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Abstract

This paper performs a numerical analysis of the stress behavior of a hollow cylinder within the
framework of micropolar elasticity, taking explicitly into account length-scale effects. The governing
field equations are established in polar coordinates, where size dependence is captured through
characteristic material length parameters and the formulation is given in terms of stress functions.
The resulting boundary value problem is then solved by using the Generalized Differential Quadrature
(GDQ) technique. The obtained numerical results clearly show a strong dependency of the stress
response from the material length parameter. Indeed, increasing the latter from [=0 the value
corresponding to the classical elasticity model-to the considered micrometer scale value, the
maximum values of radial and circumferential stresses decrease by about 46% and 45%, respectively,
whereas the maximum value of couple stress m,9 decreases by about 30%. These findings are
particularly relevant for micro-scale engineering applications such as MEMS devices and biomedical
implants, where component dimensions approach the material's micro-structural scale and classical
elasticity proves inadequate. Furthermore, the pronounced size effects observed at the inner radius
where stress gradients are highest highlight the critical need for micropolar theory in accurate stress
analysis of microscale cylindrical structures. This work provides a foundation for future research on
functionally graded micropolar materials and establishes GDQ as an efficient computational tool for
capturing intricate size-effects in advanced micro-structured components.

Keywords: Micropolar Elasticity, Generalized Differential Quadrature Method (GDQM), Length
Scale Parameter, Mechanical boundary conditions

Cite this article: Ameer, K. A., Jabbari, M., Khorsandijou, S. M., (2025). Length Scale Dependency of Micropolar equations of Elasticity in hollow
cylinder Subjected to Mechanical Load, Journal of Solid Mechanics, 17(04): Article 13. https:/doi.org/10.57647/jsm.2025.1704.13

1. Introduction

Functionally Hollow cylindrical structures are essential
elements in a wide array of engineering applications,
including pressure vessels and piping systems within the
energy sector, as well as structural components in
aerospace and mechanical engineering. The precise

forecasting of their mechanical performance under diverse
loading conditions is crucial for maintaining structural
integrity, reliability, and optimal design.

For many years, classical elasticity theory has been the
main instrument for analyzing stress and deformation in
these components. Nevertheless, a notable drawback of
this classical approach is its failure to account for size
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effects this refers to the phenomenon where the mechanical
behavior of a structure is influenced by its absolute size,
particularly when the characteristic dimensions approach
the micro-scale [1]. This limitation is especially apparent
in materials that possess an inherent internal
microstructure, including polymers, composites, foams,
bone, and granular materials. Traditional continuum
mechanics, which presumes a point-like structure for
material particles, fails to consider the effects of micro-
rotations and the corresponding couple stresses that result
from the interactions among these micro-constituents. To
address this deficiency, generalized continuum theories
have been formulated. Notably, micropolar elasticity
(Cosserat theory) has surfaced as a robust and widely
recognized framework [1 , 2]. This theory enhances the
classical model by providing each material point with three
additional rotational degrees of freedom (micro rotations),
which are independent of the macroscopic displacement
field. This addition results in asymmetric stress tensors and
the formation of couple stress tensors, which are governed
by a new set of constitutive parameters.

Importantly, these parameters include characteristic length
scale parameters that fundamentally connect the
macroscopic mechanical response to the underlying
microstructure of the material [3]. The relationship
between the structural response and these length scale
parameters is fundamental to micropolar mechanics. These
parameters serve as a physical representation of the scale
at which micro-rotational effects gain significance in
comparison to translational deformations. As the size of the
structure diminishes or the features of the microstructure
become more pronounced, the predictions made by
micropolar theory significantly diverge from those of
classical elasticity, thereby offering a more precise
characterization of material behavior at reduced scales.
Consequently, micropolar theory is essential for the
analysis and design of micro-electro-mechanical systems
(MEMS), advanced composites, and various metamaterials
[3,4]. While micropolar theory has been applied to
cylindrical structures in previous studies, most existing
research has focused on specialized cases like functionally
graded materials [5], thermoelastic behavior [6], or wave
propagation [7]. However, a comprehensive numerical
investigation specifically addressing the length-scale
dependency in a uniform hollow cylinder under
mechanical pressure using highly efficient methods
remains limitedAlthough finite element methods (FEM)
have been widely used, the application of the Generalized
Differential Quadrature (GDQ) method for this particular
boundary value problem is relatively unexplored, despite
its recognized advantages in accuracy and computational
efficiency for solving partial differential equations [8,9].
This paper therefore makes three key contributions to the
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field: First, it provides a systematic parametric analysis of
the characteristic length scale parameter's influence on
stress distributions in micropolar hollow cylinders.
Second, it demonstrates the effective application of the
GDQ method known for exceptional accuracy and
computational efficiency to solve the intricate higher-order
governing equations of micropolar elasticity in cylindrical
coordinates. Third, it offers a critical comparison with
classical elasticity solutions, distinctly outlining the
conditions under which micropolar effects become
significant. The novelty of this work lies in its focused
investigation of length-scale effects in homogeneous
micropolar cylinders using GDQ), filling an important gap
between generalized continuum theories and efficient
numerical computation for micro-scale applications. The
main objectives are:

To establish the governing equations and boundary
conditions for the axisymmetric scenario of a micropolar
hollow cylinder under mechanical load.

