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Abstract 

Graphene based nanocomposites have great mechanical properties which could be applied in 

multifunctional engineering. But it is also true that classical higher order theory cannot provide a 

good description of the interlaminar mechanical behavior of FG-GNPRC laminate under moisture 

and thermal condition. It's a big difference because of the different parts in hygrothermal expansion 

coefficient causing dissimilar elasticity so there will be very complicated stress distribution. We have 

then developed another modified plate formulation with moisture and temperature induced strain 

taken up by the definition of displacement field, which means it is incorporated into the kinematic 

description so as not to add any further unknowns to our model. The proposed model can have an 

exact interlaminar shear stress because there are no breaks between layer and temperature-humidity. 

Also, the removal of the curvature-related terms of in- plane displacements from shear stress 

expression simplifies the finite element implementation. It’s verified by comparison to 3D elasticity 

solutions and a few other classical theoretical models, which all show good agreement with the 

interlaminar stresses and deformations characterized here: And the parametric analysis shows more 

clearly what is governing the hygrothermal response. As we increase the GNP with some value and 

transverse deformations become large for having greater hygrothermal extension difference between 

low volumes but this is not true when increasing concentrations go on up to more amount. When we 

get quite different variation in GNP graduation across width that alters how stresses will behave from 

layer to layer, stress too by heat and water besides deformation and evolution of stress also depends 

on geometry proportion, stack configuration, applied load. All in all, they give structural response. 

These results can help in choosing suitable material gradation and structural design to improve the 

hygrothermal behavior of FG-GNPRC plates. 
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1. Introduction 

 

Graphene-based composite system has drawn much notice 

of the material science exploration at present for its 

excellent multi-function, consists of a good physical 

strength, good heat resistance and also good electric 

conductivity. The intensive quantitative characterization 

of thermal response characteristics of those newly 

developed advanced hybrid materials formulates as 

significant academic topic, particularly for high-risk 

engineering application scenes like aerospace thrust 

generation system, automotive heating arrangement and 

other cutting-edge miniaturized electronics. Current 

research foci have been on architectures of graphene 

nanoplatelets (GNPs), which exhibit improved structural 

stability and load-bearing performance in the 

nanocomposite matrix under varied working conditions 

[1,2]. In that regard, then, interdisciplinary research about 

the basic mechanical behavior in a GO augmented system 

has been activated here by a kind of such a technological 

paradigm [3-6] and new territory has emerged in the 

domain of composite science. 

Current investigations indicate that there has been an 

explosive growth in the academic community focus on 

analyzing the mechanical performance attributes of FG-

GNPRC frameworks [7-12]. Principal efforts in 

investigation have been placed on the creation of full 

analytical frameworks for the creation of the coupled 

thermomechanical response and constitutive relationship 

shown by the graphene reinforced heterogeneous matrix 

with non-uniform thermal and mechanical loads.  Recent 

developments in the coupled thermal and mechanical 

evaluation of FG-GNPRC have been extensively 

documented through sophisticated analytical frameworks. 

Eyvazian et al. [13] examined thermo-mechanical 

instability in rotating FG-GNPRC microscale beams. 

Utilizing first-order theory (FSDT), Bidzard et al. [14] 

investigated thermal-vibration coupling effects within 

FG-GNPRC toroidal microstructures. Khorasani et al. 

[15] conducted size-dependent thermo-mechanical 

stability analysis in honeycomb plates with FG-GNPRC 

face sheets. By implementing a novel methodology, 

Sobhy [16] established a magneto-hygrothermal model 

for sandwich-curved nanocomposite panels. Mojiri and 

Salami [17] studied vibration behavior of FG-GNPRC 

beam on elastic bases with thermal effects. Furthermore, 

Eroğlu et al. [18] assessed the stability behavior of doubly 

curved sandwich shells featuring graphene-reinforced 

foam core. Zhang et al. [19] conducted the vibration 

analysis of piezoelectric FG-GNPRC plates possessing 

distributed porosity subjected to multifield loads. Nam et 

al. [20] analyzed the critical performance of shell-type 

sandwich panels made from FG-GNPRC. Employing 

nonlocal framework, Li et al. [21] performed an analysis 

of thermal-elastic bending wave dispersion in functionally 

graded microbeams enhanced with GNPs and CNTs. Bui 

et al. [22] evaluated time-dependent dynamic and 

bifurcation behaviors exhibited by FG-GNPRC shell and 

plate structures supported on viscoelastic substrates. Liu 

et al. [23] assessed the thermomechanical performance of 

porous FG-GNPRC plates. Li et al. [24] initiated a 

stability evaluation for submarine pipeline networks 

incorporating FG-GNPRC protective coatings. In 

microscale contexts, Li et al. [25] assessed thermal post-

buckling characteristic of FG-GNPRC microtubes. Nam 

et al. [26] created parametric instability maps for FG-

GNPRC toroidal shell structures with corrugated cores in 

the thermal environment.  Songsuwan et al. [27] 

performed comparative stability analysis of perfect and 

imperfect FG-GNPRC beam. 

Ying et al. [28] explored the stability of FG-GNPRC 

microtubes subjected to combined hygrothermal loading 

while considering elastic substrate interactions. Ahmadi 

and Rash-Ahmadi [29] analyzed the buckling of porous 

nanocomposite structures within hygrothermal settings. 

Employing a higher-order formulation and the differential 

quadrature technique, Sobhy [30] examined the magneto-

hygro-thermomechanical characteristics of sandwich 

curved beams with functionally graded 

graphene/aluminum face sheets. Zhao et al. established a 

unified analytical approach to analyze the dynamic 

performance of porous composite arches [31], as well as 

FG-GNPRC sandwich shallow shells [32], both under 

hygrothermal exposure. Oun et al. [33] assessed the 

hygrothermal durability of GNP-enhanced composites 

during accelerated aging tests. Mishra and Singh [34] 

explored the effectiveness of GNP surface treatments on 

carbon fiber reinforcements for augmenting the moisture-

thermal degradation resistance of fiber/epoxy composite 

structures. By means of the FSDT and HSDT, She et. al 

carried out the nonlinear dynamic analysis for graphene-

reinforced composite plate. Zhang et al. [38] assessed the 

aeroelastic stability under supersonic airflow for lattice-

core sandwich panels with FG-GNPRC skins in 

hygrothermal environments. The dynamic analysis of 

cylindrical sandwich shells incorporating graphene-

reinforced face layers in hygrothermal environment was 

performed by Zhang et al. [39]. Yao et al. [40] proposed a 

pre-twisted blade model for dynamic analysis, while Niu 

et al. [41] studied the dynamic performance of rotating 

pretwisted FG-GNPRC cylindrical panels. An et al. [42] 

studied the natural vibrations of a variable-thickness FG-
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GNPRC trapezoidal plate with a perovskite surface layer. 

In terms of the nonlinear energy sink, Wang et al. [43] 

studied nonlinear flutter characteristics of porous 

sandwich conical shells. Wan et al. [44] analyzed the 

dynamic behavior of hinged trapezoidal FG-GNPRC 

magneto-electro-elastic sandwich structures with non-

uniform thickness.  

An examination of current academic literature 

indicates that CPT, FSDT and HSDT are utilized to study 

the hygrothermal behaviors of FG-GNPRC systems due 

to their numerical efficiency and mathematical simplicity. 

However, conventional methodologies exhibit certain 

theoretical limitations regarding their inability to account 

for the zig-zag phenomenon, thereby losing the capacity 

to precisely illustrate the interlaminar strain distribution 

features in FG-GNPRC systems [45]. The mechanical 

performance of FG-GNPRC plates under hygrothermal 

excitation is more intricate than under mechanical 

loading, which is triggered by two integrated impacts: the 

abrupt variation in material properties through the 

thickness, caused by the functionally graded design; the 

multi-scale interaction effect induced by the non-uniform 

distribution of hygrothermal fields. Recent studies on 

functionalized nanocomposites [46-48] show that adding 

nanoparticles and changing surface chemistry alter 

interfacial interactions and multiphysics coupling. These 

changes affect structural stability and stress transfer from 

the micro scale to the macro scale. The results show that 

interface design plays an important role in controlling 

thermo-hygro-mechanical behavior in advanced 

composite materials. The research findings of [49-52] 

have confirmed that transverse normal strain is a key 

kinematic parameter to achieve accurate thermoelastic 

stress prediction of composite structure. Nevertheless, 

existing analytical expressions still need to add transverse 

normal deformation components through extra 

displacement parameters, thereby increasing the system 

dimensionality and computational complexity. To address 

these deficiencies in analysis and improve the reliability 

of interfacial-stress prediction for FG-GNPRC structure 

under a combination of moisture and temperature load; 

therefore, an all-encompassing computational model 

should be proposed. The form should strike a balance 

between accuracy and computational requirements 

simultaneously. Based on this study, a novel laminated 

plate framework with transverse normal hygrothermal 

strain effects is proposed to establish rigorous interface 

stress evaluations under hygrothermal conditions for FG-

GNPRC panels. Theoretical progress is made through two 

innovative elements; first, although the original 

displacement parameter was considered while taking 

account of transverse deformation in the kinematic 

assumptions, hygrothermal load should be included in the 

generalized force vector. second, a novel transverse shear 

stress field is formulated to satisfy interlaminar continuity 

requirements and account for hygrothermal effects. The 

proposed model shows significant improvements and 

passes the prediction performance evaluation test 

successfully. Efficacy is verified by exist model; then the 

comparison analysis will be made with the 3D reference 

solution and classical high-order shear-deformation 

theories. Multivariate comprehensive sensitivity analysis 

of parameter changes on the hygrothermal performance 

responses of plates. The comparison of the proposed 

solution with reference values shows good conformity to 

it in terms of solving for inter-laminar shear stresses. 

