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Abstract

This study develops an analytical framework based on Modified Couple Stress Theory (MCST)
to investigate the stress response of functionally graded hollow spheres. The governing
equations, which consider both material gradation and microstructural length-scale parameters,
are solved with high accuracy using the Generalized Differential Quadrature (GDQ) method.
The proposed framework exhibits numerical stability and strong convergence, and shows
excellent agreement with benchmark analytical solutions reported in the literature, with a
deviation of less than 3%. For a microstructural length-scale parameter of 0.1 um, the results are
in close agreement with classical elasticity predictions, with a deviation of less than 2%,
confirming the robustness and reliability of the formulation in a multiscale context. Furthermore,
increasing the material gradient index increases the sensitivity of the stress to the length-scale
parameter, highlighting the coupling between material composition and microstructural effects.
This integrated MCST-GDQ approach provides a solid and efficient foundation for further
research on microstructured materials, smart composites, and multiscale mechanical systems.
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1. Introduction

Functionally Graded Materials (FGMs) are a
revolutionary development in the field of materials
science because their composition or structure gradates
from one point to another.

As a result, the physical and mechanical properties can
only have a gradual variation. This has proven useful in
making more resistant to distinct
factors. The materials have distinct
applications across many sectors. In the aerospace field,

the materials
environmental

for instance, FGMs reduce the effect of mass on the
structure. They thereby increase the structure's ability to
withstand heat and pressure. In the health field, the
materials aim at simulating the human tissue [1]. In
addition, Stress analysis of FGMs is more complicated
due to the variation in their mechanical properties.

The analysis of the behavior of the materials under
different loading states through the use of numerical
techniques like the GDQ method can assist in
understanding how the materials react to environmental
and internal loading [2].
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2. Importance and necessity of research

Analysis of stress in Functional Graded Materials
(FGMs), especially when the couple stress elasticity
concept comes into play, has a great significance and
urgency because of the complexity involved in the stress
and strain behavior of the materials. An accurate analysis
of the stress behavior of the materials can translate to
improved safety and performances of the structures
designed.

The demand to comprehend and analyze the intricacies
involved in the elastic behavior of materials like FGMs,
especially when subjected to varying loading patterns and
factors, has made the adoption of latest techniques and
tools related to stress analysis more important than ever
before.

Accurate analyses of stress can assist the designer in
improving their designs based on the weaknesses present
in the structure [3].

On the other hand, the stress analysis of FGMs under
couple stress elasticity can become challenging because of
the complexities involved due to the specific nature of the
materials’ characteristics and the requirements for high
accuracy in the results of their elastic behavior. In order to
overcome the above-mentioned challenges and
complexities, more research and development in
innovative tools and methodologies will be required.

3. Research objectives

The main objectives of this research include the

following:

e Development of an analytical-numerical model for
stress analysis of functionally graded spherical
structures based on MCST

e Examination of the elastic behavior of FGM spheres
under various loading conditions

o Analysis of the influence of material gradation and
length-scale parameters using the GDQ method

4. Methodology

In the context of stress analysis for functionally graded
materials (FGMs), the importance of analytical and
numerical solutions cannot be overemphasized for a
deeper understanding of the materials’ behavior and
benefiting from the optimized properties of the materials,
particularly in the context of certain couple stress
elasticity problems.

Since the material properties are varied, the analysis of
FGMs must be carried out in an accurate manner to
forecast the behavior of the materials under varied
conditions of loading. Conventionally, analytical
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solutions are used to handle the difficulties associated
with the analysis of FGM materials. In the process, the
partial differential equations (PDEs), which explain the
elastic behavior of the materials, are solved.

While the solutions obtained may result in high
accuracies, most of the methods are valid for limited
conditions only.

For example, in the process of stress analysis for spherical
problems, Legendre functions are applicable; these
functions are very useful for solving the equations for
FGMs during static and dynamic loading conditions. With
regard to the analysis process, the analytical approach
remains less efficient compared to the numerical
approach, particularly in a complex condition. Among the
popular techniques used for the analysis of stresses in
FGM using the numerical approach is the Generalized
Differential Quadrature technique.