To apply the robust GDQ numerical technique to discretize
and resolve the resulting system of coupled ordinary
differential equations. To perform a systematic parametric
analysis, measuring the impact of the characteristic length
scale parameter on the distribution of displacements,
macro-stresses, and couple stresses. To offer a critical
comparison with classical elasticity solutions, distinctly
outlining the conditions under which micropolar effects are
significant and must be considered. The utilization of
micropolar theory in the context of cylindrical structures
has garnered ongoing research interest. Pioneering studies
and contemporary research have examined various
dimensions of this topic. For example, Nejad et al. [5]
conducted an analytical elastic analysis of functionally
graded rotating thick-walled cylindrical shells, illustrating
the significant influence of micropolar parameters.
Ghorbani et al. [6] explored the thermoelastic behavior of
a functionally graded micropolar cylindrical shell,
emphasizing the interplay of thermo-microstructural
effects. Additionally, Kumar and Sharma [7] investigated
wave propagation in micropolar cylindrical porous media,
uncovering complexities that classical models cannot
address. Extensive reviews by prominent researchers,
including Eremeyev et al. [1] and Lakes [2], reinforce the
theoretical underpinnings and affirm the essential
significance of this theory. In spite of these advancements,
a thorough and concentrated numerical examination of the
length scale dependency in a uniform hollow cylinder
subjected to mechanical pressure, resolved through a
highly efficient and accurate numerical approach,
continues to be a significant research domain. Although
numerous studies have utilized finite element methods
(FEM), the use of the Generalized Differential Quadrature
(GDQ) method for this particular boundary value problem
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is relatively limited. The GDQ method is well-known for
its exceptional accuracy, computational efficiency, and
straightforward implementation for solving partial
differential equations, rendering it an ideal choice for
addressing the intricate higher-order governing equations
of micropolar elasticity [8,9].

Consequently, this article seeks to address this deficiency
by offering a detailed numerical investigation into the
length scale dependency of micropolar elasticity equations
in a hollow cylinder subjected to internal and/or external
pressure utilizing the GDQ method.

In most partial differential equations (PDE), due to the
geometry, boundary conditions and complex loadings, it is
not possible to solve them by analytical or semi-analytical
method, so it is necessary to use numerical solution
methods. Researchers use different methods to solve
governing differential equations. Among these methods,
finite element and finite difference methods can be
mentioned, which are more popular for solving engineering
problems and mathematical models. In the finite element
method, the problem of a large system is divided into
smaller and simpler parts called finite elements. Therefore,
solving a complex system of partial differential equations
leads to solving a system of ordinary differential equations
or a system of algebraic equations. In the finite difference
method, the derivative of functions is approximated by the
differences of functions in different ways such as Taylor's
method and with a certain error.

One of the main disadvantages of the above methods is that
these methods require a lot of computing resources and
time to divide the domain into a large number of elements
and small nodes and solve a system of differential or
algebraic equations for each node. This can lead to a huge
amount of data and calculations, especially for 3D
problems and fine meshes. Also, the results of these
methods depend on the accuracy of the input data. Any
error or uncertainty in the input data can negatively affect
the reliability and validity of the results.

However, in many cases, problems require an accurate and
fast solution for a limited number of network points.
Research has shown that the generalized differential
quadrature (GDQ) method is a simple, fast and accurate
method for analyzing differential equations governing
many problems. The Differential Quadrature method is
recognized as one of the effective numerical methods for
the solution of partial differential equations subject to
boundary constraints. As it was originally presented by
Bellman in 1972 [10], the derivative of a function at any
given discrete point is approximated as a weighted linear
combination of the values of the function at all discrete
points in the computational domain. One of the main
drawbacks to Bellman's original formulation was the
difficult computation of weighting coefficients, which was
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overcome later by Kwan and Chang [11]. Shu and Richard
[12] extended this formulation further and proposed the
Generalized Differential Quadrature (GDQ) method that
considerably enhanced the capability and robustness of the
approach. The applicability of the Generalized Differential
Quadrature method has been demonstrated in a wide range
of solid mechanics problems. For example, Shishesaz et al.
[13] used the GDQ approach for evaluating the radial and
circumferential stress components in annular functionally
graded plates of wuniform thickness subjected to
axisymmetric loading, taking into account the presence of
a uniform radial magnetic field acting on the upper surface
of the plate. Based on the same numerical framework,
Panah et al. [14] examined the axisymmetric nonlinear
bending response and thermal post-buckling behavior of
functionally graded, saturated poroelastic circular plates
under combined thermo-mechanical loading.

In this context, Rezaei et al. [15] addressed the nonlinear
bending of functionally graded saturated porous
microplates, whose governing equations and related
boundary conditions were nondimensionalized, discretized
through the use of the GDQ technique, and then solved by
the iterative Newton—Raphson procedure. In addition, the
elegance and effectiveness of the GDQ formulation have
been demonstrated in its application to perform free
vibration analyses on spherical shells and circular plates in
a variety of studies [16—18].