Computational architecture has laid out a validated 

platform for interlaminar stress prediction under 

complicated hygrothermal circumstance. The developed 

formula overcomes the persistent dilemma of the 

aforementioned model complexity and accuracy of the 

solution, and provides analytical capability for more 

advanced composite systems in such an environment. 

 

2. Theoretical equations 

 

2.1. Property definition of the GNP-reinforced 

material 

 

Geometric specifications of the FG-GNPRC panel 

(Length=b, Width=a, Thickness=h) are presented in Fig. 

1. Graphene reinforcement adopts the piecewise gradation 

technique [8], with volume concentrations fluctuating 

across individual layers throughout the thickness. Four 

distinct gradation schemes are investigated:  

UD (Uniform): Consistent 0.07 vol% graphene 

throughout 10 layers: [(0.07)10];  

FG-V: Steady decline from 11 vol% (upper) to 3 

vol% (lower): [(0.11)2/(0.09)2/(0.07)2/(0.05)2/(0.03)2]; 

FG-O: Symmetrical profile, peak (11 vol%) at mid-plane: 

[(0.03/0.05/0.07/0.09/0.11)s].  

FG-X: Symmetrical profile, peak minimum (3 vol%) 

at mid-plane: [(0.11/0.09/0.07/0.05/0.03)s].  

The orthotropic mechanical properties (E11, E22, G12) 

of nanocomposites are estimated via the advanced Halpin-

Tsai procedure [8], which are given by 

 

𝐸11 = 𝛿1
1 + 2(𝑎𝐺/𝑡𝐺)𝜓1

𝐺𝑉𝐺𝐸𝑀

1 − 𝜓1
𝐺𝑉𝐺

 

𝐸22 = 𝛿2
1 + 2(𝑎𝐺/𝑡𝐺)𝜓2

𝐺𝑉𝐺𝐸𝑀

1 − 𝜓2
𝐺𝑉𝐺

 

𝐺12 = 𝛿3
𝐺𝑀

1 − 𝜓12
𝐺 𝑉𝐺

 

(1)

 

 

In the present model, G denotes graphene, while M 

represents the matrix. The matrix is characterized by its 

Young’s modulus, EM , and shear modulus, GM. The 

dimensions of the GNP are 𝑎𝐺  (length), 𝑏𝐺 (width), and 𝑡𝐺 

(thickness). The volume fractions are written as VG and 
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matrix VM, and their sum is equal to 1. The δi(i = 1,2,3) 

terms represent the efficiency parameters of graphene. 

The 𝜓1
𝐺 , 𝜓2

𝐺 , and 𝜓12
𝐺  are given by 

 

𝜓1
𝐺 =

𝐸
11

𝐺 /𝐸𝑀 − 1

𝐸
11

𝐺 /𝐸𝑀 + 2𝑎𝐺/𝑡𝐺
 

𝜓2
𝐺 =

𝐸22
𝐺 /𝐸𝑀 − 1

𝐸22
𝐺 /𝐸𝑀 + 2𝑏𝐺/𝑡𝐺

 

𝜓12
𝐺 =

𝐺
12

𝐺 /𝐸𝑀 − 1

𝐺12
𝐺 /𝐸𝑀

 

(2) 

     It should be noted that the extended Halpin-Tsai model 

adopted herein is based on the ideal assumption of 

uniform GNP dispersion. However, experimental studies 

indicate that agglomeration may occur at high GNP 

contents (typically>0.10 vol%), which can lead to actual 

effective moduli lower than theoretical predictions. 

Therefore, for the high-volume-fraction cases (VG=0.11) 

involved in this study, the model-predicted mechanical 

properties may represent an ideal upper bound. Future 

work will integrate micromechanical models considering 

agglomeration effects to obtain more accurate material 

property inputs. 

     The coefficients for thermal expansion (𝛼11, 𝛼22) and 

moisture expansion (𝛽11, 𝛽22) as well as Poisson's 

ratios (𝜈12) are formally defined through the following 

relations. 

𝛼11 =
𝑉𝑀𝐸𝑀𝛼𝑀 + 𝑉𝐺𝐸11

𝐺 𝛼11
𝐺

𝑉𝑀𝐸𝑀 + 𝑉𝐺𝐸11
𝐺  

𝛼22 = (1 + 𝑣𝑀)𝑉𝑀𝛼𝑀 + (1 + 𝑣12
𝐺 )𝑉𝐺𝛼22

𝐺

− 𝑣12𝛼11 

𝛽11 =
𝑉𝑀𝐸𝑀𝛽𝑀 + 𝑉𝐺𝐸11

𝐺 𝛽11
𝐺

𝑉𝑀𝐸𝑀 + 𝑉𝐺𝐸11
𝐺  

𝛽22 = (1 + 𝑣𝑀)𝑉𝑀𝛽𝑀 + (1 + 𝑣12
𝐺 )𝑉𝐺𝛽22

𝐺

− 𝑣12𝛽11 

𝑣12 = 𝑉𝐺𝑣12
𝐺 + 𝑉𝑀𝑣𝑀 

(3) 

 

     The thermal expansion coefficients, moisture 

expansion coefficients, and Poisson’s ratios of the 

graphene nanoplatelets and the matrix are denoted by 

(𝛼11
𝐺 , 𝛼22

𝐺 , 𝛼𝑀) , (𝛽11
𝐺 , 𝛽22

𝐺  , 𝛽𝑀), and (𝜈12
𝐺  , 𝜈𝑀); 

respectively. 

 

2.2. Transverse deformation in the normal direction 

 

The 3D elasticity analysis reported in [53] showed that 

hygrothermal loading induces significant through-

thickness gradients in transverse displacement (w) for 

moderately thick to thick laminated composites. This 

occurs when hygrothermally generated strains become 

substantial.  

     Conventional approaches to improve thermoelastic 

accuracy typically expand the transverse displacement 

field using higher-order polynomials, which introduces 

additional unknown variables. A novel kinematic 

enrichment strategy addresses this differently: Instead of 

increasing variables, we suggest a transverse 

displacement pattern that considers hygrothermal-induced 

normal strains. This approach maintains the initial count 

of displacement parameters while incorporating the 

physics of hygrothermal growth. The elevation of 

temperature (ΔT) and the elevation of moisture (ΔC) 

distributions are split into distinct in-plane and through-

thickness parts: 

𝛥𝑇(𝑥, 𝑦, 𝑧) = 𝑗(𝑧)𝑇(𝑥, 𝑦) 

𝛥𝐶(𝑥, 𝑦, 𝑧) = 𝑘(𝑧)𝐶(𝑥, 𝑦) 

 

(4) 

 

where, T(x, y) represents the plane-wise thermal and 

humidity density patterns, whereas j(z) and k(z) control 

the vertical thermal and moisture density gradient 

distributions, being specified as  

𝑗(𝑧) = 𝑗1(𝑧) + 𝑗2(𝑧) + 𝑗3(𝑧) 

𝑘(𝑧) = 𝑘1(𝑧) + 𝑘2(𝑧) + 𝑘3(𝑧) (5) 

   

in which 𝑗1(𝑧) = 𝑘1(𝑧) = 1, 𝑗2(𝑧) = 𝑘2(𝑧) = 2𝑧/ℎ, 

𝑗3(𝑧) = 𝑘3(𝑧) = 𝐺𝑧/ℎ, 𝐺𝑧 = (ℎ/𝜋)sin(𝜋𝑧/ℎ). 

   The lateral displacement𝑤𝐻𝑇
𝑘 (𝑥, 𝑦, 𝑧) is shown as 

( , , ) ( ) ( , ) ( ) ( , )k k k

HTw x y z z T x y z C x y=  +  (6) 

Where 

𝛯𝑘(𝑧) = ∫ 𝛼𝑧
𝑘𝑗(𝑧)𝑑𝑧

𝑧

0

 

𝛯̄𝑘(𝑧) = ∫ 𝛽𝑧
𝑘𝑘(𝑧)𝑑𝑧

𝑧

0

 

(7) 

where 𝛼𝑧
𝑘 and 𝛽𝑧

𝑘denote the thermal and moisture 

expansion modulus along the z-axis at the kth-ply, 

individually. The lateral deflection is derived via in terms 

of the stress-strain relationship, in which elastic 

compliance contributions are omitted to distinguish the 

unique impact of moisture-thermal loading. Thus, the 

lateral displacement may be shown as 

𝑤𝑘(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦) + 𝑤𝐻𝑇
𝑘 (𝑥, 𝑦, 𝑧)  (8) 

     

where 0w  represents the lateral deflection at mid-plane. 

