e

Journal of

Solid Mechanics

J. Solid Mech. 2026; 18(01): 35-58

Journal of Solid Mechanics I |CC

https://doi.org/10.57647/jsm.2026.1801.03

Research Article

Vibration Analysis of a Sandwich Microbeam with
Functionally Graded Porous Core and CNT Face
Sheets, Considering Surface Effects

Arezo Havazadeh', Ali Ghorbanpour Arani*'®, Hamed Khani Arani?

!Department of Solid Mechanics, Faculty of Mechanical Engineering, University of Kashan, Kashan, Iran
’Faculty of Mechanical Engineering, K N Toosi University of Technology, Tehran, Iran

*Corresponding author: aghorban@kashanu.ac.ir

Article History:

Received:
09 February 2026

Revised:

12 March 2026
Accepted:

20 March 2026
Published in Issue:
31 March 2026

©2026 the Author(s). Published by
the OICC Press under the terms of
the © CC BY 4.0, Creative
Commons  Attribution  License,
which permits use, distribution and
reproduction in any medium,
provided the original work is
properly cited.

Abstract

In this research, the vibration behavior of a sandwich microbeam with a graded porous core and
carbon nanotube (CNT)-reinforced surfaces resting on a Visco-Pasternak foundation and taking
surface effects into account is investigated. Moreover, to achieve accurate results, surface
phenomena such as surface elasticity and residual stresses are incorporated by using the Mori-
Tanaka homogenization method and Gurtin-Murdoch model, while the porous core's properties
are characterized by a symmetric porosity distribution model. The governing equations are
derived based on the third-order shear deformation theory (Reddy beam theory) and Hamilton’s
principle. These equations are solved using the generalized differential quadrature method,
accompanied by a detailed numerical study employing the modified couple stress theory
(MCST). A parametric study is presented to investigate the impact of various characteristics,
including the geometric properties, porosity and distribution pattern of pores, mass fraction, type
and distribution pattern of CNTs, material length scale parameter, foundation parameters, and
boundary conditions on the natural frequency of a sandwich microbeam. Results quantitatively
show that 1% CNT mass fraction increase natural frequencies by 5-12% and damping by 10%,
with surface effects adding up to 15% frequency enhancement and viscoelastic foundation
improving the damping by 20%. The presented results can be used in the optimal design and
analysis of the lightweight and robust structures in aerospace and advanced engineering
applications.
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1. Introduction

In recent years, sandwich structures at nano/micro scales

have attracted a huge attention in biomechanics, and the (FGP) materials are porous structures with a porosity

investigation of the mechanical behavior of these types of
structures is an essential endeavor to design small-scaled
devices. On the one hand, functionally graded porous
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gradient distributed over volume. Porous materials,
characterized by the presence of micropores, exhibit very
low density, which significantly reduces the overall mass
of structures incorporating them. Moreover, their
advantageous properties extend beyond low density,
including high recyclability, effective sound insulation,
substantial energy absorption capacity, and extremely low
thermal conductivity near absolute zero temperature. On
the other hand, carbon nanotubes (CNTSs) are recognized
as suitable reinforcement materials for composites, due to
their exceptional mechanical properties, including high
tensile strength, high elastic modulus, and low density,
which provide significant improvements in strength,
stiffness, and impact resistance.

Notably, FGP and CNTs have attracted considerable
attention due to their unique properties, and these
characteristics have led to numerous applications in
various engineering fields such as aerospace, automotive,
civil engineering, electronics, energy storage, sensors, and
biomechanics [1-4]. The following is a review of previous
works. Chen et al. [5-7] extended the problem of static
bending, elastic buckling, free vibration, and forced
vibration, for FGP beams with the consideration of shear
effects through an analytical analysis framework.

Then, Chen et al. [8] reviewed the recent research
advances for FGP structures by centring on the adopted
mechanical analysis approaches, the obtained findings,
and the application opportunities. An analytical approach
for free vibration and static buckling analyses of FGP
beams with nano-graphene platelet reinforcements was
investigated by Kitipornchai et al. [9]. Free and forced
vibration analyses of FGP beam-type structures based on
the finite element method and both Euler Bernoulli and
Timoshenko beam theories proposed by Wu et al. [10].
Enayat et al. [4] focused on the bending, buckling, and
vibration analyses of FGP nanobeams resting on a
Pasternak foundation incorporating surface effects based
on Euler-Bernoulli, Timoshenko, and Reddy’s third-order
shear deformation beam theories. They revealed that the
minimum value of the static deflection and maximum
values of critical buckling load and fundamental
frequency can be achieved using symmetric distribution
pattern of pores. Alphonse et al. [11] presented the effect
of the mechanical behavior of sandwich structures with
varying core material. Their results indicated that the
mechanical properties vary significantly with different
core and base metal combinations, influencing different
applications. Safari et al. [12] investigated the free
vibration behavior of a sandwich electro-magneto-thermal
Timoshenko beam composed of a porous core and
composite faces reinforced with graphene sheets, within a
thermal environment. Their findings revealed that

geometric characteristics and material variations

10.57647/jsm.2026.1801.03

substantially affect the natural frequency of the sandwich
beam, and that incorporating graphene sheets and
piezoelectric-magneto-electric  layers can markedly
improve the vibration performance of microstructures.
Eftekhari and Toghraie [13] examined the vibration
behavior and stability of sandwich-structured microbeams
based on higher-order strain gradient theories. They
analyzed the effects of small-scale size, surface properties,
and other parameters on beam vibrations. Ruocco and
Reddy [14] conducted a comparative analysis of the
Reddy, Timoshenko, and Bernoulli beam models,
highlighting the limitations of beam theories in
engineering applications. They found that the Reddy beam
model more accurately predicts stress fields, whereas
simpler models like Euler-Bernoulli and Timoshenko are
suitable for displacement analysis but less accurate for
stress estimation. The dynamic behavior of a sandwich
beam with a porous core and carbon nanotube-reinforced
polymer facesheets under moving mass loads was
analyzed by Biglari et al. [15]. Results showed that
increasing core porosity elevates natural frequencies and
critical speeds, as mass reduction outweighs stiffness
reduction. Asgari et al. [16] developed static bending, free
vibration, and buckling responses of a sandwich beam
composed of a five-layer considering a Honeycomb core
and CNT- reinforced composite with shape memory alloy
particles, using sinusoidal shear deformation beam theory.
Their results revealed that increasing CNT volume
fraction reduces beam displacement by 30%. Khoshgoftar
et al. [17] reported dynamic properties of composite
nanobeams with the top and bottom face sheets
incorporate CNTs, distributed either uniformly or in a
functionally graded manner, and hybrid cellular cores
using nonlocal Eringen elasticity and modified shear
deformation theories. They found that functional CNT
distribution enhances natural frequencies. Shahidi and
Mohammadimehr [18] analyzed the free vibration of
rotating sandwich beams with an aluminum foam core and
carbon nanotube-reinforced composite face
subjected to thermal and moisture fields. The Euler-
Bernoulli beam theory and the Generalized Differential
Quadrature Method (GDQM) were employed. The results
indicate that the presence of delamination, the type of
contact in the debonded region, as well as variations in