More recently, Alinaghizadeh and Shariati [19] addressed
the nonlinear bending of two-directional functionally
graded circular and annular sector plates of variable
thickness resting on nonlinear elastic foundations by
combining the GDQ method with the Newton—Raphson
iteration technique. On the other hand, Barati and Norouzi
[20] examined the static torsional response of bidirectional
functionally graded microtubes under a longitudinal
magnetic field by considering a nonlocal elasticity model.
Using the latter approach, some GDQ-based numerical
solutions were compared to those obtained by using the
Galerkin method with satisfactory agreement. Mohammadi
et al. [21] conducted the free vibration analysis of double-
walled functionally graded cylindrical microshells that are
embedded in a viscoelastic foundation. In that study, the
generalized differential quadrature method was used to
discretize the governing equations of motion along with the
related boundary conditions. In order to verify the accuracy
of the developed numerical model, the obtained results
were compared with those of the molecular dynamics
simulation.

With regard to wave propagation problems, among others,
Kaliraman and Poonia [22] considered elastic wave
propagation at imperfect interfaces separating micropolar
elastic solids and fluid-saturated porous solid half-spaces,
while Kumar and Chawla [23] studied the effect of
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rotational and stiffness parameters on surface wave
propagation in an elastic layer lying on a generalized
thermo-diffusive elastic half-space with imperfect
boundary conditions. In another related contribution,
Kumari [24] investigated reflection and transmission of
longitudinal waves at the interface between a micropolar
viscoelastic solid and a fluid-saturated incompressible
porous medium.

Dehbani et al. [25 , 26] came up with very precise
analytical solutions to investigate steady-state micropolar
thermoelastic and magneto-thermoelastic responses in
functionally graded materials. The material properties were
supposed to be radially distributed in the form of a power-
law distribution in their formulation. It was done using
complex Fourier series along with power law functions to
solve the governing heat conduction equations and also the
Navier-type equations.

The main objectives of the present study are as follows:
(1) To derive the governing equations together with
corresponding boundary conditions for an axisymmetric
micropolar hollow cylinder under mechanical loading.

(2) To apply the generalized differential quadrature method
as a powerful numerical tool to discretize and solve the
system of resulting coupled ODE:s efficiently.

(3) Perform a systematic parametric study in order to
ascertain the effects of the characteristic length scale
parameter on the displacement fields,
components, and couple stresses.

(4) The detailed comparison with classical elasticity

macro-stress

solutions for the purpose of determining the conditions
when the micropolar effects become important and cannot
be neglected. The paper is organized as follows:

The governing equations are derived within the framework
of micropolar elasticity in Section 2. The generalized
differential quadrature method, used to discretize the
governing equations and the related boundary conditions
for the computation of the weighting coefficients, is
introduced in Section 3. In Section 4 the numerical results
are presented and graphically shown, whereas the proposed
solution procedure is tested against the classical elasticity
model and micropolar elasticity model considering
different values of the length scale parameter and boundary
conditions. Concluding remarks are summarized in Section
5.

2. Governing equations

2.1. Fundamental concepts and assumptions

Micropolar elasticity theory extends classical continuum
mechanics by introducing additional rotational degrees of
freedom (micro-rotations) at each material point. The

fundamental assumptions that each material point
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possesses three translational (u;) and three rotational (@;)
degrees of freedom. The stress tensor becomes asymmetric
(0ij # 0j;) and Couple stresses (m;;) appear as work-
conjugate to micro-rotation gradients. Also, The theory
introduces three characteristic length parameters (ly,l;)
linking macroscopic response to microstructure.

2.2. Step-by-step derivation

The derivation begins with the conservation laws for linear
and angular momentum in polar coordinates:
-Linear Momentum Balance:

ao_rr 160-7"9 Orr — Ogg _

or r 00 r 0

-Angular Momentum Balance

amrz 1 amﬂz My
or r 08

+ 0y —0gr =0

-The constitutive relations for linear isotropic micropolar
materials are

aij = Agkk(sij + (Z‘Ll + K)Eij + ngi =0
myj = a@y b + B j+ve,; =0

-Through mathematical transformations using stress

functions and, we obtain the final governing equations in
polar coordinates:

d 10
g(lli - 127*3y) = —2(1 —v)l%;%(vqu)

Ei W —127%) =2(1—v)i3 i(l72<1?l)
0 ! 2or
2.3. Comparison with classical elasticity

The principal distinctions between micropolar elasticity
and classical elasticity theories are outlined in Table 1.

Table 1. Comparison between Classical and Micropolar Elasticity

Feature Classical Micropolar Elasticity
Elasticity

DOF per . 3 translations + 3 rotations

. 3 translations

point

Stress tensor Symmetric Asymmetric (0 # 0j;)
(0ij = 0j)

Additional None Couple stresses (m_ij)

stresses

Size effects captured Captured via length

parameters
Governing Navier's Extended Navier equations
equations equations + microrotation balance



https://doi.org/10.57647/jsm.2025.1704.13

d

Ameer Khalaf et.al., J. Solid Mech. 2025; 17(4)

2.4. Physical interpretation of micropolar parameters

-The characteristic length parameters have clear physical

meanings:

e [, = [, (torsional characteristic length): Represents the
scale at which micro-rotational effects become
significant in torsion

e [, =1, (bending characteristic length): Characterizes
the influence of microstructure in bending-dominated
deformations

These parameters fundamentally connect the macroscopic

mechanical response to the underlying material

microstructure, making micropolar theory essential for

micro-scale applications. Figure 1 schematically depicts a

hollow micro-cylinder with inner and outer radii denoted

by a and b, respectively.

