formulations. See e.g. [10–12] for more
details.

2. Fourier transform of generalized Laguerre
polynomials

To derive the Fourier transform of monic polynomials (1),
we will use the well-known Gamma integral

Γ(z) =
∫ +∞

0
xz−1e−x (Re(z)> 0)

satisfying the basic recurrence relation Γ(z+1) = zΓ(z).
The Fourier transform of a function, say g(x), is defined as

F(s) = F(g(x)) =
∫ +∞

−∞

e−isxg(x)dx

with the inverse transform as

g(x) =
1

2π

∫ +∞

−∞

eisxF(s)ds

The Parseval identity of Fourier theory is given by

∫ +∞

−∞

g(x)h(x)dx =
1

2π

∫ +∞

−∞

F(g(x))F(h(x))ds (4)

where g,h ∈ L2(R).
Now, referring to (1) and (2) and assuming that a,b,c,d ∈R
are free parameters, let us define the two specific functions

g(x) = eaxe−
1
2 ex

L(b)
n (ex) and h(x) = ecxe−

1
2 ex

L(d)
m (ex) (5)

in terms of the Laguerre polynomials, to which we will
apply the Fourier transform.
Clearly for both defined functions, the Fourier transform

exists. However, for g(x) defined in (5) we get

F(g(x)) =
∫ +∞

−∞

eisxeaxe−
1
2 ex

L(b)
n (ex)dx

=
∫ +∞

0
t−is−1+ae−

1
2 tL(b)

n (t)dt

= (−1)n(b+1)n

n

∑
k=0

(−n)k

(b+1)kk!

×
(∫ +∞

0
t−is−1+a+ke−

1
2 tdt

)
= (−1)n(b+1)n

n

∑
k=0

(−n)k

(b+1)kk!
2a−is+k

Γ(a− is+ k)

= (−1)n(b+1)nΓ(a− is)2a−is
2F1

(
−n,a− is

b+1

∣∣∣∣2)
(6)

where we have used the well-known identity

Γ(a+ k) = Γ(a)(a)k

By substituting (6) into the Parseval’s identity (4) we obtain

2π

∫ +∞

−∞

e(a+c)xe−ex
L(b)

n (ex)L(d)
m (ex)dx

= 2π

∫ +∞

0
ta+c−1e−tL(b)

n (t)L(d)
m (t)dt

= (−1)n+m(b+1)n(d +1)m

∫ +∞

−∞

2a−is
Γ(a− is)

×2c−isΓ(c− is)2F1

(
−n,a− is

b+1

∣∣∣∣2)2F1

(
−m,c− is

d +1

∣∣∣∣2)ds

= 2a+c(−1)n+m(b+1)n(d +1)m

∫ +∞

−∞

Γ(a− is)Γ(c− is)

× 2F1

(
−n,a− is

b+1

∣∣∣∣2)2F1

(
−m,c− is

d +1

∣∣∣∣2)ds

(7)
On the other hand, if in the left side of (7) we take

b = d = a+ c−1

then according to the orthogonality (2), relation (7) eventu-
ally reads as∫ +∞

−∞

Γ(a− is)Γ(c− is)2F1

(
−n,a− is

a+ c

∣∣∣∣2)
× 2F1

(
−m,c− is

a+ c

∣∣∣∣2)ds =
2πΓ(a+ c)n!
2a+c(a+ c)n

δn,m

This means that the hypergeometric polynomial

Zn(x;a,c) = 2F1

(
−n,a− x

a+ c

∣∣∣∣2) (8)

satisfies the biorthogonality relation

1
2π

∫ +∞

−∞

Γ(a− ix)Γ(c+ ix)Zn(ix;a,c)Zm(−ix;c,a)dx

=
Γ(a+ c)n!

2a+c(a+ c)n
δn,m

(9)
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where a+ c > 0.
Remark 1. For n = m = 0, (9) is equivalent to∫ +∞

−∞

Γ(a− ix)Γ(c+ ix)dx =
2π

2a+c Γ(a+ c) (10)

leading to a positive weight function when a = c. On the
other hand, a remarkable point is that this particular case is
closely related to the Meixner-Pollaczek polynomials

P(λ )
n (x;θ) =

(2λ )n

n!
einθ

2F1

(
−n,λ + ix

2λ

∣∣∣∣1− e2iθ
)

for λ > 0 and 0 < θ < π

which are orthogonal on (−∞,∞) with respect to the weight
function

w(x;λ ,θ) = |Γ(λ + ix)|2e(2θ−π)x (11)

as follows∫ +∞

−∞

w(x;λ ,θ)P(λ )
n (x;θ)P(λ )

m (x;θ)dx =
2πΓ(n+2λ )

