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Abstract

In this paper, we present a novel set of hybrid functions using the Block-Pulse functions and a new class of
Müntz functions to obtain numerical solutions for Volterra integro-differential equations (VIDEs). In this method,
by implementing the collocation approach based on the new hybrid basis as the trial functions, the given VIDE
is reformulated as a system of algebraic equations. As opposed to the existing methods that use Müntz–Legendre
polynomials, we utilize a new set of Müntz functions that have distinct real roots in the interval [0, 1]. Furthermore,
the convergence, stability and accuracy of the method are studied. Numerical examples are included to demonstrate
the efficiency and high accuracy of the proposed approach.

Keywords: Müntz functions; Block-Pulse functions; Collocation method; Volterra integro-differential equation; Conver-

gence; Stability.

1 Introduction

In recent decades, integro-differential equations have attracted special attention due to their application in modeling a
wide range of physical and engineering problems such as fluid dynamics [1], heat and mass transfer [2] and so on. Many
studies on the development of accurate numerical methods for solving these equations have been done such as the Tau
method [3, 4], wavelet-Galerkin method [5], Chebyshev collocation method [6–8], Lagrange interpolation method [9],
spectral Legendre-Chebyshev method [10], power series method [11], Haar wavelet method [12], operational matrix
with Block-Pulse functions [13], operational matrix with Hat functions [14], Legendre polynomials method [15] and
physics-informed deep AI simulation [16].

Volterra integro-differential equations (VIDEs) have also been solved using emerging numerical strategies, which
are described below. The hybrid multistep method has been used in [17] to address VIDEs. The ANNs approach has
been employed in [18] to solve fractional order VIDEs. Two-dimensional fractional-order VIDEs have been investigated
in [19]. Fractional higher-order linear VIDEs are studied in [20]. In [21], the A-PINN (auxiliary physics informed
neural networks) approach has been implemented to solve the forward problems involving nonlinear VIDEs system,
nonlinear 2-dimensional VIDE and nonlinear 1-dimensional VIDEs. In [22], a spectral technique has been used to
address variable-order fractional VIDEs. An algorithm for solving VIDEs based on Alperta’s multi-wavelets Galerkin
method is presented in [23]. A fast sparse spectral method has been utilized in [24] for nonlinear VIDEs with general
kernel.

Additionally, the authors of [25] discuss the numerical solution of fuzzy Fredholm-Volterra integro-differential equa-
tions by the reproducing kernel algorithm. The work done in [26], addresses the solution of fuzzy fractional Volterra and
Fredholm integro-differential equations using adaptation of kernel functions based approach with Atangana-Baleanu-
Caputo distributed order derivative. In [27], the authors investigate the well-posedness of Caputo-Fabrizio fractional
stochastic integro-differential equations employing Legendre-spectral approach. In [28] the existence, uniqueness, and
collocation solutions using the shifted Legendre spectral method for the Hilfer fractional stochastic integro-differential
equations regarding stochastic Brownian motion have been investigated.
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Müntz functions were first introduced by Badalyan [29] and Taslakyan [30]. The properties of these functions were
explored by McCarthy et. al. [31] and completed by Borwein et. al. [32]. In general, there exist two class of Müntz
polynomials that are orthogonal concerning certain inner products. The first class is referred to as Müntz–Legendre
polynomials as is defined in (3.2). They involve the real powers of τ and are related to a class of fractional Jacobi
functions. The second class was defined in [33, 34] and are called Müntz functions. They involve integer powers of τ
together with the ln function and have distinct real roots in the interval [0, 1] (see Section 3 for further details).

So far, Müntz–Legendre polynomials have been widely utilized in the literature for solving various kinds of func-
tional equations. They have been used in [35] to determine a numerical solution for the fractional Bagley-Torvik
equation, in [36] for solving fractional differential equations through the collocation approach, in [37] to solve fractional
differential equations with distributed order, in [38] for solving fractional differential equations using the Tau approach,
in [39] for solving nonlinear fractional optimal control problems and in [40] for deriving solutions to Volterra-Fredholm
integral equations. In addition, numerical solutions for fractional-order integro-differential equations utilizing a Müntz-
Jacobi Tau method has been presented in [41]. Fredholm integral equations of the first kind are solved in [42] using
Müntz wavelets and Volterra-Fredholm integro-differential equations are solved in [43] using a Müntz-Legendre wavelet
approach.

In the current work, we are going to introduce a novel hybrid set of orthogonal functions called hybrid of Block-Pulse
and Müntz functions and use it in solving the following class of VIDEs:

G1

(
τ, ψ(τ),

dψ(τ)

dτ

)
= G2

(
τ, h(τ), ψ(τ),

τ∫
0

T (τ, s)V
(
s, ψ(s)

)
ds
)
, τ ∈ Γ = [0, 1], (1.1)

with the initial condition ψ(τ0) = ξ, where ξ is a given constant, G1, G2, h and V are known continuous functions on
appropriate domains, ψ(τ) represents the unknown function that should be determined and T (τ, s) is a continuous
kernel defined over the domain Γ× R.

Our numerical scheme for solving 1.1 is based on the domain decomposition strategy by utilizing the Block-Pulse
functions and the collocation method using the roots of the Müntz functions. Instead of fractional powers of shifted
Legendre–Gauss or Chebyshev–Gauss points, shifted Müntz points are employed as the collocation points in each
subinterval. Convergence rate for function approximation using the proposed hybrid basis is assessed and the error and
numerical stability of the suggested approach are analyzed.