Figure 1. shematic geometry of the Isotropic hollow microcylinder

Two-dimensional micropolar plane strain equations of
elasticity considering size effects for a linear elastic
isotropic hollow cylinder in polar coordinates shown in
Figure 1 are as follows [27]:

0 10
5 W - Bvy) = -2(1 - v)l%;%(vzcb) (1-a)

10 d

—— @ -Br%) =21 -v)BE—(V?*® 1-b
rae(lp iV4Y) ( V)zar( ) (1-b)
Where [, I, v and V2respectively, torsional characteristic
length, bending characteristic length, Poisson's ratio and
Laplacian operator are in cylindrical coordinates and are
defined as follows:

A
VSt 22+ 20 )
g _ y(c + ) (3)
k(i + 2u)
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2 |4

lf=—

720+ 2p) )
2 2

pro0” 10 19° )
or?2 ror r2002

In the framework of micropolar elasticity, the force stress
and couple stress tensors are expressed in terms of the
stress functions ® and ¥ as follows:

_10¢  10% 10% 1y
O = or Tr2062 roroe r2 o0
0% 10%p 10y
%06 = or?2  rordd r?a0
_10% 10 10y 10%
0= T 906 " 1206 ror r2de? (6)
_10%  10¢ 0%y
Yo r= " 9100 T 1200 ' or?
10y
Mo 2= 790
Y
my, = a_T

Upon solving the governing Eq. 1 using the GDQ method,
the force stress and couple stress components are
subsequently obtained from the relations given in Eq. (6).
By substituting Eqs. (6) in micropolar elasticity Eq. (1),
yields

uloy 110y uld?yp pu2 0%y
Kr2dr rror krdr: kr30602
(k+2+2pw) 110%Y
(k+2242w)rr?2 0062

2 1102 119% 10%

T+ 2A+ 20712007 rr2a0? ror?

pl %  (k+wa*y
K12002%0r Kk ors

(7-2)

(k+2+2w) 11 3y
(k+ 21+ 2w)rroro?o

s 2 11 93y
(k+ 214+ 2w)rroro?o

10y  (c+2py; 1
(e +21) (k+2A+2u)r 8 =0
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K+A+2u 16<1)+ K+A+2u 10%@
(k+21+2)7r2 0r (kK +2A+2u)r dr?

) Kk+A+2u 109%@
(k+ 224 2u)1r3 062

(k+1+2p) 030
(k + 221+ 2p) or3

K+A+2u 1 93¢
(k + 2214 2u)r? 060%0r

A 1 9%y
(k+ 21+ 2p)r20rod

N A 1 93y N A 209
(k+2A+2u)rar200  (k+ 21+ 2u)r3 90

2 1 0%y
(k+ 221+ 2u)r?2060r

(k+2+2p) 1 0%y
(k+ 21+ 2u)r20rod

(7-b)

(k+A+2w) 1 3%y
(k + 2214 2u)rar2o0

(k+214+2u) 20y
(k+224+2u)r3 00

(e+A+2w) 1 0%y (k+p)l11 9%y
(k + 214+ 2u)r? 96or K rrordd

(k+wi11a3y

T T 008
LHL P 1107 1109
Kkrdr200 rrordd rrZof
L1 2y 110y
rrordd rr2oo

1 10y (k + 2wy:
y(K+ M)r69+(x+21+2,u) r=0

3. Numerical analysis
3.1. Advantages of the GDQ method

In this work, the GDQ method is adopted because it has
well-recognized advantages compared with other
conventional numerical approaches, such as FEM and
FDM. In detail, GDQ is capable of obtaining high levels of
numerical accuracy and rapid convergence by using a
relatively limited number of grid points. This is due to the
fact that in GDQ derivatives at a given node can be directly
represented as a weighted linear combination of the
function values at all discretized points in the
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computational domain. The consequence of such feature is
that the adoption of dense meshing is totally unnecessary;
this is the major bottleneck of the FEM when higher-order
differential operators should be considered. Secondly, the
method is straightforward to implement for complex
geometries and high-order differential equations, such as
the governing equations of micropolar elasticity, which are
fourth-order in this formulation. While FDM is simpler, it
often requires a dense grid for comparable accuracy,
increasing computational cost. The application of GDQ to
the current boundary value problem demonstrates its
exceptional capability to handle the intricate coupling and
size-dependent terms of micropolar theory efficiently.

3.2. Discretization
3.2.1. Domain

To discretize the governing equations given in Eq. (1), the
generalized differential quadrature (GDQ) method is
adopted. In most previous studies, both uniform and non-
uniform grid distributions have commonly been employed;
the latter is often based on the Chebyshev—Gauss—Lobatto
scheme, described below [14]:

051 —x)(n—1)

Xp =X + N=1) 1<n<N

Xp =% +0.5(1 — x) (®)
(n—Dmn - <

{1—COS|:m} 1<n<N

In this article, uniform distribution (7) is used to increase
the speed of convergence and the accuracy of the solution.
Using the differential quadratic method, there is no limit in
applying boundary conditions, and all types of boundary
conditions can be applied at each edge of the sector. The
uniform grid point distribution in a two-dimensional
domain and in polar coordinates is shown in Figure 2.