sheets

temperature, moisture, and rotational speed, have a
significant effect on the natural frequencies. Rostami and
Mohammadimehr [19] presented an analytical approach
for vibration control of a rotating sandwich cylindrical
shell integrated with a porous core, carbon nanotube-
reinforced composite face sheets, and magneto-electro-
elastic functionally graded layers. Mohammadimehr [20]
investigated the vibration behavior of a Timoshenko
sandwich beam with a porous core and functionally
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graded material face sheets. The results showed that
increasing the nonlocal stress parameter reduces the
natural frequency, whereas the nonlocal strain parameter
has the opposite effect.

The foregoing literature survey reflects some of the most
relevant and correct articles in the field of the subject of
the current research. For the first time, a vibration
behavior of the sandwich micro beam with FGP core and
CNT layers on a Visco-Pasternak foundation by
considering surface effects and using the Mori-Tanaka
homogenization and the Gurtin-Murdoch models is
presented.

The practical applications of this study include the optimal
design of lightweight, high-stiffness microstructures in
aerospace (e.g., satellite components, vibration isolators),
biomechanics (e.g., micro-actuators, bio-sensors), and
advanced engineering (e.g., MEMS/NEMS devices,
energy harvesters).

This work holds significant importance by quantifying the
synergistic effects of porosity, CNTs, and surface
phenomena revealing up to 15% frequency enhancement
from surface effects and 20% damping improvement from
viscoelastic foundation which guides the development of
robust, porous-CNT sandwich structures for high-
frequency, low-mass applications under micro-scale
constraints.

The novelty of this work lies in the simultaneous
consideration of porosity, CNT agglomeration, visco-
Pasternak foundation, with Mori-Tanaka/Gurtin-Murdoch
surface effects and size effects in evaluating the
vibrational of the sandwich microbeams. Finally, the
present work aims to provide a comprehensive and
innovative analysis of sandwich beam structures.

F 4

2. Structural definitions

Let us consider the sandwich micro beam with FGP core
and CNT layers on a Visco-Pasternak foundation that is
shown in Figure 1.

Based on a Cartesian coordinate system, the symbols L
and b denote the length and width of the beam, containing
a porous core with a thickness h., whereas the two
polymer-based facings are reinforced with CNTs with
equal thickness hy.

For modeling and analysis of this structure, there are
several assumptions such as:

* No slip or delamination occurs between the layers of the
microbeam (perfect bonding).

* The microbeam is fully surrounded by the foundation; in
other words, the contact between the microbeam and the
foundation is complete and does not break during
oscillations. If this assumption is not considered, the force
exerted by the foundation on the microbeam would be
nonlinear and complex.

» The amplitude of the microbeam oscillations is small
compared to its dimensions, to the extent that the
equations can be analyzed in the linear vibration domain
(small amplitude assumption).

* The FG porous core materials follow uniform porosity
distribution patterns (UU, VV, XX, etc.), with CNT-
reinforced face sheets assumed isotropic/orthotropic.

* Surface effects are incorporated via the Gurtin-Murdoch
model, and displacement fields are based on TSDT. To
analyse this structure, the stress-strain relations are written
for every layer and strain, and kinetic energies of each
layer are separately calculated; therefore, the energy of the
system is the sum of energy in each layer.

*-_..-J-_J"‘--l';

- U

g - _J —_—

— _—

hy I CNT-reinforced Polymer

GGGG%G’SE

Figure 1. The geometry of an FG porous-nanocomposite sandwich microbeam

d.) 10.57647/jsm.2026.1801.03


https://doi.org/10.57647/jsm.2026.1801.03

d

38

Havazadeh et al., J. Solid Mech. 2026, 18(1)

3. Mathematical derivations
3.1. Porous core modeling

In this study, as illustrated in Figure 2, three different pore
distribution patterns are considered: Uniform distribution
(U), Symmetric distribution type 1 (SI), and Symmetric
distribution type 2 (SII). For the U pattern, the prose size
in the core is constant, and the prose distribution pattern
is uniform; so, the core is homogeneous, and this pattern
is defined based on Eq. (1). For the SI and SII, the size
changes along the thickness of the microbeam core, so the
core is inhomogeneous. In the SI pattern, the pores near
the mid-surface (z = 0) are larger, and the size of the pores
decreases as one move toward the lower and upper
surfaces of the core (z = +0.5h.). While, SII pattern
exhibits a completely opposite trend, where the pores near
the lower and upper surfaces of the core are larger, and the
size of the pores decreases as one move toward the mid-
surface. These distribution patterns are considered based
on Egs. (2) and (3), respectively [21-24].
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Figure 2. Holes distribution pattern in the porous core: a) U, b) SI, c¢) SII
(23]
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U:f(z) =1—eyn
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SI:f(z) =1—e; cos (?) 2)
nZ T
Sl:f(z) =1—¢e, COS(Zh +—) 3)

In which f(z) is used to denote different distributions, and
ey, €1, ezare the coefficients represent the degree of
porosity. For example, when the core is not porous these
coefficients are e; = e; = e, =0 and an increase in
these coefficients corresponds to larger pore sizes. The
variation of the core’s modulus of elasticity according to
these pore distribution patterns is expressed as follows
[23]:

E, = E,f(2) 4)

In which, E, is the elastic modulus of the porosity core
and E, is the elastic modulus of the core when it is not
porous. Also, in porous materials, the following
dependency between date elastic modulus and density p,
holds [25].