For more convenience, all the symbols and functions used in the paper are summarized in 1. The rest of the paper
is also organized as follows: In Section 2, we discuss some theorems that focus on the existence and uniqueness of the
solutions for VIDEs. Section 3 includes essential and foundational preliminaries. In Section 4, we introduce a new
hybrid function as the orthogonal basis for solving the VIDE (1.1). In Section 5, we present the numerical technique in
details and present the algorithm of our method. In Section 6, the stability of the method is discussed and in Section
7, the error analysis has been given. Section 8, includes the relevant examples to show the validity and accuracy of our
approach. Finally, conclusions and suggestions for future works are given in Section 9.

2 Existence and uniqueness of the solution

In this section, by using a theorem regarding the uniqueness of the solution of integral equations we investigate a
theorem concerning existence and uniqueness of the solution of VIDEs.

Theorem 2.1. Consider the Volterra integral equation presented below [44]:

ψ(τ) = h(τ) +

τ∫
0

T
(
τ, s, ψ(s)

)
ds, (2.1)

and assume that
(1) h ∈ C[0, 1],
(2) for 0 ≤ s ≤ τ ≤ 1 and ∥u∥ <∞, T

(
τ, s, ψ(s)

)
is continuous,

(3) for 0 ≤ s ≤ τ ≤ 1, T
(
τ, s, ψ(s)

)
satisfies the Lipschitz condition.

Then, the equation (2.1) has a unique solution.

2

Accepted manuscript (author version)

Acce
pted

 m
an

uscr
ipt (a

uthor
 ve

rsi
on

)



Table 1: Symbols and functions used in the paper.

Symbol Explanation
ψ(τ) Unknown function of equation
h(τ) Known continuous function of equation
T (τ, s) Continuous kernel in terms of variables τ, s
V
(
s, ψ(s)

)
Continuous function in terms of variables s, ψ(s)

gq(τ) Müntz function of order q
dq(τ), wq(τ) Algebraic polynomials in Müntz function
ρw(τ) Block-Pulse function of order w
φwq(τ) Hybrid function of Block-Pulse and Müntz functions
LN (ψ) Truncated series of Legendre polynomials for the function ψ
sq The qth root of the Müntz function
EN Residual error
Hu(a, b) Sobolev space of integer order u on the interval (a, b)
L2(a, b) Space of square-integrable functions defined on the interval (a, b)
Cu−1([a, b]) Functions that are u− 1 times differentiable and

their (u− 1)-th derivative is continuous on the interval [a, b]

Proof. Refer to [45].

Theorem 2.2. Consider the Volterra integro-differntial equation (1.1) in the form specified below:

ψ′(τ) = h
(
τ, ψ(τ)

)
+

τ∫
0

T
(
τ, s, ψ(s)

)
ds (2.2)

with the initial condition ψ(τ0) = ξ. If h and T be continuous functions and satisfy the Lipschitz condition i.e.,

∥h
(
τ, ψ1(τ)

)
− h

(
τ, ψ2(τ)

)
∥ ≤ T1∥ψ1(τ)− ψ2(τ)∥, (2.3)

∥T
(
τ, s, ψ1(s)

)
− T

(
τ, s, ψ2(s)

)
∥ ≤ T2∥ψ1(τ)− ψ2(τ)∥, (2.4)

for every |τ − τ0| ≤ 1, |s− τ0| ≤ 1, α > 0, ∥u1∥ <∞ and ∥u2∥ <∞. Then equation (2.2) possesses a unique solution.

Proof. By integrating Eq. (2.2) from 0 to τ , we obtain

ψ(τ) = ψ(τ0) +

τ∫
0

h
(
τ, ψ(τ)

)
dτ +

τ∫
0

( τ∫
0

T
(
τ, s, ψ(s)

)
ds

)
dτ

⇒ ψ(τ) = ψ(τ0) +

τ∫
0

(
h
(
τ, ψ(τ)

)
+

τ∫
0

T
(
τ, s, ψ(s)

)
ds

)
dτ. (2.5)

If Y
(
τ, ψ(τ)

)
= h

(
τ, ψ(τ)

)
+

τ∫
0

T
(
τ, s, ψ(s)

)
ds, then equation (2.5) will be as follows:

ψ(τ) = ψ(τ0) +

τ∫
0

Y
(
τ, ψ(τ)

)
dτ. (2.6)

Now the following conditions hold for equation (2.6):
(1) ψ(τ0) is continuous,
(2) due to the continuity of h and T in the same domain, Y

(
τ, ψ(τ)

)
is also continuous for 0 ≤ τ ≤ 1,
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(3) Y
(
τ, ψ(τ)

)
satisfy the Lipschitz condition.

