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1. Introduction

The history of orthogonal polynomials and special functions goes back to the 19th century. Orthogonal polynomials have
applications in both mathematics and physics (combination, harmonic analysis, statistics, number theory). The applications
are not limited only to mathematics and physics. Scientists have also utilized these studies in the fields of biology, chemistry
and computer science [1-6].

Classical orthogonal polynomials are the solutions of the second order Sturm-Liouville equation

G(x)yiq/(x) + T(x)y;(x) - )Lnyn(x) =0, (D

where o (x) = ax? 4 bx + ¢ and 7(x) = dx + e are polynomials independent of n and A, = n(n — 1)a + nd is the eigenvalue
parameters depending on n =0, 1, --- [4—6]. To be exact, six special classes of orthogonal polynomials can be obtained
from (1) and they are the Jacobi, Laguerre and Hermite polynomials and polynomials that are respectively orthogonal with
respect to the generalized T, inverse Gamma and F distributions [4, 7]. The first three of them are known as the infinite and
the rest of them are known as the finite classical orthogonal polynomials. Table 1 shows these six orthogonal polynomials
in details.

It is worth to point out that for the infinite classical orthogonal polynomials, the weight function of Jacobi polynomials,
Laguerre polynomials and Hermite polynomials are related to probability density function of Beta distribution, Gumma
distribution and Standard Normal distribution, respectively. Also, for the finite classical orthogonal polynomials, as
is mentioned, the weight function of MPD 1P and NP are related to probability density F distribution, Student’s
T-distribution and Inverse Gama distribution.

In this paper, we study spectral approximations by orthogonal polynomials I,<,’7 ) (x) with the weight function wlP) =

(p_1
(1 +x2) (r=3) on unbounded interval (—oo, +-o0). In the last two decades, a considerable progress has been made in using
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Table 1. Table of all six classical orthogonal polynomials.

COPs | Polynomial | o(x) 7(x) Weight function Interval
Infinite Jacobi 1-x2 | —(a+B+2x+B—a) | 1-x0)*1+x)PF0,8>-1| [-1,1]
Infinite Laguerre X o+1—x x%e o> —1 [0,00)
Infinite Hermite 1 —2x e (—o0,00)
Finite M,(f’q) ¥ 4x 2-p)x+(1+9q) x4(14x)~(P+a) [0,00)
Finite P 241 (3—2p)x (14+22)~(P=32) (—oo,00)
Finite N,SP) x? 2-p)x+1 xPe i [0,00)

orthogonal polynomials such as Laguerre and Hermite polynomials for solving PDEs in unbounded domains. In general,
spectral methods for unbounded domains can be essentially classified into four categories (see [8] and references therein):

* Truncating the domain and solving PDEs on bounded domains supplemented with artificial or transparent boundary
conditions;

» Approximation by classical orthogonal systems on unbounded domains, e.g., Laguerre or Hermite polynomials;

* Approximation by non-classical or mapped orthogonal systems, e.g., image of classical Jacobi polynomials through
a suitable mapping;

* Mapping which means one maps unbounded domains to bounded domains and uses standard spectral methods to
solve the mapped PDEs in bounded domains.

In general, while numerically solving a problem initially formulated on an unbounded domain, one truncates this domain,
which necessitates setting the artificial boundary conditions at the newly formed external boundary [9]. Most of the currently
used techniques for setting the artificial boundary conditions can be divided into two groups. The first group provides
high accuracy and robustness of the numerical procedure but often appear to be fairly cumbersome and (computationally)
expensive. The second one is algorithmically simple, numerically cheap, and geometrically universal; however, they usually
lack accuracy of computations [9]. On the other hand, with a suitable choice of mappings and/or scaling parameters, the
other three approaches can all be effectively applied to a variety of problems with decaying (or even growing) solutions.
Each of these categories has advantages and disadvantages, and in this paper we will restrict ourselves to the second
category and we will proceed based on this category.

