Accepted manuscript (author version)

To appear in:
International Journal of Mathematical Modelling & Computations

Online ISSN: 2228-6233 Print ISSN: 2228-6225

This PDF file is not the final version of the record. This version will undergo further
copyediting, typesetting, and production review before being published in its definitive form.
We are sharing this version to provide early access to the article. Please be aware that
errors that could impact the content may be identified during the production process, and all
legal disclaimers applicable to the journal remain-valid.

Received: 14- Februray-2026
Revised: 16- May -2026

Accepted: 17- May-2026



Accepted manuscript (author version)

DOI: https://doi.org/10.57647/iijm2c.2027.1701.03

ORIGINAL RESEARCH

A hybrid numerical approach for Volterra integro-differential equations via
Block-Pulse and Miintz functions

Parvin Badihian®, Majid Tavassili Kajani®*

May 17, 2026

@ Department of Mathematics, Isf.C., Islamic Azad University, Isfahan, Iran.

Abstract

In this paper, we present a novel set of hybrid functions using the Block-Pulse functions and a new class of
Miintz functions to obtain numerical solutions for Volterra integro-differential equations (VIDEs). In this method,
by implementing the collocation approach based on the new hybrid basis as the trial functions, the given VIDE
is reformulated as a system of algebraic equations. As opposed to the‘existing’ methods that use Miintz—Legendre
polynomials, we utilize a new set of Miintz functions that have distinct real roots in the interval [0, 1]. Furthermore,
the convergence, stability and accuracy of the method are studied. Numerical examples are included to demonstrate
the efficiency and high accuracy of the proposed approach.

Keywords: Miintz functions; Block-Pulse functions; Collocation method; Volterra integro-differential equation; Conver-
gence; Stability.

1 Introduction

In recent decades, integro-differential equations have attracted special attention due to their application in modeling a
wide range of physical and engineering problems, such as fluid dynamics [1], heat and mass transfer [2] and so on. Many
studies on the development of accurate numerical methods for solving these equations have been done such as the Tau
method [3, 4], wavelet-Galerkin methed, [5], Chebyshev collocation method [6-8], Lagrange interpolation method [9],
spectral Legendre-Chebyshev method [10], power series method [11], Haar wavelet method [12], operational matrix
with Block-Pulse functions [13],<operational matrix with Hat functions [14], Legendre polynomials method [15] and
physics-informed deep Al simulation [16].

Volterra integro-differential equations (VIDEs) have also been solved using emerging numerical strategies, which
are described below. The hybrid multistep method has been used in [17] to address VIDEs. The ANNs approach has
been employed in [18]-t0o solve fractional order VIDEs. Two-dimensional fractional-order VIDEs have been investigated
in [19]. Fractional higher-order linear VIDEs are studied in [20]. In [21], the A-PINN (auxiliary physics informed
neural networks). approach has been implemented to solve the forward problems involving nonlinear VIDEs system,
nonlinear 2-dimensional VIDE and nonlinear 1-dimensional VIDEs. In [22], a spectral technique has been used to
address yvariable-order fractional VIDEs. An algorithm for solving VIDEs based on Alperta’s multi-wavelets Galerkin
method 1 presented in [23]. A fast sparse spectral method has been utilized in [24] for nonlinear VIDEs with general
kernel.

Additionally, the authors of [25] discuss the numerical solution of fuzzy Fredholm-Volterra integro-differential equa-
tions by the reproducing kernel algorithm. The work done in [26], addresses the solution of fuzzy fractional Volterra and
Fredholm integro-differential equations using adaptation of kernel functions based approach with Atangana-Baleanu-
Caputo distributed order derivative. In [27], the authors investigate the well-posedness of Caputo-Fabrizio fractional
stochastic integro-differential equations employing Legendre-spectral approach. In [28] the existence, uniqueness, and
collocation solutions using the shifted Legendre spectral method for the Hilfer fractional stochastic integro-differential
equations regarding stochastic Brownian motion have been investigated.

*Corresponding author, E-mail address: mtavassoliQiau.ac.ir
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Miintz functions were first introduced by Badalyan [29] and Taslakyan [30]. The properties of these functions were
explored by McCarthy et. al. [31] and completed by Borwein et. al. [32]. In general, there exist two class of Miintz
polynomials that are orthogonal concerning certain inner products. The first class is referred to as Miintz—Legendre
polynomials as is defined in (3.2). They involve the real powers of 7 and are related to a class of fractional Jacobi
functions. The second class was defined in [33, 34] and are called Miintz functions. They involve integer powers of T
together with the In function and have distinct real roots in the interval [0, 1] (see Section 3 for further details).