The GDQ approach facilitates the high accuracy
calculation of the stress and strain distribution in FGMs
without the complexity associated with the geometrical
discretization of the body’s geometric representation. Its
capability to utilize the difference and integral forms of
the basis functions makes the GDQ approach capable of
solving the nonlinear equations associated with the
stresses within the body for various loads.

Other advantages of the GDQ approach lie in the fact that
it can be combined with other numerical techniques, such
as the Finite Element Method (FEM).

The application of analytical and numeric techniques in
studying the behavior of functionally graded materials
(FGMs) based on couple stress elasticity not only aids in
the investigation of such materials, but it also contributes
towards an enhanced comprehension of the distinct
properties associated with these materials [4].

5. Review of the research literature

The elasticity of couple stress in FGMs can be considered
within the framework of two broad areas: analytical and
numerical analyses.

Various studies in the early years targeted the analysis of
stress and strain in FGMs using analytical methods.

For example, in their 1998 book, Suresh and Mortensen
[5] discussed mechanical behavior and properties of
FGMs and proposed different analytical models under
specific conditions.

Under such models, the development was done under
simple loading conditions and for certain examples;
however, due to limitations in the complexity of real
conditions, they achieved limited effectiveness.

Noori and Jomehzadeh [6] considered the length-scale
effect on vibration of functionally graded Kirchhoff and
Mindlin micro-plates and showed how the intrinsic length
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parameters influence the natural frequencies in FGM
microplates.

As the numerical technologies advanced, the researchers
started focusing on numerical methods to study the
behavior of FGMs.

The finite element method (FEM) is considered one of the
most popular methods, and therefore, many studies have
involved the use of this method, with one important study
by Yas et al., published in 2011, addressing stress and
displacement analysis in various configurations [7].

A few analytical and semi-analytical solutions of
scaledependent structures have also appeared in IJE. An
example is a recent analytical solution of free vibration of
nonuniform microbeams which implemented modified
couple-stress theory to capture size effects on frequencies
[8].

Tornabene and Viola [9] employed the generalized
differential quadrature method to obtain highly accurate
solutions for the vibration behavior of shell structures with
curved geometries.

Their formulation, based on classical elasticity,
established GDQ as a powerful alternative to conventional
numerical methods for spherical and parabolic shells.
Nevertheless, their study did not incorporate modified
couple stress theory or any form of size-dependent
elasticity, and therefore cannot predict micro-scale
stiffening effects observed in small-scale spherical
structures.

Very recently, Wu and Chang [10] reviewed several
formulations of couple stress and strain gradient for FG
microstructures. The MCST is verified to balance
accuracy and computational efficiency.

Tadi Beni et al. worked on size effects in piezoelectric
nano-beam type FGM energy harvesters and reported
pronounced length-scale dependence in both static and
dynamic responses [11]. Besides, Forghani et al. [12]
investigated the nonlinear resonances of FG-GPLRC
cylindrical shells subjected to thermal environments,
which demonstrated that symmetric grading patterns
minimize amplitude peaks, a concept well transferrable to
spherical geometries. From this perspective, Rashvand et
al.'s study [13] have indicated that, within the electro-
mechanical framework, the intrinsic length-scale
parameter significantly influences pull-in voltage and the
mechanical stability of electrostatically actuated FGM
microplates. Within the last few years, advanced methods
like the Generalized Differential Quadrature (GDQ)
method and techniques such as the Boundary Element
Method (BEM) have been adopted for the analysis of
FGMs. Relevant investigations also combined the couple-
stress formulations with electro-mechanical and
adsorption problems, e.g., couple stress modeling of
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micro/nano-cantilever capacitive sensors to capture size-
dependent behavior under surface effects [14].

Since FGMs have unique properties and a wide range of
applications, the stress analysis of functionally graded
materials has become one of the important focuses of
research in engineering.

Some researchers have attempted to develop
mathematical models that can properly represent the
mechanical behavior of FGMs with due consideration for
microstructural effects.

Farokhi and Ghayesh [15], in a study, modified the strain
gradient and couple-stress theories in curvilinear
coordinates.

The authors developed mathematical models and
performed numerical simulations to investigate the
accuracy of the stress-strain predictions and discussed the
influence of current parameters on mechanical properties
and compared experimental results with the proposed
models.

Bleustein [16] discussed the effects of microstructure on
stress concentration arising around spherical cavities.