//‘“/ ...... . -
..- .'. VD caniii /o‘

generlc node
cees

Figure2. discretized polar grid
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Figure 2 shows the discretized computational domain A = [al at ak aV-1 aN]T
L L rn L L L

composed of M radial grid lines and N circumferential grid
lines. B. — [bl ! pk pN-1 bN]T
Accordingly, the coordinates of the grid point at the (m,)- ' ' B ' ' ' (11)
th pos.1t10n 1n. the discrete domain are given by the - [c1 . o N1 cN]T
following relation [15]: i i Lo i L L

g =g(mn) 1<n<N D;=[d} dt ,, df a¥'t ad]"

€))
=(m—-—1N+n 1<m<M For instance, can be stated in terms of the GDQ coefficients

3.3. Numerical derivatives

The weight coefficient of the generalized differential
quadratic method, L, (x), is classically defined as the nth
derivative of the Lagrange interpolation polynomial in x =
Xy

By using the discrete values of the function, denoted by,
v/l <n <N}, it is possible to approximate the
continuous variation of the function along the x-direction
by a set of Lagrange interpolation polynomials,
{L,(x)]1 <n < N}, so that the first derivative of the
function in x = x,, for example, {L,(x)|1 <n <N}
through the set of GDQ coefficients and it is defined as
follows:

YO = ) uln ()

I o (x = %)
0 = ) TR Gon — )

as In Eqgs. (11), the coefficients related to the first- through
fourth-order derivatives, a¥, b¥, c¥ and d¥, are introduced
based on the generalized differential quadrature
formulation as presented hereafter [14]:

H%:l(xi - xm)
k m#i
i

“ (e = x) ervn=1(xk = Xm)

m#k
N
ak = - E am
m=1

m=i

Irvn=1(xi - Xm)
bk = m=#i
' (e — xx) H%:l(xk - Xpm)
m#k
N

pk=-> pm

m=1

m#i (12)

H%=1(xi - xm)
k m#i

¢t =
N b O = x00) Thn=a o — )
m#k
V@) = D L) )
n=
F=- ) o
N N (10) m=1
L (x)=—1 Zn(x—x ) m
" B H%:l(xn - xm) = "
k=1m=1 N
mEn m#n [In=10c; — %)
mzk dk = m=i
. "= G 200 Ty G — )
m#k

LyGo) == ) L) n=s

m=1 N

m#n df =_ Z am

N m=1

Hm:l(xs - xm) me#i
L,(xs) = mzs n+s

i (x5 = %) [Tz (Kn — Xm) The partial derivatives on the whole field (LSay; ) with
m#+n

respect to r and are defined as follows [15]:
The vectors related to numerical derivative coefficients 4;,

B;, C; and D; respectively from the Oth to the 4th order are d(LSalt) 0%(LSolr) 03(LSo}) 0*(LScl)
displayed as follows: or or? ar3 or*

d.) 10.57647/sm.2025.1704.13
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= [An Bn (cn D"]Hﬁ”'MHf,,f,LS

[G(LSJ,’,E) 0%(LSol) 93(LSol) 9*(LSol)
a0 002 003 064

=[4am pBm c¢m DpMR"HGELS

0%(LSal) 03(LSol) 93(LSol) 9*(LSa}) (13)
aroo 0r200 01062 0r2002

0*(LSol) 0*(Lsa})
or3o0 0roe3

[A"Ar™ B"Ar™ A"Br™ B"Br™ C"Ar™ AMCr™]
HGFLS
3.4. Discrete field equations

By substituting Eqs. (2) - (5) in micropolar elasticity Eq.(7-
a) and Eq.(7-b) and their expansion, yields:

Ly sy 107 20

7200%20r 973 rorZ 13002

1 1]y 1 9%
+[_E_r_2]ﬁ_ a V)<lz)r6r260

- 1 9% (14-a)
—20=v) 12 73903
12\ 1 9%

—2-m (r>—m-
1O 10,10

1ror200 113063 1r29rd0

0 63
+—£—2(1 )l

(14-b)
6345 10%9®

2= e~ 20 -V oo

2

1 0%¢ 109
+4(1 —V)I2—= 3507 +2(1-v)E= 5y =0

By dividing the sides of relation (14-a) by —? and the sides
of relation (14-b) by —2(1 — v)12 give

p(L\L W (1 a3¢
\-12)rz0020r ! ord

%y 1 0%y
—12< 12) by ( lz) Loy
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(15-a)

+2(1 —v)I3

()
+2(1_v)lz< 1 )l‘ﬁ’
(=)

2 1 1 9%
"\—-2(1 -v)12) rar206
2 1 1 9%y
\—2a-w)i2)r3 063
2 1 1 9%
\—2(1-v)2)rzorae
1 10
ot \iow
(—2(1—v)l§>r a6

GEL)
_2(1_")12< 20—0Z) ar?

(15-b)

1 3
720620r

-2(1- v)lz( e

)

1020

_2(1_")12( 21— v)lz>r or?
)

1 0%®
+4(1 - V)lz < 2(1 =) —30—

, 1 100
201 =k 20 -2 or

By simplifying relations are obtained as

1 9% 8% 10%y 20%y

r26926r+0r3 ror? 13062

1 1]oy I2\1 930
Ao 209 (3o

(16-a)
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12 Loy 12 19%
21 =)l Jror2a0  \2(1—-v)iz)r3 063

. 12 1 0%y 1 109
20 =w)iZ)r2ord0 \2(1—v)l3)r o6

+63¢J+ 1 93 +162¢'
ord  r290%0r r or?