The outline of this paper is as follows. In section 2, we give some properties of orthogonal polynomials I,<,’7 ) (x). In section 3,

we give the analysis of approximations by I,Sp ) (x). These results will be useful for error analysis of spectral methods for
unbounded domains. In section 4, we consider spectral-Galerkin methods and provide an error analysis by the obtained
results. Finally, we give two numerical examples and show the validation of proposed method.

2. Classical orthogonal polynomials related to T-student distribution

2.1 Orthogonality and its consequences
Consider the following second order Sturm-Liouville equation

(1+x2)y"+(B=2p)xy —n(n+2—2p)y =0. 2)

An explicit polynomial solution of Sturm-Liouville equation (2) can be obtained by applying the Frobenius method as

follows
(] 1\ /o
1 (x) :n!k;)(—l)k (:_;) ( ; k) (20", 3)

(p_1
These polynomials are finitely orthogonal with respect to the weight function wlp) = (1 +x2) (r=3) on (—eo, +o0), i.e.,

Joo (1 , >f0+1
/ (147) =2) 10 (1) (x)dx =0 o m#n, p
¢ =max{m,n},

—o0

and

(p)._ /+°° (1 _i_xz)*(P*%) (Ir(lp)(x))zdx: n122 /a2 (p)T(2p —2n) @)

(p—n—DI(p—n)(p—n+3)T2p—n—1)
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The Rodrigues’ formula for this class of polynomials is

Bl

1 = S22 (g oy

dd):ln ((1 +X2)n(pi)) )

(2]) —2n— l)n
where (n), = F(F"(:)k ). For example, if n =0, 1,2 and 3, we have
") =1,
17(x) =2(p—1)x,
1P (x) =4(p=2)(p— 1) ~2(p—1),
1(x) = 8(p=3)(p—2)(p— ¥~ 12(p—2) (p— )

K =1, kK =2T](p—i). (5)

Using the explicit formula (3), one can obtain the three-term recurrence formula I,(,p ) (x) in the following

12 () =2(p— (n+ 1))l (x) = n (2p — (n+ 1)) 1), (x). ©)

In addition, it is not difficult to verify that

d ,
2 =2n(p =11V ). ™

n={
This means that the finite set {%1,5” >é+1)(x)} | is also orthogonal with respect to w(P~1)(x) (see [10]). Moreover,

replacing (7) in (2) leads to

20(14+2) 1) ()~ 2p(2p — Dt () = (1~ 2p)1 7 (0).

2.2 Gauss quadrature formulas
It is well-known that (n+ 1)-point Gauss quadrature rule

[ rtmtsias = § 7+l ®)

Jj=

is analytically exact for polynomials of degree at most 2n+ 1. This rule has the highest possible precision degree among all
integration rules with n+ 1 points. Here nodes x; are zeros of an orthogonal polynomial, w;’s are corresponding weights
and E,[f] is the quadrature error. If f(x) € C"*![a,b], quadrature error will be

b n
Bl = Gy, 7T e, &) ©

In next theorem, we obtain the (n+ 1)-point Gauss quadrature rule associated with Ilgi)l (x).

Theorem 2.1. (Gauss quadrature)

Let {x;}_, be the set of zeros of ] ()

wi1(X), (p>n+2). Then there exists a unique set of quadrature weights {w;}’_, such
that

o0 n
/ q(x)w("’> (x)dx = Z q(xj)wj,  Vq € Popy,
=0

oo =
where the quadrature weights are all positive and given by

n122=1 /a2 (p)T'(2p — 2n)
1)L ) D)(p = DE(p=m)D(p—n+ 1)T(2p—n—1).