 

2.3. Assumed displacement field 

 

The spatial motion distribution within a composite plate is 

developed via superposition, combining two distinct 

kinematic formulations: a third-order global displacement 

field that captures the macroscopic continuum response, 

along with superimposed local displacement terms that 

provides localized refinements. This formulation is 

expressed as: 
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𝑢𝑘(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) +∑𝑧𝑖𝑢𝑖(𝑥, 𝑦)

3

𝑖=1

+ 𝑢̑𝐿
𝑘(𝑥, 𝑦, 𝑧) 

𝑣𝑘(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) +∑𝑧𝑖𝑣𝑖(𝑥, 𝑦)

3

𝑖=1

+ 𝑣̑𝐿
𝑘(𝑥, 𝑦, 𝑧) 

𝑤𝑘(𝑥, 𝑦, 𝑧) = 𝑤0(𝑥, 𝑦) + 𝑤𝐻𝑇
𝑘 (𝑥, 𝑦, 𝑧) 

(9) 

 

where, u0 and v0 represent the in-plane uniform 

displacements, w0 signifies the steady lateral normal 

displacement variable within the central plane, while 𝑤𝐻𝑇
𝑘  

stands for the lateral normal movement resulting from 

variations in thermal conditions and humidity levels, 

u1 and v1 are the bending rotations, while u2, u3, v2, 

v3 represent the higher-order parameters. The local 

displacement variables 𝑢𝐿
𝑘
 and 𝑣𝐿

𝑘
  are assumed as 

 

𝑢𝐿
𝑘
(𝑥, 𝑦, 𝑧) = 𝑀𝑘(𝑧)𝑢𝐿(𝑥, 𝑦)

𝑣𝐿
𝑘
(𝑥, 𝑦, 𝑧) = 𝑀𝑘(𝑧)𝑣𝐿(𝑥, 𝑦)

 (10) 

 

herein, 𝑀𝑘(𝑧) = (−1)𝑘𝜉𝑘denotes the Murakami local 

displacement variable [54], a methodology developed for 

simulating the zigzag deformations within layered 

composite systems. 𝜉𝑘 = 𝑎𝑘𝑧 − 𝑏𝑘, 𝑎𝑘 = 2/ℎ𝑘, 𝑏𝑘 =

(𝑧𝑘+1 + 𝑧𝑘)/ℎ𝑘, whileℎ𝑘represents the thickness of kth 

layer, 𝑧𝑘 is illustrated in Fig. 1. 

The interlaminar shear stresses is given by 

τxz
k = Q

44

k 𝛾xz
k  

 τyz
k = Q

55

𝑘 𝛾𝑦𝑧
𝑘  

(11) 

   

in which 

 

𝛾𝑥𝑧
𝑘

= w0,𝑥 + Ξ𝑘(𝑧)T,x

+ Ξ̅
𝑘
(𝑧)C,x+u1+2zu2+3z2u3+(-1)

k
akuL 

𝛾𝑦𝑧
𝑘

= w0,y + Ξ𝑘(𝑧)T,y

+ Ξ̅
𝑘
(𝑧)C,y+v1+2zv2+3z2v3+(-1)

k
akvL 

(12) 

 

The edge constraints associated with zero shear force are 

enforced on each upper and lower faces, as specified by 

Introducing Eqs. (11) ~ (12) into Eq. (13), leads to 

 

 

τxz
1 (z1)=0, τxz

N (zN+1)=0 

τyz
1 (z1)=0, τyz

N (zN+1)=0 

(13) 

w0,x+Ξ1(z1)T,x+Ξ̅
1
(z1)C,x 

+u1+2z1u2+3z1
2u3+(-1)

1
a1uL=0 

w0,x+ΞN(zN+1)T,x+Ξ̅
𝑁
(zN+1)C,x 

+u1+2zN+1u2+3zN+1
2 u3+(-1)

N
aNuL=0 

w0,y+Ξ1(z1)T,y+Ξ̅
1
(z1)C,y 

+v1+2z1v2+3z1
2v3+(-1)

1
a1vL=0 

w0,y+ΞN(zN+1)T,y+Ξ̅
𝑁
(zN+1)C,y 

+v1+2zN+1v2+3zN+1
2 v3+(-1)

N
aNvL=0 

(14) 

In terms of the Eq. (14), obtained  

 

u2=
(-1)

1
a1-(-1)

N
aN+1

2h
uL 

+
Ξ1(z1)-Ξ

N(zN+1)

2h
T,x+

Ξ̅
1
(z1)-Ξ̅

𝑁
(zN+1)

2h
C,x 

v2=
(-1)

1
a1-(-1)

N
aN+1

2h
vL 

+
Ξ1(z1)-Ξ

N(zN+1)

2h
T,

y
+

Ξ̅
1
(z1)-Ξ̅

𝑁
(zN+1)

2h
C,y 

(15) 

Substituting Eq. (15) into Eq. (9), leads to 

 

 

(16) 

{
 
 

 
 
𝛷1 𝛹1
𝛷2 𝛹2
𝛷3 𝛹3
𝛷4 𝛹4
𝛷5 𝛹5}

 
 

 
 

= 

[
 
 
 
 
 
 

𝑧
𝑧3

𝑀𝑘(𝑧) + (
(−1)1𝑎1−(−1)

𝑁𝑎𝑁+1

2ℎ
) 𝑧2

(
𝛯1(𝑧1)−𝛯

𝑁(𝑧𝑁+1)

2ℎ
) 𝑧2

(
𝛯̄1(𝑧1)−𝛯̄

𝑁(𝑧𝑁+1)

2ℎ
) 𝑧2

𝑧
𝑧3

𝑀𝑘(𝑧) + (
(−1)1𝑎1−(−1)

𝑁𝑎𝑁+1

2ℎ
) 𝑧2

(
𝛯1(𝑧1)−𝛯

𝑁(𝑧𝑁+1)

2ℎ
)𝑧2

(
𝛯̄1(𝑧1)−𝛯̄

𝑁(𝑧𝑁+1)

2ℎ
)𝑧2 ]

 
 
 
 
 
 

  

(17) 

0 1 1 2 3 3 4 5

0 1 1 2 3 3 4 5

0

k k k k k

L

k k k k k

L

k

HT

T C
u u u u u

x x

T C
v v v v v

y y

w w w

 
= + + + + +

 

 
= + + + + +

 

= +
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Figure 1. Geometry of the composite plate cross section 

 

 

Figure 2. Four GNP patterns of FG-GNPRC plates 

  
𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧) 

Figure 3. In-plane stress profiles of the 3-layer composite plate (a/h=5) 

h

z

x

a
z1

z2

zN

zN+1

h/2

b

y

Laminated plate

k-th plyzk

zk+1

T (x, y)

UD FG-V
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https://doi.org/10.57647/jnsc.2026.1605.23


Ma et al., J. Nanostruct Chem., 2026; 16(5)                                                                                                                                              449 

10.57647/jnsc.2026.1605.23 

  

 
𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 

Figure 4. Transverse shear stress profiles of the 3-layer composite plate (a/h=5) 

 

     Based on the displacement distribution of the 

suggested model, the strain parameters are expressed as 

 

εx
k=

∂u0

∂x
+Φ1

k
∂u1

∂x
+Φ2

k
∂u3

∂x
 

+Φ3
k

∂uL

∂x
+Φ4

k
∂

2
T

∂x2
+Φ5

k
∂

2
C

∂x2
 

εy
k=

∂v0

∂y
+Ψ1

k
∂v1

∂y
+Ψ2

k
∂v3

∂y
 

+Ψ3
k

∂vL

∂y
+Ψ4

k
∂

2
T

∂y2
+Ψ5

k
∂

2
C

∂y2
 

𝛾xy
k =

∂u0

∂y
+

∂v0

∂x
+Φ1

k ∂u1

∂y
+Ψ1

k ∂v1

∂x
+Φ2

k ∂u3

∂y
+Ψ2

k ∂v3

∂x

+Φ3
k ∂uL

∂y
+Ψ3

k ∂vL

∂x
+(Φ4

k+Ψ4
k)

∂
2
T

∂x∂y
+(Φ5

k+Ψ5
k)

∂
2
C

∂x∂y

 

𝛾xz
k =

∂w0

∂x
+

∂Φ1
k

∂z
u1+

∂Φ2
k

∂z
u3+

∂Φ3
k

∂z
uL 

+(
∂Φ4

k

∂z
+Ξk(z))

∂T

∂x
+(

∂Φ5
k

∂z
+Ξ̅

k
(z))

