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Abstract

This paper proposes a novel and efficient spectral numerical framework for approximating solutions of Volterra—
Fredholm fractional integro-differential equations with variable-order derivatives. The method is based on the
use of normalized and shifted Vieta—Lucas orthogonal polynomials as basis functions to represent the unknown
solution. New operational matrices are derived for both the Caputo fractional derivative and the Riemann—
Liouville fractional integral operators, enabling the transformation of the original fractional system into a system
of linear or nonlinear algebraic equations. The proposed scheme exhibits favorable properties such as simple
implementation, strong numerical stability, and reliable convergence behavior. Rigorous theoretical results
concerning the existence, uniqueness, and convergence of the approximate solution are established. Several
numerical examples are presented to demonstrate the accuracy and computational efficiency of the proposed
approach.

Keywords: Volterra-Fredholm integro-differential equations; Vieta-Lucas polynomials; Variable-order
fractional integral and derivatives operators; Operational matrix.

equations is the lack of closed-form analytical
solutions in most cases. Consequently, numerous
numerical and approximation methods have been
developed to address this issue. These include
finite difference methods [15], the sixth-kind
Chebyshev collocation method [16], Sinc

1. Introduction

...Fractional calculus is a specialized field of
mathematical analysis that generalizes the
concepts of differentiation and integration to
arbitrary (non-integer) orders. While traditional

integer-order models are commonly employed in
the study of physical processes, fractional calculus
provides a more flexible framework, making it
particularly suitable for modeling complex systems.
This flexibility is reflected in the growing application
of fractional differential and integral equations
across diverse fields such as electrochemistry,
electromagnetism, diffusion processes, and
transport theory [1-14]. One of the main challenges
associated with fractional integro-differential
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collocation [17], Wavelet spectral methods [18, 19],
Block Pulse function approaches [20-22], Adams-
Bashforth methods [23], Taylor collocation ,
Radial basis functions , and the use of various
polynomials such as Legendre, Chebyshev, and
Laguerre [26, 27].

Fractional differential equations, particularly
those involving the Caputo derivative, play a
significant role in modeling complex phenomena in
science and engineering. Since analytical solutions
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are often unavailable, efficient numerical
techniques are essential. Among these, operational
matrix methods have attracted considerable
attention due to their high accuracy and
computational efficiency. In particular, Vieta-Lucas
polynomials have demonstrated strong potential as
basis functions for constructing operational
matrices. Recent studies have employed these
polynomials to develop effective numerical
schemes. For instance, Riahi Beni (2025)
introduced a method for variable-order fractional
integro-differential equations [28], achieving high
accuracy, while earlier work successfully applied
similar operational matrices to Caputo fractional
differential equations, validating their performance
through numerical experiments [29]. Motivated by
these developments, the present study further
investigates operational matrices based on Vieta-
Lucas polynomials, aiming to provide a flexible and
accurate framework for solving a broad class of
fractional differential equations. A common
approach to solving fractional systems is to express
the unknown solution as a linear combination of
orthogonal basis functions.

This strategy offers several advantages,
including ease of implementation and improved
approximation accuracy. Moreover, it relies on
operational matrices specifically constructed for the
chosen orthogonal basis [30]. The main idea of this
technique is to convert the original fractional
system into a system of linear or nonlinear
algebraic equations, which can then be solved
iteratively. In this study, Newton’s iterative method
is employed to solve the resulting algebraic system.
Newton’s method is a well-known numerical
technique used to find the roots of nonlinear
equations or the extrema of functions. It is based
on an iterative recurrence relation, where
approximate derivatives are used instead of exact
ones. In this work, we propose a numerical
procedure for solving a system of variable-order
fractional integro-differential equations of the form:

CDUDy, (x) = fr(x)
+ Fr(x, v, (%), DPv; (%), ..., D™, (x),
o, U (2), DD, (1), ..., DMy, (x))

+ fxglrk (x, t, v, (2), DVv, (1), ..., D™, (t),

’ ey U (), DDv,, (0), ..., DTy, (1)) dt
+ J-ng‘k(x, t, v, (t), DDv, (t), .., D™, (1),

’ s U (), DD, (0), ..., DMy, (1)) dt.
(1)
DO (0) =y, i=0,1,..,m—1,

n,—1< A min < ak(x) < Ak max < N,
ng = [ak,max] , k=1,2,..,m.