W = (10)
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Proof. In view of Theorem 3.5 in [8], it suffices to derive the second formula for the quadrature weights in (10). Let L; be
the Lagrange basis polynomials related to {x;}_, i.e.,

n X=X

Lj(x)= ;
i=0,ij X T X
so taking f(x) = L;(x) in (8) and using (9), we obtain the quadrature weights
~+oo
wj= Lj()c)w(p)()c)dx7 0<j<n. (11)

—oo

Applying Christoff-Darboux formula, we have

2
e MO 7l
wi= [ Liw x)dx = e e, 0<j <.
- kn In (xj)ﬁln-&-l(xj)
We note that from (7), we have
d ~1
I () =200+ 1) (p = D1V (). (12)
Therefore, using (4), (5) and (12) leads to
2
( (p)
L knljk)l In w(P)
=
k1 () 0l ()
1
2n+1 nﬁ (p—l) I(P)H2
i=1 )

2 {1 (p—i) 2 ) )t Do~ 1)

n1220=1 /a2 (p)T'(2p — 2n)
1P I () (4 1) (p = DI (p—m)T(p —n+ HT(2p—n—1)

2.3 Computation of nodes and weights
In this section an efficient algorithm, which is called Eigenvalue Method, is given for computing zeros of orthogonal
polynomials.

Theorem 2.2. For p > n+2, the zeros {x;}_, of the orthogonal polynomial /, ()

1 (x) are eigenvalues of the following
symmetric tridiagonal matrix

0 L ]
2(p-2)
1 0 2p—3
2(p—2) 2(p—2)(p-3)
2p—3 0
Apy = 2(p-2)(p-3)
0 n(2p—(n+1))
4(p—n)p—(nt1)
n(2p—(n+1)) 0

L 4(p—n)p—(n+1) J

Proof. It is well-known that the zeros {x j};!:o of the orthogonal polynomials are the eigenvalues of the following matrix
(see [4-6, 8]):

[ a0 B 1
B o B
4 B o
n+l — . )
. ﬁnfl
ﬁnfl 01 Bn
L B. o |
where b |
i aj—1¢; .
aj:717 ]207 ﬁ]ii u7 ]217
aj aj—1 aj
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with {a;,b;,c;} being the coefficients of the three-term recurrence relation, namely,
Pj+1(x) = (ajx=bj)pj(x) —¢;pj-1(x), j=1,

with p_; := 0. Hence, in order to obtain the zeros of I(p )

1 (X) where p > n+2, we use Theorem 2.2 and three-term
recurrence relation (6), that is

(ijo,

)

g1 [ip=pep—(j+1)
T 2(p-)) p—(i+1)
which implies the proof.
According to Gauss integration theory, by having zeros of orthogonal polynomials, one can approximate the integral
ff: f (x)w(p) (x)dx with precision degree 2n -+ 1 provided to be convergence. Due to this, the following results are given in
Tables 2, 3 and 4 for n = 1,2 and 3, respectively.
Here we give two examples and check the accuracy and efficiency of the proposed results.

Table 2. 2-point integration formulan = 1.

(x1,w1)
(0.5,0.5333)

(x0,w0)
(~0.5,0.5333)

N O AT

(—0.4082,0.4571)
(—0.3535,0.4063)
(—0.3162,0.3694)

(0.4082,0.4571)
(0.3535,0.4063)
(0.2816,756.36)

Table 3. 3-point integration formula n = 2.

p (x0,wo) (x1,w1) (x2,w2)
5 | (—0.8660,0.1015) (0,0.7111) (0.8660,0.1015)
6 | (—0.7071,0.1015) (0,0.6095) (0.7071,0.1015)
7 | (—0.6123,0.0985) | (0.,0.5417) | (0.6123,0.0985)
8 | (—0.5477,0.0947) | (0.,0.4925) | (0.5477,0.0947)
Table 4. 4-point integration formula n = 3.
()C(),W()) ()C],W]) ('x27W2) ()C3,W3)

—1.1880,0.0111

—0.2975,0.3951
—0.2588,0.3553
—0.2320,0.3253

0.2975,0.3951

0.2320,0.3253

1.1880,0.0111
0.9659,0.0140

© 0o N O

( )
(—0.9659,0.0140)
(—0.8343,0.0156)
(—0.7449,0.0164)