∂C

∂x
 

𝛾yz
k =

∂w0

∂y
+

∂Ψ1
k

∂z
v1+

∂Ψ2
k

∂z
v3+

∂Ψ3
k

∂z
vL 

+(
∂Ψ4

k

∂z
+Ξk(z))

∂T

∂y
+(

∂Ψ5
k

∂z
+Ξ̅

k
(z))

∂C

∂y
 

 

 

 

 

 

 

 

 

 

 

 

 

(18) 

 

     The fundamental expression for the stress-strain 

connection of the laminated plate under combined 

thermal-humidity loading is presented as: 

{
 
 

 
 

σx

σy

τxy

τxz

τyz}
 
 

 
 

k

= 

[
 
 
 
 
 
Q

11
Q

12
0 0 0

Q
21

Q
22

0 0 0

0 0 Q
33

0 0

0 0 0 Q
44

0

0 0 0 0 Q
55]
 
 
 
 
 
k

{
 
 

 
 

εx-αxΔT-β
x
ΔT

εy-αyΔT-β
y
ΔT

𝛾xy-αxyΔT-β
xy

ΔT

𝛾xz

𝛾yz }
 
 

 
 

k

 

 

 

 

 

 

(19) 

 

wherein the symbol 𝑄𝑖𝑗
𝑘  represents the modified stiffness 

parameters for the kth layer, whereas 𝛼𝑥
𝑘, 𝛼𝑦

𝑘 and 𝛼𝑥𝑦
𝑘  

denote the thermal expansion metrics for the coordinate 

directions of the kth layer, and 𝛽𝑥
𝑘, 𝛽𝑦

𝑘 and 𝛽𝑥𝑦
𝑘  signify the 

moisture expansion factors for the kth layer of plate. 

 

2.4. Novel interlaminar shear stress field 

 

Regarding the evaluation of multilayered composite 

plates, the determination of through-thickness shear 

stresses utilizing constitutive laws might produce less 

accurate results. To improve the reliability, the three-

dimensional elasticity equations together with the 

Reissner mixed variational principle (RMVP) [55] are 

utilized. A distinct feature of this current methodology is 

its improved accuracy in identifying the interlaminar 

shear stresses.By disregarding body and inertial forces, 

the three-dimensional elasticity equations can be 

formulated as follows 
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𝜕𝜎𝑥
𝑘

𝜕𝑥
+
𝜕𝜏𝑥𝑦

𝑘

𝜕𝑦
+
𝜕𝜏𝑥𝑧

𝑘

𝜕𝑧
= 0 

𝜕𝜎𝑦
𝑘

𝜕𝑦
+
𝜕𝜏𝑥𝑦

𝑘

𝜕𝑥
+
𝜕𝜏𝑦𝑧

𝑘

𝜕𝑧
= 0 

(20) 

 

    By incorporating Eq. (20) across the thickness 

dimension and applying the given constraint 𝜏
~

𝑥𝑧
𝑘 (𝑧1) = 0 

and 𝜏
~

𝑦𝑧
𝑘 (𝑧1) = 0, results in 

𝜏̃𝑥𝑧
𝑘 (𝑥, 𝑦, 𝑧) = −∫ [

𝜕𝜎𝑥
𝑘

𝜕𝑥
+
𝜕𝜏𝑥𝑦

𝑘

𝜕𝑦
]

𝑧

𝑧1

𝑑𝑧 

𝜏̃𝑦𝑧
𝑘 (𝑥, 𝑦, 𝑧) = −∫ [

𝜕𝜎𝑦
𝑘

𝜕𝑦
+
𝜕𝜏𝑥𝑦

𝑘

𝜕𝑥
] 𝑑𝑧

𝑧

𝑧1

 
(21) 

     By substituting Eqs. (16)-(19) into Eq. (21), several 

second-order partial derivatives are obtained. For cross-

ply structures, balancing precision against computational 

speed, a reduced form of transverse shear stress terms is 

utilized in Eq. (21), as presented below 

𝜏̃𝑥𝑧
𝑘 (𝑥, 𝑦, 𝑧) = −𝐶𝑍𝑋𝑈𝑋 − 𝐶𝑋𝐻𝑇𝑈𝑋𝐻𝑇 

𝜏̃𝑥𝑧
𝑘 (𝑥, 𝑦, 𝑧) = −𝐶𝑍𝑌𝑈𝑌 − 𝐶𝑌𝐻𝑇𝑈𝑌𝐻𝑇  

(22) 

   

Where 

𝐶𝑍𝑋 = ∫ 𝑄11
𝑘 [1 𝛷1

𝑘 𝛷2
𝑘 𝛷3

𝑘]
𝑧

𝑧1

𝑑𝑧 

𝐶𝑍𝑌 = ∫ 𝑄22
𝑘 [1 𝛹1

𝑘 𝛹2
𝑘 𝛹3

𝑘]
𝑧

𝑧1

𝑑𝑧 

𝑈𝑋 = [𝑢0,𝑥𝑥 𝑢1,𝑥𝑥 𝑢3,𝑥𝑥 𝑢𝐿,𝑥𝑥]𝑇  

𝑈𝑌 = [𝑣0,𝑦𝑦 𝑣1,𝑦𝑦 𝑣3,𝑦𝑦 𝑣𝐿,𝑦𝑦]𝑇 

(23) 

𝐶𝑋𝐻𝑇

= ∫ 𝑄11
𝑘 [𝛷4

𝑘 −𝛼𝑥𝑓(𝑧) 𝛷5
𝑘 −𝛽𝑥𝑔(𝑧)]

𝑧

𝑧1

𝑑𝑧 

𝐶𝑌𝐻𝑇

= ∫ 𝑄22
𝑘 [𝛹4

𝑘 −𝛼𝑦𝑓(𝑧) 𝛹5
𝑘 −𝛽𝑦𝑔(𝑧)]

𝑧

𝑧1

𝑑𝑧 

𝑈𝑋𝐻𝑇 = [𝑇,𝑥𝑥𝑥 𝑇,𝑥 𝐶,𝑥𝑥𝑥 𝐶,𝑥]𝑇 

𝑈𝑌𝐻𝑇 = [𝑇,𝑦𝑦𝑦 𝑇,𝑦 𝐶,𝑦𝑦𝑦 𝐶,𝑦]𝑇 

(24) 

   

      Applying the condition 𝜏
~

𝑥𝑧
𝑘 (𝑧𝑁+1) = 0 and 

𝜏
~

𝑦𝑧
𝑘 (𝑧𝑁+1) = 0, the following equations are derived 

𝜏̃𝑥𝑧
𝑘 (𝑥, 𝑦, 𝑧) = 𝐸𝑍𝑋𝑈̄𝑋 + 𝐸𝑋𝐻𝑇𝑈𝑋𝐻𝑇 

𝜏̃𝑦𝑧
𝑘 (𝑥, 𝑦, 𝑧) = 𝐸𝑍𝑌𝑈̄𝑌 + 𝐸𝑌𝐻𝑇𝑈𝑌𝐻𝑇 

(25) 

𝐸𝑍𝑋 =
𝐶𝑍𝑋
(1)
(𝑧)

𝐶𝑍𝑋
(1)
(𝑧1)

𝐶̃𝑍𝑋(𝑧𝑁+1) − 𝐶̃𝑍𝑋(𝑧)  

𝐸𝑍𝑌 =
𝐶𝑍𝑌
(1)
(𝑧)

𝐶𝑍𝑌
(1)
(𝑧1)

𝐶̃𝑍𝑌(𝑧𝑁+1) − 𝐶̃𝑍𝑌(𝑧)  

𝑈̄𝑋 = [𝑢1,𝑥𝑥 𝑢3,𝑥𝑥 𝑢𝐿,𝑥𝑥]𝑇 

(26) 

𝑈̄𝑌 = [𝑣1,𝑦𝑦 𝑣3,𝑦𝑦 𝑣𝐿,𝑦𝑦]𝑇 

 

𝐸𝑋𝐻𝑇 =
𝐶𝑍𝑋
(1)
(𝑧)

𝐶𝑍𝑋
(1)
(𝑧1)

𝐶𝑋𝐻𝑇(𝑧𝑁+1) − 𝐶𝑋𝐻𝑇(𝑧) 

𝐸𝑌𝐻𝑇 =
𝐶𝑍𝑌
(1)
(𝑧)

𝐶𝑍𝑌
(1)
(𝑧1)

𝐶𝑌𝐻𝑇(𝑧𝑁+1) − 𝐶𝑌𝐻𝑇(𝑧) 

(27) 

   

in which 

𝐶̃𝑍𝑋(𝑧) = {𝐶𝑍𝑋
(2)
(𝑧) 𝐶𝑍𝑋

(3)
(𝑧) 𝐶𝑍𝑋

(4)
(𝑧)} 

𝐶̃𝑍𝑌(𝑧) = {𝐶𝑍𝑌
(2)
(𝑧) 𝐶𝑍𝑌

(3)
(𝑧) 𝐶𝑍𝑌

(4)
(𝑧)} 

(28) 

 

 

where 𝐶𝑍𝑋
(1)(𝑧) and 𝐶𝑍𝑌

(1)(𝑧) are the ith elements of the 

𝐶𝑍𝑋(𝑧) and 𝐶𝑍𝑌(𝑧), respectively. 