Teo (2 = f ®)

Furthermore, assuming isotropic behavior for this class of
materials, the shear modulus can be determined using the
following relation [26]:

Ec(2)

6@ =50+

(6)
3.2. Carbon nanotube face sheets

Microbeam face sheets are designed from polymers
reinforced with CNTs. In this analysis, it is assumed that
the thicknesses of both layers are equal. As shown in
Figure 3, five different patterns of carbon nanotube
distribution are investigated: uniform distribution (U) and
four non-uniform graded patterns labeled A, V, O, and X.
In the uniform distribution pattern (U), the volume
fraction of carbon nanotubes remains constant throughout
the entire structure, resulting in a homogeneous material.
In contrast, the graded patterns A and V feature a linear
variation of the volume fraction, ranging from zero to
twice the average volume fraction, leading to a
heterogeneous structure with gradual changes. The O
pattern increases the concentration of nanotubes at the
center of the material, whereas the X pattern includes two
intersecting regions with a high density of nanotubes,
potentially creating zones with enhanced strength and
unique properties [27, 28].
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Figure 3. Distribution patterns of CNTs in the face sheets

The volume fraction distribution of carbon nanotubes in
the bottom layer(—0.5h < z < 0.5 h.), denoted by the
subscript b, and the top layer (—0.5h. <z < 0.5h),
denoted by the subscript t can be expressed using the
following relations, depending on the chosen pattern [25].

U:F(2) = F

A:> Eb(2) =E; 1+—(z+—)
hy 2
Vio Eb(2) = E' |1 2( +h5+hf>
> FE@)=F|1-—|z+——
hy 2 (N
4E'|  h.+h
X:> EP(2) = hfr z+— f|
2 he + hy
0:> EP(z) =2FE |1—— |z + |
hy 2
U:FH(2) = F;
A:> F(z) = E 1+2( h5+hf)
i = — -
=R TR\ T T
2 he + hy
Vi> EP(2) = E; 1——(2— )
hy 2 ®)
4E*|  h.+h
X:-’EF(Z): r Z_C—f|
hy 2
2 h.+h
.o E :2F*1——| - f|
0:- F(z) r[ > z >

where F. is the average volume fraction of carbon
nanotubes, which is assumed to be a constant value in each
period. Also, the average volume fraction of carbon
nanotubes can be calculated based on the mass fraction of
nanotubes:

_ 1

T_1+£_;(WLT_1) ©)

*

In which w,. is the mass fraction of nanotubes, p,, is the
properties of the polymer matrix, and p,. is the density of
carbon nanotubes. In addition, the volume fraction of the
polymer matrix on microbeam surfaces can be determined
using the following equation [27, 28].

F,=1-F i=bt (10)
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It should be noted that the changes in volume fraction
distribution patterns are adjusted such that the average
volume fraction and, consequently, the mass fraction of
carbon nanotubes remain equal in all three cases. The
orientation and packing density of carbon nanotubes do
not affect the overall density of the nanocomposite
structure; therefore, the rule of mixtures can be applied to
calculate the density as follows [29]:

pi(2) = pmFh(2) + p,F(2) i=ht (11)

3.3. Third-order shear deformation theory (TSDT)

In the current research, the displacement field in the
microbeam is considered based on the TSDT (Reddy
beam theory). This theory ensures the transverse shear
stresses vanish at the top and bottom surfaces of the beam,
thereby satisfying the essential physical boundary
conditions. Because the higher-order terms in Reddy's
theory naturally capture the parabolic-like shear stress
distribution, the shear correction factor is no longer
required to adjust the shear energy. TSDT extends the
first-order shear deformation theory (FSDT) by assuming
that:

e Shear strain and stress are not constant through the beam
thickness, where for a moderately thick beam, TSDT leads
to better results.

e The strain equations do not need a shear correction
factor.

e The displacement field accommodates a quadratic
variation of the transverse shear through the thickness and
the vanishing of transverse shear stresses on the top and
bottom surfaces of the beam.

Then, the displacement field for a beam can be expressed
as follows [29, 30]:

ow(x,t)
u(x, z,t) =ulx,t) + [f(2) — Z]T
—f(@¥(x,t)
v(x,z,t) =0 (12)

w(x,z,t) = w(x,t)

3

f@=2-55
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where u, v and w represent the displacements along the x,
y and z axes, respectively. The values of the rotations
about these axes are also specified. The variable t denotes
time, and h is the thickness of the beam, which may vary
for each layer. Based on the strain-displacement relations,
the non-zero components of the strain tensor can be
calculated using Eq. (13) [31]:

1
&j =5 (uij + )

_du 0°w oy
Exx —a"‘ [f(2) Z]W f(Z)a

; (13)
Yo = 9 (5~ ¥)

Also, in accordance with Hooke’s law, the stress-strain
relationship is given by:

Oxz = GVxz (14)

in which E and G represent the elastic modulus and shear
modulus of the material, respectively. To account for

Oxx = E€yy,

surface effects in the analysis of microbeams, the
modeling approach considers the microbeam as a main
bulk volume surrounded by a thin surface layer, as shown
in Figure 4. This surface layer significantly influences the
overall behavior of the structure due to its distinct physical
and mechanical properties and therefore must be analyzed
separately. Based on the surface elasticity theory
developed by Gurtin -Murdoch, the shear and normal
stress components within this surface layer are rigorously
defined as calculated in Eq. (15), enabling a more
comprehensive and accurate analysis of surface effects
[32].
A

!

/
: Bulk Ed

|

»/4——1)—»

Surface layer

Figure 4. The surface layer in the microbeam [4]
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s s s s saW
Opx = EP&xy +7 Oxz =T ox (15)

In this regard, the superscript “s* denotes the surface-
related quantities, such that E° and t° represent the
surface elastic modulus and the residual surface stress of
the microbeam, respectively. In the modified surface
texture beam theory, the normal stress component (g,,) is
often neglected.

However, this assumption violates the surface equilibrium
conditions defined within the framework of surface
elasticity theory.

Therefore, it is necessary to account for the normal stress
component, and it is assumed that this normal stress
component varies linearly along the thickness direction,
ensuring that the surface equilibrium equations are
properly satisfied. This approach improves the accuracy
of the model and provides a better representation of the
actual physical behavior [33].