Consequently, we deduce that

∥Y
(
τ, ψ1(τ)

)
− Y

(
τ, ψ2(τ)

)
∥ = ∥h

(
τ, ψ1(τ)

)
+

τ∫
0

T (τ, s)V
(
s, ψ1(s)

)
ds− h

(
τ, ψ2(τ)

)
−

τ∫
0

T (τ, s)V
(
s, ψ2(s)

)
ds∥

≤ ∥h
(
τ, ψ1(τ)

)
− h

(
τ, ψ2(τ)

)
∥+ ∥

τ∫
0

T (τ, s)V
(
s, ψ1(s)

)
ds−

τ∫
0

T (τ, s)V
(
s, ψ2(s)

)
ds∥

≤ T1∥ψ1(τ)− ψ2(τ)∥+ T2∥ψ1(τ)− ψ2(τ)∥
≤ (T1 + αT2)∥ψ1(τ)− ψ2(τ)∥. (2.7)

Equation (2.6) is a Volterra integral equation and the criteria of Theorem (2.1) are fulfilled, which implies that the
VIDE (2.2) possesses a unique solution.

3 Fundamental concepts and notations

In this section, we give the definitions of Müntz functions, Block-Pulse functions and some of their properties. Consider
A = {µ0, µ1, · · · } as a complex sequence satisfying the condition Re(µj) > − 1

2 for all j ∈ N, and Aq = {µ0, µ1, · · · , µq}.
Consider the simple contour Γ and the following function:

Qq(t) =

q−1∏
j=0

t+ µj + 1

t− µj
· 1

t− µq
, (3.1)

where Γ encloses all the roots of the denominator in this function.

Definition 3.1. The Müntz–Legendre polynomials are defined by [46]

gq(τ) = gq(τ ;Aq) =
1

2πi

∮
Γ

Qq(s)τ
sds. (3.2)

Definition 3.2. Let dq(τ) and wq(τ) algebraic polynomials as follows [46]

dq(τ) =

[q/2]∑
j=0

α
(q)
j τ j , wq(τ) =

[(q−1)/2]∑
j=0

β
(q)
j τ j . (3.3)

Then, the logarithmic Müntz functions gq(τ) on the interval [0, 1] are defined as follows:

gq(τ) = dq(τ) + wq(τ) ln(τ), q = 0, 1, 2, · · · . (3.4)

The coefficients α
(q)
j and β

(q)
j are defined below.

Definition 3.3. For each 0 ≤ j ≤ l − 1 and q = 2l we have [46]

α
(2l)
j = −

(
l + j

l

)2(
l

j

)2
 2l + 1

2j + 1
+ 2(l − j)

l−1∑
i=0,i̸=j

2i+ 1

(i− j)(i+ j + 1)

 (3.5)

and

β
(2l)
j = −(l − j)

(
l + j

l

)2(
l

j

)2

. (3.6)

For j = l we have

α
(2l)
l =

(
2l

l

)2

, β
(2l)
l = 0. (3.7)
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For each 0 ≤ j ≤ l and q = 2l + 1 we have

α
(2l+1)
j =

(
l + j

l

)2(
l

j

)2
 2l + 1

2j + 1
+ 2(l + j + 1)

l∑
i=0,i̸=j

2i+ 1

(i− j)(i+ j + 1)

 (3.8)

and

β
(2l+1)
j = (l + j + 1)

(
l + j

l

)2(
l

j

)2

. (3.9)

Theorem 3.4. The Müntz functions gq(τ) (q ≥ 0) defined in (3.4) possess the characteristic of orthogonality in the
range [0, 1] and contain precisely q distinct and simple real roots in this range [46].

Definition 3.5. For 1 ≤ w ≤W the Block-Pulse function on the interval [w−1
W , wW ) is defined as follows:

ρw(τ) =

{
1, τ ∈ [w−1

W , wW ),
0, otherwise,

(3.10)

and for i, j = 1, · · · ,W these functions are orthogonal i.e.,

1∫
0

ρi(τ)ρj(τ) =

{
1
W , i = j
0, i ̸= j.

(3.11)

4 Approximation with hybrid functions

This section is devoted to the function approximation using hybrid of Block-Pulse and Müntz functions and its rate of
convergence.

4.1 Hybrid functions

Definition 4.1. In the domain [0, 1), the hybrid of Block-Pulse and Müntz functions is defined as follows:

φwq(τ) =

{
gq(Wτ − w + 1), τ ∈ [w−1

W , wW )
0, otherwise,

(4.1)

where w = 1, · · · ,W and q = 0, 1, · · ·Q are the order of Block-Pulse functions and Müntz functions, respectively and
gq is the Müntz function defined in (3.4).

4.2 Function approximation and its convergence rate

Let {φwq(τ)} for w = 1, · · · ,W and q = 0, 1, · · ·Q be a basis on the interval [0, 1] such that

T = span{φwq(τ), w = 1 · · ·W, q = 0, 1, · · ·Q}, (4.2)

and ψ be an integrable function on [0, 1]. Then, we can approximate ψ with ψ̂ in the structure of a linear combination
of the elements of T as follows:

ψ(τ) ≃ ψ̂(τ) =

W∑
w=1

Q∑
q=0

cwqφwq(τ), (4.3)

where ψ̂ denotes the best approximation for ψ in T that has the order W (Q + 1). Regarding the rate of convergence
of this approximation the next theorem can be stated.

5
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Theorem 4.2. Let Hu(a, b) = {ψ ∈ Cu−1([a, b]) : dψ
u−1

dτ ∈ L2(a, b)} and ψ ∈ Hu(0, 1), where u represents an integer
with a value of zero or higher. If u ≤W (Q+ 1), then we have

∥ψ − ψ̂∥L2(0,1) ≤ K
(
W (Q+ 1)

)−u∥ψ(u)∥L2(0,1), (4.4)

and if 1 ≤ ν ≤ u, then we have

∥ψ − ψ̂∥Hν(0,1) ≤ K
(
W (Q+ 1)

)2ν− 1
2−u∥ψ(u)∥L2(0,1), (4.5)

where K represents a constant that depends on the parameter u.