Here, for k=1,2,3,..,m, ‘D%® g, (x)>0
, are the Caputo fractional derivative operators, F,, ,
Girand G,, are non-linear or linear functions;
fi(x) are continuous function. Also v, (x) €
C™[0,L]are unknown functions. Finally, a
numerical scheme based on normalized shifted
Vieta-Lucas orthogonal polynomials is proposed to
obtain approximate solutions for the considered
fractional integro-differential systems. Shifted and
normalized Vieta-Lucas polynomials provide an
efficient spectral basis for the numerical solution of
fractional integro-differential equations, Similar to
classical orthogonal polynomials such as
Chebyshev and Legendre, they exhibit spectral
(exponential) convergence for smooth solutions.
However, unlike Chebyshev polynomials, which
typically suffer from strong error concentration and
oscillatory behavior near the interval boundaries,
the normalized Vieta-Lucas basis yield a more
uniform error distribution over the entire
computational domain. This property is particularly
important in fractional order problems, where weak
singularities often arise near the initial point. From
a numerical stability viewpoint, the conditioning of
the algebraic systems generated by spectral
discretization plays a crucial role. It is well known
that operational matrices associated with
Chebyshev and Legendre polynomials may
become increasingly ill-conditioned for high
polynomial degrees, especially when fractional
differential operators are involved. In contrast,
shifted Vieta-Lucas polynomials lead to better
conditioned operational matrices, resulting in
enhanced numerical stability and reduced
sensitivity to round off errors. Moreover, the global
nature of Vieta-Lucas polynomials makes them well
suited for the nonlocal behavior of fractional
derivatives defined in the Caputo or Riemann-
Liouville sense. Compared with local approximation
techniques or Lagrange type bases, they compare
memory effects more efficiently with fewer degrees
of freedom. In addition, the shifted formulation
allows straightforward implementations of initial
and boundary conditions on finite intervals. These
advantages motivate the adoption of shifted and
normalized Vieta-Lucas polynomials as an effective
and reliable basis for solving fractional integro-
differential equations.

This paper introduces a novel spectral method for
solving fractional systems. The proposed approach
utilizes normalized shifted Vieta-Lucas polynomials
as basis functions to represent the solution. By
deriving operational matrices for fractional
operators, we convert the original system into a
system of algebraic equations, which can be
efficiently solved using numerical techniques. We
rigorously analyze the existence, uniqueness, and
convergence properties of the proposed method.
Numerical results demonstrate the accuracy and
efficiency of this approach. Previous research has
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explored the application of Vieta-Lucas
polynomials in solving fractional problems. In 2016,
Kocer studied polynomials of the bivariate Vieta-
Lucas polynomials [31]. Subsequently, Heydari et
al. [32] and Agarwal et al. [33] demonstrated the
use of Vieta-Lucas polynomials in approximating
fractional non-linear equations and solving a
mathematical physics model involving fractional
derivatives, respectively. These studies suggest
that Vieta-Lucas normalized orthogonal transposed
polynomials offer a novel approach to solving
fractional problems.