So far, Miintz—Legendre polynomials have been widely utilized in the literature for solving various kinds of func-
tional equations. They have been used in [35] to determine a numerical solution for the fractional Bagley-Torvik
equation, in [36] for solving fractional differential equations through the collocation approach, in [37].to solve fractional
differential equations with distributed order, in [38] for solving fractional differential equations using.the Tau approach,
in [39] for solving nonlinear fractional optimal control problems and in [40] for deriving solutions to, Volterra-Fredholm
integral equations. In addition, numerical solutions for fractional-order integro-differential equations utilizing a Miintz-
Jacobi Tau method has been presented in [41]. Fredholm integral equations of the first kind are solved in [42] using
Miintz wavelets and Volterra-Fredholm integro-differential equations are solved in [43] using a-Miintz-Legendre wavelet
approach.

In the current work, we are going to introduce a novel hybrid set of orthogonal functions called hybrid of Block-Pulse
and Miintz functions and use it in solving the following class of VIDEs:

T

G1 (T, P(7), %) = G (T, h(T)7¢(T)7/T(T7 s)V(s, @[J(s))ds), Tel =][0,1], (1.1)

dr
0

with the initial condition ¥ () = &, where £ is a given constant,G13G2, h and V' are known continuous functions on
appropriate domains, ¥(7) represents the unknown function that should be determined and T'(7,s) is a continuous
kernel defined over the domain I' x R.

Our numerical scheme for solving 1.1 is based on the-domain decomposition strategy by utilizing the Block-Pulse
functions and the collocation method using the roots.of the Miintz functions. Instead of fractional powers of shifted
Legendre-Gauss or Chebyshev-Gauss points, shifted Miintz points are employed as the collocation points in each
subinterval. Convergence rate for function approximation using the proposed hybrid basis is assessed and the error and
numerical stability of the suggested approach are-analyzed.

For more convenience, all the symbols and futictions used in the paper are summarized in 1. The rest of the paper
is also organized as follows: In Section 2, we discuss some theorems that focus on the existence and uniqueness of the
solutions for VIDEs. Section 3 includes essential and foundational preliminaries. In Section 4, we introduce a new
hybrid function as the orthogonal basis for solving the VIDE (1.1). In Section 5, we present the numerical technique in
details and present the algorithm’ of our method. In Section 6, the stability of the method is discussed and in Section
7, the error analysis has been given. Section 8, includes the relevant examples to show the validity and accuracy of our
approach. Finally, conclusions and suggestions for future works are given in Section 9.

2 Existence and uniqueness of the solution

In this section; by using a theorem regarding the uniqueness of the solution of integral equations we investigate a
theorem concerning existence and uniqueness of the solution of VIDEs.

Theorem 2.1. Consider the Volterra integral equation presented below [44]:

P(1) = h(T) + /T(T,s,q/)(s))ds, (2.1)

0

and assume that

(1) he Clo, 1],

(2) for 0 < s <7 <1 and ||lul| < oo, T(7,s,%(s)) is continuous,

(8) for 0 < s <7 <1, T(r,5,9%(s)) satisfies the Lipschitz condition.
Then, the equation (2.1) has a unique solution.
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Table 1: Symbols and functions used in the paper.

Symbol Explanation

P(T) Unknown function of equation

h(T) Known continuous function of equation

T(r,s) Continuous kernel in terms of variables 7, s

V(s,1(s)) Continuous function in terms of variables s, 1(s)

9q(T) Miintz function of order ¢

dq(T), we(7) Algebraic polynomials in Miintz function

Puw(T) Block-Pulse function of order w

Puq(T) Hybrid function of Block-Pulse and Miintz functions

Ly(y) Truncated series of Legendre polynomials for the function 4)
Sq The gth root of the Miintz function

Eyn Residual error

H"(a,b) Sobolev space of integer order u on the interval (a,b)
L?(a,b) Space of square-integrable functions defined on the'interval (a, b)

C*"Y(Ja,b]) Functions that are u — 1 times differentiable and
their (u — 1)-th derivative is continuous on the interval [a, b]

Proof. Refer to [45]. O

Theorem 2.2. Consider the Volterra integro-differntial equation~(1:1) in the form specified below:

T

(1) = h(T,’(/J(T)) + /T(T,S,’Q/J(S))ds (2.2)

0

with the initial condition ¥ (m9) = &. If h and T be-continuous functions and satisfy the Lipschitz condition i.e.,
1A (7, 1 (1)), = h(T, 2 (7)) | < Tallvor () = o (7)), (2.3)
IT(7, 5,401.(8)) = T (7, 5,92(5)) || < Tallvn(r) = ¢a2(1)]), (2.4)

for every |7 — 10| <1, |s — 70| <1, >0, ||u1|| < 0o and ||uz]| < co. Then equation (2.2) possesses a unique solution.