Proof. Let LN (ψ) be the truncated series of Legendre polynomials for the function ψ. Based on the equation (5.4.11)
in [47] for u ≤W (Q+ 1), we have

∥ψ − LN (ψ)∥2L2(0,1) ≤ K
(
W (Q+ 1)

)−2u∥ψ(u)∥2L2(0,1). (4.6)

Since ψ̂ is the best approximation for ψ, we have

∥ψ − ψ̂∥2L2(0,1) = ∥ψ − LN (ψ)∥2L2(0,1) ≤ K
(
W (Q+ 1)

)−2u∥ψ(u)∥2L2(0,1). (4.7)

Therefore, the argument for the first inequality is completed. The second inequality is proved similarly by using
equation (5.5.11) in [47].

5 Computational technique

In this section, a computational technique for solving equation (1.1) is derived. We begin by partitioning the interval
[0, 1] into W equal−length subintervals in the form Iw = [w−1

W , wW ), w = 1, · · · ,W with the subinterval length h = 1
W .

Let ψw be the numerical solution of equation (1.1) in the subinterval Iw and s1, s2, · · · , sq be the roots of the Müntz
function gq(τ) in the interval [0, 1] as described in Section 3. We recall that all these roots are simple, distinct and
real in [0, 1]. Then, we transfer these roots to each subinterval Iw for w = 1 · · · ,W by using the following affine
transformation:

τw0 =
w − 1

W
, τwq =

sq + w − 1

W
, q = 1, · · · , Q. (5.1)

The first note is that the basis functions (4.1) are continuous at the interface of subintervals, so we should impose the
additional condition:

ψw(
w

W
) = ψw+1(

w

W
), w = 1, · · · ,W. (5.2)

Next, we present our collocation strategy for finding the solution to the equation (1.1). The problem is to find
ψ(τ), τ ∈ [0, 1] that satisfies (1.1). In each subinterval Iw, w = 1, · · · ,W equation (1.1) is rewritten as follows:

G1

(
τ, ψw(τ),

dψw(τ)

dτ

)
= G2

(
τ, h(τ), ψw(τ),

τ∫
0

T (τ, s)V
(
s, ψw(s)

)
ds
)
, τ ∈ Iw, (5.3)

Since the logarithmic basis functions (4.1) are not defined at τ = 0, instead of approximating the function ψw(τ), we

approximate dψw(τ)
dτ using this basis as

dψw(τ)

dτ
=

Q∑
q=0

cwqφwq(τ), τ ∈ Iw. (5.4)

By applying integration to both sides of the equation (5.4) from w−1
W to τ , we get

ψw(τ) = ψw(
w − 1

W
) +

Q∑
q=0

cwq

τ∫
w−1
W

φwq(t)dt, τ ∈ Iw. (5.5)
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Now, by inserting equations (5.4) and (5.5) into equation (5.3) for w = 1, · · · ,W , we obtain

G1

(
τ,

Q∑
q=0

cwq

τ∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

Q∑
q=0

cwqφwq(τ)

)
= G2

(
τ, h(τ),

Q∑
q=0

cwq

τ∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

τ∫
0

T (τ, s)

V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

)
. (5.6)

By collocating (5.6) at the points (5.1), we arrive at the following collocation conditions:

G1

(
τwq,

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

Q∑
q=0

cwqφwq(τwq)

)
= G2

(
τwq, h(τwq),

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

τwq∫
0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

)
.

(5.7)

Then, we replace the integral from 0 to τwq for w = 1, · · · ,W and q = 0, · · · , Q in equation (5.7) with the sum of
two separate integrals from 0 to w−1

W and from w−1
W to τwq as follows:

G1

(
τwq,

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

Q∑
q=0

cwqφwq(τwq)

)
= G2

(
τwq, h(τwq),

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

w−1
W∫
0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

+

τwq∫
w−1
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

)
,

(5.8)

in which, the following integral can be calculated using the approximate results of the previous subintervals:

w−1
W∫
0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds =

1
W∫
0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

+

2
W∫

1
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

+ · · ·+

w−1
W∫

w−2
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds.

(5.9)
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Therefore, equation (5.8) will be rewritten as

G1

(
τwq,

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

Q∑
q=0

cwqφwq(τwq)

)
= G2

(
τwq, h(τwq),

Q∑
q=0

cwq

τwq∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

1
W∫
0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds+

2
W∫

1
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds+ · · ·

+

w−1
W∫

w−2
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds+

τwq∫
w−1
W

T (τwq, s)V
(
s,

Q∑
q=0

cwq

s∫
w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds

)
.