(16-b)

10%¢ 109

To simplify Eqgs. (16), we define the coefficients as
follows:

1 1
P1(7”)=r_2 P(r) = 7 P(r)=-=
1 1
Py(r) = —K; 2 Ps(r) = _K3;
1 1 11
Pﬁ(r)—K3T—3 P;(r) = —K; ) Pg(1) =K_3;
(17)
11 11 -11
Py(r) = K73 Pyo(r) = Ko Py (r) = T
1 1 -2
P12(7”)=r_2 Py3(r) =; P14(r)=r—3
-1
Pi5(r) = 7z

which K,, K; and Kjare expressed as:

1

K=z K=0- Wi Ky =2K,  (18)
t

By substituting Eq. (16) in Egs. (15), yields:

62
Pi(1) 9212) +61§1+P2(r) v

%y P (19-a)

+P3 (T) W + P4(1") a—

3 3 2

P
269+P6(7”)693+P7(T) =0

+P5(7") 9190

PE 93 92
Pg(r) 2159*‘139(7”)6915*‘1310( )6 ;lje

L 0% 23 (19-b)

0
+P11(r) t33 P12(T)m

2 2

0 ad
+P13(7’)ﬁ+ P14(T)W+ P15(T)a_ =0
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By substituting Egs. (13) ref. [15] in Egs. (19), yields:
Py (r)A;Bry,s + C,H(m,M,N)s

+P,(r)B,H(mM,N)s + P;(r)B,R,s

(20-a)
+P, (1) A H(mM,N)s+Ps () B, Arp, f
+P6(r)CmRnf + P7(r)AnAI‘mf =0
Pg(1)ByAry,s + Py(r)CpRys + P1o(M)AnAry,s
+P (M ApRys + CLHMM,N) f
(20-b)

TP (r)AnBryf + P13 (1) By HmMMN) f
+P1a(N)BnRuf + Pis(r)ApH(mMN)f = 0
3.5. Discrete boundary conditions

The differential equations of field variables @ and are of
order 2 related to r and 6, so we need 8 boundary
conditions to solve Egs. (20).

Four boundary conditions for a microcylinder under
internal and external pressure are defined as follows [28]:

d%o,, 1(d0rr dO'gg)
dr? dr dr

Opy — lZ 2 = _Pi
iz (0rr — 0g0) e,
24l o 1)
dr =T
dzarr + l(do-rr _ dO'gg)
2
0., — I drz dar dr =-P,
——= (0 — 0
rz( ™" 66) her,
4ol
dr =7,

Also, 4 continuity conditions are equal to:

oo " oo |"
T =74 (plm 1= (plm M
m=1
(22)
- = no_gn
ag me1 69 meM lplm:l lpm:M

In order to discretize the boundary conditions, we place Eq.
(13) in Eq. (21), we have

Oy = P(2)ApH(m, M, N)f + P(1)Bp Ry f
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—P(2)A,Arys + P(1)AnRyS
Ogg = BnH(m, M, N)f
+P(2)A,Ars — p(D)AmRys

Orr

dr

= —P(DAH(m, M, N)f

+P(2)B,H(m,M,N)f + P(3)BnRyf
+P(1)A,Brf + 2P(1)A,Arys
—P(2)B,Ars + P(3)AmRys

(23)

d? Orr

dr?

=—P(3)A,H(m,M,N)f

—2P(1)B,H(m,M,N)f + P(2)C,H(m,M,N)f
+6P(1)2BRyf + 2P(3)AnBrinf + P(1)ByBrinf
+3P(3)ApAry,s + 3P(1)B,Ary,s

—P(2)C, Aty + 6P(1)2AnRys

dO'gg
dr

=C,Hm,M,N)f — 2P(1)A, Ary;s

+P(2)B,Ars — P(3)AmRys

The use of the GDQ method in static problems results in a
system of algebraic equations, which can be obtained by
solving this system of its unknowns, which are the values
of the function at nodal points.

4. Numerical results and discussion

In the previous sections, governing relations, discretization
of governing equations, discrete boundary conditions and
assembling using GDQ method for the problem of
micropolar elasticity of cylinder in static state were
presented.

The assumptions of this section are presented in Table 2.

Table 2. Parameter values in the Example of micro-cylinder

Parameter Value Unit
Ti 1 pm
To 5 um
P 10 MPa
P 0 MPa
v 0.3 -

n, m (Number of Node) 16 --

10.57647/jsm.2025.1704.13

In this section, numerical examples are present to show the
effect of the length parameter on the elastic microcylinder
in Figurs. 3 to 8 based on the information in Table 2. In all
calculations and for simplicity, we consider | = [; = L,.
Also, in order to make the numerical results dimensionless,
we divide the force stresses by P; [29] and the Coupling
stresses by (A + 2p)r; [30]. The radial, hoop, and
dimensionless shear stress distributions along the radius of
the micro-cylinder are evaluated for several values of the
characteristic length parameter. Corresponding solutions
obtained from classical elasticity theory are also given in
the figures for reference and comparison purposes. Figures
3 and 4 present the distributions of dimensionless radial
and hoop stresses for a homogeneous cylinder as functions
of the dimensionless radial coordinate. In these figures, the
responses predicted by the micropolar elasticity theory for
length parameter (I) values of [=
0.1um, 0.2um, 0.3um, 0.5um are illustrated and compared
with those obtained from the classical elasticity model (I =