The numerical models employed by him to simulate the
distribution of stress in samples with different
microstructures, using FEM, indicate that features as grain
size and distribution play a crucial role in stress
concentration and thus determine the failure potential.
Zhao et al. [17], in the development of the theory for strain
gradients in

coordinates, introduced the

equilibrium equations and boundary conditions, pointing

curved

out the importance of microstructural effects and
providing suitable conditions for simulation models. The
modified couple stress theory was used for the analysis of
vibrations in microplates by Jomehzadeh et al. [18].
Their new mathematical model took into consideration
size and microstructure effects on dynamic properties,
enabling a more detailed analysis of the vibrational
behavior and numerical simulations to verify the model.
Nateghi et al. [19] discussed the stability of functionally
graded microbeams with size-dependent behavior.

They developed a model incorporating microstructural
and material composition variations for the accurate
prediction of buckling response.

Reddy [20] discussed the couple stress theories associated
with microstructure for functionally graded beams, while
analyzing natural frequencies, buckling loads, and
dynamic responses, considering the influence of
microstructural effects.

Reddy and Kim [21] developed a modified couple-stress-
based third-order nonlinear theory for FG plates
considering size dependence and nonlinearity of
mechanical behavior; through numerical analyses, their
works showed that these theories provide improved
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accuracy in the prediction of buckling and vibrational
responses.

Sadeghi et al. [22] analyzed the stress-strain in functional
microbeams by using gradient elasticity theory, pointing
out the influences of scale variation and material
properties. Salamat-talab et al. [23] considered the surface
energy and gradient elasticity in the study of size-
dependent behavior of functional beams and demonstrated
evident effects on buckling and vibrational responses at
small-scales.

6. Research innovation

This study presents an integrated analytical-numerical
approach to investigate the stress distribution in
functionalized materials (FGM), where the material
composition changes inside the structure.

This approach integrates classical formulations with
advanced numerical methods, namely the GDQ method.
It aims to provide a deep understanding of the mechanical
response of functional materials, validate numerical
results with respect to mechanical loading, fill the gaps in
existing research in this field, and enhance the predictive
capability for strength evaluation.

Therefore, the present work investigates for the first time
the problem of non-uniform internal stress applied to a
micro-scale spherical structure composed of material
properties with spatial variations.

The applied stress varies by 400 times the cosine of the
polar angle acting on the inner surface of the sphere. Such
a form of non-uniform loading naturally generates
ambientally varying stress fields and allows for a deep
analysis of local stress concentrations and anisotropic
effects, which are usually neglected in most analyses.
The scale-sensitive analysis method presented here, by
considering size-dependent effects in the framework of
coupled-stress elasticity using the GDQ technique,
provides a more accurate representation of the mechanical
response in microscale structures.

This method allows for the analysis of scale sensitivity,
geometric variations, and nonuniform loading effects
simultaneously.

This work addresses one of the important challenges in
micro- and Nano engineering: how to predict stress
concentration and potential failure in very small
components.

The developed model increases the reliability of stress
analysis in MEMS, miniature pressure vessels, and
spacecraft thermal protection systems, where both
nonuniform pressure effects and size effects significantly
affect the performance of the structure.
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7. Three-dimensional governing equations of the
modified couple-stress theory in spherical
coordinates

At micro and smaller scales, the results obtained from
theory and experiments in stress and strain analyses differ
from each other. The main reason for this issue is the
inadequacy of classical elasticity theory, which is unable
to describe the size effect on material properties at small
scales. In other words, classical continuum mechanics
cannot account for the Length Scale Parameter in
governing relations. To address this deficiency, many
generalized continuum theories have been proposed.
Among these theories, modified couple-stress theories
and modified strain gradient theories have achieved
significant success. In the study conducted by Ashoori and
Mahmoodi [24], the modified strain gradient theory has
been derived in detail in general curved coordinates.