(5.10)

All the integral terms in (5.10) can be calculated utilizing the Gauss–Legendre integration approach. To achieve
this, first we transform the intervals [w−1

W , wW ] and [w−1
W , τwq] to the interval [−1, 1] by using the following affine

transformations:

s =
t

2W
+

2w − 1

2W
, s =

t

2
(τwq −

w − 1

W
) +

w − 1 +Wτwq
2W

, w = 1, · · · ,W, t ∈ [−1, 1]. (5.11)

Utilizing the Gauss–Legendre quadrature rule for equation (5.9), yields:∫ w−1
W

0

T (τwq, s)V
(
s,

Q∑
q=0

cwq

∫ s

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
ds =

k∑
j=1

1

2W
ωjT (τwq,

tj + 1

2W
)V

( tj + 1

2W
,

Q∑
q=0

cwq

∫ tj+1

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
+

k∑
j=1

1

2W
ωjT (τwq,

tj + 3

2W
)V

( tj + 3

2W
,

Q∑
q=0

cwq

∫ tj+3

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)

+ · · ·+
k∑
j=1

1

2W
ωjT (τwq,

tj + 2W − 3

2W
)V

( tj + 2W − 3

2W
,

Q∑
q=0

cwq

∫ tj+2W−3

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
, (5.12)

where ωj , tj , j = 1, · · · , k represent the associated weights and points for Gauss–Legendre integration approach and k
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is the order of Legendre polynomial Lk(τ). Finally, equation (5.10) will be approximated as follows:

G1

(
τwq,

Q∑
q=0

cwq

∫ τwq

w−1
W

φwq(t)dt+ ψw(
w − 1

W
),

Q∑
q=0

cwqφwq(τwq)

)
= G2

(
τwq, h(τwq),

Q∑
q=0

cwq

∫ τwq

w−1
W

φwq(t)dt+

ψw(
w − 1

W
),

k∑
j=1

1

2W
ωjT (τwq,

tj + 1

2W
)V

( tj + 1

2W
,

Q∑
q=0

cwq

∫ tj+1

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
+

k∑
j=1

1

2W
ωjT (τwq,

tj + 3

2W
)V

( tj + 3

2W
,

Q∑
q=0

cwq

∫ tj+3

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
+ · · ·+

k∑
j=1

1

2W
ωjT (τwq,

tj + 2W − 3

2W
)V

( tj + 2W − 3

2W
,

Q∑
q=0

cwq

∫ tj+2W−3

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
)
+

k∑
j=1

τwq − w−1
W

2
ωjT

(
τwq,

tj
2
(τwq −

w − 1

W
) +

w − 1 +Wτwq
2W

)
V
( tj
2
(τwq −

w − 1

W
) +

w − 1 +Wτwq
2W

,

Q∑
q=0

cwq

∫ tj
2 (τwq−w−1

W )+
w−1+Wτwq

2W

w−1
W

φwq(t)dt+ ψw(
w − 1

W
)
))
. (5.13)

Equation (5.13) for w = 1, · · · ,W and q = 0, · · · , Q results in an algebraic equations system characterized by an order
of W (Q+ 1) which is solvable via Newton’s iterative technique for the coefficients cwq. By finding the coefficients cwq
and substituting them into (4.3), the numerical solution of VIDE (1.1) is obtained.

In the sequel, we describe our algorithm that uses the components described above:
Step 1: Input

Consider the VIDE (1.1) and the initial condition ψ(τ0) = ξ. Divide the interval [0, 1] intoW number of equal-length
subintervals and consider the equation (1.1) in each subinterval Iw as given below

G1

(
τ, ψw(τ),

dψw(τ)

dτ

)
= G2

(
τ, h(τ), ψw(τ),

τ∫
0

T (τ, s)V
(
s, ψw(s)

)
ds
)
, τ ∈ Iw, w = 1, · · · ,W. (5.14)

Choose the number of Müntz functions Q to be used for function approximation.
Step 2: Generation of hybrid functions and solution approximation

Generate hybrid functions φwq(τ) for q = 0, 1, · · · , Q w = 1, · · · ,W as defined in Section 4. These basis functions

are not defined at τ = 0, so approximate dψw(τ)
dτ using this basis as

dψw(τ)

dτ
=

Q∑
q=0

cwqφwq(τ), τ ∈ Iw. (5.15)
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Integrate both sides of the equation (5.15) from w−1
W to τ , to get

ψw(τ) = ψw(
w − 1

W
) +

Q∑
q=0

cwq

τ∫
w−1
W

φwq(t)dt, τ ∈ Iw. (5.16)

Step 3: Substitution of expansions
Insert equations (5.15) and (5.16) into equation (5.14) for w = 1, · · · ,W .

Step 4: Set up the system of algebraic equations
Consider the collocation points

τw0 =
w − 1

W
, τwq =

sq + w − 1

W
, q = 1, · · · , Q, w = 0, 1, · · · ,W, (5.17)

where s1, s2, · · · , sq are the roots of the Müntz function. Collocate the equation raised from Step 3 at the collocation
points (5.17) and form a system of algebraic equations in terms of the coefficients cwq.
Step 5: Construction of the approximate solution

Utilize the Newton’s iterative method to solve the system of Step 4. Substitute the computed coefficients cwq back

into the relation (5.16) to get the approximate solution ψ̂w(τ) for the equation (1.1).