/_\A/_\A
—_ = D —

(
(0.2588,0.3553
(
(

—_ = —
NN N

(
(
(0.8343,0.0156
(

—0.2122,0.3017 0.2122,0.3017 0.7449,0.0164

Example 2.3. Assume that f(x) = x’ +6x° +x>+1, p =9 and n = 3. So we have
/.

i F(xj)w; ~0.01f(—0.74) +0.30£(—0.21) +0.30£(0.21) +0.016 £(0.74) = 0.681985.
j=0

_1
(" +6x° + x>+ 1) (1+x%) 2 dx =0.681985

Example 2.4. Assume that f(x) = ")), — 9 and n = 3. So we have
oo , _u
/ s =eos) (1 4 32) 72 gy = 0.251699

y F(xj)w; ~0.01f(—0.74) +0.30£(—0.21) +0.30£(0.21) +0.016 £(0.74) = 0.251702.
=0

J
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2.4 Interpolation and discrete transforms
Suppose that {x;,w j}?zo is a set of Gauss quadrature nodes and weights. Define the associated discrete inner product and

discrete norm as
n
(V) = 2 uCc)vpwis ull, o = /1), -
j=0

Note that (.,.), () is an approximation of the continuous inner product (.,.), (, and the exactness of Gauss-type quadrature
formulas leads to

<u’v>n,w(l’) = (M,V)W(p), Vu,v S P2n+1 .

For any u € C(—oo, +0), the interpolation operator @, : C(—co, +o0) — P, is defined by
(@pu) (xj) = ulx;),  0<j<n,

which can be expressed by

(@) (x) = ;)u 1P (x) € .

Given the physical values {u(x;)}}_o, the coefficients {i;}_, can be obtained by

1 ¢ .
iy =— Y u()[ ()wi 0<j<n,

where yj(.P ) is defined in (4).

2.5 Differentiation in the physical space
For the Gauss points {x;}’_, let {L;}’/_, be the Lagrange basis polynomials. Clearly, we have
n
u(x) =Y u(x;)L;(x),
j=0

for any u € P,. Hence, by differentiating m times we obtain

u(”’) (xk) = Z u(xJ)Lim) ()Ck) 5 0 < k <n.

j=0

These derivative values can be evaluated by the general formula

u™ =p"™a, (D"=DD...D, m>1),
where

!
D= (ko')ogj,kgn = (L j(xk))ogj,kgn’

T
ul = (4 (x0),u™ (1), ..o u" (), 0 =,

Therefore, it is necessary to compute the first-order differentiation matrix D.
Theorem 2.5. The entries of D are computed for Gauss points {x;}"}_, by

dyj =L () =

Proof. The Lagrange basis polynomials are

(p)
1 X
Lj(x) = i1 () . p>n+2, 0<j<n

& (W) ey (=)
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So, we have
(p) B )
dij=L'j(x) fe (B109) bow 1 20+ D= V(w) 1 V) 1 Vk# j
ki = )= = = . .
: : % (Iigi)] (x)) ’x:xi (e _xj) 2(n+1)(p— 1)1,(1‘0_1)()5}») (xx —Xj) Iy(lp_l)()(j) (xx _xj)

Also, for k = j, we get

1 k
dkk = lim L/k(x) = lim
o = (1,5'1)1 (x)) | e, ¥ (x—x)?
2
. ;7 (1,5?1()6)) ‘x:xk B 4n(n—|— 1)(p_ 1)21(171 )(xk) n(p— 1)I,§p1 )(Xk)
245 (1,5’1)1 (x)) ey 4D (p— DIV () 177D ()

2.6 Differentiation in the frequency space

In this subsection, by differentiation in the frequency space we want to express the expansion coefficients of the derivatives
of a function according to expansion coefficients of the function itself. To be exact, given u € P,, instead of using the
Lagrange basis polynomials, we expand u in terms of the orthogonal polynomials

- (P , Lo )
a) = Y iV (@), with = / ()P ()w®) (x)dx,

j=0 Yoo
and
W (x) = Z 7L (1(") (x)) = Z V1 (x) e By with @) =0 (13)
= Ty fAC n=l n :

