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1. Introduction Lyapunov’s Second or Direct Method is particularly notable

for evaluating the stability of differential equations with-

Fractional calculus extends the concepts of differentiation
and integration to non-integer (fractional) orders. The
origins of this mathematical field trace back to the late
17th century, with a notable mention in a correspondence
between Leibniz and L’Hopital on September 30, 1695,
where L’Hopital inquired, "What does j—; f(x) mean when
n=1/27". Over time, a substantial body of mathematical
work has developed around fractional integrals and deriva-
tives. Despite fractional calculus being a natural extension
of classical calculus, it has historically had limited applica-
tion in physics [1-3]. This may be due, in part, to the fact
that foundational concepts were not easily accessible in the
mathematical literature until more recently. The application
of fractional differential equations has become increasingly
relevant in accurately modeling various systems across sci-
ence and engineering, including fields such as viscoelas-
ticity, electrochemistry, diffusion processes, control theory,
heat conduction, electricity, mechanics, chaos, and fractals.

out needing explicit solutions. This approach employs a
Lyapunov function to analyze the asymptotic behavior of
solutions, making it especially useful for nonlinear systems.
Its application to non-integer order systems is particularly
intriguing, as it extends the Lyapunov function’s utility to
systems involving fractional derivatives. This paper inves-
tigates the application of fractional-like derivatives of the
Lyapunov function for stability analysis in perturbed mo-
tion equations, presenting several theorems analogous to
those of the direct Lyapunov method for specific types of
motion equations. The key fractional derivatives discussed
include Riemann-Liouville, Caputo, Caputo-Fabrizio [4],
and Atangana-Baleanu [5], all of which are characterized
by their integral representations [6, 7].

1. The Riemann-Liouville fractional derivative of order
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o € [n—1,n) of a function f is given by:

Loam o f
F(n—a)ﬁ/a (¢ ax,
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where I" denotes the Gamma function.
2. Caputo fractional derivative of order o € [n— 1,n) of f

is
S S A 1
DENO = Fra / TR

3. Caputo-Fabrizio fractional derivative of order & € (0,1)

of fis
1_ /f exp[ )}dx

where M () is known to be a normalized function such that
M(0)=M(1)=1.
4. Atangana-Baleanu fractional derivative of order o €
(0,1) of f in Caputo sense is
o
o[
-

IRCE

where M (o) retains the properties observed in the Caputo-
Fabrizio fractional derivative. Many of these definitions do
not align with the fundamental properties of the ordinary
derivative, except for linearity. In [7], a novel fractional
derivative definition was introduced that adheres to the ba-
sic principles of the ordinary derivative. In this paper, we
employ this definition along with the Mittag-Leffler func-
tion to propose a new fractional derivative, demonstrate
its properties, and illustrate its effectiveness with various
examples.

CFDOC(f

ABCDO!(f

2. Definition of new fractional derivative

In this section, we begin by introducing the Mittag-Leffler
function, which plays a significant role in various physical
processes and often emerges in the solutions to fractional
differential equations. The Mittag-Leffler function serves as
a broader generalization of the exponential function, much
like how the gamma function extends the factorial func-
tion to non-integer values. This function is instrumental in
capturing the dynamics of systems described by fractional
calculus, providing a crucial link between fractional order
models and their traditional integer-order counterparts.
Definition 2.1. The one-parameter Mittag-Leffler function
E, is defined as:

n

Z

E“(Z)_,;)r(anﬂ)’ )
where « is a positive real number and I" denotes the gamma
function. This function generalizes the exponential function
and is particularly useful in the context of fractional cal-
culus and the study of anomalous diffusion and relaxation
processes. In the following definition, we introduce a new
fractional derivative formulated using the Mittag-Leffler
function. Specifically, we consider the first two terms of the
series expansion of the Mittag-Leffler function:

e ¢

Eq (et~ g
«(e T(a+1)

) =1+ +0(t72%). ©)
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This approximation allows us to define a new fractional
derivative that incorporates the Mittag-Leffler function’s
properties, providing a refined approach to modeling frac-
tional dynamics. The term O (t_z‘x) represents higher-order
terms that are generally small compared to the first two
terms, thus simplifying the expression while capturing the
essential behavior of the Mittag-Leffler function in this con-
text.