6 Stability assessment

In this section, we investigate the stability of the proposed numerical approach. The stability issue means that the
error caused by the starting error is controllable in long computations. To this end, let < ·, · >L2(Iw) and < ·, · >Iw,Q
denotes the inner product and discrete inner product on the subinterval Iw, respectively. For simplicity of statement,
consider the following VIDE:

dψ(τ)

dτ
= G

(
τ, h(τ), ψ(τ),

∫ τ

0

T (τ, s)V
(
s, ψ(s)

)
ds

)
, τ ∈ Γ = [0, 1], ψ(τ0) = ψ0, (6.1)

under the condition[
G

(
τ, h(τ), ψ(τ),

∫ τ

0

T (τ, s)V
(
s, ψ(s)

)
ds

)
−G

(
τ, h(τ), y(τ),

∫ τ

0

T (τ, s)V (s, y(s))ds

)]
(u− y) ≤ 0. (6.2)

By recalling that, in the present method the original interval Γ = [0, 1] is divided into W subintervals Iw such that

Iw = [τw−1, τw] = [
w − 1

W
,
w

W
], h =

1

W
, w = 1, · · · ,W, (6.3)

our purpose is to show that the following definition holds true for the present method.

Definition 6.1. A numerical method for the integro-differential equation (6.1) is called RN–stable, if the numerical

approximations ψ̂(τ) and ŷ(τ) with ψ̂(τ0) = ψ̂0 and ŷ(τ0) = ŷ0, satisfy the following relation:

|ψ̂(τw)− ŷ(τw)| ≤ |ψ̂0 − ŷ0|, w = 1, · · · ,W. (6.4)

Let ψ̂w(τ) and ŷw(τ) be the numerical solutions on the subinterval Iw corresponding to the initial values ψ̂(τ0) = ψ̂0

and ŷ(τ0) = ŷ0. Also, let êw(τ) = ψ̂w(τ) − ŷw(τ). By substituting ψ̂w(τ) and ŷw(τ) into Eq. (6.1) and then subtract
the results, we get

dêw(τ)

dτ
=
dψ̂w(τ)

dτ
− dŷw(τ)

dτ
=

G

(
τ, h(τ), ψ̂w(τ),

∫ τ

0

T (τ, s)V
(
s, ψ̂w(s)

)
ds

)
−

G

(
τ, h(τ), ŷw(τ),

∫ τ

0

T (τ, s)V
(
s, ŷw(s)

)
ds

)
, (6.5)
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where
êw(τw−1) = êw−1(τw−1), ê1(τ0) = ψ̂0 − ŷ0, w = 1, · · · ,W. (6.6)

Multiplying both sides of Eq. (6.5) by êw(twq)wwq, where wwq and twq are respectively the Gauss–Legendre quadrature
weights and points on Iw, and summing the results for 0 ≤ q ≤ Q and utilizing (6.2), we arrive at

<
dêw
dτ

, êw >Iw,Q
=

< G

(
τ, h(τ), ψ̂w(τ),

∫ τ

0

T (τ, s)V
(
s, ψ̂w(s)

)
ds

)
−

G

(
τ, h(τ), ŷw(τ),

∫ τ

0

T (τ, s)V
(
s, ŷw(s)

)
ds

)
, êw >Iw,Q

≤ 0. (6.7)

Since êw(τ) and
dêw
dτ are polynomials of degree up to Q on Iw, one can formulate

(êw.
dêw
dτ

)(τ) :=

2Q∑
i=1

kw,iτ
i, (6.8)

where kw,i is a constant. Using lemma 2 in [48], we have∫
Iw

τ idτ ≤ hw,i

i∑
q=0

wwqt
i
wq, (6.9)

where hw,i is a positive constant. Now, by ralation (6.9) and (6.7), we get

<
dêw
dτ

, êw >L2(Iw)≤<
dêw
dτ

, êw >Iw,Q
≤ 0. (6.10)

On the other hand, we have (
êw(τw))

2 − (êw(τw−1)
)2

=<
dêw
dτ

, êw >L2(Iw), (6.11)

hence, we conclude that (
êw(τw)

)2 − (
êw(τw−1)

)2 ≤ 0. (6.12)

Consequently, for w = 1, · · · ,W we have that

|ψ̂(τw)− ŷ(τw)| ≤ |ψ̂(τw−1)− ŷ(τw−1)|, (6.13)

which implies
|ψ̂(τw)− ŷ(τw)| ≤ |ψ̂0 − ŷ0|. (6.14)

Relation (6.14) proves the numerical stability of the presented method.

7 Error assessment

Here, we confirm the convergence of the suggested approach and we obtain its convergence rate for the VIDE (1.1). In
what follows, let EN be the residual error of the presented collocation approach.

Theorem 7.1. Let ψ ∈ Hu(0, 1), where u is a non-negative integer and T ′ = maxτ,s∈[0,1]×[0,1]|T (τ, s)|. Assume

that the functions V, dψ(τ)dτ ,
∫ τ
0
T (τ, s)V

(
ψ(s)

)
ds fulfill the Lipschitz condition using the Lipschitz constants η1, η2, η3,

respectively. Then, we have

∥EN∥L2(0,1) ≤ (η2 + η1 + T ′η1η3)
−uK

(
W (Q+ 1)

)−u∥ψ(u)∥L2(0,1) + η1K(W (Q+ 1))(2ν−
1
2−u)∥ψ(u)∥L2(0,1). (7.1)
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Proof. According to the definition of EN , it follows that

∥EN∥L2(0,1) =

∥∥∥∥∥dψ̂wdτ − h(τ)−
∫ τ

0

T (τ, s)V
(
ψ̂w(s)

)
ds− dψ

dτ
+ h(τ) +

∫ τ

0

T (τ, s)V
(
ψ(s)