Although Vieta-Lucas polynomials have been
previously employed for solving fractional
differential equations, existing studies are mainly
restricted to constant-order derivatives or single
equations. In contrast, the present work develops a
unified operational spectral framework for systems
of Volterra-Fredholm fractional integro-differential
equations with variable-order derivatives, which
significantly broadens the applicability of Vieta-
Lucas-based numerical methods. Recent studies
such as Heydari et al. in [32] and Agarwal et al. in
[30] successfully employed Vieta-Lucas
polynomials for fractional differential equations;
however, their analyses were limited to constant-
order derivatives and single fractional models
without integral terms. More recently, Riahi Beni in
[28] addressed variable-order fractional integro-
differential equations using Vieta-Lucas-type
bases, but the proposed approach was restricted to
individual equations and did not consider coupled
Volterra-Fredholm systems. In contrast, the
present work develops a unified operational
spectral framework for systems of fractional
integro-differential  equations involving  both
Volterra and Fredholm operators with variable-
order Caputo derivatives. Moreover, new
operational matrices are constructed for variable-
order fractional integrals and derivatives within a
normalized shifted Vieta-Lucas polynomial basis,
which distinguishes this study from existing
contributions. Building upon this foundation, we
propose a new method to approximate the solution
of fractional integro-differential equations systems
(1) by employing these orthogonal polynomials as
basis functions. The proposed procedure utilizes
derivative and integral operational matrices to
efficiently approximate the solution. The main
contribution of this work is the development of a
novel spectral numerical framework based on
normalized shifted Vieta-Lucas orthogonal
polynomials for solving Volterra-Fredholm
fractional integro-differential equations  with
variable-order Caputo derivatives. Unlike existing
methods that are mainly limited to constant-order
formulations, the proposed approach
simultaneously incorporates variable-order
fractional operators, nonlocal Volterra-Fredholm
integrals, and nonlinear effects within a unified
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operational matrix formulation. New operational
matrices for the Caputo fractional derivative and the
Riemann-Liouville fractional integral are derived,
enabling an efficient reduction of the original
problem to a well-conditioned system of algebraic
equations. The resulting scheme demonstrates
improved numerical stability compared with
classical Chebyshev and Legendre-based spectral
methods. Rigorous theoretical analysis establishes
existence, uniqueness, and convergence, while
numerical experiments confirm the accuracy and
robustness of the proposed method for both linear
and nonlinear fractional models.

The structure of the remainder of this paper is
outlined as follows: Section 2 presents
preliminaries of fractional calculus, including
variable-order Caputo and Riemann-Liouville
operators and their essential properties. Section 3
presents the Vieta-Lucas polynomials and explores
their key attributes. Section 4 develops the
associated operational matrices (integral, product,
and fractional operators). Section 5 is dedicated to
describing the proposed methodology and its
implementation details. Section 6 is devoted to
establishing the existence and uniqueness of the
solution to system (1). Section 7 contains a set of
theorems addressing the convergence and stability
of the developed method. To demonstrate the
practicality of the proposed technique, two
illustrative examples are discussed in Section 8.
The final section concludes the study with a
summary of the main findings

2. Preliminaries of Fractional Calculus
In this chapter, the definitions and necessary
contents of fractional derivative and integer and

attributes for them are presented [10].

Definition 2.1. The Riemann-Lioville fractional
integral of variable order a(x) > 0 is appointed by

U(x), for a(x) =0,

RLﬂt“(")u(x) = 1 * _ Aak)-1
F(a(x))fo (x—1t) U(x)dt,
for 0<n—-1<a(x)<n.
(2)

where U(x) € €"([a,b]), and n =[a(x)] is an
integer number.

Definition 2.2. The Caputo fractional derivative of
variable order a(x) > 0 is defined by

d™U(x) B
pr for a(x) =n,
SN SR O
r(n—a(x))J, (x—tya®-m+1 ="’

for 0<n—1<a(x)<n
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Definition 2.3. The Riemann-Lioville fractional
derivative of variable order a(x) > 0 is defined as

RL@u(x)u(x)
d™U(x) B
( T for a(x) =n,
= 1 amr rx U () 4)

r(n—a()dx" ), (x—)etn+
for 0<n—-1<a(x)<n.

2.1. Fundamental Properties of Fractional
Operators

Some important properties of the above fractional
operators are summarized below, where

D@ denotes the fractional derivative in the sense
of either Caputo or Riemann—Liouville.

RLgd(x)(ﬁlul(x) + ﬁzuz(x)) =
B, RL:]“(")u1 (x) + B, RL:7a(x)1,I2 (),

Qa(x)(ﬁiui(x) + ﬁzuz(x)) =
B1 DN, (x) + B, DU, (x),

RLgal(x) RLf]“Z(x)u(x) =+ RLgaz(x) RL:]al(x)u(x)’
2
D) My (x) = DXL DrIY(y),

RLjal(x) RLjaZ(x)u(x) + RLgal(x)+a2(x)u(x)’

3.

DU a2 (x) % DU +a2() (),

rq+1)
a(x) ~_ > S yltalx)
O S eI
for { < [a(x)] -1,
4.4
rq+1
()l o~ > 77 pi-ax)
N D
for { = [a(x)] -1,
RLja(x) @:x(x)f(x)
k k(.

5.4 - Zf@“x@—mm,

DU A = £() + R (1),
where

B x 9 (x _ t)n—a(x)—l w
7= [ 5 T ay) (0
~U™(a)) dt,

and

R, (x) = %fx(x —t)e)-1 (Ln(x —t)
T'(a)
F(a(x))) U(t)dt.