Proof. By integrating Eq. (2.2) from'0 to 7, we obtain

() = (1) + / (r,9(r dT+/</T7-sqp )
0

0
=>¢(T):¢(TO)+/( —|—/T7’Sw >T (2.5)
0 0
IfY (7,4(7)) = h(r,9(7)) + OfT(T, s,1(s))ds, then equation (2.5) will be as follows:
wlr) = b(m) + [ Y (rw(n)dr (26)
0

Now the following conditions hold for equation (2.6):
(1) (1) is continuous,
(2) due to the continuity of » and T in the same domain, Y (7,%(7)) is also continuous for 0 < 7 <1,
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(3) Y (7,%(7)) satisfy the Lipschitz condition.
Consequently, we deduce that

T T

1Y (r () = Y (ron()| = (i (r) + / T(r, )V (s,41(s))ds — h(r (7)) — / (7, )V (s, a(s)) dsl|

0 0
-

) —h(T,wz(T))nJru/T(r, S)V(s,wl(s))ds—/T(T,S)V(s,wg(s))dsﬂ
0 0

STl (1) = ha(T)l| + Talltha (1) — ta(7)]|

< (Ty + a9 (7) = Pa(7) |- (2.7)
Equation (2.6) is a Volterra integral equation and the criteria of Theorem (2.1) are fulfilled, which implies that the
VIDE (2.2) possesses a unique solution. O

3 Fundamental concepts and notations

In this section, we give the definitions of Miintz functions, Block-Pulse functionsiand some of their properties. Consider
A = {po, 1, - } as a complex sequence satisfying the condition Re(y;) % —% for all j € N, and Aq = {0, p11, - , piq}-
Consider the simple contour I' and the following function:

q—1 —
t+p,;+ 1 1
Q,(t) = J : ) 3.1
o) 1:I O (3.1)

where I encloses all the roots of the denominator in this function.

Definition 3.1. The Miintz—Legendre polynomials are defined by [46]

on(r) Ll A = 5 § Quls)ras. (32
Definition 3.2. Let d,(7) and wy(7) algebraic polynomials as follows [46]
EIN e
dy(T) = Z ajq 77, we(T) = Z qu 77, (3.3)
j=0 =0

Then, the logarithmic Mimtz functions g,(T) on the interval [0,1] are defined as follows:
9q(T) = dg(7) + wq(7) In(7), g=0,1,2,---. (3.4)
The coefficients a Mand 6(q) are defined below.
Definition 3.3: For each 0 < j <1 —1 and q = 2l we have [/6]

N 2 2 -1
@) (l+j> (l) 2l+1 Z 2z+1 (
a; ) =— . . — 3.5)
l i) |27+1 102#2 Ne+i+1)
and ) )
NIETANE
o —-a- (") () (36)
J
For j =1 we have
) _ (2 @) _ 37
a = ) 7 =0. (3.7)



Accepted manuscript (author version)

For each 0 < j <1l and g =204+ 1 we have

l

N 2 2 .
(2141) _ l+g> <l> 20+1 2i+1
T = ‘ +20+j+1 — 3.8

J ( l i) |z A )_Oz’;#(z—g)(1+3+1) (38)

and

B = (i 4 +1)<l?j>2<;>2. (3.9)

Theorem 3.4. The Mintz functions gq(7) (¢ > 0) defined in (3.4) possess the characteristic of orthogonality in the
range [0,1] and contain precisely q distinct and simple real Toots in this range [46].

Definition 3.5. For 1 < w < W the Block-Pulse function on the interval [“’V[_,l, W) is defined as follows:

1 Te] "Wl, W)
pu(T) = { 0, otherwise, (3.10)
and fori,j =1,--- W these functions are orthogonal i.e.,

0/1 prmn ={ 134 (31)

4 Approximation with hybrid functions

This section is devoted to the function approximation using hybrid of Block-Pulse and Miintz functions and its rate of
convergence.

4.1 Hybrid functions
Definition 4.1. In the domain [0, 1), the hybrid of Block-Pulse and Miintz functions is defined as follows:

9(Wr —w+1), 7€ % %)
pug(T) = { 0, otherwise, (4.1)
where w = 1,--- /W and q =.0,1,.--Q are the order of Block-Pulse functions and Miintz functions, respectively and

gq is the Mintz function defined.in (3.4).