)
ds

∥∥∥∥∥ . (7.2)

The triangle inequality together with the Lipschitz conditions, imply

∥EN∥L2(0,1) ≤ η1∥
dψ

dτ
− dψ̂w

dτ
∥L2(0,1) + (η2 + η1 + T ′η1η3)∥ψ − ψ̂w∥L2(0,1). (7.3)

According to the Theorem 4.2, we can write∥∥∥∥∥dψdτ − dψ̂w
dτ

∥∥∥∥∥
L2(0,1)

≤ ∥ψ − ψ̂w∥Hν(0,1) ≤ K
(
W (Q+ 1)

)2ν− 1
2−u∥ψ(u)∥L2(0,1), (7.4)

and finally

∥EN∥L2(0,1) ≤ (η2 + η1 + T ′η1η3)
−uK

(
W (Q+ 1)

)−u∥ψ(u)∥L2(0,1) + η1K
(
W (Q+ 1)

)(2ν− 1
2−u)∥ψ(u)∥L2(0,1), (7.5)

as desired.

Remark 7.2. We note that by increasing W and Q, the obtained error bound goes to zero that shows the converges of
the method.

8 Illustrative examples

To validate the effectiveness, high precision and efficiency of the proposed approach, we provide three examples and
compare our findings with those obtained by the methods described in [14] and [15]. All examples have been solved
using the Maple 2020 software package and is measured with an accuracy of 50 decimal places. All the computations
are carried out by means of a laptop with the configuration: Intel(R) Core(TM) i5 CPU, 4.00G RAM and 2.20GHz,
with 64 bits operation system.

Example 8.1. As the first example consider the VIDE [14]

ψ′(τ) = τcos(τ) + cos(τ) +
1

2
τcos(τ)sin(τ)− 1

2
τ2 +

∫ τ

0

(
τψ2 − cos(τ)

)
ds, τ ∈ [0, 1], (8.1)

with the initial condition
ψ(0) = 0. (8.2)

The exact solution is to this problem is
ψ(τ) = sin(τ). (8.3)

To solve this equation with the proposed method, we will follow the steps below.

� First, we simplify equation (8.1) as follows

ψ′(τ) = cos(τ) +
1

2
τcos(τ)sin(τ)− 1

2
τ2 + τ

∫ τ

0

(
ψ2

)
ds, τ ∈ [0, 1]. (8.4)

� Now, we devide the interval [0, 1] into W equal-length subintervals and in each subinterval Iw we set

dψw(τ)

dτ
=

Q∑
q=0

cwqφwq(τ), τ ∈ Iw, (8.5)

where φwq(τ) is the hybrid function defined in section 4.
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� Integrating both sides of the relation (8.5) yields

ψw(τ) =

Q∑
q=0

cwq

∫ τ

w−1
W

φwq(t)dt+ ψ(
w − 1

W
), τ ∈ Iw. (8.6)

� By substituting equations (8.5) and (8.6) into equation (8.4) and collocating the resulting equation at the points
defined in (5.1) for w = 1, · · · ,W and q = 0, · · · , Q we have

Q∑
q=0

cwqφwq(τwq) = cos(τwq)+
1

2
τwqcos(τwq)sin(τwq)−

1

2
(τwq)

2
+τwq

∫ τwq

0

(
(

Q∑
q=0

cwq

∫ τwq

w−1
W

φwq(t)dt+ψ(
w − 1

W
))2

)
ds,

(8.7)
where to calculate the integral 0 to τwq, relations (5.8)-(5.13) from Section 6 are utilized.

� Now, we have W (Q+1) algebraic equations with the unknown coefficients cwq for w = 1 · · · ,W and q = 0, · · · , Q,
which is solved using Maple software and the numerical solution of equation (8.1) is obtained using (4.3).

2 presents the absolute errors of the proposed method for W = 10, 20 and Q = 2, 4, 9, 15 and the methods presented
in the references [14] and [15]. Also, the graphs of the absolute error functions for Q = 2, 4, 9, 15 and W = 10 are
depicted in 1. As can be seen in 2, the absolute errors of the proposed method are less than that of the other two
methods. Furthermore, as the value of W increases, the absolute errors in the proposed method decrease demonstrating
the convergence by increasing the number of subintervals. In the plots of absolute error functions in 1 and 2, it can be
observed that as the value of Q increases, the absolute errors decrease, highlighting the superior accuracy of the proposed
method.

Example 8.2. The second VIDE is expressed as follows [14]

ψ′(τ) =
−1

8
τ9 − 2

7
τ8 +

1

6
τ7 +

2

5
τ6 − 1

4
τ5 + 2τ + 1 +

∫ τ

0

(τs3ψ2)ds, (8.8)

under the initial condition
ψ(0) = −1. (8.9)

The exact solution is
ψ(τ) = τ2 + τ − 1. (8.10)

To solve this equation with the proposed method, by applying the same strategy as in the Example 8.1, we get
W (Q+1) equations which can be resolved to determine the unknown coefficients cwq, w = 1 · · · ,W , q = 0, · · · , Q. The
results for several values of Q and W are presented in 3. In this table, the absolute errors of the proposed method and
the methods from references [14] and [15] are presented for Q = 2, 3, 4 and W = 10, 20. It is evident that the accuracy
of the proposed method is substantially higher than that of the other two methods. The graphs of the absolute error
functions are shown in 2 for Q = 2, 3, 4 and W = 10.