3. The Architecture of Vieta-Lucas
Polynomials and Their Properties

In this section, a family of Vieta-Lucas
polynomials and the corresponding recursion
formula are presented [33].

Definition 3.1.
Let |t] < 2, thus the sequence of polynomials of
degree n,n € N U {0} in terms of t can be described
as follows:
t

VL, (t) =2cos(nh), 6= cos™! (E) 6 €[0,n].
These polynomials are denominated Vieta-Lucas
polynomials and can be satisfied in the following
recurrence formula as:

V‘CO(t) 5 2;

VL]_ (t) = t,
WL, (6) = t VL, 1 (6) = VL ,(t), n=234,..

Furthermore, the explicit power series from of
VL, (t) is defined as follows:

VL) = 2,
VL) = ¢,
) H
Ve () = ;(_ D Z;ﬁr(lnlki 2t
n=23..

where [.] is the ceiling function. Moreover, these
polynomials exhibit orthogonal with respect to the

weight function w(t)=ﬁ and would be as
follows:

(VLn (t) . VLm (t) ) w(t)

1
_ f_ = VOV dx

0, m+n#0,

()

These polynomials by using a linear transform, x =
~(t +2) can be defined for x € [0,L], (L > 0) and
are called shifted Vieta-Lucas polynomials.
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Definition 2.3. The sequence of shifted Vieta-
Lucas polynomials of degree n (VLL(x)) on x €
[0, L] can be acquire as below

VLk(x) = 2,
4
VLE(x) = X~ 2,

\ VLE, () = VL, (x) (%x - 2)

4 L L
=\gx- 2|VLE(x) = VL (x),
for n=1,273,...

Also, it can be used in the following relation for
explicit power series rule:
( 2, for n=0,

’

r(k+Dr2n -2k +1) \L
forn=1,2,...

VEEG) = 4\ iy _FTCIGn k) xye
2 6

The orthogonality of the shifted Vieta-Lucas
polynomials is shown in the below relation:

(VL:{ (), V‘Cﬁn (x)> wl(x)

L
1
= ———— VLE()VLE (%) dx
fo Vix—x2 " "
0, m+n+0,

4T, m=n=0,

2, m=n=+0.

(6)

L —
That w”(x) =T

integrals are understood in the improper sense:

is the weight function. The

L L-e€
f w" (o) f (x) dx = lim f wl (x) f (x)dx.
0 €50 €

Definition 3.3. The normalized shifted Vieta-Lucas
polynomials of degree n, on [0, L] are defined as
follows:

_ VLE(x)
VLi(x) = Nee =

for n=0,

-

VL (x)
V2
C (=D*ak2n)r2n—k) ,x\n*
=)0 %)
k=0

VL;(x) =

’

V) (k + D)I'(2n — 2k + 1) \L
for n=1,2,.. .

The orthogonality of these polynomials is shown in
the below expression:

(W%(x)'ﬁfn(x»m’ﬂ(x) = é‘nm =

0, n+ m.

Therefore, the expansion of a IL2- function U(x) over
the interval [0, L] by normalized shifted Vieta-Lucas
polynomials would be as follows:

UC) = Lo o, VL (). (7)

That ¢, k=0,1,2,..,are the undetermined
coefficients and can be acquired through the
following relation:

VTR )

<W£ (x)' W]lé(x))ml‘(x) ‘
By considering, the first (N + 1) terms of series in
eq. (7) would be have:

C k=0,12,...

UG ~ Th_y o VE(0) = C"VL, (8)
where C and VL defined as below vectors

C = [co, €1y vy ]Ts

VL; = [VLy(x), VLi (%), .., VL () 1"

These properties make the normalized shifted
Vieta-Lucas polynomials particularly suitable for
constructing operational matrices, which are
developed in the next section.

4. Operational Matrices Associated with
Vieta—Lucas Polynomials

In this section, the operational matrices
corresponding to the normalized shifted Vieta-
Lucas polynomials are derived.