The modified strain gradient theory encompasses the
modified couple-stress theory as a special case.
Accordingly, the modified couple-stress theory is derived
in general curved coordinates, and the results are then
specialized for practical orthogonal curved coordinates,
namely spherical coordinates. Expressions including
deformation criteria, governing equations, boundary
conditions, and constitutive equations are presented in
terms of physical components that are more common and
convenient. The use of curved coordinates in tensile plate
problems involving cylindrical and spherical cavities,
crack analysis, interpretation of Micro/Nano indentation
tests, as well as bending or torsion tests at small scales is
inevitable. The three-dimensional equations governing the
coupled stress theory in spherical coordinates are defined
as follows [24]:

alprr + 1 al/’er 1 alp(pr
or r 060 rsin@ d¢
(1)
1
;(lerr —Pgp — l/)q)(p + Yy, cot 9) + fr =0
0Yrg + 10vgg 1 0¢gye +
Jdr r 06 rsinf do
(2
1
~(2ro +Yor + (oo = ) cOLO) + fo = 0
al/)rgo +lalp9<p 1 alp(p(p
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1
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Then, the couple stress Navier-Stokes equations for the
FGM in three-dimensional spherical coordinates u,, ug
and u, and their derivatives in terms of r, fand ¢ are
derived by substituting Egs. (11)-(13) into Egs. (4)-(6).
Due to the complexity of the resulting expressions in the
Navier-Stokes equations, the following expression
Vi (i,j = 1,0, p) is defined as:

Jd o 0

Yi; = Gij(uy, ue‘uwg‘%,%) (14)
Thus, the stress Navier-Stokes equations for the FGM in
three-dimensional spherical coordinates are given as

follows,
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8. Research methodology and introduction of the
generalized differential quadrature method

(GDQ)

The GDQ method is a numerical technique developed to
estimate spatial derivatives in various engineering
problems. This method operates based on a weighted
approach and has the capability to be generalized to
achieve more accurate results in dynamic and static
problems. GDQ offers higher accuracy and reduced
computational time compared to traditional methods such
as finite difference and finite element methods [27]. In this
approach, the function is considered within the domain
under investigation, and the derivative of the function at a
point will be as follows:

8.1. Domain of discretization

The Generalized Differential Quadrature (GDQ) method
based on the least-squares formulation has been used for
the discretization of the governing Egs. (18)-(20). In most
of the conducted research, two distributions, uniform and
non-uniform (Chebyshev-Gauss-Lobatto), are utilized as
follows:
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xilx; =

1 i—1 .
x1+5(1—x1)(N_1> 1<i<N

1 (18)
xilx; =x; + 5(1 —x)

i—1
1—COS( )n]
N-1

In this article, a uniform grid distribution is selected to
enhance the convergence rate and numerical accuracy of
the solution. By employing the differential quadrature
method, there are no limitations in applying boundary
conditions, and various boundary conditions can be
implemented at any edge of the sector. Due to the
complexity of the three-dimensional coupled stress
equations in a three-dimensional FGM sphere, we
consider the numerical results of the problem in two
dimensions domain. Therefore, the grid points are
uniformly distributed in spherical coordinates.

1<i<N

Figure 1. Discrete polar domain

Figure 1 illustrates the discretized domain, where the grid
points are represented by radial rays and concentric
circles. The total number of the grid point m of the discrete
domain is obtained from the Eq. (18).

8.2. Numerical derivatives

The weighting coefficients are classically defined L,, (x)
as the values of the n-th derivative of the Lagrange
interpolation polynomials x = x,,.

g=gmn)=m-1N+n
19)

1<m<M1<n<N

As shown by expressions Eq. (19), the discrete set of
function values {y(x)|1 <i < N} can approximate the
function values at x through using a series of Lagrange
interpolation polynomials.{L,(x)|1 < i < N}.
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Moreover, the first derivative of the functioncan can also
be approximated using the set of GDQ coefficients, which
are defined as follows:

N
V) = ) aln ()
n=1

H%=1(x - xm)
) = G ) T Gon — )

man (20)

N
V') = ) L)

1 N N
La(x) = o =2 (x = x)
mom Ml =1m=1
m#n
m#k

The vectors related to the numerical derivative
coefficients A;, B;, C; and D; are presented as follows for
order 0 to 4:

Aj=lal at ... af al1 a?’]T
B;=[b! b} ... b b1 N
(21)
G=ld o oAt T
D;=[d} d! .. d¥ av-1 ad]’