Definition 2.2. Consider a function f : [0,00) — R. The
new fractional derivative of order o, defined in the sense of
the conformable fractional derivative, is given by:

DY) = tim L (Ba (&) —f(0) 3

e—0 €

where t > 0 and a € (0,1). In this context, we say that the
function f is a-differentiable.
If f is a-differentiable on the interval (0,), and if the limit

lim f(%(1) “

t—0t

exists, then we define the fractional derivative at zero as:

F19(0) = lim £ (7). 5)
t—0+

Theorem 2.3. [1]
Let f and g be a-differentiable functions at a point # > 0,
with 0 < o < 1. Then the following properties hold: 1.
Linearity: D*(af + bg) = aD*(f) +bD%(g) for all a,b €
R.
2. Power Function: D% (t7) =

3. Constant Function: D%(c) =
f)=c

4. Product Rule: D*(fg) = fD*(g) + gD*(f).

5. Quotient Rule: D% (f) = 7gDa(‘f>é;2fDa(g).

Lemma 2.4. [1]

Let f be both ¢-differentiable and differentiable at a point
t >0, with 0 < a < 1. Then the a-fractional derivative of
f is given by:

(aH) forall p e R.
0 for any constant function

tl—oc

mf/(t)v (6)

D*(f)(1) =
where f(r) denotes the standard derivative of f with respect
tor, and I'(t + 1) is the Gamma function evaluated at o + 1.

2.0.1 New fractional integral

If a function f is a-differentiable in the interval (a,b), we
define the o-fractional integral of f fora >0anda <t <b
as follows:

Definition 2.5. The new «a-fractional integral of a function
f that is a-differentiable is given by:

=[5

a xl*(l

f(x)dx, N

where a € (0,1).

One of the key results of this definition is stated in the
following theorem:

Theorem 2.6. If f is continuous on the domain of I* for
t > a, then:

D (I%(f)) (1) = f(1). ®)
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Figure 1. Comparative solutions for serval values of o.

Proof: See [6].
Theorem 2.7. [1] Let @ € (0, 1], then:

DD (Hrede) -,

2) D* (sin éto‘) = cos(wt“).
— sin(LHa)t“).

[0
I‘(l+a)ta
=e « .

3. Application

3.1 Fractional ordinary differential

The initial value of fractional ordinary differential equations
employing the conformable fractional derivative, with 0 <
o<1,

T%v(t) = Av(t), t>0, )
with the initial condition
v(t)|,—o = Vo, (10)
has the solution
(1) = poe @+ DA (11)

3.2 Application to physics

The conformable derivative is a relatively recent concept
in fractional calculus, designed to address some limitations
of traditional fractional derivatives. It offers a more intu-
itive approach and is easier to apply in various contexts,
including physics. Here’s an overview of the conformable
fractional derivative and its applications:

3.2.1 Model of population growth

Population growth models are crucial for analyzing and fore-
casting changes in population dynamics over time. These
models find applications across diverse disciplines includ-
ing biology, ecology, epidemiology, and sociology, where
they are instrumental in predicting shifts in population size
and structure. The essence of a population growth model
lies in its ability to describe how populations evolve, consid-
ering factors such as birth rates, death rates, immigration,

JTAP19 (2025) -192516  3/6
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Figure 2. Comparative solutions for serval values of o.

and emigration.

To formulate a population growth model, we typically start
by defining the core components and parameters that in-
fluence population changes. These may include intrinsic
growth rates, carrying capacities, and environmental influ-
ences, among others. By integrating these elements into
mathematical frameworks, we can derive equations that rep-
resent population dynamics, enabling us to forecast future
trends and understand the underlying processes driving pop-
ulation changes. We approach the problem of population
growth modeling by

dG
E:NG(I)’ G(0)=M. (12)
In this context, N represents a constant, M denotes the initial
population size, and G is the function describing population
dynamics. The solution to this problem can be expressed as
follows:

G(t) = MeM. (13)

The solution is illustrated in the following figure: We now
reformulate this problem using a new conformable frac-
tional approach:

G () =NG(t), G(0)=M. (14)
From equation (6), we obtain:
tl—tx ,

Therefore, we can proceed by employing the following
expression:

G (1) =NT(1+a)* 'G(t) or
dG(t)
dt

(16)
= NI(1+a)t* 'G(r).