characteristic

0). Results indicate that the material length parameter has
a significant effect on the stress distribution in the micro-
cylinder. For example, a decrease in the material length
parameter leads to a gradual approach towards the classical
elasticity solution for the radial and hoop stresses. A rise in
the characteristic length parameter leads to a significant
decrease in the values of the maximum radial and
tangential stresses. For example, a rise in the characteristic
length parameter from [ =0 to [ = 0.5um eads to a
reduction of about 46% and 45% in the value of the
maximum radial and tangential stresses, respectively.
Furthermore, the discrepancybetween the calculated values
of stress based on the micropolar elasticity model and
corresponding values based on classical elasticity is larger
for the inner radius of the cylinder than for its outer radius.
Moreover, the difference between the two stress
predictions according to micropolar and classical elasticity
theories is greater for the inner surface of the cylinder
rather than for the outer one. For instance, at the inner
radius, the maximum dimensionless tangential stress as
predicted by the micropolar theory with [ = 0.5um differs
about 45% from that obtained by using classical elasticity,
whereas this difference is reduced to approximately 5% at
the outer radius. We can notice that, in the case of radial
stress, the area under the stress-radius curves predicted by
classical elasticity and micropolar elasticity differs by
14.9%, 32.7%, 44.5%, and 73.8% for the characteristic
length parameters [ = 0.1, = 0.2, = 0.3 and.l = 0.5

In radial stress diagram, the difference of the area under the
classical theory of elasticity diagram with the micropolar
theory of elasticity is equal to 8.5, 16.1, 28.6, and 45.9
respectively for the characteristic values [ = 0.1, [ = 0.2,
l=0.3and.l =0.5.
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Figure 3. Radial stress distribution o,,- in micropolar theory for different
characteristic lengths and classical elasticity
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Figure 4. Hoop stress distribution oyg in micropolar theory for different
characteristic lengths and classical elasticity

° GDQ Method

1 2 3 4 5

rir,

Figure 5. Shear stress distribution 0,4 in micropolar theory for different
characteristic lengths and classical elasticity

Figure 5 presents the variation of the dimensionless shear
stress 0,9 versus dimensionless radial coordinate for a
homogeneous cylinder. In this figure, results that are
obtained using the micropolar elasticity theory by taking
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Figure 6. Shear stress distribution oy, in micropolar theory for different
characteristic lengths
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Figure 7. Couple stress distribution m,., in micropolar theory for different
characteristic lengths
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Figure 8. Couple stress distribution mg, in micropolar theory for different
characteristic lengths

several values of the characteristic length parameter (1)
are plotted and compared to those corresponding to the
classical elasticity model (I = 0). he numerical results
clearly demonstrate that the characteristic length
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parameter has a strong influence on the shear stress
distribution in the microcylinder. As its value is
decreased, the response of the shear stress approaches that
obtained by the classical elasticity. On the other hand, the
maximum value of the shear stress 0,9 decreases with
increasing characteristic length parameter. For example,
the increase in the characteristic length parameter from
l =0 to l = 0.5um decreases the calculated maximum
value of the shear stress approximately by 15%.
Furthermore, the difference between the values of the
shear stress given by the micropolar elasticity formulation
and those computed using classical elasticity is much
greater in the inner radius region of the cylinder than in
the outer radius region.

Besides, the areas under the radial stress distributions
predicted by the classical and micropolar -elasticity
theories reveal differences of 9.2%, 18.7%, 28.4%, and
57.4% for the characteristic length parameter values of
[=0.1,l=0.2,1l=03and! = 0.5, respectively. Figure
6 shows the distribution of the dimensionless shear stress
0y, for the homogeneous cylinder as a function of the
dimensionless radial coordinate as obtained from the
micropolar elasticity theory for a few different values of
the characteristic length parameter (1). Because this shear
stress component appears only within the framework of
micropolar elasticity, no corresponding results from the
classical elasticity theory are available for comparison.
Numerical results show that the characteristic length
parameter has a significant effect on the dimensionless
shear stress distribution in the micro-cylinder, especially
the peak value. It can be observed that this peak will be
reduced by increasing the characteristic length parameter
value. As an example, it can be seen that using the
characteristic length parameter from [ = 0 to [ = 0.5um
decreases the calculated maximum shear stress by about
15%. Also, the shear stress values obtained from the
micropolar elasticity model vary more considerably in the
neighborhood of the inner radius than at the outer one. It
is also noticed that the magnitude of the shear stress at the
inner radius depicted in Figure 6 is smaller compared to
the corresponding shear stress values indicated in Figure
5. Figure 7 shows the variation of the couple stress m,., in
the hollow micro-cylinder for different values of the
characteristic length parameter. Since this component of
the stress exists only in micropolar elasticity, there are no
results available to compare with the values from classical
elasticity theory. The results amplify the importance of the
characteristic length parameter in influencing the results
of the couple stress. Specifically, the results show that as
the characteristic length parameter is raised, the couple
stress m,, also decreases. For example, raising the
characteristic length parameter from [ = 0 to [ = 0.5um