Eq. (22) demonstrates that the formulation for 

transverse shear stress includes second-order derivatives 

of displacement variables, presenting difficulties during 

the finite element modeling process. To overcome this 

difficulty, the RMVT [55] provides a procedure to remove  

the 𝑈𝑥  and 𝑈𝑦, , which is given by 

 

𝛿𝛱𝑅 = ∫ ∫ [𝜎𝑥
𝑘𝛿𝜀𝑥

𝑘 + 𝜎𝑦
𝑘𝛿𝜀𝑦

𝑘 + 𝜏𝑥𝑦
𝑘 𝛿𝛾𝑥𝑦

𝑘
ℎ/2

−ℎ/2𝑆𝑚

+ 𝜏̃𝑥𝑧
𝑘 𝛿𝛾𝑥𝑧

𝑘 + 𝜏̃𝑦𝑧
𝑘 𝛿𝛾𝑦𝑧

𝑘 + 

𝛿𝜏̃𝑥𝑧
𝑘 (𝛾𝑥𝑧

𝑘 − 𝛾̃𝑥𝑧
𝑘 ) + 𝛿𝜏̃𝑦𝑧

𝑘 (𝛾𝑦𝑧
𝑘 − 𝛾̃𝑦𝑧

𝑘 )]𝑑𝑧𝑑𝑥𝑑𝑦

− 𝛿𝑊𝑒 = 0 

(29) 

where We signifies the work performed by the applied 

forces acting on the plate. Additionally, 𝛾𝑥𝑧
𝑘  and 𝛾𝑦𝑧

𝑘  denote 

the transverse shear strain that is relation to the 𝜏
~

𝑥𝑧
𝑘  and 

𝜏
~

𝑦𝑧
𝑘 , 𝛾𝑥𝑧

𝑘 = 𝜏
~

𝑥𝑧
𝑘 /𝑄44

𝑘 , 𝛾𝑦𝑧
𝑘 = 𝜏

~

𝑦𝑧
𝑘 /𝑄55

𝑘 .  

    Significantly, the𝜏
~

𝑥𝑧
𝑘  and 𝜏

~

𝑦𝑧
𝑘  do not utilize 

displacement parameters, which permits the variational 

formulation established in Eq. (29) to be executed through 

a two-phase methodology. 

 

∫ ∫ (
ℎ/2

−ℎ/2𝑆𝑚

𝜎𝑥
𝑘𝛿𝜀𝑥

𝑘 + 𝜎𝑦
𝑘𝛿𝜀𝑦

𝑘 + 𝜏𝑥𝑦
𝑘 𝛿𝛾𝑥𝑦

𝑘

+ 𝜏̃𝑥𝑧
𝑘 𝛿𝛾𝑥𝑧

𝑘

+ 𝜏̃𝑦𝑧
𝑘 𝛿𝛾𝑦𝑧

𝑘 )𝑑𝑧𝑑𝑥𝑑𝑦 − 𝛿𝑊𝑒

= 0 

(30) 

∫ ∫ (
ℎ/2

−ℎ/2𝑆𝑚

𝛿𝜏̃𝑥𝑧
𝑘 (𝛾𝑥𝑧

𝑘 − 𝛾̃𝑥𝑧
𝑘 ) + 𝛿𝜏̃𝑦𝑧

𝑘 (𝛾𝑦𝑧
𝑘

− 𝛾̃𝑦𝑧
𝑘 ))𝑑𝑧𝑑𝑥𝑑𝑦 = 0 

(31) 

  

     Inserting Eqs. (18) and (25) into Eq. (31), the following 

equation is obtained 

yU
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𝑢̄(0, 𝑏/2, 𝑧) 

 

Figure 5. In-plane displacement profiles of the 8-layer composite plate (a/h=5) 

 
𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧) 

Figure 6. In-plane stress profiles of the 8-layer composite plate (a/h=5)

Where 

∫ 𝛿
ℎ 2⁄

−ℎ/2

𝑈𝑋
𝑇
𝐸𝑍𝑋
𝑇

(

 
 
 
 
𝐵𝑋𝑍𝐺𝑋𝑍 + (𝛷4,𝑧

𝑘 + 𝛯
𝑘
(𝑧))𝑇,𝑥

+(𝛷5,𝑧
𝑘 + 𝛯

𝑘

(𝑧))𝐶,𝑥

−𝐸𝑍𝑋𝑈𝑋/𝑄44
𝑘 − 𝐸𝑋𝐻𝑇 𝑈𝑋𝐻𝑇/𝑄44

𝑘 )

 
 
 
 

𝑑𝑧 = 0

∫ 𝛿
ℎ 2⁄

−ℎ/2

𝑈𝑌
𝑇
𝐸𝑍𝑌
𝑇

(

 
 
 
 
𝐵𝑌𝑍𝐺𝑌𝑍 + (𝛹4,𝑧

𝑘 + 𝛯
𝑘
(𝑧))𝑇,𝑦

+(𝛹5,𝑧
𝑘 + 𝛯

𝑘

(𝑧))𝐶,𝑦

−𝐸𝑍𝑌𝑈𝑌/𝑄55
𝑘 − 𝐸𝑌𝐻𝑇 𝑈𝑌𝐻𝑇/𝑄55

𝑘 )

 
 
 
 

𝑑𝑧 = 0

 

(32) 

 

BXZ={Φ1,z
k Φ2,z

k Φ3,z
k 1}

BYZ={Ψ1,z
k Ψ2,z

k Ψ3,z
k 1}

 (33) 

GXZ={u1 u3 uL w0,x}
T
 

GYZ={v1 v3 vL w0,y}
T
 

 

(34) 

 

   Consequently, the second-order derivatives are 

reorganized as follows 
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(35) 

in which 

 

𝐶𝑋𝐸 = [∫ (
ℎ 2⁄

−
ℎ
2

𝐸𝑍𝑋
𝑇 𝐸𝑍𝑋/𝑄44

𝑘 )𝑑𝑧]

−1

[∫ 𝐸𝑍𝑋
𝑇

ℎ 2⁄

−ℎ/2

𝐵𝑋𝑍𝑑𝑧]

𝐶𝑌𝐸 = [∫ (
ℎ 2⁄

−
ℎ
2

𝐸𝑍𝑌
𝑇 𝐸𝑍𝑌/𝑄55

𝑘 )𝑑𝑧]

−1

[∫ 𝐸𝑍𝑌
𝑇

ℎ 2⁄

−ℎ/2

𝐵𝑌𝑍𝑑𝑧]

 

(36) 

𝐶𝑋𝐸𝐻𝑇 = [∫ (
ℎ 2⁄

−
ℎ
2

𝐸𝑍𝑋
𝑇 𝐸𝑍𝑋/𝑄44

𝑘 )𝑑𝑧]

−1

[∫ 𝐸𝑍𝑋
𝑇

ℎ 2⁄

−ℎ/2

𝐹𝑋𝐻𝑇𝑑𝑧]

𝐶𝑌𝐸𝐻𝑇 = [∫ (
ℎ 2⁄

−
ℎ
2

𝐸𝑍𝑌
𝑇 𝐸𝑍𝑌/𝑄55

𝑘 )𝑑𝑧]

−1

[∫ 𝐸𝑍𝑌
𝑇

ℎ 2⁄

−ℎ/2

𝐹𝑌𝐻𝑇𝑑𝑧]

 

(37) 

 

 (38) 

   

where 𝐸𝑋𝐻𝑇
(𝑗)

(𝑧) and 𝐸𝑌𝐻𝑇
(𝑗)
(𝑧) are the jth components of the 

𝐸𝑋𝐻𝑇(𝑧) and 𝐸𝑌𝐻𝑇(𝑧), respectively. 

     By inserting Eq. (35) into Eq. (25), the ultimate 

interlayer shear stress distribution is presented as 

𝜏
~

𝑥𝑧
𝑘 (𝑥, 𝑦, 𝑧) = 𝐸𝑍𝑋𝐶𝑋𝐸𝐺𝑋𝑍 +
(𝐸𝑍𝑋𝐶𝑋𝐸𝐻𝑇 + 𝐸𝑋𝐻𝑇)𝑈𝑋𝐻𝑇

𝜏
~

𝑦𝑧
𝑘 (𝑥, 𝑦, 𝑧) = 𝐸𝑍𝑌𝐶𝑌𝐸𝐺𝑌𝑍 +

(𝐸𝑍𝑌𝐶𝑌𝐸𝐻𝑇 + 𝐸𝑌𝐻𝑇)𝑈𝑌𝐻𝑇

 

(39) 

 

Based on the improved interlaminar shear stress field (Eq. 