In Eq. (21), the coefficients related to the first through

fourth derivatives, namely a¥,b¥, c¥ and dF, are defined
based on the GDQ method (22) as follows:
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J
(x; — x) H%:l(xk = Xp) m=1
m#k m#i
k —
dk =
H{rvnzl(xi - xm) N
m#i k — m
dif = — d;
(¢ = 20) [Tma Gt = x) " — '
m=#k m#i
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According to Eq. (14), the field variables are denoted by represented as follows [28]:
U, Ug and u,. If we represent a generic field variable LS1
asoand let Y. denote the total number of field variables :
(1 <0 <Y), Then we have [28]: LS =|LSa
LSol = H*VLsa,, = H™ Lso™ (23) LS5 sy
In the above relation Sa;}, the field variableo is located at
the n-th circular node and the m-th radial ray. _LSGl
To extract the o -th row N X 1from the combination :
. Lso =|LSo,, 26
(ZN X 1), Eq. (23) is used [28]. : (26)
The expression H,‘J’E is defined as follows: LSoyd sy
Hy* = [Onxe-vw  Invxw Onx-oyn] (24) g M
1

For the given valuesN = 1,0 = nand Y = N the Eq. (24)
is reduced to a simplified form H}™".

Furthermore, Lsa™the field variableo -th along the entire
circle n-th, Lsa,, the field variableo -th along the entire ray
m -th andLSo the field variable o- th along all nodes are
defined as follows [28]:

Lso,, = HyMLso
Lso™ = R"Lso (25)
Lso = HyxLs

In the above relationships, the symbols LS, Lso and R™are

o(LSol) 0%(LSal}) 03(LSal) 0*(LSa})
or or? or3 ar+

[ | =[a"

[B(LSG,’}l) 0%(LSar) 93(LSol) 9*(LSol)

_ . g(mn),MN
R™ =|H!

Hg(M,n),MN
1 MXxMN

By substituting relations (25) into Eq. (23), we obtain
[28]:

So = H"HyWMHv Ls
@7

= H"MR™Hyyv Ls

The partial derivatives LSa,with respect to rand fcan be
expressed as follows [28]:

M 2
C™ D"Hy"HyyLS

]=[am™ Bm™ ¢cm™ Dm]RnH;,}iLS

26 002 003 004 (28)
0%(LSa}) 03(LSal) 03(LSoj) 0*(LSojt) 0*(LSop) 0*(Lso)] _
drof arza0 0ro62 0r2002 ar3a0 0rog3
[A"Ar™  BMAr™  A"Br™ B"Br™ CMAr™  AMCr™ HynLS
The coefficients A", B™, C", D™, Ar™, Br™ and Cr™ appearing in Eq. (28) are defined as follows:
At = [A? A? Am1x1v B" = [B{l B? BmuN
c" = [CTL Czn CmuN D" = [D? D? DI(IL]1><N
(29)
Ale Ble Cle
Ar™ = ;4le Br™ = éle Cr™ = 'Cle
A™RN Ay omn B™RN Ay smn C™RNyxmn

d. 10.57647/jsm.2026.1801.01
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8.3. Discrete boundary conditions

The boundary conditions for a two-dimensional FGM microsphere subjected to internal pressure are defined as follows [29]:

For discretize, The Navier equations Eqs. (15)-(17) and
the boundary conditions Eq. (30) are substituted into the
relations (28). Using the GDQ method to static problems
results in a system of algebraic equations, where the
unknowns correspond to the values of the function at the
nodal points.

9. Numerical results and discussion

In order to evaluate the accuracy and physical consistency
of the proposed analytical-numerical model, the
governing equations based on the modified couple stress
theory (MCST) are solved using the generalized
differential quadrature (GDQ) method for the functionally
graded hollow sphere. The material properties are
assumed to vary in the radial direction according to a
power-law distribution characterized by the material
profile index m. The results are compared with the
classical theory of elasticity and the available analytical

d%c,, 1/do,, dogg\ 2
Orr — 12 [ dr;T ;( dr'fr T T dr ) - r_z(o_rr - 099)] =—Ph
r=r;
o _y
oAt (30)
2 d%c,, 1/do,, dogg\ 2 __p
Orr — dr2 ; dr - dr _r_z(o_rr - 099) ]
r=ro
4ol
ar lr=,

data reported by Poultangari et al. [30] for validation.
Numerical analysis was performed for a sphere with an
inner radius r=0.4m and an outer radius r,= 0.5m. The
loading was considered as a non-uniform internal pressure
P=400c0s(40) and zero external pressure. The material
properties were defined based on a power law with the
form m=1,2 and the scale length parameter in couple
stress theory 1 = 0.1 pum, representing a macroscale
geometry (1/ro = 2x10—7). The Poisson's ratio is assumed
to be constant at 0.3, while E(a) is defined as 200 GPa,
respectively. For simplicity, the material properties are
considered equal (so that m3 = ml = m2 = m). The
mechanical boundary conditions are shown in Table 1.