4.2 Function approeximation and its convergence rate

Let {@uwq(7)} for w=1,--- ,W and ¢ =0,1,---Q be a basis on the interval [0, 1] such that
T = span{puq(T),w=1---W,¢=0,1,---Q}, (4.2)
and 1 be ‘an integrable function on [0, 1]. Then, we can approximate 1) with QZ in the structure of a linear combination

of the elements of T as follows:
(1) = U(r) Z Z CugPug(T (4.3)

w=1 q=0

where 12 denotes the best approximation for ¢ in T that has the order W(Q + 1). Regarding the rate of convergence
of this approximation the next theorem can be stated.
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Theorem 4.2. Let H%(a,b) = {t € C*"([a,b]) : dwdfl € L%*(a,b)} and ¢ € H*(0,1), where u represents an integer
with a value of zero or higher. If u < W(Q + 1), then we have

14 = Dllz20.1) < KW(Q + 1)) 19| 12(0.1), (4.4)

and if 1 <v < u, then we have

-~ 2v—1— u
1% = Yl 00 < KW(@Q+1))™ 2 ™| 120,1), (4.5)
where K represents a constant that depends on the parameter u.

Proof. Let Ly (1) be the truncated series of Legendre polynomials for the function . Based on the equation (5.4.11)
in [47] for u < W(Q + 1), we have

19 = Ln (@) [3201) < K(W(@Q+1) [0, (4.6)

Since @Z is the best approximation for v, we have

-~ —2u °
1o =201y = ¥ = Lv (@) Z20,1) < KW(@Q + 1) 0 1220.1y- (4.7)
Therefore, the argument for the first inequality is completed. The second. inequality is proved similarly by using
equation (5.5.11) in [47]. O

5 Computational technique

In this section, a computational technique for solving equation (1:1) is derived. We begin by partitioning the interval

[0,1] into W equal—length subintervals in the form I, =[%=%/%), w =1, ,W with the subinterval length h = 3.
Let 1, be the numerical solution of equation (1.1) in‘thesubinterval I,, and s1, s2,- - , 84 be the roots of the Miintz
function g4(7) in the interval [0,1] as described in Section 3. We recall that all these roots are simple, distinct and
real in [0,1]. Then, we transfer these roots to_each subinterval I,, for w = 1--- W by using the following affine
transformation: . )

Twosz7 qu:%, g=1,---,Q. (5.1)

The first note is that the basis functions, (4.1) are continuous at the interface of subintervals, so we should impose the
additional condition:

w w

w(=) = Ywi1(=), =1,--- ,W. 5.2
o) = Yui(),  w 62
Next, we present our collocation strategy for finding the solution to the equation (1.1). The problem is to find

P(7), 7 €[0,1] that satisfies (1.1). In each subinterval I,,, w =1,--- , W equation (1.1) is rewritten as follows:

Ay (T)y
G (R (r), ) = G (roh(r), pu(e), [ TV (s, 0u()ds), 7€ L, (53)
0

Since the-logarithmic basis functions (4.1) are not defined at 7 = 0, instead of approximating the function ,,(7), we

approximate %T(T) using this basis as

dipry Q
wdiT(T) = q;ocwq@wq(ﬂa T € L. (5.4)

By applying integration to both sides of the equation (5.4) from wv_l to 7, we get

— Q o
b (T) = %(le) +3 cuq / Pugt)dt, T € I, (5.5)
q=0 w—1
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Now, by inserting equations (5.4) and (5.5) into equation (5.3) for w =1 , W, we obtain

w—1
W

< Z Cwq / (pwq dt =+ ww Z Cquawq > = (

w—1
W

, s
chq [ eunttit+ vu (), / T(r,s)

chq / Gug(t)dt 4 P ( Wl))ds). (5.6)

w—1
w

By collocating (5.6) at the points (5.1), we arrive at the following collocation conditions

Twq

Q
G1 (qua Z Cwq / Spwq dt + 'ww Z Cququ qu ) = Gy (quv h(qu), Z
w—1
W

q=0 w—1
w
Twq Q s
/ T(Twg, )V (5, > Cug / ug(B)dt + 1y ( ))ds)
0 q=0 w—1
w
(5.7)
Then, we replace the integral from 0to Tyg for w=1,--- , W and'¢=0,---,Q in equation (5.7) with the sum of
two separate integrals from 0 to %! and from %! to 7,4 as fOHOWb

Twq

Q Twa
w—1
Gy <qu7 Z Cuwq / (qu dt + 1,[111; Z Cwq<;0wq Twq ) = Gs <qu7 h(qu)a Z Cwq / Pwq (t)dt + l[)w(i)a
e

q=0

S

w—1 q_O w—1
w w
(5.8)
in which, the following integral can be calculated using the approximate results of the previous subintervals
w—1 L
W s _ W s _
/ T (Twgs S) chq / Ouwq(t dt-i-l/)w( W ))ds = /T Twqs S chq / Ouwq(t dt+1/)w( W ))ds
0 =0 W=y 0 =0 Wy
W W
2
w Q S
w
—l—/T(qu, s)V(s, Z Cuq Gug(t)dt + Py ( ))ds
N 7=0 w—1
w w
wwl Q s 1
w—
44 / T(qu,s)V(s,chq g@wq(t)dt+z/)w(7))ds
w2 a=0 w1
w w
(5.9)
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Therefore, equation (5.8) will be rewritten as