39), high-precision interlaminar shear stresses can be 

directly calculated, eliminating the need for post-analysis. 

 

2.5. Governing equations 

 

To derive the fundamental equations, Eq. (30) can be 

restated as 

𝛿𝑈 − 𝛿𝑊 = 0 (40) 

   

Which 

𝛿𝑈 = ∫ ∫ (
ℎ 2⁄

−
ℎ
2𝑠𝑚

𝜎𝑥
𝑘𝛿𝜀𝑥

𝑘 + 𝜎𝑦
𝑘𝛿𝜀𝑦

𝑘
 

+𝜏𝑥𝑦
𝑘 𝛿𝛾𝑥𝑦

𝑘 + 𝜏
~

𝑥𝑧
𝑘 𝛿𝛾𝑥𝑧

𝑘  

+𝜏
~

𝑦𝑧
𝑘 𝛿𝛾𝑦𝑧

𝑘 )𝑑𝑥𝑑𝑦𝑑𝑧 = 0 

(41) 

𝛿𝑊 = ∫∫ 𝑞𝛿
ℎ 2⁄

−ℎ/2
𝛺

𝑤0𝑑𝛺 

(42) 

 

Substituting Eqs. (16), (18), (19) and (39) into Eq. (41), 

performing integration by parts, and grouping terms 

associated with the virtual displacements u0, u1, u3, 

uL, v0,∆v1,∆v3, vL and w0, results in the governing 

equations. 

 

3. Solution procedure 

 

This investigation centers on analytical expressions for 

simply-supported plates.  

    The geometric boundary conditions are therefore 

formulated as: 

 

(43) 
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𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 

Figure 7. Transverse shear stress profiles of the 8-layer composite plate (a/h=5) 

 

𝑢̄(0, 𝑏/2, 𝑧) 

Figure 8. Through-thickness in-plane displacements of the 8-layer composite plate (a/h=5) 

 

𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧) 

Figure 9. Through-thickness in-plane stresses of the 8-layer composite plate (a/h=5 
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𝜏̄𝑥𝑦(0,0, 𝑧) 

Figure 10. In-plane stress variations in the 8-layer composite plate (a/h=5) 

  

𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 

Figure 11. Transverse shear stress variations in the 8-layer composite plate (a/h=5)

    Along the boundaries defined by x=0 and x=a, the 

corresponding boundary conditions are given by 

𝑣0 = 𝑣1 = 𝑣𝐿 = 𝑤0 = 0 (44) 

     Along the boundaries defined by y=0 and y=b, the 

corresponding boundary conditions are given by 

𝑢0 = 𝑢1 = 𝑢𝐿 = 𝑤0 = 0 (45) 

    Utilizing a semi-analytical Navier-based strategy, the 

displacement fields meeting the specified constraints are 

formulated as (46) 

 

𝑢0 = ∑ ∑ 𝑢0𝑚𝑛
∞
𝑛=1

∞
𝑚=1 cos𝛼𝑥sin𝛽𝑦 𝑣0 = ∑ ∑ 𝑣0𝑚𝑛

∞
𝑛=1

∞
𝑚=1 sin𝛼𝑥cos𝛽𝑦

𝑢1 = ∑ ∑ 𝑢1𝑚𝑛
∞
𝑛=1

∞
𝑚=1 cos𝛼𝑥sin𝛽𝑦 𝑣1 = ∑ ∑ 𝑣1𝑚𝑛

∞
𝑛=1

∞
𝑚=1 sin𝛼𝑥cos𝛽𝑦

𝑢3 = ∑ ∑ 𝑢3𝑚𝑛
∞
𝑛=1

∞
𝑚=1 cos𝛼𝑥sin𝛽𝑦 𝑣3 = ∑ ∑ 𝑣3𝑚𝑛

∞
𝑛=1

∞
𝑚=1 sin𝛼𝑥cos𝛽𝑦

𝑢𝐿 = ∑ ∑ 𝑢𝐿𝑚𝑛
∞
𝑛=1

∞
𝑚=1 cos𝛼𝑥sin𝛽𝑦 𝑣𝐿 = ∑ ∑ 𝑣𝐿𝑚𝑛

∞
𝑛=1

∞
𝑚=1 sin𝛼𝑥cos𝛽𝑦

 

where 𝛼 = 𝑚𝜋/𝑎, 𝛽 = 𝑛𝜋/𝑏; a is the width and denotes 

the length; m and n represent the half-wave numbers in the 

respective directions; 𝑢0𝑚𝑛, 𝑢1𝑚𝑛, 𝑢3𝑚𝑛,𝑢𝐿𝑚𝑛, 𝑣0𝑚𝑛, 

𝑣1𝑚𝑛, 𝑣3𝑚𝑛, 𝑣𝐿𝑚𝑛 and 𝑤0𝑚𝑛 represent the primary 

unknowns. The plate experiences lateral mechanical 

loading (q), thermal loading (ΔT), and hygroscopic 

loading (ΔC), assumed to vary as follows 

𝑞 = 𝑞0sin𝛼𝑥sin𝛽𝑦 (47) 

𝛥𝑇 = 𝑗(𝑧)sin𝛼𝑥sin𝛽𝑦 (48) 

𝛥𝐶 = 𝑘(𝑧)sin𝛼𝑥sin𝛽𝑦 (49) 

where 𝑞0 represents the peak intensity of the bi-sinusoidal 

transverse load. 

Analytical expressions for plates on simple supports 

are derived by inserting Eqs. (46)-(49) into the 

fundamental governing equation (Eq. 43). 

4. Numerical examples and analysis 

To evaluate the effectiveness of the current model, 

numerical simulations regarding FG-GNPRC plates 

subjected to hygrothermal environments are conducted. 
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The forecasting capability of the suggested architecture is 

thoroughly verified against established reference 

databases and peer-approved numerical standards within 

composite systems. 

 

4.1. Validation and comparison 

 

This section presents a computational investigation into 

composite plates subjected to thermal loads 𝛥𝑇 = 𝑇0 +

(2𝑧/ℎ)𝑇1 (𝑇𝑖 = 𝑇𝑖sin(𝜋𝑥/𝑎)sin(𝜋𝑦/𝑏), i=0, 1). The 

material parameters are [56]: 𝐸𝐿/𝐸𝑇 = 15, 𝐺𝐿𝑇/𝐸𝑇 = 0,5, 

𝐺𝑇𝑇/𝐸𝑇 = 0,3356, 𝜈𝐿𝑇 = 0,3, 𝜈𝑇𝑇 = 0,49, 𝐸𝑇 = 10GPa, 

𝛼𝐿/𝛼0 = 0,015,  𝛼𝑇/𝛼0 = 1, 𝛼0 = 10−6/𝐾. A symmetric 

plate (0/90/0) is investigated subjected to a temperature 

load (T0=100). The results are normalized through the 

relations: (𝜎𝑥, 𝜏𝑥𝑧) = (𝜎𝑥, 𝜏𝑥𝑧)/(𝛼0𝑇0𝐸𝑇). Fig. 3 and Fig. 

4 provide a comparative evaluation of stress distribution 

characteristics, involving four theoretical frameworks: the 

ninth-order theory (NSDT) proposed by Matsunaga [56], 

Reddy’s theory (HSDT-R) [57], the first-order theory 

(FSDT), and the newly developed model (Present). The 

NSDT represents the in-plane displacement field through 

a ninth-order polynomial in the thickness coordinate z. 

Transverse displacement is similarly approximated with 

an eighth-order polynomial of z. The amount of 

displacement parameters of this formulation needs to be 

29. The interlaminar stresses from both the NSDT and 

other models (HSDT-R, FSDT) are obtained through 

integration of the 3D elasticity equations, while the 

interlaminar shear stresses of proposed model is directly 

calculated from the derived stress field (Eq. 39). 

Comparative analysis indicates strong agreement between 

the present model and the 3D solutions [56]. Moreover, the 

numerical outcomes (NSDT) are also highly consistent 

with these reference results so that the NSDT results can 

be used as a reliable reference solution to validate the 

present theory in the following section. The HSDT-R and 

FSDT methods, on the other hand, show a decrease in 

predictive accuracy. This difference is mainly caused by 

the fact that the models are difficult to account for 

transverse normal deformation under thermal load 

conditions. To validate the proposed model more 

comprehensively, a hygrothermal analysis of the 

composite plates subjected to hygrothermal loading𝛥𝑇 =

𝑇0 + (2𝑧/ℎ)𝑇1,  𝛥𝐶 = 𝐶0 + (2𝑧/ℎ)𝐶1 (𝑇𝑖 = 𝑇𝑖sin(𝜋𝑥/

𝑎)sin(𝜋𝑦/𝑏), 𝐶𝑖 = 𝐶𝑖sin(𝜋𝑥/𝑎)sin(𝜋𝑦/𝑏), i=0, 1) is 

carried out. he results obtained are normalized in 

accordance with established equations: 𝑢 = 𝑢/(𝛼0𝑇0𝑎), 

(𝜎𝑥 , 𝜏𝑥𝑦 , 𝜏𝑥𝑧 , 𝜏𝑦𝑧) = (𝜎𝑥, 𝜏𝑥𝑦 , 𝜏𝑥𝑧 , 𝜏𝑦𝑧)/(𝛼0𝑇0𝐸𝑇), i=0, 1. 