By applying the method of separation of variables, we ob-
tain:
dG(t)

y(t)

= NI(1 4 o)t Ldr. (17)
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Figure 3. Comparative solutions for serval values of o.

By performing the integration, we obtain:

NI'(1+ o
InG(r) = %r“ +B, (18)
we obtain: )
NC(1+a) .o
Gt)y=ele @ | (19)
and applying the initial condition, we get:
NC(1+a) o
G(t)=Me @ 1. (20)

3.2.2 Model of body cooling

Newton’s law of cooling describes how the temperature of
an object changes over time as it exchanges heat with its sur-
roundings. This principle states that the rate of temperature
change of the object is directly proportional to the differ-
ence between its temperature and the ambient temperature.
In essence, the law provides a mathematical framework for
understanding how an object’s temperature evolves as it
moves towards thermal equilibrium with its environment.
However, applying this concept in practice involves some
nuances. For instance, the assumption that temperature dif-
ferences remain constant and the method of heat transfer
through materials, such as sweaters, need to be carefully
considered. This is because the sweater’s ability to insulate
and its heat transfer characteristics can influence the cooling
process. Nonetheless, for simplicity, it is often assumed that
the heat transfer coefficient remains constant, simplifying
the problem to a predictable model where the rate of cooling
is proportional to the temperature difference between the
object and its surroundings.

The problem of Newton’s law of cooling can be formally
expressed by the differential equation:

dT
— =—k(T(t)—T, 21
with the initial condition:
T(0)=T (22)

Ait Brahim et al.
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Figure 4. Comparative solutions for various values of K.

Here, T(¢) denotes the temperature of the object at time
t, T is the constant ambient temperature, 7Ty is the initial
temperature of the object, and k is the cooling constant.
At ¢t = 0, the initial temperature is Ty. The solution to the
differential equation is given by:

T(t)=T.4 (Tp—T,)e ™. (23)
This equation describes how the temperature of the object
evolves over time, approaching the ambient temperature 7,
asymptotically as ¢ increases. The solution is illustrated in
the following figure: By applying equation (6), we derive
the new conformable differential formula for this specific
problem:

d%T(r)
Qe —k(T(t)-T), 24
SO,
tlfoc ,
T = T(t)—T, 2
gl O = +T0-T) 5)
Therefore, we obtain:
dT (t
O ras ek ). o
and
dT (1) _
— = _I(1 * k. 27
P ) @)
Therefore,
_ a
Lo(T()—-T,) = MJFC? (28)
then,
T(t) =T, +Ce o, (29)

Incorporating the initial condition, we obtain the final solu-

tion:

—kC(1+a)®
o

T(t) =T, +(Th—T.)e (30)
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Figure 5. Comparative solutions for various values of o.

3.2.3 Fractional Heat equation

The heat equation is a cornerstone in the realms of physics
and thermal engineering, encapsulating how temperature
within a material evolves over time as a result of applied
heat and the material’s thermal characteristics. This equa-
tion finds extensive applications across various disciplines,
including thermodynamics, geophysics, meteorology, and
materials engineering, among others.

By solving the heat equation, one can predict how temper-
ature changes with time within a given material. While
analytical solutions are feasible for certain straightforward
scenarios, most situations require numerical approaches to
achieve precise results. Commonly employed numerical
techniques include the finite difference method, finite ele-
ment method, and finite volume method.

The practical applications of the heat equation are numerous.
For instance:

- It is used to model heat transfer in buildings, aiding in the
enhancement of energy efficiency.

- It helps in predicting temperature distributions during ma-
terial manufacturing processes.

- It supports the study of heat movement in soils, which is
crucial for geothermal energy research.

- It contributes to the understanding of meteorological phe-
nomena, such as cloud formation and ocean currents.