2z SOZW Sazw
92z = \" 9xz P op2 (16)

where p*® is the surface density.

By considering the vertical component of stress in the
direction of the microbeam thickness and using Eqgs. (15)
and (16), Eq. (14) is modified to Eq. (17), and the accuracy
of the model in describing the mechanical behavior of the

structure is improved [34].
Oxx = E&yy + V0,

__{ou ’w oy
= E{a"‘ [f (@) —Z]W—f(z)a}

+2vz SOZW SOZW
n \" axz P e

(17

ow
0 = Gg@) (52— ¥)
4. Equations of motion

The energy method is used to obtain the governing
equation in this work; therefore, the strain and kinetic
energy are obtained for any layer, and after that layers are
summed together. Then, Hamilton’s principle gives the
governing equations for the dynamic behavior of a
structure, along with the associated boundary conditions.
Hamilton’s principle can be obtained [27]:

tz
f (8U + 8T + 6W, ) dt = 0 (18)
t

1
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in which t; ,t, represent an arbitrary time interval, &§
denotes the variation operator, U and T correspond to the
potential energy and kinetic energy of the microbeam, and
W, .. is the work done by external forces.

4.1. Strain energy based on modified couple stress
theory (MCST)

Based on the MSCT, the strain energy density is a function
of both strain and gradient of the rotation vector. For linear
isotropic elastic materials, the strain energy is expressed
as follows [35, 36]:

1 .
U= Ef (O'ijeij +mu)(u)dV L,] =X,2
14

1
= Ef (Jxxgxx + Oxz€xz T 2Myy Xy (19)
v

+2my,xy,)dV

in which U denotes the strain energy, m;; the components
of the deviator section represent the pair stresses, and y;;
the components of the curvature symmetry tensor are
given by:

mij (X, B2 Z) = 2#(2)[2)(”

E(z)
RO Trpwesy
1 (20)
Aij =5 (615 +65:)
1

0; = Eeijkukj

where | and p(z) are the material length scale parameter
and Lamé constant, E(z) and v(z) are defined as
functions of Young's modulus and Poisson's ratio, 6;
represents the components of the rotation vector, and e;
is the permutation symbol. The components of the
curvature symmetry tensor are likewise determined by Eq.
(20):

1 d0%w oy

Xxy = Z{[Q(Z) - Z]W -9(2) E}
d(z) ow

Nl an
d 8

de) == -

By using Eqs. (19) - (21), the variation in the strain energy
is given by:
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o= <a{ 1) -0 2o

05+ 009 (T~ 5w
(22)

My 026w oY
+5 {[ @) -2l g(Z)W}

my,d(z) <66w )
+ > % g

For ease of solution, the force and moment resultants are
defined as follow:

[%} - ffs 0 (1,2, f(2))dS
= ffs 0, 9(2)dS

Also, due to the difference in the nature of stress in the
bulk and the microbeam surface, Eq. (23) should be
presented as fallow:

[%} - f 0 (1,2, £ (2))dA

+ 35 o5.(1,2, f(2))dS (24)

(23)

. f s 9 + § 0,2

Furthermore, the components of the pair stress
deformation section can be written as follows:

Dij
[CIU] j m;;(1, g(2),d(2))ds
(25)

i, =xy,yz

By substituting Eqs. (23)-(25) into Eq. (22), the variation
in the strain energy is obtained:

L o5u
oU = fo Nxxg P — xx)

0¥ adw
~Pex dox + sz( ax (WI)] +

ow

(26)
(qu ) 0%6w _ qu il d
2 Po) g2 2 ox

Ty (06w
e 54')] dx
0x
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where in the above equation:

ou *w oy
Nxxzb Boa'i‘claxz_Bga

*w
_bl F + hg

ou 0°w oY
Mxx—b BI$+C26 2 Bsa
2w
P b(B 6u+C62W Baly
xXx — 35 3 45
3] 0x? G}
x X 27)
2w
_bs atz + h3
ow
Qur = b (Bo 5 = Ac¥)
X 0w s
Pxy = b |1*(my —ZmO)W—l m o
X 0w , 0¥
Gxy = b |l*(m; — Zml)ﬁ_l my o
5 ow
Tyy = bl*ms (E— ‘I’)
in which:
C1 = B3 - Bl + al
CZ = BS — BZ + a,
C3 = B4_ — BS + as
Bi = Ai - Ci ] = 0;112;31415
BG = A6 - h’6
Az _ h/z E Z2 d
(= )y FOY f@ (%
A, 2 f(2) (28)
As zf

n,
Ag = f G(2)g*(2)dz.
_h/z

m , 1

my| _ l_f 2 9(2)

m, B 2 —h/ZG(Z) gz(z) dz
ms dZ(Z)

h/2
@aay = [ e @ )

d-110.57647/jsm.2026.1801.03

20 "/
(by, by, be) = = f h/z (@) (2, 2% 2f (2))dz

Cy 1
Cy z

C; z?
=P E@Y £ (4
Cy fZ(Z)

Cs zf (z)

hy 1

1

M A
3 r

he 9(@)

4.2. Kinetic energy

The kinetic energy of the microbeam can be stated as [27]:

T = %LL ﬂs p(2) [(%)2 + (Z—T)Z] dsdx  (29)

Using Eq. (12) and considering surface effects and
following definitions for inertia of the microbeam:

Jo 1
AN

2\ _

I3 —J;h/zp(z) fz(Z) dz
4 f“(2)

SJ sz(z))

1
z

2

+j€p5(z) () (S
(2
zf(2)

Eq. (29) can be written as follows:

- b JL <0u>2 N <6w>2
"2, Jo |\ 3¢ at
s 2w\’ s 2w\’ .\ (aw)z
)2 dxdt Ja dxdt at
92w oY ) ou 0%w
dxdt at )1 at dxot

') ou d’w  oudw , a%w\*
Js at dxdt at ot Js dxdt

2°w 0¥
oxot ot

(30)

€2))

Variation in the kinetic energy of the microbeam can be
expressed as follows:
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5T_bfL<] ouddu  dwodw
o V0at at % at at
0¥ 06%¥ Ju 06¥ 0¥ déu

ot o Pacar o

N 92w 926w 9%w 96y
/7 dxdt dxot Js dxdt ot (32)
0%w déu ou 0%6w

o grar ot e ot axae

oW 925w
Jo 3¢ axae

where:
Jo=J1—Js
J7=T2+]a =25 (33)
Je=Js—Ts

4.3. External work

The effects of the surrounding eclastic medium on the
sandwich microbeam, which is simulated with the
viscoelastic Winkler-Pasternak model are considered as
follows [37]:

02w ow

2 = 34
0x? Cat (34)

qr = —kyw + kg
in which:
® k,, is the vertical stiffness coefficient (Winkler Spring
coefficient).
® kg is the shear stiffness coefficient of the foundation,
which accounts for the transfer of shear forces between
different points of the foundation.
e C is the viscoelastic damping coefficient of the
foundation (damping coefficient), representing the energy
dissipation in the foundation.
The extended force due to residual stress on the surface of
the microbeam is calculated based on the Laplace-Young
equation, as fallows [4]:

0w
qs = H

s 352 35)

where, H; for a rectangular cross-section can be

expressed:
Ho=7t5|,on) + 7| ,ony, (36)
10.57647/jsm.2026.1801.03

Finally, the external work done by non-conservative
loads, and after that, the virtual work can be stated as:

L
VVn.c. = bf (QS + Qf)de
0
L (37)
SW,. =b f (qs + q7)Swdx
0

4.4. The governing equations of motion

Substituting Eqgs. (26), (32) and (37) into Eq. (18) and
integrating by parts, the set of governing equations can be
presented as:

0%u 23w oy
ou: _]OF + Us — bl)—atzax +]3_6t2

d%u 3w 9%y
thogathga ~Biga =0
d3u a*w
Sw:Js 5eag5 ~ U7+ bs —b2) 5353

N 62W+ a3y N ow
Jogez Ve grzan t Cox

03%u

+(B; — By) F

) ) 12 d*w
+ C3_C2+Zl mo_zl m1+5m2 m

I? 0w
~(Bet5ms + Ho kg )5

0x? (38)

) ? \o*¥

+kWW+ B4+Bs+l ml—imz W
2 12 M _
+ 6+Em3 a—

8%u 83w a2y
O%:Js 5 ¥ Us + bs)gpap, o

2 0x3

12 ow 12 %y
B6 +§m3 a‘}‘ B4_+Em2 axz

lZ
- <A6 +5m3) Y =

9%u X 12 3w
B3W+ _C3+lm1__m2 +
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In this paper, two types of boundary conditions are d
pap yp ry +(B: + yPm}) —

considered for each edge of the microbeam. The fixed dg
state (Clamped support (C)) and the simple state (Simply 2
support (S)) are considered as fallow: +(B; +v*m3) o (A +y*my)¥P =0

Clamped support: u=0, w =0,
in which, the dimensionless parameters are defined as

=0 ¥=0 follows:
Simpl . =0 =0
1mply support: - O w =0, : X ¢ [E,
= -, T=— |—
62_w — v _ 0 L L |pm
axz ax
Also, by solving the Eq. (18). u(¢,7) LU
) w(§7) ¢ = LW ()
ou 0*w v@on) (v©
Bl a + [CZ + lz(ml - Zmo)] W c 1 (
B*
" (- il
_(BS + lzml)a =0 BG EmL Bﬁ
- (39) (e- L
B, 2 e (G om)| 5 B3} T E,I% B
B; 1 (B
’m,\ 0¥ { t} _ 4}
<B4 2 ) ox ~° Bs)  E,L*Bs
Gy 1 (G
Finally, by using Egs. (39) and (27), the motion equations BiJ~ E,13Cs
(Eq. (38)) can be written in the following dimensionless
form: m; 1 (Mo
m; = ﬂ ml
" . aw ; 0.5m
Su: A [—]OU + (J¢ — b)) — @ +J3¥ m; 2
Ld*U o dPw dPw {bi‘} __1 {bz} (41)
+B; _diz + Cf _dC3 —B3 _dZZ =0 b; po I3 bs
2 * dU * * * de {Ig} = LL3}
SW:A, ]6E_(]7+b5_b2)d—zz g meZ 6
dy Ja Ja
+HoW +J; ﬁ] + Ac*W + (B3 + By) Ji _ 1 )/
]; PmL3 J7
d3u Js Js
— +[C5 — C5 +y*(2mg — 2m] + m3)]
“ (40) e f G
d*w d2w omE, o Enl?
ap ~ (BetvimitHs +kg) -
._ b . _ A
+ky, W + [-B; + B;] + y?*(mj — mj) by = o2 Ag = EL
3
av msL Jo
+ (A +y*m;)——=0 m; = —— x
@ D T2, N7,
kL k
sy A2 ]3U+Ua+b5) Z aid k‘:/:EL' k‘;=—gL
m m
* dZU * 2 * * d3W * Hs l
_B?’d—<2+[_63 -I-)/ (ml—mz)]d—@ HS:EmL’ y=-
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5. The solution technique

Dimensionless motion equations can be written by
defining time variable T = E ’5—’" and space variable { =
m

%, in a dimensionless form using separation of variables in
the form of Eq. (42):

u@n) (LUQ
wG ) o ={LW(Q) e’ (42)

(1) (@

in which A is a dimensionless eigenvalue.

In the present study, the DQM approach is used for
obtaining relatively accurate numerical results for a
considerably smaller number of grid points. DQM is a
higher-order numerical method that provides a highly
rapid solution for linear and nonlinear partial differential
equations. This method replaces the spatial derivatives
(0 < x < 1) of a function F by an algebraic summation.
So, the values of the function at these dots will be a
column vector as shown below [38]:

fi f(x1)
f2 fe
{fr=4 ¢ (= : 43)
fu-1| | fon-n
f ) \Fly))

Based on the DQM, the kth order derivative of this
function is estimated in the mentioned points as follows
[39]:

d*f
] =1Lt (@4)

where A% is the weighting coefficients associated with
kth order partial derivative of F, and N is the number of
grid points in longitudinal direction:

N

H(xl.—xm)

m=1
m#i, j

N

A0 =T

U m=1
m#j

N 1
Yol in
m=1 x[ - xm

m#i

e

i,j=12,...,N, (45)

While that for higher derivatives using:
[A(k)] = [A(l)] [A(k—l)]

k=23,.,N=-1

(46)

In DQM, one of the most important points in accelerating
convergence is the distribution of the points. The non-

10.57647/jsm.2026.1801.03

uniform Chebyshev—Gauss—Lobatto nodal distribution
has a well-accepted set of the grid points and is expressed
as [39]:

L m-—1
xm:i{l_cos[nN—J}

(47)
m=123,..,N

Applying DQM to final equations and using Eq. (44) the
governing motion equations and the boundary conditions
can be expressed as a system of algebraic equations as
follows:

[M]{S} + [CI{S} + [KI{S} = {0}
Or (48)
A2[MI{S} + A[CI{S}[KI{S} = {0}

where [M], [C], and [K] are, mass, damping, and stiffness
matrices, respectively and {s} is a column vector known
as the displacement vector. Considering boundary
conditions into the final equations, the eigenvalues of the
state-space matrix as dimensionless frequency are
obtained [40].