Example 8.3. The last example is VIDE below [14]

ψ′(τ) =
−1

10
τ10 +

1

3
τ9 − 3

8
τ8 − 1

7
τ7 +

2

3
τ6 − 2

5
τ5 + 3τ2 − τ +

∫ τ

0

(ψ3 − ψ2 − ψ)ds, (8.11)

subject to the initial condition
ψ(0) = 1. (8.12)

The exact solution is
ψ(τ) = τ3 − τ2 + 1. (8.13)
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Table 2: Values of absolute error corresponding to Example 8.1 for Q = 2, 4, 9, 15

Q Method in [14] Method in [15] Present method with W = 10 Present method with W = 20
2 9.0× 10−3 3.0× 10−2 2.5× 10−4 7.0× 10−5

4 9.0× 10−5 2.0× 10−4 9.0× 10−7 1.0× 10−7

9 1.0× 10−6 1.0× 10−11 2.0× 10−14 3.5× 10−16

15 4.0× 10−8 9.0× 10−22 2.5× 10−23 4.0× 10−26

Table 3: Values of absolute error corresponding to Example 8.2 for Q = 2, 3, 4

Q Method in [14] Method in [15] Present method with W = 10 Present method with W = 20
2 1.7× 10−3 1.0× 10−9 8.0× 10−4 2.0× 10−4

3 2.0× 10−4 8.0× 10−10 6.0× 10−50 1.0× 10−49

4 4.5× 10−5 1.0× 10−9 1.6× 10−49 1.0× 10−49

To solve this equation, by applying similar operations as in the previous two examples we get W (Q+1) equations,
which can be solved to find the the unknown coefficients cwq, w = 1 · · · ,W, q = 0, · · · , Q. The results for several values
of Q and W = 10, 20 are demonstrated in 4. In this table, it is still observed that as the values of Q and W increase,
the absolute error in proposed method decreases. Additionally, by comparing the absolute errors of the three methods
presented in the 4, it can be noted that the accuracy of the proposed method is higher than that of methods [14]
and [15]. The graphs of the absolute error functions for Q = 2, 4, 6, 8 and W = 10, 20 are shown in 3. In this figure, a
significant reduction in the absolute error of the equation with increasing values of Q compared to reference method [14]
and [15] is clearly observed, demonstrating the superiority of the proposed method over method [14] and [15].

In 5, the execution time for solving all three mentioned equations using the proposed method is presented for different
values of Q and W , demonstrating that the execution time is reasonable for reaching highly accurate approximate
solutions. Although it also depends on the level of the nonlinearity of the problem.

Table 4: Values of absolute error corresponding to Example 8.3 for Q = 2, 4, 6, 8

Q Method in [14] Method in [15] Present method with W = 10 Present method with W = 20
2 4.2× 10−4 4.0× 10−1 1.0× 10−3 2.5× 10−4

4 7.6× 10−6 6.0× 10−2 5.0× 10−6 6.0× 10−7

6 1.0× 10−6 6.0× 10−5 2.0× 10−49 2.0× 10−49

8 2.4× 10−7 4.0× 10−6 2.5× 10−49 1.0× 10−49

Table 5: The execution time for examples 8.1, 8.2 and 8.3 for different values of Q and W

Q Execution time (s) with W = 10 Execution time (s) with W = 20
Example 8.1 2 0.8 1.5

4 2.0 4.2
9 26.6 48.9
15 367.0 1084.4

Example 8.2 2 0.9 1.5
3 2.8 5.5
4 5.2 10.7

Example 8.3 2 0.9 1.7
4 5.7 12.3
6 64.0 124.3
8 300.6 629.9
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(a) Q = 2 (b) Q = 4

(c) Q = 9 (d) Q = 15

Figure 1: Values of absolute error corresponding to Example 8.2 for W = 10
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(a) Q = 2 (b) Q = 3

(c) Q = 4

Figure 2: Values of absolute error corresponding to Example 8.2 for W = 10
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(a) Q = 2 (b) Q = 4

(c) Q = 6 (d) Q = 8

Figure 3: Values of absolute error corresponding to Example 8.3 for W = 10

9 Conclusions and future research directions

In this article, a new basis has been constructed by combining Block-Pulse functions with logarithmic Müntz functions.
Then we introduced a new collocation approach for solving VIDEs, by utilizing the constructed hybrid basis and the
Müntz nodes as the collocation points. Numerical results demonstrated the numerical stability and spectral accuracy
of the method, which are in agreement with the theoretical results presented in Sections 6 and 7. In addition, it was
shown that this method has superiority over the hat functions approach and the Legendre polynomials method and its
execution time for reaching at least the machine precision is reasonable especially for moderate number of subintervals
and basis functions.

Considering the extensive applications of real world fractional order equations, for future researches, the method

17

Accepted manuscript (author version)

Acce
pted

 m
an

uscr
ipt (a

uthor
 ve

rsi
on

)



presented in this article can be utilized to solve equations such as second-order two-dimensional symmetric sequential
fractional integro-differential equations, fractional non-isothermal reaction-diffusion model equations in a spherical
catalyse, sequential fractional wave equations and fractional system of Riccati equations. Additionally, the proposed
approach can be applied to solve other multidimensional VIDEs and fractional VIDEs.
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