4.1. Integral Operational Matrix

The integral operational matrix corresponding to
the normalized shifted Vieta-Lucas polynomials is
defined by

X
f VEL(t)dt ~ P, VLL
0

and P, € RWV+UX(N+1) s the integral operational
matrix. The entries of P, are determined by
projecting the integral of each basis function onto
the basis itself, i.e.,

X
Pnsnomeny = (| VEOE VIR Vi
0
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n,m=
0,1,..,N.

Equivalently, each integrated basis function can be
expanded as

N
X
[ V@t~ Y pramia VRGO
0 m=0

so that the general matrix form is

P11 P12 PrLwv+1)

P, =

1]

Piw+1),1 Pw+1)2 P +1),(w+1)

9)

and any entries of the matrix P, are calculated by

P(n+1),(m+1)
1
a
( Am n=0,

\/E’
1 - (-1)4"i(2n)r (2n — i)al i+
(Z (V2m)ri+ Dren—2i+ DL-itn—i+1)’
=
for n=112;"-;N; m=0,1,...,N,

where the coefficient ak, are obtained from the
polynomial expansion

N

~ ) ah VLG,

m=0

k

x k=012,...

This definition ensures that the matrix operator P,
serves as the exact integration operator projected
onto the finite-dimensional subspace span
{(VL§(x), VLL (x), ..., VL (x)}. For instance, when
N =5 over the interval [0,L], the operational
matrix P, can be obtained analytically. Moreover,
this formulation is fully consistent with the
orthonormal structure of the shifted Vieta-Lucas
basis and guarantees that P, precisely represents
the integration operator in the sense of the L% . ,,-

projection, without any unquantified numerical
approximation.

[ 1 V2
5 T 0 0 0 0
-2 1
T 0 § 0 0 0
6 4 12

P =L 7 . . ) (10)
% 9 3 % % °
-2 -1 1
E N )
—V2 -1
W 0 0 0 E Od

4.2. The Product Operational Matrix

The general form of the operational product matrix
for the normalized shifted Vieta-Lucas polynomials
is defined as

VL VL)' C ~ E, VL, (11)

where C is a vector with (N + 1) components, and
C, is an (N +1) x (N +1) matrix whose entries
are obtained as below

&4y = (VL (VL)€ VL () iy
(12)
i,j=12,..,N +1.

Moreover, the following orthonormality property
holds:

Jy @ (VL (VEE) dx = Iy, (13)
where Iy, isthe (N + 1) X (N + 1) identity matrix.
For example, by considering N = 5, the operational
product matrix C, takes the form

¢ C2 C3 Cyq Cs Co 1
N N N N N
€, V2e3420; (G c)V2 (G4 c)V2 (Ca+ V2 csV2
Ny N N NN
c; (G +eV2 V2es+2¢; (6 + V2 V2 V2
Vi 2w PN PN 2m  2m
e (3 +es)V2 (co+ V2 C1 V2 V2|
Ny 2V Vo NN
cs  (cg+cV2 C3 V2 Cy V2
Vi 2w PG PN N
Cs V2 cV2 V2 V2 c
N VT Vi 2vr  Vml

(14)

4.3. The Derivative Operational Matrix of Integer
Order
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The derivative operational matrix for the nth-order
derivative of the normalized shifted Vieta-Lucas
polynomials is defined by

d™VLL
(M 357L
—— =D, VL,
dxm *
where D,(C") isan (N + 1) x (N + 1) matrix, and their
entries can be are calculated in the following
manner

m)
d;: ¥

(15)

_ (d VL (x)

VELF(0) oLy b =1,2,3,.

1

Jx(L-x)

where the weight function is w*(x) =

4.4. Fractional-order Operational Matrices

The following theorems presented the fractional-
order operational matrix for normalized shifted
Vieta-Lucas polynomials.

Theorem 4.1. Let

VLL = [VLE(x), VLX), ..., VLE (x)] T be the
vector of normalized shifted Vieta-Lucas
polynomials over the interval [0,L], For n—1<
a(x) < n, the fractional integral of order a(x) can
be approximated as

x W% (a(®) 5=
| mdt ~ P, VLi ,
where ?x(a(x)) denotesan (N + 1) x (N + 1)

operational matrix with components defined as
follows

alx)
Pi+1 J+1 ™

r(l - a(x)) 1 a(x)

/ (-Dia™i2nr2n -1
(V2m)Lr=ir(i + 1)

n n—i—a(x)+1
Z rn—i+1Dr(1-ak)) Am ’
: rCn—-2i+Drn—i—alx)+2)

i=0

for  n=12.,N, m=0,1,..,N.