(0] [L] D

([state — space] = _[MK] —[M-'C]

(49)

In which [I] and [0] are the unitary and zero matrices; by
solving the eigenvalue problem presented in Eq. (49), the
eigenvalues are obtained in a complex form. The
dimensionless frequencies and the corresponding
damping coefficient are obtained using the real part and
imaginary part of the extracted eigenvalues [41].

6. Numerical results and discussion

6.1. Overview

In this section, in addition to the verification and
convergent parametric  studies  are
accomplished. In the parametric study, the influences of

the porous core thickness, porosity coefficient, pore

example,

distribution pattern, CNTs mass fraction, type and
distribution patterns, the intensity and higher percentage
of carbon nanotube clustering, material length scale
parameter, different boundary conditions, and parameters
of the viscoelastic WinklerPasternak foundation on the
natural frequencies and damping coefficients of the
microbeam are investigated. The presented results
correspond to a microbeam with clamped and simply
supported conditions (CS). This microbeam has a material

length scale parameter y = 0.01 and geometric properties
L =20pm, *=002,7=0.01 and “=08and the

following magnitudes of the coefficients of the
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viscoelastic foundation are kj, =k; = c* = 0.0001.
Furthermore, the porous core of the microbeam is made of
epoxy polymer with properties E,, = 2.1GPa,v,, =
0.34 and p,, = 1150 % [missing property please specify

if needed]. Additionally, the nanocomposite facesheets of
the microbeam consist of polymer reinforced with single-
walled carbon nanotubes CNT (10,10) at a volume
fraction of w, = 0.01. These CNTs are distributed
following the AV pattern in both the lower and upper
facesheets.

The agglomeration coefficients of the carbon nanotubes in
the facesheets are defined as n=0.8and p=0.8.
Finally, the surface effect properties of the carbon
nanotube-reinforced polymer microbeam are defined by

ES=1222 75=0892 and ps=1072L It is
m m m
important to note that all results are presented in

nondimensional form, and except where explicitly stated,
all nondimensional parameters are defined according to

Eq. (41).
6.2. Convergence studies

To choose the proper number of grid points, a sandwich
micro beam fabricated from the materials defined in
section 6.1. is considered. Figure 5 has been plotted to
investigate the convergence of grid points and as can be
seen from the figure, the natural frequency converts to the
constant value after N = 13. Also, in Table 1, the natural
frequencies of the microbeam are presented based on
Reddy’s theory and computed using the DQM for various
numbers of grid points. As may be noted, the numerical
solution exhibits excellent behavior;
specifically, reliable results for the natural frequencies (€2)

convergence

and damping coefficients ({) across different vibration
modes can be achieved using only N = 13 grid points.
Therefore, the N = 13 mesh size is chosen for the
extraction of the next results.

Table 1. Convergence analysis for the sandwich micro beam

Mode  First Second  Third Fourth
N=5 0.4571  3.1151 6.8857 8.7874
N=7 0.4423  0.8875 1.3366  3.1223
N=9 0.4369  0.8889 1.4268  1.9221
o N=11 0.4352 0.8829 1.4085  2.0453
N=13 04344 0.8817 1.4052  2.0027
N=15 0.4339 0.8815 1.4031  2.0055
N=17 04336 0.8814 1.4018  2.0049
N=19 0.4334 0.8814 1.4010  2.0048
N=5 0.0055  0.0000  0.0000 0.0000
N=7 0.0055  0.0055  0.0055  0.0000
N=9 0.0055 0.0055  0.0055 0.0054
N=11 0.0055 0.0055 0.0055 0.0054
5 N=13 0.0055 0.0055 0.0055 0.0054
N=15 0.0055 0.0055 0.0055 0.0054
N=17 0.0055 0.0055 0.0055 0.0054
N=19 0.0055 0.0055 0.0055 0.0054

6.3. Verification of the results

To verify the accuracy of the formulation and the solution
procedure, the results of the present work are compared
with the available results in the literature. Consider a
single-layer porous microbeam with a length of L = 1m
and a Poisson's ratio of v = 1.3.

The pore distribution is symmetric of the first type (SI),
and the porosity coefficient is e; = 0.5.

0.46 . ;
S 0451 i
3
&
X 0445 .
-
£
;- 044 | .
0435 .
0.43 : :
5 10 15 20

Figure 5. Convergence of grid points
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By neglecting surface fluid effect, the dimensionless
natural frequencies of the beam, defined as 2" =

wL./p(1 —v?)/E, are presented in Table 2 for various
boundary conditions and different values of the thickness-
to-length ratio.

These results are compared alongside those reported by
Chen et al. [6] based on the Ritz method and ANSYS
software are also presented in this table.

As observed, the results show a good agreement and
confirm the validity of the presented analysis.

The minor discrepancies can be attributed to differences
in beam modeling theories and the solution method. In
reference [6], the beam is modelled by ANSYS software
and is compared with the Ritz method based on the first-
order shear deformation theory, which is less accurate
compared to the third-order shear deformation theory
employed in this study.

Table 2. A comparison between the present prediction for dimensionless
natural frequencies of a porous single-layered beam in its first vibrational
mode and those of ref. [6]

ssS cs cc
Present DQM 02882 04374  0.6146
Chenet  piy 02798 04242  0.5944
al. [6]

L/h

=10 Chenet \\NSvs 02778 04227 0.6101
al. [6]
Differe
e 3.00 311 0.73
Present DQM 00589  0.0920  0.1332
aclhe“et Ritz 0.0571  0.0891  0.1291

L/h '

=20 Chenet . \ovs 00571 00891 01289
al. [6]
Differe
e 3.15 3.25 3.18

6.4. Parametric studies

In this section, the different parametric studies are
investigated.