10.57647/jsm.2025.1704.13

results in a decrease of about 30% in the results for the
couple stress m,,. Also, the difference between the
maximum values of the couple stress at the inner and outer
radii of the cylinder is still small. Figure 8 presents the
distribution of the couple stress mg, in the hollow micro-
cylinder for different values of the characteristic length
parameter. Since this stress component exists only within
the framework of micropolar elasticity, no comparison
with the classical elasticity theory is possible. The results
show that the material characteristic length parameter
significantly affects the distribution of couple stress mg,
in the micro-cylinder. In particular, increasing the
characteristic length parameter of the material reduces the
maximum magnitude of the couple stress. For example,
increasing the characteristic length parameter from [ = 0
to | = 0.5um decreases the maximum couple stress by
about 10%. Second, the shear stress values computed at
the inner and outer radii of the cylinder show a relatively
small difference. However, the numerical results from the
micropolar elasticity theory show that this difference is
slightly larger near the outer radius than near the inner
radius. Overall, the results obtained from the micropolar
elasticity formulation confirm that the characteristic
length parameter plays an important role in the stress
response of micro-cylinders and increasing this parameter
results in the reduction of the maximum value of force and
couple stresses.

4.1. Verification of the exact solution with the
numerical method (GDQ Method)

Two exact solution methods and the GDQ numerical
method were plotted to compare the radial stress
distribution for the specified characteristic length (Figure
9). Table 2 was used to validate this verification. From the
plot (Figure 9) it can be seen that the results obtained from
the two theories agree well with each other.

0.1

— = ~1=0.1,:m(GDQ Method)
1=0.1sm(Exact Solution)

1 1.5 2 2.5. 3 35 4 4.5 5
ry

Figure 9. Comparison of the exact solution and numerical method for
o,-at a given characteristic length parameter
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5. Conclusion

In the present study, the length-scale-dependent stress
response of a hollow cylinder was fully investigated
within the framework of micropolar elasticity. The
formulation of the governing field equations in polar
coordinates, incorporating size effects through
characteristic length parameters, and were efficiently
solved using the Generalized Differential Quadrature
(GDQ) method. Moreover, a systematic parametric
analysis has been performed to quantify the influence of
the characteristic length parameter on the resulting
distributions of interest.

The main conclusions of the present analysis are
summarized below:

The material's characteristic  length  parameter
significantly influences the mechanical response of the
micro-cylinder.

As this parameter decreases, the results from micropolar
theory asymptotically converge towards the predictions of
classical elasticity, thereby validating the presented model
and solution methodology.

The increase in the characteristic length parameter leads
to a remarkable reduction in the peak values of the radial,
hoop, and shear stress components. More precisely, by
increasing the characteristic length parameter from 1=0 to
1=0.5pm, the maximum values of radial and hoop stresses
have been reduced about 46% and 45%, respectively. This
stress reduction can be attributed to the ability of
micropolar theory to account for stiffening effects arising
from the material's internal microstructure.

Micropolar effects are more pronounced at the inner
radius of the cylinder compared to the outer radius. This
phenomenon is justified by the higher stress gradient near
the inner surface of a pressurized hollow cylinder, where
rapid variations in the stress field accentuate the small-
scale size effects.

The distribution of couple stresses, which appear
exclusively in micropolar theory, also showed a strong
dependence on the characteristic length parameter.
Increasing this parameter significantly reduces the
magnitude of the couple stresses.

The GDQ method proved to be an efficient and accurate
numerical tool for solving the associated high-order
differential governing equations and complex boundary
conditions.

As shown in Table 2 and also in Eqgs. (21), the cylinder is
subjected only to internal pressure (10 MPa) and the
external pressure is zero. Also, Figure 3 shows that at the
inner radius, the difference between the stress curve in
classical theory for [ = 0 and the curves corresponding to
various values of [ in micropolar theory is quite

10.57647/jsm.2025.1704.13

noticeable. In other words, as 1 increases, according to
micropolar theory, the stress value should decrease, and
as one moves toward the outer radius, these curves
approach each other and eventually nearly coincide at the
outer radius. The novelty of the present manuscript is
attributed to regenerate ability of the difference governing
equations with respect to the change of the number of the
domain grid points. This is required for stabilizing the
numerical method by finding appropriate number of the
grid points. The GDQ method is just used for discretizing
the differential equations. Some other methods such as
finite element or volume might also have been applied.
The regenerate ability of the difference equations is a base
on top of which the assembling of the difference equations
can be fulfilled. The regenerate ability is achieved by
extracting the grid point indices from the terms of the
differential equations and sending them to the coefficients
thereof. This is considered as one novelty of the current
manuscript. In conclusion, this study unequivocally
demonstrates that for the accurate design and analysis of
cylindrical structures at micro and nano scales (such as
MEMS components, advanced composite shells, and
engineered materials), the use of generalized continuum
theories like micropolar elasticity, which can incorporate
length scale effects, is essential. Neglecting these effects
can lead to inaccurate predictions and, consequently, sub-
optimal design. For future work, this research can be
extended by considering more complex conditions such as
functionally graded materials (FGMs),
mechanical loadings, dynamic analyses, and the
investigation of shell structures with more general
geometries.
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