In order to express {125.1) "_o in terms of {#;}"}_,, we know that {% (I/(-p ) (x)) } are also orthogonal [10, 11]. Indeed, this

property holds for the classical orthogonal polynomials. In doing so, consider equation (2). Then by differentiating it with
respect to x and writing z(x) = /(x), we obtain

"+ (5+2p)xd — (n—2p)(n+1)+n—3)z=0. (14

Again by applying the Frobenius method, we get the explicit solution

n

%) N
£ i) i (752)

k=0

n
It is easy to see that, the finite set {% (I;p >n+l) (x))} ~is orthogonal with respect to the weight function w(P—1) =

j=1
3
(1 —|—x2)7(p77) on (—oo, +0), ie.,
+oo 3
n=(r=3) 4 (1)) L (4P) _ m#n, p>20+1,
/_m (1+2?) 5 (5 0) : (1)) dx=0, & oL manimn] (15)
and
o 2 .
Y :=/+ (1+x2)_(”_3)(d (LE”’@))) dx— (V2 VED(p - DECp—2) (16)
- dx (p—n—1DL(p—n)T(p—n+3)(2p—n—2)
Also, equation (14) leads to the following three-term recurrence relation
A0 ) = (W MY 4 (10 _ 04 ()
= (17 @) = (@) = (1) =i T (17 ). (17)
where
A0 2p— (4 D)(nt1)
n n I
B = 0
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V= (e D)(2p—(n+2)).

Remark 2.6. Using the above procedure, one can obtain

/+°°(1+x) (p-251) dF (1,§P>(x))d—k(1,§{’)(x))dx=o, - { m#n, p>20+1, (18)

e dxk dxk ¢ =max{m,n},

and

2
wh [T -2 ()
M = Lw (1+x) s (In (x)) dx

(n—k)122= @40 /72 (p— k)T (2p — 2n) 19)
(p—n— 1)F(p—n)F(p—n+%)F(Zp—n—k— 1)

In addition, it is worth to point out that

N2
2%k )(P=0" (ph)
=2 H 2p n—1—1i) "

i=1

Now, by differentiating the three-term recurrence relation (6) and using (17), we get

) (o _ ) 4 (1) () d (4p ) d (1)
1@ =a = (17, ) + B (1000 +a = (12,09) (20)
where
~(p) _ Cn C'(ll) _ n B — ﬁib,(,l) —o. &»— 11 1
an Cay aﬁll)72(p—n—l)7 " a, a}g')i roon ay, aﬁl‘)72(n+1)(p—n—l)'

Hence, using (13) and (20), the coefficients {ﬁﬁ.l)} can be computed in terms of {i;}/_ as follows:

— n—1

_ (1) (=(p) 4 (1(p) =(p) d (1(p) p) d ((p)
W(x) = Z;) =L <ajﬂm(1j1’1(x))+b;’6bc(1/’ (x))+ ;’dx(ljﬁl(x))>
J:
n—1
V-(1) , Ap) <)\ @ p) (1) d

:l(fmﬁﬁuﬂﬂ%ﬂﬁw+$ﬂawm)

=

n—1
_ JtL o Ly 4 () Ly d ()
- Z< 2p—j—2) " T 2j(p— ) a’x(Nf (x)>+2n(p—n)u”*‘dx<N” (x>>

So, we conclude

2(p—j-2

~(1 . . ~ ]+1 ~(1 .
”5'—1:21(P—J)<Mj—.)u5-+)1>, j=n—1,...,1,
a =0, @, =n(p—n)a,

3. Approximation by I,(,p ) (x) polynomials

This section is devoted to the analysis of approximations by I,(,p ) (x) polynomials. These results will be useful for error
analysis of spectral methods for unbounded domains.