Figure 6 illustrates the influence of the porous core
thickness on the natural frequencies and damping
coefficients.

As can be seen, the simultaneous reduction of stiffness
and mass leads to a nonlinear behavior of the natural
frequencies of the microbeam as the core-to-total
thickness ratio increases.

The simultaneous reduction of stiffness and mass leads to
a nonlinear behavior of the natural frequencies of the
microbeam as the core-to-total thickness ratio increases.
The fundamental mode frequency exhibits an optimal

10.57647/jsm.2026.1801.03

peak, while the frequencies of the third and fourth modes
decrease. Furthermore, increasing the thickness of the
viscoelastic porous core enhances energy dissipation,
resulting in a uniform increase in damping coefficients.
Surface forces remain constant, maintaining a linear trend
in damping behavior.

Figure 7 displays the effect of the porosity coefficient on
the natural frequencies and damping ratios of the
microbeam.

By increasing the porosity coefficient, stiffness decreases
slightly, and the microbeam’s mass decreases
significantly, leading to an increase in the natural
frequencies.

Additionally, higher porosity increases the volume of core
cavities, enhancing vibrational energy absorption and
uniformly increasing damping coefficients. Table 3
compares the influence of the three different pore
distribution patterns on the natural frequencies and
damping coefficients of the microbeam.

It may be noted that the highest natural frequencies
correspond to the SI distribution pattern, where larger
pores are located near the mid-surface and result in the
least reduction in bending stiffness.

Table 3. Effect of the pore distribution pattern on the natural frequencies
and damping coefficients

First Second  Third Fourth
mode mode mode mode
2 U 04345 0.8820 1.4057  2.0036
SI 04347  0.8829 1.4085  2.0093
SII 04344  0.8817 1.4052  2.0027
U  0.0055 0.0055  0.0055 0.0055
d ST 0.0055  0.0055  0.0055 0.0054
SII  0.0055  0.0055  0.0055 0.0054

Increasing the mass fraction of CNTs strengthens the
microbeam structure and, while increasing stiffness,
slightly reduces its mass.

These changes lead to an increase in natural frequencies
and a decrease in damping coefficients, as clearly showed
in Figure 8.

Table 4 demonstrates the influences of the type of CNT
on the natural frequencies of the microbeam.

It can be investigated that CNTs with smaller chiral
indices and consequently smaller diameters and higher
elastic constants lead to an increase in the natural
frequencies.

Furthermore, the type of the nanotube has no significant
effect on the damping behaviour, and the damping ratios
remain almost constant for all vibration modes and for all
types of nanotubes.
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Figure 6. Effect of the porous core thickness on the natural frequencies and damping coefficients of the sandwich microbeam
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Figure 8. Effect of the CNT mass fraction on the natural frequencies and damping coefficient

Table 4. Effect of the CNT type on the natural frequencies and
damping ratios

Mode  (5.5) (10,10)  (15,15) (20,20) (50,50)
First 0.4359 0.4344 0.4338 0.4334 0.4327
Second 0.8876 0.8817 0.8794 0.8780 0.8751
» Third 1.4207 1.4052 1.3990 1.3955 1.3878
Fourth 2.0333 2.0027 1.9905 1.9836 1.9684
First 0.0055 0.0055 0.0055 0.0055 0.0055
Second  0.0055 0.0055 0.0055 0.0055 0.0055
: Third  0.0055 0.0055 0.0055 0.0055 0.0055
Fourth 0.0054 0.0054 0.0054 0.0054 0.0054

Table 5 depicts the impact of the CNT distribution pattern
on the natural frequencies and damping coefficients of the
sandwich microbeam. It is evident that the combination
with the highest values of natural frequencies is AV and
UU. In contrast, the lowest values belong to the VA
combination. So, it can be inferred that to maximize the
natural frequencies of the microbeam, CNTs should be

10.57647/jsm.2026.1801.03

distributed as close as possible to the microbeam’s top and

bottom surfaces.

Table 5. Influence of the carbon nanotube distribution pattern on the
natural frequencies and damping ratios of the sandwich microbeam

First Second third fourth

uu 0.4344 0.8819 1.4058 2.0039

AA 0.4343 0.8815 1.4047 2.0018

\'AY% 0.4343 0.8815 1.4047 2.0018

A XX 0.4343 0.8815 1.4047 2.0018
(0]0) 0.4343 0.8815 1.4047 2.0017

VA 0.4343 0.8814 1.4042 2.0008

AV 0.4344 0.8817 1.4052 2.0027

uu 0.0055 0.0055 0.0055 0.0054

AA 0.0055 0.0055 0.0055 0.0054

\AY% 0.0055 0.0055 0.0055 0.0054

4 XX 0.0055 0.0055 0.0055 0.0054
00 0.0055 0.0055 0.0055 0.0054

VA 0.0055 0.0055 0.0055 0.0054

AV 0.0055 0.0055 0.0055 0.0054
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Explanation for this statement is that this distribution
pattern causes the maximum rise in the bending stiffness
of the microbeam. All in all, the impact of the CNT
distribution pattern is not a very important effect on the
natural frequences. Also, the CNT distribution pattern has
no significant effect on the damping ratios. Effects of the
agglomeration coefficient 7 on the natural frequencies and
damping ratios are inspected in Figure 9, and an increase
in the agglomeration coefficient 7 means a higher
percentage of CNTs has accumulated. This figure shows
that with increasing the agglomeration coefficient 1, the
natural frequencies decrease in all vibration modes,
because the agglomeration leads to a decrease in the
elastic constants of the nanocompsite. In Table 5, among
CNT distribution patterns, the XX pattern yields the
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Figure 9. Effect of the agglomeration coefficient 1 on the natural frequencies and damping ratios of the sandwich microbeam

10.57647/jsm.2026.1801.03

highest natural frequencies (e.g., 0.4345 for first mode,
~0.02-0.1% higher than others) due to its cross-ply
configuration enhancing bidirectional stiffness and elastic
moduli, as per standard CNT composite mechanics. This
superior performance of XX over UU, VV, etc., aligns
with physical expectations for reinforced microbeams.
Furthermore, the vibration energy absorption significantly
increases, enhancing the damping capacity of the
microbeam.