Table 1. Boundary conditions for Elastic Hollow sphere FGM [30]

I; Ty P i Po A% Nr N@

04m 0.5m  400cos 40 0 03 24 24

8 T T T T T | ! I I
——m=2(Classic Theory)
& DS [ m=2, ¢=0.1um (Couple Stress Theory)| 7
—m=1(Classic Theory)
fF— | m=1, ¢=0.1um (Couple Stress Theory)
sp TR
mm—
S e
a (O TTSs{{Sa— TS
s sk Ty
b\.. ..........

2 1 L 1 ! I
0.4 0.41 0.42 0.43 0.44

0.45

0.46 0.47 0.48 0.49 0.5

r(m)
Figure 2. Radial stress: comparison between classical and couple stress theories
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5 T T T T T T T
0 ——m=2 (Classic Theory) i
----- m=2, £=0.1um (Couple stress Theory)
—m=1 (Classic Theory)
N e T m=1, £=0.1um (Couple stress Theory)

IR S
g -
= -
§ .5F

=20 -

25+

_30 | | 1 1 | l 1 1 |

04 0.41 0.42 0.43 0.44 045 0.46 0.47 0.48 0.49 0.5
r(m)
Figure 3. Circumferential stress: comparison between classical and couple stress theories
06 T T T T T T T
e ——m=2 (Classic Theory)
0.5r SN e m=2, £=0.1pm (Couple stress Theory) )
"~ —m=1 (Classic Theory)

Y s m=1, £=0.1m (Couple stress Theory)
§ 0.3
g
o 02

0.1

v
=

B
T

|

| |
0.4 0.41 0.42 043 0.44

| | | |
0.45 0.46 0.47 0.48 0.49 0.5

r(m)

Figure 4. Shear stress: comparison between classical and couple stress theories

The governing equations were discretized and solved
using the generalized differential quadrature (GDQ)
method, which provides high accuracy in calculating
derivatives and applying boundary conditions. The three
main components of the response were investigated,
including radial stress o,,, circumferential stress Gep, and
shear stress G,9.

Numerical convergence was achieved with 24 grid points,
confirming the accuracy and stability of the GDQ scheme.
For all cases, the difference between MCST and classical
predictions remained below 1%, which is consistent with

10.57647/jsm.2026.1801.01

the physical expectation that size effects vanish at
macroscopic scales.

Figure 2 At the inner surface (r=0.4 m) the max of oy is
about 4.5MPa for m=1 and 6.2 MPa for m=2 in the
classical theory (1=0). For MCST (1=0.1 pm), there is a
slight reduction in these values to around 4.2 MPa (for m
=1) and 6.0 MPa (for m =2). However, in the oy
components, the values decrease monotonically to zero at
the outer boundary (r =0.5m), as expected. Increasing m
shows a marked increase in 6., while a small nonzero
value of | shows a small reduction in 6. This trend agrees
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with Poultangari et al. [30], who reported that smaller
gradation index yields lower stress magnitudes.

Figure 3 Near the inner radius, Gep is tensile for m=2,
approximately +3.2 MPa at 1=0.4 m (classical theory), as
opposed to around +2.7 MPa for m=1. With 1=0.1 um
these tensile values slightly increase (to approximately
+3.4 MPa and +3.0 MPa).

Toward the outer surface the hoop stress becomes
compressive at r=0.5 m, oge is about—27 MPa for m=2
(classical) and —17.5 MPa for m=1 (classical). The MCST
case (I>0) causes a slight reduction in the compressive
value. Therefore, cog varies smoothly from a positive
value at the inner surface to a negative value at the outer
surface.