(2sinθ)2λ n!
δn,m

In other words, for θ = π

2 , the weight function (11) becomes

w(x;λ ,
π

2
) = |Γ(λ + ix)|2

and therefore we have

P(λ )
n (x;

π

2
) =

(2λ )n

n!
in2F1

(
−n,λ + ix

2λ

∣∣∣∣2)
=

(2λ )n

n!
inZn(−ix;λ ,λ )

in which we have used the clear relations

ein π
2 = (ei π

2 )n = in and 1− e2i π
2 = 2

In this sense, we add that as the Jacobi polynomials [7] are
denoted by

P(α,β )
n (x) = 2F1

(
−n,n+α +β +1

α +1

∣∣∣∣1− x
2

)
= (−1)n

2F1

(
−n,n+α +β +1

β +1

∣∣∣∣1+ x
2

) (12)

comparing (8) with (12) yields

Zn(x;a,c) = P(a+c−1,−x−n−c)
n (−3)

= (−1)nP(−x−n−c,a+c−1)
n (3)

Here we recall that there are some results similar to our
results derived in (8) and (9) in the literature. It is shown in
[13] that the hypergeometric function

An(x;a,b,c,d) = 3F2

(
−n,n−b− c,d − x
a+d,−c+1− x

∣∣∣∣1)
satisfies a finite orthogonality relation of the form

1
2π

∫ +∞

−∞

Γ(a+ ix)Γ(b− ix)Γ(c+ ix)Γ(d − ix)

×An(ix;a,b,c,d)Am(−ix;d,c,b,a)dx =
n!

(b+ c−2n)

× Γ(b+ c+1−n)Γ(c+d)Γ(a+b)Γ2(a+d)
Γ(a+d +n)Γ(a+b+ c+d −n)

δn,m

where a+d >−n, b+ c > 2n, a+b > 0 and c+d > 0.
Moreover, it is shown in [13] that the hypergeometric se-
quence

Bn(x;a,b) = 2F1

(
−n,n−a−b
−a+1− x

∣∣∣∣1
2

)
satisfies the finite orthogonality relation

1
2π

∫ +∞

−∞

Γ(a+ ix)Γ(b− ix)Bn(ix;a,b)Bm(−ix;b,a)dx

=
n!Γ(a+b+1−n)
(a+b−2n)2a+b δn,m ⇔ a+b > 2n

(13)
Note that replacing n=m= 0 in (13) exactly gives the same
as result (10).
It is shown in [14] that the exponential functions

En(x;q1, p1;q2, p2) =
n

∑
k=0

(−1)k
[

n
k

]
exp(−2q1q2

q1+q2
)

× exp
(

q1k
q1 +q2

(
(q1 −q2)k+q2 −2(q1 p1 +q2 p2)

))
× exp(−2q1kx)

(14)
with [

n
k

]
q
=

[
n

n− k

]
q
=

(q;q)n

(q;q)k(q;q)n−k

where (a;q)k = (1−a)(1−aq) · · ·(1−aqk−1)

satisfy a biorthogonality relation as∫ +∞

−∞

exp(q1(ix+ p1)
2 +q2(ix+ p2)

2)En(ix;q1, p1;q2, p2)

×Em(ix;q2,−p2;q1,−p1)dx

=

(√
π

q1 +q2
exp

(
(2n+(p2 − p1)

2)
q1q2

q1 +q2

)
×
(

exp(
−2q1q2

q1 +q2
); exp(

−2q1q2

q1 +q2
)
)

n

)
δn,m

(15)
provided that q1,q2 > 0 and p1, p2 ∈ R.
If in (14) we suppose q1 = q2 = q/2 for q> 0 and p1 =−p2
for p1 ∈ R, then the spe-cial sequence

E(q)
n (x)=En(−x;

q
2
, p1;

q
2
,−p1)=

n

∑
k=0

(−1)k
[

n
k

]
e−

q
2

ek q
4 ekqx

which is independent of p1 satisfies the orthogonality rela-
tion ∫ +∞

−∞

e−qx2
E(q)

n (ix)E(q)
m (−ix)dx

=
∫ +∞

−∞

e−qx2
E(q)

n (−ix)E(q)
m (ix)dx

=

(√
π

q
en q

2 (e−
q
2 ;e−

q
2 )n

)
δn,m

Moreover, it can be verified that

E(q)
n (ix)=C(q)

n (x)+iS(q)n (x) and E(q)
n (−ix)=C(q)

n (x)−iS(q)n (x)
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in which

C(q)
n (x) =

n

∑
k=0

(−1)k
[

n
k

]
e−

q
2

ek q
4 cos(kqx) (16)

and

S(q)n (x) =
n

∑
k=0

(−1)k
[

n
k

]
e−

q
2

ek q
4 sin(kqx) (17)