3.1 Inverse inequalities

We first present two inverse inequalities associated with I,(,p ) (x) polynomials.
Theorem 3.4. For p >n+1and any ¢ € P,,

< (2n(p—1)/m || L ‘ . om>1.
Jolin < Catp—1)" | Z20
Proof. For any ¢ € P,, we have
no ) B 1 oo
=Y ¢](.p)1l§p) (x), with q)](p) = W ¢(x)[j<.p) (xX)w'?) (x)dx. (21)
J=0 S

2251-7227[https://doi.org/10.57647/j.jtap.2025.1902.22]
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Hence, by the orthogonality of {I](.p ) (%)},
n 112
I01m = Y77 [87]
=

Differentiating (21) and using the orthogonality (15)-(16), we obtain

and

_ 4j(p-1 )

. 2 (pa1
Since }/}p) = 721]71.7)2 nj(p’

u v (2 nooin—1)2
||¢||i<p>:z()yjp>\¢;ﬂ>\ gy S0 e
7= J

, we obtain

and
||¢||W(p) < v 2n(p— I)H(PIHW(;I*I)'

Using the above inequality recursively leads to

ol,,» < (2n(p— 1))1/m

Next, we obtain an inverse inequality involving the same weight function for derivatives of different order.
Theorem 3.2. For p >n+1 and any ¢ € P,,

dxm

wlp—m)

dm
o

1
<Cnm |9,
w(p)

where C is a positive constant. Proof.For any ¢ € P,, we have

no ) 5 1 400
o)=Y 61" (), with WZW 9 ()1 (0w (x)dx.
Jj=0 g -

and

we conclude that

n—1 n 2
T ( > ¢}”>) A

k=0 \j=k+1
n—1 n -1 n—1 Y(P)
<¢|i<17>261%7’z§p)<): (") ><cn¢na<,,>z P
k=0 Jj=k+1 kzomlcln{’}/k+1a’)/](+27"'ayn }
) n—1 ,YIEP) )
=Cllolw X~ <Cnllelm
k:07k+1

and
10", <CVRIO],00 -

Using the above inequality recursively leads to

dﬂ’l

d xm

1
¢H <Cn 0], -
w(p)
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3.2 Orthogonal projections

In error analysis, usually the numerical solution u, is compared to a suitable orthogonal projection IT,u (or interpolation
®,u) of the exact solution u in some appropriate Sobolev space with the norm ||. |g. Next the following the triangle
inequality is used

[l — ”nHS < lu— Hn”“s + [Tl — ”n”S'

To this end, it is necessary to approximate the errors ||u — IT,ul|¢ and ||TT,u — u,||g. Such approximation involving a2 (x)
polynomials will be the main concern of this subsection.
Consider the Lfv( »-orthogonal projection IT,, j : Li ) (—o0,400) — P,, defined by

(H"J’u —u, Vﬂ)w(p) =0, Y, € Py,

in which

Introduce the space

dk
B:’:(foo7+oo) = {M: W(M) Gvav(p,k)(*oo,‘i“oo), 0 § k § m},

equipped with the norm and semi-norm

1/2

m 2

||’4HB;," = Z

k=0

dk
|ulgm = || 5 ()
’ P dxk
2oy L

dk
dx*

(u)

The space B)) (—eo, +o0) distinguishes itself from the usual weighted Sobolev space H o) (—o0,+00) by involving different
weight functions for derivatives of different orders [8, 12, 13]. It is obvious that Hv’&p)(—oo,—&—oo) is a subspace of
B;"(—OO, +o0), that is, for any m > 0,

H”||By}(_oo,+oo) < C||”|‘H‘:l(p)(—oo7+oo)'