Twq

Gy (qu, Z Cwg /

—1

w

Puq(t)dt + ww

zcwq%q )

Twq

-1
e (Tw ) S wn | owa(®)dt+ (D),
2 q q qz::() qw/ q W

[

T
¥ .
/T Twqs S chq / ‘qu )dt'i'ww( ))d8—|—
0 ";/1
/Trwq, chq / Pult)dt + (L)) ds 4 -
W CP)
‘i’/Tqua chq / @wq )dt‘i‘ww( ))d5+
i T
e 9 / w—1
/T(qu,s)V(s,chq / gowq(t)dt-i-ww(w))ds).
=R =0 gp
(5.10)

All the integral terms in (5.10) can be calculated utilizing the_Gauss—Legendre integration approach. To achieve

this, first we transform the intervals [%5, ] and [%5, Ty to the interval [—1,1] by using the following affine
transformations:
ot 2w —1 ot w—1 w— 14 Wy, _
S_ﬁ—i_ 2W 5 S—i(qu W )+ 2W y w—17 ,W E[ 1,1] (511)
Utilizing the Gauss—Legendre quadrature rule for‘equation (5.9), yields:
“’% 1 " i1 ti+1
w — .
/0 (g, s chq / |, Pua(0)dbt 0 (=) ds g s T (rwa 57V (S
@ Sia w—1
chq /w_1 (pwq(t)dt + ¢w(7)) +
q=0 W
1 t;+3 t; +3
—w.T ” J J
;2 W (Tq’ QW) (QW’
Q b 1
> cun [ ounltldt+vu( )
q=0 W
1 t; +2W -3 t; +2W —3
.. —— w0 T (Twpe, -~ V(-2
* +; T A S T
Q t +2W 3 1
T w—
chq/ Puq(t)dt + o (57— ) (5.12)
q=0 T

where wj,t;,j =1,---

, k represent the associated weights and points for Gauss—Legendre integration approach and k
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is the order of Legendre polynomial L (7). Finally, equation (5.10) will be approximated as follows:

(TwQaZCwq/_ Puq(t )dt+¢w chq%ﬂq qu) = G (quv (Twq), chq/_ Puq(t)dt +
q=0 W

k
t;+1 t;+1
ot ; T "3V o
Q i+t )
chq/,l (pwq( )dt+ww(7))+
q=0 T
k
1 ti+3a wti+3
—— w0 T (Twpe, J
J;QWWJ (T1 qs 2W )V( 2W ,
§ tg;f w—1
ZCwq/i (qu(t)dt+1/}w(7)>+...+
q=0 a2
k
1 t; +2W -3 t:+2W —3
—w;T was Vv J ’
;QW% A
Q fJ+22v“//V_3
w—1
D cug /H Pug (1)t + oo —557-)) +
q=0 wo
k w—1
Twqg — 17 t: w—1 w—1+4Wry
Z%%T(qué(mq— 7 )+ q
j=1
vl w-1  w—1+Wry
(5 (e = )+ =g 2 e

q=0
tj w—1 w—14+WTwg
2w

Equation (5.13) for w = 1,--- ,Weand\g = 0, - - - , Q results in an algebraic equations system characterized by an order
of W(Q + 1) which is solvable via.Newton’s iterative technique for the coefficients ¢,,. By finding the coefficients ¢,
and substituting them into (4.3), the numerical solution of VIDE (1.1) is obtained.

In the sequel, we describerour algorithm that uses the components described above:
Step 1: Input

Consider the VIDE (1.1) and the initial condition 1 (7y) = £. Divide the interval [0, 1] into W number of equal-length
subintervals and consider the equation (1.1) in each subinterval I, as given below

T

G (T7 ww(T), dwzll;_(’r)) =Gy (T7 h(T)vww<T)a /T(Ta S)V(Saww(s))ds)a T € Ly, w=1,--- W (514)

0

Choose the number of Miintz functions @) to be used for function approximation.
Step 2: Generation of hybrid functions and solution approximation

Generate hybrid functions @, (7) for ¢ =0,1,--- ,Q w=1,--- ;W as defined in Section 4. These basis functions

dw (T)

are not defined at 7 = 0, so approximate using this basis as

Q
dipy,
1/) chqgowq = (5.15)
q=0

4 (Tweg— 7= )+——3 w— 1
[U @wq(t)dt+ww(W))>. (5.13)
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w—1