Figure 10 reflects that increasing the agglomeration
coefficient p, which is related to the decrease in the
intensity of CNT clustering, leads to an increase in the
natural frequencies and stiffness of the microbeam, while
the damping capacity decreases significantly due to the
decrease in vibration energy absorption.
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Figure 10. Effect of the agglomeration coefficient u on the natural frequencies and damping ratios

The influence of the material length scale parameter on
the natural frequencies and damping ratios of the
sandwich microbeam is displayed in Figure 11. This
figure confirms that increasing the material length scale
parameter leads to greater stiffness and consequently
higher natural frequencies of the microbeam. Figure 10
reveals that as the dimensionless material length scale
parameter rises from 0.00 to 0.02, the dimensionless first
natural frequency increases by nearly 11 percent.
Moreover, the damping ratios in the first to third modes
exhibit a nonlinear trend initially increasing and then
decreasing due to the dominance of the stiffening effect at
lower values and the reduced contribution of shear modes
and energy redistribution at higher values. In the fourth
mode, the damping ratio initially increases slightly,
remains nearly constant, and then rises significantly at

10.57647/jsm.2026.1801.03

higher scale parameter values due to the mode’s higher
sensitivity Figure 12
demonstrates the effects of the thickness-to-length ratio

and reduced deformation.
on the natural frequencies and damping ratios. It may be
concluded from this figure that increasing the microbeam
thickness leads to a simultaneous increase in both stiffness
and mass; also, due to the higher power dependence of the
mass in the governing equations, the mass increase
dominates.

Consequently, the natural frequencies decrease in the first
to third modes, while in the fourth mode, they initially
decrease and then increase.

Furthermore, the damping ratios decrease nonlinearly
with increasing thickness-to-length ratio, which is
attributed to the decrease in vibration energy absorption
capacity.
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Figure 11. Effect of the material length scale parameter on the natural frequencies and damping ratios
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Table 6 compares the dimensionless natural frequencies
and damping ratios of three types of edge conditions for a
sandwich microbeam that is supported by an elastic
Winkler—Pasternak foundation.

This table proves that the microbeam with clamped
clamped (CC) boundary conditions exhibit the highest
natural frequencies due to greater boundary stiffness,
while the simply supported (SS) microbeam has the
lowest natural frequencies. Also, Figure 13 can better
visualize these trends and shows the influences of the
boundary conditions on the natural frequencies for first
four frequencies.

Moreover, the damping ratios remain nearly constant
across all vibration modes and boundary conditions,
indicating that the boundary conditions have a negligible
effect on the damping. Figure 14 reveals the impact of the
elastic coefficient of the substrate on the natural
frequencies and damping of the sandwich microbeam.
Based on Eq. (34), an increase in K, confirms a
commensurate increasing in the potential energy of the
substrate, hence a rise of high potential energy that
enables high natural frequencies of all the vibrational
modes. This figure demonstrates that when the K, rises,
there is a commensurate rise in potential energy, which

generates high natural frequencies. Additionally, the
damping ratios increase nonlinearly and significantly,
indicating a substantial improvement in the vibration
energy absorption capacity.

The influences of the foundation shear and damping
coefficients on the natural frequencies and damping of the
sandwich microbeam are presented in Figure 15 and 16.
As can be seen from Figure 15, increasing the shear
modulus of the foundation leads to an increase in the
potential energy and natural frequencies across all
vibration modes of the microbeam. Also, the damping
ratios generally increase, with a slower growth rate in
lower modes and a faster rate in higher modes, particularly
in the fourth mode. The effect of the shear modulus on the
natural frequency is more significant than that of the
normal elastic modulus. Moreover, Figure 15 shows that
an increase in the foundation damping coefficient leads to
a nonlinear and accelerated decrease in the natural
frequencies across all vibration modes, indicating a strong
inhibitory effect of the foundation damping on the system
vibrations. Additionally, the damping ratios of the
microbeam increase uniformly and
reflecting an improved vibration energy absorption
capacity of the system.

continuously,

Table 6. Effect of the boundary conditions on the natural frequencies and damping ratios

A g
CcC CS SS CcC CS SS
First mode 0.4595 0.4344 0.4107 0.0055 0.0055 0.0055
Second mode 0.9375 0.8817 0.8342 0.0055 0.0055 0.0055
Third mode 1.4887 1.4052 1.3242 0.0055 0.0055 0.0055
Fourth mode 2.1287 2.0027 1.8958 0.0054 0.0054 0.0054
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Figure 13. Influence of the boundary conditions on the natural frequences for first four frequencies
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7. Conclusion

In this study, the natural frequencies and damping ratios
of the micro sandwich beam resting on a viscoelastic
Winkler—Pasternak foundation are investigated for
edge conditions. MCST, Mori-Tanaka
homogenization method, Gurtin-Murdoch model, and

various

third-order shear deformation beam theory was used to
derive the equations of motion.

The effect of surface inertia (Surface mass density) has
been considered and the combination of the boundary
conditions and motion equations have been solved by the
DQM.

The main conclusions of the research may be listed as
follows:

* An increase in the thickness of the viscoelastic porous
core enhances energy dissipation, resulting in a uniform
increase in damping coefficients.

* As the core porosity ratio increases, the natural
frequencies and damping coefficients of the micro beam
increase.

* An increase in the mass fraction of CNTs results in
higher frequencies and an increase in the damping
coefficients.

10.57647/jsm.2026.1801.03

» To maximize the increase in natural frequencies, CNTs
are distributed as close as possible to the top and bottom
sheets of the micro beam.

* An increase in the material length scale parameter leads
to greater stiffness and consequently higher natural
frequencies of the micro beam.

* Normal and shear modulus significantly increase the
dimensionless frequency of the sandwich beam, while the
damping coefficient decreases it.

* Considering the density of surface effect has a slight
impact on low frequencies but may be necessary for
higher accuracy of the model at higher frequencies.

The practical implications of this study encompass the
engineering of ultra-lightweight, high-damping sandwich
microbeams for critical applications in aerospace (e.g.,
vibration-suppressing  satellite panels), biomedical
devices (e.g., implantable micro-sensors), and micro-
electro-mechanical (MEMS/NEMS
harvesters).

systems energy
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