Here, the coefficients af1 are determined via the
IL? ¢ Projection

Proof. According to the definition of normalized
shifted Vieta-Lucas polynomials, we get:

* VL)
n (= 14" {(2n)r(2n — i) (5 )n—i
f" EON2m)r(i+ 1)ren—2i+ 1)\l
0 (x — )%™
i (=D t2n)r2n —i) \
!

dt

- (Var )F(t+1)r(2n—zl+1)ml

i\ f enrel

n=123,..,
(16)

On the other hand, would be have

_ r'k+1Dra-a ck-att
rk—a+2) ’
a(x) >0, k>0,

fox (x — )™

Therefore

J, o=
F(n—l+1)F(1—a(x))
T T'n—i—a(x)+2)
i=012,.., n=123,..N

X"~ i—a(x)+1
)

Thus, in incorporation of above equation with Eq.
(16), we obtain:

f" VL ()

o (x —t)a®
(=14t Rnr2n —i

(V2r)Lr=ir (i + 1)
_i rn—i+1D)r(1-alx))
=0

rn—-2i+10Drn—-—i- ax) +2)

n—i—a(x)+1
gnia®

n=1273,..,N. (17)
Now, consider the below approximations in terms

of the introduced polynomials:

N

xn—i—a(x)+1 ~ Z a:ln—i—a(X)+1Wﬁ(x)’
m=0

i=01..,n, n=0,1,...,N,
By inserting it in Eq.(17), we will have:

Z50)
0 (x — t)a(x)
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Dl En)r(zn-i)
(Vzm)Ln=irG+1) X
n N r(n-i+1)r(1-a(x)) L
l=OZm:0 \F(Zn 2D (=) +2) ~ VLn(X)

n—i—a(x)+1
aAm

Dl iemren-
( (Vzm)Ln=irG+1) X w
n —
— Z%:O Zi—O r(n—-i+)r(1-a(x)) VL#(X)

= \F(Zn 2i+1)I'(n—i— a(x)+2)

n—i—a(x)+1

Am

n=012,.,N.
(18)

The expression in parenthesis will be called by

Poyxmen fOr =1,2,...,N, m=0,1,2,...,N.

Also, for n = 0 we have:

¥ VL§(t) _
om0 4 G, e
]"(1)['(1 - a(x)) 1- a(x)
X
Vir(2 — a(x))
and

N
xl-a( Z ar(;—a(x)) Wé(x) )

Therefore
* VL)
o (x —t)e@®

- F(l - a(x)) u (1-a())=,
T V(2 - ao) 4 Z Vi)

z r(1-a( ))
_ —alx (1 a() \ 3571
Z (W r(z—a@)™ )W"(x)

— a(x)
= Z Pix(m+1) VL (x)-

We show the expression in parenthesis by symbol

a(x)
P(1yx(m+1) » thUS

~

VLE()
f (x — t)“(’C)
* VLI (D)
x YLl o (x — )
R Ged S dt = x WL( )
o (x— £)at) 2 X
o (x— t)a(x)

< VLD
J;) (x — t)e®

T

2 PES e V()

Z PéS’zlnmwncw

Q

Z P(azv(ﬁ) (m+1)VL1Ln (x)

) ) Wé(x)
alx a(x =
pl 1 B N+1) VLE(x)
tx(x) ) oz(x) '
Pv+na 7 Pv+n,wv+1) VIL ()
N x

~ L) yrL.
(19)

4.5. Variable-order Caputo Fractional Derivative
Operational Matrices

Theorem 4.2. Let

VLL = VLX), VLE(X), ..., VLE ()] T, be the
vector of normalized shifted Vieta-Lucas
polynomials over the interval [0, L], and suppose
that

U™ @) ~ Dy VL,

where D,((”) is the nth derivative operational matrix

and the approximation is understood in the sense

of the IL? 1., projection. Then, the variable-order

Caputo fractional derivative of order a(x), with n —

1 < a(x) < n, can be approximated by

CD(a(x)) U (x) ~ 1 D(rz):P(z7z(x)—n +1) VLL
X r(n _ a(x)) X x x

(a(x)-n+1)

(20)
where %, is the fractional integral
operatlonal matrix defined in Theorem 4.1.