Integrate both sides of the equation (5.15) from “3= to 7, to get

T

B Q
b (T) = @z;w(“’Vl) +3 cuq / Pug)dt, T € I, (5.16)
q=0 w

—1
w

Step 3: Substitution of expansions

Insert equations (5.15) and (5.16) into equation (5.14) for w =1,--- , W.
Step 4: Set up the system of algebraic equations

Consider the collocation points

w—1 Sqgt+w—1
7100:77 qu:qTa q:17"'7Q7 wzoala"'am (517)
where 51, 52, -+ , 84 are the roots of the Miintz function. Collocate the equation raised from*Step 3 at the collocation

points (5.17) and form a system of algebraic equations in terms of the coefficients c¢,yq.
Step 5: Construction of the approximate solution
Utilize the Newton’s iterative method to solve the system of Step 4. Substitute the computed coefficients c,,, back

into the relation (5.16) to get the approximate solution 1, () for the equation®(1.1).

6 Stability assessment

In this section, we investigate the stability of the proposed numerical approach. The stability issue means that the
error caused by the starting error is controllable in long computations. To this end, let < -, - >p2(;,y and < -« >1, o
denotes the inner product and discrete inner product on the subinterval I,,, respectively. For simplicity of statement,
consider the following VIDE:

dl/:l(Tﬂ _ G<T7 h(r), (7). /OT T(r, s)V(&zﬁ(s))ds), el =[0,1, %(r)= 710, (6.1)

under the condition
& (rhin) 00, [ TV sates) - 6(rauo), [ TV )| w-n <o 62

By recalling that, in the present méthod the original interval I' = [0, 1] is divided into W subintervals I, such that

w—1 w 1
z - =z h= — -1 W .
W VWL Wa w 9 ) 9 (63)

our purpose is to showsthat the following definition holds true for the present method.

I,~ [walva] = [

Definition 6.1. A<numerical method for the integro-differential equation (6.1) is called RN-stable, if the numerical
approximations Y(7) .and y(T) with ¥(19) = o and Y(10) = Yo, satisfy the following relation:
[0(70) = §(r) < ldo = Gol.  w=1,---,W. (6.4)

Let Jw(r) and 7, (7) be the numerical solutions on the subinterval I, corresponding to the initial values 12(7'0) = 1o
and y(10) = Yo. Also, let €,(7) = ¥ (T) — Yuw (7). By substituting ¢,,(7) and 4, (7) into Eq. (6.1) and then subtract
the results, we get

dey(r) _ dpu(r)  dju(r) _
dr dr dr

G<T7h(7'),’(2)\w(7')7/07 T(r, S)V(s,lzw(s))ds> -

G(T, h(T), Gu (7), /OT T(r, s)V(s, ﬂw(s))ds), (6.5)

10
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where ~
€w(Tw—1) = €w—1(Tw=1), €1(70) = Yo — Yo, w=1--- W (6.6)

Multiplying both sides of Eq. (6.5) by €y (twq)Wwq, Where w,,q and t,,4 are respectively the Gauss-Legendre quadrature
weights and points on [,,, and summing the results for 0 < ¢ < @ and utilizing (6.2), we arrive at

<6 (7). Bur), [ TV (5 Dulo)is) -

0

Since €,,(7) and C%E’ are polynomials of degree up to @ on I, one can formulate

de <
(éw.d—;”)(r) = kwit, (6.8)
=1

where k,,; is a constant. Using lemma 2 in [48], we have

/ Tldr < hwi Y Wigtig (6.9)

I, =0

where h,, ; is a positive constant. Now, by ralation (6.9) and (6.7);.we get

< %,aﬂ > <K %fw >1,050. (6.10)
On the other hand, we have R
(Cw(Tu))* = (gw(Tw—l))Z =< %fw >L2(I,)s (6.11)
hence, we conclude that
(Eu(r)” = (u(ru-1)” < 0. (6.12)
Consequently, for w =1, -+ , W we have that
() = ()| < [ (ru—1) = Glru-1)]. (6.13)
which implies R N
[B(r) = 57| < [0 = Tol. (6.14)

Relation (6.14)(proves the numerical stability of the presented method.

7 Error assessment

Here, we confirm the convergence of the suggested approach and we obtain its convergence rate for the VIDE (1.1). In
what follows, let Ex be the residual error of the presented collocation approach.