Now, we are ready to give the first fundamental result.
Theorem 3.3. Let 0 </<m<n+1<p.lfue B}’}(—oo;f—oo), we have

d’ ~ (j—O'T2(p—OT(2p—2¢0) ar
. H _ g 2m l _ .
H dx’ (Tl =1) w(p=0) \/lgl’?fl { (j—m)T%(p—m)T(2p —2m) } dx™ wip—m)
Proof. Due to the orthogonality (18), we have
P » k>} Wik
— (u = N ay |, k=0
‘ dxk Wb jg;(nj
So, we get
(p,)
d’ ’ o e v o em | o))
H dx’ (Tt =) oo :Z CARY ‘ B :Z L (pm) ’uj ’
w Jj=n+1 Jj=n+1 n]
POl e e
<o | £
j=n+l n}(‘p-,m) j:;H n; J
_. (j—O)RY-CHDI2(p —T(2p—20T(2p—j—m—1) | || ™ W 2
— - — U
jzntl | (j—m)22-CmtOr2(p —m)I(2p —2m)T(2p—j—£—1) | ||dx™ wlp—m)
i — 0)122n=012(p— T (2p -2 mo )2
= max 4 Y () (p—Or(2p-20) | || 4" () 7
jzntt | (j—m) T2 (p—m)(2p —2m) dx™ = | yip-m)
and
d’ ~ (j—O'T2(p—0OT(2p—20) ar
— (TL,, pu — <ot —
H A \/m+ { G—m T2 (p—mTp—2m) | | || pom
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Since H$(1’> (—oo, +o0) is a Hilbert space, the best approximation polynomial for u is the orthogonal projection of u upon P,

under the inner product
m dk dk
Wi =¥ (S 7
T mw k;() dxk ’ d.xk W(p)’

which induces the norm || .|| ) of H" (—o0,+o0). In fact, this type of approximation results are often needed in
w p) ?

m7w(l’
analysis of spectral methods for second-order elliptic PDEs [8, 13—17]. Therefore, we consider below the H»lv< »-orthogonal

projection. Define the orthogonal projection ITy, , : Hylv(p) (—o0,+0) — P, by
(H’lh’plzt — u,Vn) 1) = O, an c Pn. (22)
By definition, H,'L U is the best approximation of u in the sense that

[T e =l ) = Jnf 1 —ully - (23)

Using Theorem 3.3, we can derive the following estimate.
Theorem 3.4. Let 1 <m <n+1< p. If %(u) € B! (—o0,4-00), we have

dm
dxm

{ (j—DIP2(p—1)I'(2p—2) H
(j—m)'T2(p—m)L(2p —2m)

||H},’pu—u||lyw(p) < CZmI\/max

e )
j>n+l wp—m—1)

where C is a positive constant independent of m,n, p and u.
Proof. LetIl,_y , be the Lfv(p) -orthogonal projection upon P,_1. Set

X
60) = [ Tyl (3)dy.
In view of (23), we derive from the Poincare inequality and Theorem 3.3 that
701t =2l 0 < N9 =l i < €19 =20) ]y < Cll a1 ptd’ =]

m—1 max (.] - 1)!F2(p_ I)F(ZP — 2)
sC2 \/j>n+1 { (j—m)'T%(p—m)['(2p —2m) } ‘

dl?’l
dx™

(u)

w(p—m—1)

4. Spectral methods using I,(,p ) (x) polynomials

In this section, we consider spectral-Galerkin methods using I,(ll7 ) (x) polynomials. An advantage of using I,(,p ) (x) polynomials
is that they are mutually orthogonal, so we can work with the usual variational formulation.

4.1 1) (x)-Galerkin method
Consider the model equation:

—UptYu=f, x€ (_°°’+°°)’y>0

lim u(x) =0.
el e

(24)

Let Hvlv@) (—oo, +o0) and P, be the spaces as defined before. Then, a weak formulation of (24) is

(lzt/,V/) + '}/(M,V) = (f?v)v Vv e Hl(p) (—oo’ +°°)a

w
where (-, ) is the usual (non-weighted) inner product in L,-space. The I,(lp ) (x)-Galerkin approximation to (24) is
(u’n,v’) +7(up,v) = (f,v), VWEBR,.