A composite plate with an 8-layer (0/90)4 composite plate 

stacking sequence under the combined heat and moisture 

loading condition (T0=100, C0=0.001). Comparative 

evaluation of the displacement and stress distribution in 

Figs. 5-7 include three modeling methods: the ninth-order 

higher-order shear deformation theory (NSDT) [56], the 

Present-D model (excluding the influence of transverse 

normal deformation) and the fully present formulation 

(present). Through comparative results can see that the 

present model has good consistence with benchmark 

solution (NSDT), while the present-D model is low 

accuracy of predicting. And what was found in the above 

higher order deformation is that is further transverse 

normal deformation. Also, an 8-layer (0/90)4 composite 

plate is studied under a hygrothermal load (T1=100, 

C1=0.001). Thickness wise displacement and stress 

distribution comparison shown in Figs. 8-12. Use NSDT 

solution as references, then through analysis we can see 

that the present model is consistent with the references 

data sets. It should be mentioned that the NSDT takes 29 

displacement variables, but the present theoretical 

framework only accepts 9 displacement variables. This 

difference is the proof of the accuracy and efficiency of the 

proposed model. 

4.2. Parametric study 

Parametric studies are carried out to analyze the 

hygrothermal responses of FG-GNPRC plates subjected to 

hygrothermal loads (𝛥𝑇 = 𝑗1(𝑧)𝑇0 + 𝑗2(𝑧)𝑇1 + 𝑗3(𝑧)𝑇2, 

𝛥𝐶 = 𝑘1(𝑧)𝐶0 + 𝑘2(𝑧)𝐶1 + 𝑘3(𝑧)𝐶2, 𝑇𝑖 = 𝑇𝑖sin(𝜋𝑥/

𝑎)sin(𝜋𝑦/𝑏), 𝐶𝑖 = 𝐶𝑖sin(𝜋𝑥/𝑎)sin(𝜋𝑦/𝑏), i=0, 1, 2). 

Among the key parameters are whether GNP volume 

fraction, pattern and distribution, laying sequences, and 

geometric dimension, etc., have effects on the mechanical 

behaviors of this type of composites. Unless otherwise 

specified, all the plate specimens have the same thickness 

in the cross-sectional direction and are set with simply 

supported boundary conditions. Fixed at length to width 

ratio (b/a): 1.0. 0/90/0/90/0 symmetric balanced layup 

structure is used here. The physical characteristics of the 

resin medium and the GNP fillers are specified 
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below:𝐸𝑀𝐴𝑇 = 2,5GPa, 𝜈𝑀𝐴𝑇 = 0,34, 𝐸11
𝐺𝑁𝑃 = 1812GPa, 

𝐸22
𝐺𝑁𝑃 = 1807GPa, 𝐺12

𝐺𝑁𝑃 = 683GPa, 𝜈12
𝐺𝑁𝑃 = 0,177, 

𝛼11
𝐺𝑁𝑃 = −0,90 × 10−6𝐾−1, 𝛼22

𝐺𝑁𝑃 = −0,95 × 10−6𝐾−1, 

𝛼𝑀𝐴𝑇 = 45 × 10−6𝐾−1,𝛽11
𝐺𝑁𝑃 = 0,00026(𝑤𝑡%𝐻2𝑂)

−1, 

𝛽22
𝐺𝑁𝑃0,00027(𝑤𝑡%𝐻2𝑂)

−1,𝛽𝑀𝐴𝑇  0,00268(𝑤𝑡%𝐻2𝑂)
−1

. Table 1 displays the efficiency parameters associated 

with various GNP content proportions [58]. 

Displacements and stresses are normalized by: (𝑢, 𝑤) =

(𝑢, 100𝑤)/𝛼𝑀𝐴𝑇𝑎𝑇𝑖, (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦 , 𝜏𝑥𝑧) =

(𝜎𝑥, 𝜎𝑦 , 𝜏𝑥𝑦 , 𝜏𝑥𝑧)/𝐸𝑀𝐴𝑇𝛼𝑀𝐴𝑇𝑇𝑖, i=0,1,2. This research 

section investigates the hygrothermal performance of FG-

GNPRC panels subjected to integrated thermal and 

humidity loads (T₀=100, C₀=0.001). The computational 

data presented in Table 2 demonstrate that variations in the 

graphene nanoplatelet volume ratio significantly affect the 

lateral deflection, and such an effect remains consistent 

across various span-to-thickness proportions (a/h). It is 

observed that when the GNP content increases by only 2%, 

the corresponding transverse displacement rises by about 

58%, indicating a strong sensitivity of the structural 

response to GNP addition. The large increase is caused by 

the difference in thermal and moisture expansion between 

graphene nanoplatelets and the polymer matrix. This 

difference increases internal constraint and causes strong 

strain mismatch through the thickness under temperature 

and moisture loads. This behavior can be associated with 

the modification of the effective hygrothermal expansion 

properties of the polymer composite after introducing 

graphene nanoplatelets. In addition, the deflection 

response is affected by the plate thickness. As the 

thickness increases, the contribution of GNP 

reinforcement becomes more evident, which may be 

related to stronger interfacial interactions between the 

nanoplatelets and the matrix material through the 

thickness direction. These results suggest that the 

effectiveness of GNP reinforcement under hygrothermal 

loading is strongly affected by the plate dimensions. The 

numerical analysis therefore confirms that incorporating 

GNPs can influence both the hygrothermal deformation 

characteristics and the stiffness performance of FG-

GNPRC plates. According to the analysis of Fig. 13, 

investigate the stress distribution conditions of the four 

different types of FG-GNPRC plates under the 

hygrothermal loading (T0=T1=100, C0=C1=0.001). The 

results show that the stress maps show evident divergence 

features, and the stress-strain curves vary more profoundly 

under the influence of graphene nanoplatelet gradient 

distribution attributes. With respect to in - plane stress 

components there exists a direct positive relationship 

amongst the volume fraction of GNPs and the magnitude 

of the hygrothermal stress. The FG-X distribution 

configuration shows the highest stress in both surface 

layers, which is attributed to the stepped concentration 

gradient that enhances the impact of hygrothermal 

gradient. The stepped concentration gradient creates 

stiffness differences between adjacent layers. These 

stiffness differences increase interfacial shear transfer and 

raise local stress under hygrothermal expansion. In 

addition, transverse shear stress also exhibits a similar 

dependence on the volume fraction of GNP, but the 

distribution pattern is different. By comparison, there is a 

large amount of stress concentration in the two innermost 

layers of the FG-O configuration. These results prove that 

the planned arrangement of GNP distribution can be used 

to regulate the hygrothermal properties of FG-GNPRC 

structures. By adjusting the spatial distribution of 

nanoparticles, it is now possible to design stress conditions 

that enhance key areas of strength or weaken weak 

interface locations by optimizing structure. 

An investigation on the stress distribution characteristics 

of FG-GNPRC plates based on their lamination schemes: 

compare LS-1 (0/90/0/90/0)s, LS-2 (0/90)₅, and LS-3  

(90/0/90/0/90)s; supplement to FGM-O allocation layout 

as Figs. 14-15, which shows that there will be a 

considerable effect from layer arrangement order on its 

stress distributions. Accordingly, at some stage in the 

process, it may have some extentable effect on the stress 

during lamination order reaches a certain threshold; 

Moreover, an optimised stacking order can also modify its 

corresponding responses. Because there is a certain degree 

of interaction between these directions, as well as 

anisotropy characteristics at each plie point, leading to 

such alterations. The change in ply direction affects the 

directional stiffness, Thermal expansion or moisture 

expansion for a laminated part. This leads to an 

unbalanced stiffness and strain distribution because of 

different thicknesses, thus changing the interlayer stress 

field through shear transfer mechanisms. These factors' 

integrated results ultimately determine the final stress 

distribution pattern; therefore, in future research on 
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laminated structures for specific purposes, we must 

achieve desirable structural properties using FG-GNPRC 

systems. Thereafter, the study for effects of hygrothermal 

conditions on bending deformation for FG-GNPRC panels 

will be carried out next. Fig. 16 shows the deformation and 

stress of FG-GNPRC plate (FG-X Layout) under different 

humidity-temperature combinations. Based on a 

significant impact of the effects of hydrothermal loads on 

planar displacement fields and stress shape distributions, 

as well as load-dependent thickness-through distributions 

that regulate plates' two-directional deformation forms and 

stress conditions.  

      Additionally, T0=T1=100, C0=C1=0.001 can produce 

the greatest inter-laminate shear force. A large amount of 

regular deformation appears due to both temperature and 

moisture differences together at this height. The difference 

causes greater interface shear stress under expansion 

restraint constraints. 