Theorem 7.1. Let ¢p € H"(0,1), where u is a non-negative integer and T' = maz, se(0,1]x[0,1)|T(7,8)|. Assume

that the functions V, dﬁ(:) , fOT T(r, S)V(w(s))ds fulfill the Lipschitz condition using the Lipschitz constants n1,12,73,

respectively. Then, we have

—u —u m v—Li_u w
IENIL20,1) < (2 4 m 4+ T'mins) K (W(Q + 1)) [0 || 20,1y + mE (W(Q + 1)) 2= || 12 1y, (7.1)

11
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Proof. According to the definition of Ey, it follows that

I|Enllz200,1) = ddqz;” —h(r) = /OT T(r, s)V(@w(s))ds — % + h(r)+ /OT T(7,s)V(¥(s))ds| . (7.2)
The triangle inequality together with the Lipschitz conditions, imply
IENlL2(0,1) < UlH% - dzlp}h?(o,l) + (2 + n1 4+ T'mns) |y — {/;w”LQ(O,l)- (7.3)
According to the Theorem 4.2, we can write
% - ddzZ: <[ — Yol ey < K(W(Q+ 1))2%%_””1#(“)||L2(o,1), (7.4)
L2(0,1)

and finally

—u —u u v—L—u u
IENIIz2(0,1) < (2 +m1 + T'mins) K (W(Q + 1)) ||| 2(0,1) + m K (WAQ + 1))( 7t MNezony, (7.5)
as desired. O

Remark 7.2. We note that by increasing W and Q, the obtained errorbound goes to zero that shows the converges of
the method.

8 Illustrative examples

To validate the effectiveness, high precision and efficiency of the proposed approach, we provide three examples and
compare our findings with those obtained by the methods described in [14] and [15]. All examples have been solved
using the Maple 2020 software package and is measured with an accuracy of 50 decimal places. All the computations
are carried out by means of a laptop with the(configuration: Intel(R) Core(TM) i5 CPU, 4.00G RAM and 2.20GHz,
with 64 bits operation system.

Example 8.1. As the first example consider the VIDE [14]

1 1 T
' (1) = Tcos(T) + cos(T)+ 57’008(7‘)52’71(7’) - 572 + / (T¢* — cos(7))ds, T €1[0,1], (8.1)
0
with the initial condition
»(0) = 0. (8.2)
The exact solution is to.this problem is
(1) = sin(T). (8.3)

To solve this.equation with the proposed method, we will follow the steps below.

o Firstpwe simplify equation (8.1) as follows

T

' (1) = cos(T) + %TCOS(T)SiTL(T) - %7’2 + 7'/0 (1/12)115, T €10,1]. (8.4)

e Now, we devide the interval [0,1] into W equal-length subintervals and in each subinterval I,, we set
Q
dipu ()
g = chqgowq(T), 7€ I, (8.5)
q=0
where puq(T) is the hybrid function defined in section 4.

12



Accepted manuscript (author version)

o Integrating both sides of the relation (8.5) yields
w—1
chq/_ Lqu )dt+w(7), T e l,. (86)

e By substituting equations (8.5) and (8.6) into equation (8.4) and collocating the resulting equation at the points
defined in (5.1) forw=1,--- ;W and ¢ =0,--- ,Q we have

Q T
1 ) 1 wq wa w—1
chq¢wq(7wq) = cos(qu)+§qucos(qu)Sln(qu)—5(qu)2+qu/ chq/ Puq () dt( W ))2)(157

q=0 7
where to calculate the integral 0 to Tyq, relations (5.8)-(5.13) from Section 6 are utilized.

e Now, we have W(Q+1) algebraic equations with the unknown coefficients cq forw="=1--- W andg=0,---,Q,
which is solved using Maple software and the numerical solution of equation (8.1)%s obtained using (4.3).

2 presents the absolute errors of the proposed method for W = 10,20 and Q'= 2,4,9,15 and the methods presented
in the references [14] and [15]. Also, the graphs of the absolute error functions for Q@ = 2,4,9,15 and W = 10 are
depicted in 1. As can be seen in 2, the absolute errors of the proposed method are less than that of the other two
methods. Furthermore, as the value of W increases, the absolute errors in the proposed method decrease demonstrating
the convergence by increasing the number of subintervals. In the plots of absolute error functions in 1 and 2, it can be
observed that as the value of Q increases, the absolute errors decrease, highlighting the superior accuracy of the proposed
method.

Example 8.2. The second VIDE is expressed as follows[1/]

-1 2 1 2 1 T
(1) = ?7'9 — 778 + 6T7 + 576 — 175 +27+1 +/0 (15%4?)ds, (8.8)
under the initial condition
P(0) = —1. (8.9)
The exact solution is
() =71 +717-1. (8.10)

To solve this equation with the proposed method, by applying the same strategy as in the Example 8.1, we get
W(Q+1) equations which can be resolved to determine the unknown coefficients ¢,yq,w =1--- ,W,¢=0,--- ,Q. The
results for several values of )'and W are presented in 3. In this table, the absolute errors of the proposed method and
the methods from references’[14] and [15] are presented for Q = 2,3,4 and W = 10,20. It is evident that the accuracy
of the proposed method is substantially higher than that of the other two methods. The graphs of the absolute error
functions are shown'in'2 for @ = 2,3,4 and W = 10.