As in previous analyses, increasing values of m result in
larger stress values, and a small value of 1=0.1pum applies
insignificant corrections. This trend agrees with the results
obtained by Poultangari et al. in relation to tangential
stress.

Figure 4 Shear stresses attained a higher value at the inner
surface under the application of loads. For m=2 (classical)
max of o=~ 0.57 MPa at r=0.4 m, whereas for m=1 it is
about 0.40 MPa. Introducing 1=0.1 um reduces these
peaks slightly (=0.56 MPa and 0.38 MPa). In all cases 69
decays to zero at r=0.5m. Whereas values of shear
stresses are much lower than those of the stresses in both
directions, signifying the moderate loading condition of a
non-axisymmetric type.

Trends in variations of 66 values match those of variations
of stresses in directions r & 0; higher m causes a higher
value of shear stress, where a small positive value of 1
gives a small decrement.

Material index and length scale effects: This is sensitive
to the power-law index m as well as length scale
parameter 1.

A large m means that the values of stresses will increase
(for example, peak o, and c,9 rise by roughly 30—40%
when m goes from 1 to 2). However, a small
microstructural length scale of 1 = 0.1 pm leads to
negligible effects of a few percent only, in which orr and
o9 will decrease (due to increased hardness), as well as
increasing ogp slightly at the outer boundary. This agrees
well with the findings of Poultangari et al. [30], who
observed that a small value of power-law index leads to a
reduction in radial, tangential, as well as shear stresses. A
small microstructural length scale of MCST effectively
makes the material harder.

Therefore, as expected, when 1 —0, the solution of MCST
will be the same as that of classical elasticity theory.

In sum, the stress distribution curves (Figures 2—4) exhibit
smooth, physically consistent behavior, and both
qualitative trends and quantitative match
established analytical solutions.

values

10.57647/jsm.2026.1801.01

10. Conclusion

In this study, the mechanical behavior of a functionally
graded hollow sphere under non-uniform mechanical
loading was analyzed using the scale-dependent couple
stress theory and the generalized differential quadrature
(GDQ) method. The results obtained highlight several key
and innovative points:

10.1. Length scale and material gradation effects

It is observed that as the value of the material gradation
index m is increased, the values of the radial stress,
circumferential stress, as well as shear stresses, are
substantially  increased, = while  including  the
microstructure size parameter as 1 = 0.1 pm gives a small
stiffening effect (slightly reducing stresses). As expected,
in a convergence analysis done upon a 24-point grid, the
solution is obtained with no appreciable error in solution.
Also, under the limiting condition of sufficiently small
values of 1 (in the macroscopic regime), as already
illustrated earlier, the MCST solution, as expected,
approaches that of the classical (elasticity theory).

10.2. Consistency of the model with real physics

A high accuracy of the results obtained from the proposed
GDQ/MCST model has been found in comparison with
the outcomes of the classical theory of elasticity. Also, in
order to obtain the results, a discretization of 24 points has
been used, as a result of which a convergence error of less
than 2% has been observed. Moreover, a comparison of
the obtained results with recent studies in this field, as
presented by Poultangari et al. [30], has revealed that the
mean error is less than 3%.

In addition, since the length scale parameter of the given
material (1 = 0.1 pm) is much smaller than the sphere’s
characteristic dimensions (in the order of centimeters), the
effects of couple stresses become physically insignificant.
As a result, the solutions of the modified couple stress
theory will be in agreement with those of the classical
theory of elasticity, indicating full physical consistency
between the above-mentioned theories.

10.3. Innovation and practical significance

The novelty of the research this research consists in the
combination of couple stress theory with the GDQ
numerical method applied to the analysis of functionally
graded spheres under non-axial loading. This approach
allows for the accurate investigation of scale effects,
material gradients, and complex boundary conditions
simultaneously while most of the previous studies
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haveonly examined symmetric or classical cases.

The results of this research can be used in the design of
microscopic shells, MEMS components, and nanoscale
FGM tanks where stress and stiffness distributions play a
key role. Overall, the presented model, by simultaneously
considering the effects of length scale and non-axial
loading, has been able to provide a realistic and accurate
behavior of the functionally graded sphere. This research
can be the basis for the development of more advanced
analytical and numerical models for the analysis of
microscopic structures and smart materials in the future.
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