Finally, if relations (16) and (17) are replaced in (15), the
following result is derived: The trigonometric sequence
[14]

M(q)
n,+(x) =

S(q)n (x)+C(q)
n (x)√

2

=
n

∑
k=0

(−eq/4)k
[

n
k

]
e−

q
2

sin(kqx+
π

4
)

satisfies the real orthogonality relation∫ +∞

−∞

e−qx2
M(q)

n,+(x)M
(q)
m,+(x)dx

=

(√
π

4q
en q

2 (e−
q
2 ;e−

q
2 )n

)
δn,m ⇔ q > 0

It is shown in [15] that the hypergeometric sequence

Kn(x; p1, p2, p3, p4) =
[n/2]

∑
k=0

(−[ n
2 ])k(

1
2 − p3 − [ n+1

2 ])k

(−p3 − p4 −n+1/2)kk!

× 2F1

(
2k−n−2p1, p2 +

x
2

2p2

∣∣∣∣2)
satisfies the orthogonality relation∫ +∞

−∞

Kn(ix;α,β ,α + l,β +u−1)
W ∗(x;β )

× Km(−ix; l,u,α + l,β +u−1)
W ∗(x;u)

dx

=
(2u−1)(2β −1)

π22n+1
Γ(α + l +1/2)Γ(β +u)
Γ(α +β + l +u+1/2)

×
n

∏
j=1

( j+(1− (−1) j)(α + l))
( j+α +β + l +u−3/2)

× ( j+(1− (−1) j)(α + l)+2β +2u−2)
( j+α +β + l +u−1/2)

δn,m

where β ,u > 1/2, α + l >−1/2 and W ∗(x; .) is defined as

W ∗(x;λ ) =
∫

π/2

−π/2
exθ cos2λ−2

θdθ

Moreover, it is shown in [15] that another hypergeometric
sequence as

Jn(x;q1,q2) = x
1−(−1)n

2

[n/2]

∑
k=0

(−[ n
2 ])k(

1
2 −q2 − [ n+1

2 ])k

( 1
2 −q1 − [ n+1

2 ])k2kk!

× 1F1

(
q1 + k− [ n

2 ]
1− (−1)n/2

∣∣∣∣1
2

x2
)

satisfies the orthogonality relation∫ +∞

−∞

e−x2
Jn(x;a,b)Jm(x;b−a,b)dx

=
π2−b−2[ n+1

2 ]
Γ([ n

2 ]+1)Γ(b+ 1
2 +[ n+1

2 ])

Γ(a+ 1
2 +[ n+1

2 ])Γ(b−a+ 1
2 +[ n+1

2 ])
δn,m

where a,b >−1/2 and (−1)2b = 1.
Finally, it is shown in [16] that the hypergeometric sequence

Bn(x; p1, p2, p3, p4) =
n

∑
k=0

(−n)k(n+1−2p3)k

(2−2p2)k

× (1− p2 + ip1/2)k

(1− p3 + ip4/2)kk!

× 1F1

(
1− p2 + k+ ip1/2

2−2p2 + k

∣∣∣∣2x
)

satisfies a finite orthogonality relation as∫ +∞

−∞

e−xBn(
x
2

;α,β ,v,w)Bm(
x
2

;α −w,v−β ,v,−w)dx

=
n!Γ(2v−n)
2v−2n−1

Γ(β + iα/2)Γ(β − iα/2)
Γ(2β −1)Γ(2v−2β −1)

× Γ(v−β + i(w−α)/2)Γ(v−β − i(w−α)/2)
Γ(v− iw/2)Γ(v+ iw/2)

δn,m

if and only if m,n = 0,1, · · · ,N = max{m,n} ≤ v− 1/2,
α,w ∈ R and 1/2 < β < v−1/2.

3. Conclusion
In this paper, based on the well-known generalized
Laguerre polynomials, we introduced a new sequence of
biorthogonal hypergeometric polynomials and obtained
its orthogonality relation explicitly. In this sense, we also
recalled some similar results available in the literature as
the sequence introduced in this work was the last one for
classical cases.
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