Example 8:3. The last example is VIDE below [14]

-1 1 3 1 2 2 T
P (r)=—=70 49— T S S5 132 1 —|—/ (> — o —ap)ds, (8.11)
10 3 8 7 3 5 0
subject to the initial condition
»(0) = 1. (8.12)
The exact solution is
(r) =7 -+ 1. (8.13)
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Table 2: Values of absolute error corresponding to Example 8.1 for Q = 2,4,9,15

Q Method in [14] Method in [15] Present method with W =10 Present method with W = 20
2 9.0 x 1073 3.0 x 1072 2.5 x 1077 7.0 x 107°
4 9.0 x 10~° 2.0 x 10~* 9.0 x 1077 1.0 x 1077
9 1.0 x 1076 1.0 x 10~ 11 2.0x 1071 3.5 x 10716
15 4.0 x 1078 9.0 x 1022 2.5 x 10723 4.0 x 10726

Table 3: Values of absolute error corresponding to Example 8.2 for @ = 2,3,4

Q Method in [14] Method in [15] Present method with W =10 Present method with 1 = 20
2 1.7 %1073 1.0 x 1077 8.0x107* 2.0.x 1077
3 2.0 x 1074 8.0 x 10710 6.0 x 1070 1.0.x10=%°
4 4.5 x107° 1.0 x 1079 1.6 x 10749 1.0 10~49

To solve this equation, by applying similar operations as in the previous two examples we get W(Q + 1) equations,
which can be solved to find the the unknown coefficients cyq,w =1--- ,W,q =40, --- ,Q. The results for several values
of @ and W = 10,20 are demonstrated in 4. In this table, it is still observed that as the values of @ and W increase,
the absolute error in proposed method decreases. Additionally, by comparing the absolute errors of the three methods
presented in the 4, it can be noted that the accuracy of the proposed method is higher than that of methods [14]
and [15]. The graphs of the absolute error functions for @ = 2,4,6,8 and"W = 10,20 are shown in 3. In this figure, a
significant reduction in the absolute error of the equation with increasing values of () compared to reference method [14]
and [15] is clearly observed, demonstrating the superiority of the proposed method over method [14] and [15].

In 5, the execution time for solving all three mentioned equations-using the proposed method is presented for different
values of @ and W, demonstrating that the execution time'is reasonable for reaching highly accurate approximate
solutions. Although it also depends on the level of theinonlinearity of the problem.

Table 4: Values of absolute error corresponding to Example 8.3 for Q = 2,4,6,8

Q Method in [14] Method in [15] “Present method with W =10 Present method with W = 20
2 42 %1071 4.0 x 1077 1.0 x 1073 2.5 x 1074
4 7.6 x 1076 6.0 x 102 5.0 x 1076 6.0 x 1077
6 1.0 x 1076 6.0.x.107° 2.0x10~% 2.0 x 10~
8 2.4 %1077 40%x 106 2.5 x 1074 1.0 x 10749

Table 5: The‘execution time for examples 8.1, 8.2 and 8.3 for different values of ) and W

Q Execution time (s) with W =10 Execution time (s) with W = 20

Example:8.1 2 0.8 1.5
4 2.0 4.2
9 26.6 48.9
15 367.0 1084.4

Example 8.2 2 0.9 1.5
3 2.8 5.5
4 5.2 10.7

Example 8.3 2 0.9 1.7
4 5.7 12.3
6 64.0 124.3
8 300.6 629.9
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Figure 1: Values of absolute error corresponding to Example 8.2 for W = 10
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Figure 3: Values of absolute error corresponding to Example 8.3 for W = 10

9 Conclusions and future research directions

In this article, a new basis has been constructed by combining Block-Pulse functions with logarithmic Miintz functions.
Then we introduced a new collocation approach for solving VIDEs, by utilizing the constructed hybrid basis and the
Miintz nodes as the collocation points. Numerical results demonstrated the numerical stability and spectral accuracy
of the method, which are in agreement with the theoretical results presented in Sections 6 and 7. In addition, it was
shown that this method has superiority over the hat functions approach and the Legendre polynomials method and its
execution time for reaching at least the machine precision is reasonable especially for moderate number of subintervals
and basis functions.

Considering the extensive applications of real world fractional order equations, for future researches, the method
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presented in this article can be utilized to solve equations such as second-order two-dimensional symmetric sequential
fractional integro-differential equations, fractional non-isothermal reaction-diffusion model equations in a spherical
catalyse, sequential fractional wave equations and fractional system of Riccati equations. Additionally, the proposed
approach can be applied to solve other multidimensional VIDEs and fractional VIDEs.
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