The heat equation thus serves as a fundamental tool for an-
alyzing and forecasting thermal phenomena across a wide
array of scientific and technological fields. Its elegant math-
ematical structure underpins much of thermal modeling and
drives significant advancements in both science and engi-
neering.

Additionally, fractional calculus generalizes the classical
heat equation to fractional heat equations, which are repre-
sented as:

9% 9%(x,1) *w(x,t)

IR PRSI @D
w(0,7) =0, >0, (32)
w(l,r)=0, >0, (33)

ow(x,0)
— 0, (34)
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w(x,0)=F(x), 0<x<l1. (35)

Consider the conformable fractional linear differential equa-
tions with constant coefficients, based on the results pre-
sented in [2]:
d* d*w
dy% dy*
We start with the equation R? 4+ u? = 0. From this equation,
we find that R can be either v or +ui. Additionally, based
on Theorem (2.7), we establish that

w=0.

(36)

ur(1+a)
w=et a ! 37)
we obtain two distinct solutions of the equation. Further-
more, in the second case, using properties (2) and (3) out-
lined in Theorem (2.7), we find that

uri+a) , uri+a) ,
—t (————=1%).
a
(38)
Additionally, we present a novel fractional differential
formula of order 2a with constant coefficients, which is
expressed by

w1 = sin( ) and wy = cos

ﬂd"‘w d%w

+a—— +bw = h(x). (39)
dx® dx® bagd
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Figure 7. Comparative solutions for various values of o.
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o
We can denote d—a as 2%, so we have:
dx

D% (D%W) +a2%w +bw = h(x). (40)
To find the solution, we analyze the equation R +aR +b =
0. By applying the characteristics of the new conformable
derivative described in [2], and using properties (2), (3), and
(4) as detailed in Theorem (2.7), we develop a framework
similar to the theory of conventional linear differential equa-
tions.

Now, let us examine the heat equation (31). We will use
the method of separation of variables. Suppose w(x,?) =
M (x)R(t). Substituting this into the differential equation
gives us:

d* d*R(t) d*M(x)
— ——M(x) =R(t) ——— 41
ae gra M) =RO—75— “1)
we obtain:
d* d*R(t) d*M (x)
_— =——7—"/P= 42
for some constant. Consequently:
d* d*R(t) d>M (x)
— ——= —BR= ———-BM=0. 4
PR B 0, and 12 B 0. (43)
We consider the expression:
2
M
M(x) —BM =0. (44)
dx?

As is well known, there are three scenarios for the values
of B to consider: B =0, B = —v?, and B = v2. Conditions
(32) and (33) necessitate that

v = nx and M, (x) = ¢, sin(n7x). (45)

By applying equations (36) and (38), we obtain:

nnF(l—&-a)ta mrl"(l—i—oc)td

R(1) = by cos( )+ basin( ).
(46)
And the condition (34) now gives b, = 0, and R(t) =
(nnF(1+a) ta)
o

bicos , then, using equation (45), we obtain

w(x,t) = Z ay sin(nmx) cos( %), @7

n=1

d nal'(1+a)
a

using condition (35), we determine that a,, is the n-th Fourier
coefficient of the function A(x).

4. Conclusion

This method offers several significant advantages, including
a more seamless connection to classical calculus concepts
and enhanced computational efficiency. These benefits
make it highly valuable for both theoretical research and
practical applications. By bridging fractional calculus with
traditional derivative concepts, our definition simplifies
the analysis and interpretation of fractional differential
equations, making them more accessible and easier to
understand. This integration not only streamlines the

Ait Brahim et al.

solution process but also lays the groundwork for more
intuitive and effective problem-solving approaches.

In addition, we explore the broader implications of this
definition across various fields, focusing particularly on its
influence on the stability and convergence of numerical
methods. These factors are crucial for ensuring accuracy
and reliability in computational tasks. Through a series
of detailed examples, we demonstrate the versatility and
applicability of our approach, showcasing its potential to
address a wide range of practical challenges. Overall, by
highlighting both theoretical advancements and real-world
applications, we underscore the definition’s significant
contribution to the field of fractional calculus and its
potential to drive further progress in both academic and
applied contexts.
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