𝜏̄𝑦𝑧(𝑎/2,0, 𝑧) 

Figure 12. Transverse shear stress variations in the 8-layer composite plate (a/h=5) 

 
 

𝑢̄(0, 𝑏/2, 𝑧) 𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧) 

 

 

𝜏̄𝑥𝑦(0,0, 𝑧) 𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 
 

Figure 13. Displacement and stress results of the FG-GNPRC plate for different graphene distribution types (T0= T1=100, C0= C1=0.001, a/h=5) 
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𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧)
 

Figure 14. In-plane stress variations of the FG-GNPRC plate subjected to hygrothermal loading (T1=100, C1=0.001, a/h=5) 

 
𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 

Figure 15. Transverse shear stress variations of the FG-GNPRC plate subjected to hygrothermal loading (T1=100, C1=0.001, a/h=5) 

Table 1. Graphene enhancement factors across volume fractions 

𝑉𝐺 𝛿1 𝛿2 𝛿3 

0.03 2.929 2.855 11.842 

0.05 3.068 2.962 15.944 

0.07 3.013 2.966 23.575 

0.09 2.647 2.609 32.816 

0.11 2.311 2.260 33.125 
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𝑢̄(0, 𝑏/2, 𝑧)

                                                
𝜎̄𝑥(𝑎/2, 𝑏/2, 𝑧) 

  
𝜏̄𝑥𝑦(0,0, 𝑧)

                                                 
𝜏̄𝑥𝑧(0, 𝑏/2, 𝑧) 

 

Figure 16. Displacement and stress results of the FG-GNPRC plate under various hygrothermal loads (a/h=10 

 

Table 2. Transverse displacements of UD FG-GNPRC plates for various span-to-thickness ratios (𝑤̄(𝑎/2, 𝑏/2, ℎ/2), T0=100, C0= 0.001) 

Volume 

fraction VG 

a/h 

5 10 20 50 100 

0.03 0.1987 0.0997 0.0503 0.0210 0.0116 

0.05 0.4724 0.2365 0.1187 0.0483 0.0253 

0.07 0.7461 0.3734 0.1871 0.0756 0.0389 

0.09 1.0198 0.5102 0.2555 0.1029 0.0525 

0.11 1.2935 0.6470 0.3239 0.1302 0.0661 

Table 3. Displacement and stresses of FG-GNPRC plates (FG-X configuration) under diverse hygrothermal loads 

Hygrothermal Loads 𝑢̄ (0,
𝑏

2
,
ℎ

2
) 𝜎̄𝑥 (

𝑎

2
,
𝑏

2
,
ℎ

2
) 𝜏̄𝑥𝑦 (0,0,

ℎ

2
) 𝜏̄𝑥𝑧 (0,

𝑏

2
,
2ℎ

5
) 

T0=100, C0=0.001 -0.0952 20.621 -11.773 0.9911 

T0= T1=100,  

C0= C1=0.001 

-0.1822 

(91.4%) 

36.596 

(77.5%) 

-19.546 

(66.0%) 

1.5431 

(55.7%) 

T0= T2=100,  

C0= C2=0.001 

-0.1310 

(37.6%) 

27.153 

(31.7%) 

-14.974 

(27.2%) 

1.2171 

(22.8%) 
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Table 4. Displacement and stresses of FG-GNPRC plates (FG-O configuration) under hygrothermal load (T0= T1=100, C0= C1=0.001, a/h=10) 

GNP Size 𝑤̄ (
𝑎

2
,
𝑏

2
,
ℎ

2
) 𝜎̄𝑥 (

𝑎

2
,
𝑏

2
,
ℎ

2
) 𝜏̄𝑥𝑦 (0,0,

ℎ

2
) 𝜏̄𝑥𝑧 (0,

𝑏

2
,
2ℎ

5
) 

aG/tG=100, 

bG/tG=100 
58.711 19.611 -7.7234 1.4125 

aG/tG=500, 

bG/tG=100 
62.613 28.175 -8.6386 1.7285 

aG/tG=1000, 

bG/tG=100 
63.828 31.379 -8.9498 1.8622 

aG/tG=100, 

bG/tG=500 
65.764 40.564 -9.3185 2.9124 

aG/tG=100, 

bG/tG=1000 
67.362 48.206 -9.7324 3.4638 

 

Table 3 also presents deformed structures and stress 

states of the FG-GNPRC with an FG-X configuration 

under different hygrothermal load conditions. The first 

row (T0=100, C0=0.001) is taken as a reference case. 

There is a clear trend that shows the combination method 

has an effect on increasing displacement, stress 

respectively than the original one when using single-

hydrothermal load.  

The values in brackets are expressed as the percentage 

rise compared with those of the base case. In terms of the 

humid-load case (T0=T1=100, C0=C1=0.001), The values 

for all parameters were very large and showed a large 

percentage change, which ranged from 55.7% to 91.4%. 

Thus, adding either a combined uniform or linear-

hygrothermal-load functional form enhances the 

mechanical effect at some level. Under the combined 

influence of a uniform load and a sine wave loading, the 

change in water level was also minor, falling within an 

acceptable range from 22.8%~37.6%. It shows that the 

existence of a hygrothermal field significantly affects the 

structural response of the FG-GNPRC plate. Given that 

gradient conditions (T0=T2=100, C0=C2=0.001) have 

produced a milder mechanical response than those of type 

T0=T1=100, C0=C1=0.001. As shown in Table 4, under the 

conditions that the temperature and humidity were at 

T0=T1=100, C0=C1=0.001 for the FG-O layout FG-

GNPRC plate subjected to hygrothermal action. Research 

on the effects of dimension factors for GNP particles on 

the structures of FG-GNPRC plate. Different results on 

different paths. When bG/tG is fixed at 100 and aG/tG 

changes from 100 to 1000, there will be an approximately 

equal amount added. The first parameter has increased 

from 58.711 to 63.828; The absolute value of the third 

(neglectable) term has risen from 7.7234 to 8.9498. 

Increasing the length-to-diameter ratio (a/h) of GNPs can 

improve both stiffness and load-bearing capacity in FG-

GNPRC plate under specified hygrothermal condition. 

The more pronounced the effect depends on the condition 

of the bG/tG ratio when maintaining aG/tG=100. From 100 

to 1000, as bG/tG increases, the value will increase 

significantly. The first parameter went up from 58.711 to 

67.362; the second one went sky-high from 19.611 to 

48.206. It can be seen from this that, in terms of the 

influence of width-thickness ratio on mechanical 

properties due to its effect on the effective load 

transmission path and reinforcing structure configuration 

within the polymer matrix. The geometry of the 

reinforcing GNPs serves as an important design parameter 

in these results. The large-aspect-ratio of the wide 

direction in width (bG/tG) significantly affects the 

displacements and stress fields under humidification-

stabilization loads applied to an FG-GNPRC plate 

structure. Therefore, it is also more significant for its 

mechanical performance index. 

 

4.3. Conclusions 

 

In this study, a novel hygrothermal model including the 

effect of transverse normal strain is developed for FG-

GNPRC plates. Based on the hygrothermal-induced 

transverse normal deformation but no need to add 

displacement variables, present model can keep high 

efficiency of computation, overcome inherent defects of 

traditional methods in solving hygrothermal problem. 

Findings and Conclusions summary are the main form are 

following: This study shows that the presented model 

yields accurate predictions for the displacement and stress 

states in FG-GNPRC plates subjected to hygrothermal 

loading. Although the conventional higher-order theories 

ignoring the effect of transverse normal strain have 

significant errors in predicting the hygrothermal stress 

field. This result is our imitation to have the transverse 

normal deformation of the composite model with high 

fidelity to hygrothermal behavior. Graphene nanoplatelets 

add as even small quantities increase hygrothermal 

expansion coefficients, increasing transverse deformation 

of FG-GNPRC plates. But it is clear from the data is that 

it is because of the enhancement caused by graphene 

nanoplatelets will gradually decline when the volume 

fraction is gradually increased. Spatial distribution and 

gradation of GNP are ways of controlling the stress 

development in FG-GNPRC plates. The gradation of 

https://doi.org/10.57647/jnsc.2026.1605.23


Ma et al., J. Nanostruct Chem., 2026; 16(5)                                                                                                                                              461 

10.57647/jnsc.2026.1605.23 

increase in GNP concentration in some layers will lead to 

an increase in the level of hygrothermal stress resulting 

from the different expansion coefficients in different 

layers. More parametric study shows that hygrothermal 

load, Geometric size and Stacking Sequence decide the 

deformation characteristic and stress condition of such 

composite system. The results will be guidance to us that 

how the stress would change in the combined temperature 

and humidity action on the FG-GNPRC plates. Also, the 

theory to make systematic Design methods for taking the 

advantage of multi-functionalities of GNP reinforcements 

is prepared by this study. To modify the material structure, 

optimize interface engineering to enhance the 

hygrothermal stability of composite structures under harsh 

working conditions. 
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