As in the Laguerre and Hermite cases, the I,(lp ) (x) polynomials are not very useful in practice due to its wild behavior at
infinity. Therefore, we consider the polynomials functions defined by

p_
2

1 _ 1
(PJEP)(X)Zil,EP)(x)(l—&—xz)( 4), p>k+1.
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So one verifies that () . (p) (p)
Py ZSPZ‘H{‘POI7 N "Iil}'

n—1
Hence, by setting u,(x) = ¥ uk(plgp) (x)andv = (pj(»p) (x) for j=0,1,---,n—1, we get
k=0

(00 ) - (7).

AU =F,

and in matrix form

where
A= [akaj}nxn’ U= [uj]nxl’ F= [fj]nxl’

)= <(<p,§”>)/, (gjf’))’) +7(o”. 0",
fi= (0. (25)

Note that all integrals in (25), are solved by Gauss quadrature formulas (see Theorem 2.1).

in which

4.2 Numerical results

Now, we present two numerical results to illustrate the convergence behavior of the proposed schemes. We consider (24)
with two sets of exact solutions having decay properties.

Example 4.1. In this example, we suppose that the exact solution is:

1
=1
and y = 2. The approximate solution u,(x) for different values of n and p = n+ 2 are demonstrated in Figures 1 to 4. Also,
The L,-norm errors of the proposed method for different values of n and p = n+ 2 are listed in Table 5. In these figures
and tables, we clearly observe that the desired solution is provided by the approximate solution as well.
Example 4.2. In this example, we suppose that the exact solution is:

X € (_°°7 +°°) )

=051

-1.0-

Figure 1. The plots of exact solution u(x) = ﬁlﬁ and the approximate solution u, (x) forn =4,p =6.

Table 5. The L,-norm errors of the proposed spectral method based on a finite class of orthogonal polynomials related to T-student distribution.

] y \ n p Error
2 4 6 2.98 x 102
2 8 10 3.43x 1073
2 16 18 8.14x 1073
2 32 34 7.95 % 1076
sin(x)
M()C) = 1+x27 X € (_°°7+°°)7
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-0.5+

Figure 2. The plots of exact solution u(x) = HL;& and the approximate solution u, (x) forn =8, p = 10.

—4

Figure 3. The plots of exact solution u(x) = ﬁ and the approximate solution u, (x) for n = 16,p = 18.

=05

Figure 4. The plots of exact solution u(x) = ﬁ and the approximate solution u, (x) for n =32, p = 34.

and y = 2. The approximate solution u,(x) for different values of n and p = n+ 2 are demonstrated in Figures 5 to 8. Also,
The L,-norm errors of the proposed method for different values of n and p = n+ 2 are listed in Table 6. In these figures
and tables, we clearly observe that the desired solution is provided by the approximate solution as well.

Table 6. The L,-norm errors of the proposed spectral method based on a finite class of orthogonal polynomials related to T-student distribution.

’ Y \ n p \ Error ‘
2 4 6 2.83x 107!
2 8 10 9.13x 1073
2 16 18 3.83x 107
2 32 34 9.63 x 1073
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Figure 5. The plots of exact solution u(x) = %(jz) and the approximate solution u, (x) forn =4,p =6.
1.0
05-
— —
-5 5
05 -
=10~
Figure 6. The plots of exact solution u(x) = Slligz) and the approximate solution uy,(x) for n =8, p = 10.
1.0
05-
-5 5 -
U510
-1.0 -
Figure 7. The plots of exact solution u(x) = ﬂ% and the approximate solution u,(x) forn = 16,p = 18.
1.0
05-
-5 5

=1.0 -

sin(x)
1+x?

Figure 8. The plots of exact solution u(x) = and the approximate solution u,(x) for n = 32, p = 34.

5. Conclusion

In this paper, we studied an application of a finite class of orthogonal polynomials related to T-student distribution in
spectral methods. Almost all properties of this class of orthogonal polynomials were studied. In addition, error analysis and

2251-7227[https://doi.org/10.57647/j.jtap.2025.1902.22]
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convergence of the proposed spectral method were given. Finally, the numerical results based on I,(,p ) (x)-Galerkin method

were given and showed the exactness and convergence of the method numerically.
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