Proof. By the definition of the variable-order
Caputo derivative,

x u(n)(t)
F(n - a(x)) o (x —t)etd-n+1

c DJ(C“(X)) U(x) =

’

Using the approximation U™)(x) ~ D{™ VLL and
applying Theorem (4.1) for the fractional integral,
we obtain

um (¢ _ _
J ( t)a(J(C))n+1 dt ~ p{™ PO PLL
Y —

Therefore,
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C@J(Ca(x))u(x) = la(x))D(n):P(a(x) n+1) VLL.
Remark: This formula provides an analytical
approximation of the variable-order Caputo
derivative in the finite-dimensional subspace
Lk (x), VLE(x), ..., VLK (x)}, and the
approximation error decreases as N increases, due
to the completeness of the shifted Vieta-Lucas
basis in L% ., [0, L].

Theorem 4.3. Let U (x) =~ CTVLL, where the
approximation is understood in the sense of the
%,y Projection onto the normalized shifted
Vieta-Lucas polynomials. Then, the variable-order
Riemann-Liouville fractional integral of order
a(x) > 0 can be approximated as

RN () ~ crp- @zt

(21)

I“(a(x))

Proof. By definition, the variable-order Riemann-
Liouville integral is

RL (@) ~ 1 * U ()
:]x U (X) ~ F((Z(X)) o (x _ t)l—a(x)

Using the approximation U (x) =~ CTVLL and
Theorem 4.1 for the fractional integral, we obtain

Ry (1) ~ VI dt

1 r Jx 1
¢
F(a(x)) o (x—t)t—e
crpl @yt

- F(a(x))

Remark: This approximation is exact in the
subspace spanned by the first N + 1 normalized
shifted Vieta-Lucas polynomials and converges as
N — co.

5. The methodology of proposed method

There is no loss restriction of generality, we can
assume the system (1) as follows:

CfDak(x)Vk(x) = fr(x)
+Tk (x’ vl (x)l ey @(nl)vl(x)’
s U (), o, DMy (1))

+ f xKLk () G (x, 6,01 (8), .., D0 (2),
’ s U (£), o, DMy (1)) dt
+ fLKZ,k (6, ) Go (6, £, v1(D), .., D™y (1),
’ ey U (8), o, DMy (1)) dt,
(22)

10

my = [a(x)], k=1,2,..,m,
DD, (0) =y, i=1,2,..,n—1,

To solve the above system, we consider the
following approximations:

fo<mk>vk(x)zc,fﬁ,§, k=1,2,..,m
Canag(x) Tp(@k (X)) 357L
DUy (1) ~ ey R VIL
KiGot) ~ (VELDTK, VL,  i=1,  2,..m,
Gix W1 (), DDv (D), ..., DD (), ..., DTy, (1))
= 'yiT'kVL‘L ,
Fre(x, v, (%), DVv, (x), ..., D™y, (x), ..., DMy, (x))
~ F{VLy,

VLL = [VLL(x) VLL(x) V£k,(x)]T,
Cx = [Ck01ck11" CkN] .
(23)

By inserting these approximations in Eq. (22), we
have

— TPV PLL = £, (x) + F VLL
e () + Ff
X
+ f (VLL)T %y, VEE (VEL)Y, dt
0

L
+ f (VIL) 3, VEE (VIR Y, dt
0
= fi(x) + F{ VL
X
F(VILT%, f VIE (VLY dt
0

X
+( VL) Ky i < f VL; (W,ﬁ)%) Yok
0
= fiu(x) + F{VL;
X
+H( VL) Kk <j ngxW%dt)
+(VL) K D Yy
= fiu(x) + F{VL;
+ (VLY Ky kY ke, P VL
(VL) Kape D Yo k=1,2,...m

By considering the collocation points, x; =
1,2,...,N + 1, in the interval [0, L], which are the
roots of the Vita-Lucas polynomials and the
following algebaic system can be obtained:

r(i-a (x)) C}Zg)(“k(")) VL -
FIVLE —
(V_LJlé)chl,kgl,k x P WJIE - ~0,
(WJIZ)chz,k D yz,k -
fie(x) x=x

k=12,..,m i=12.,N+1.
(24)
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Finally, the obtained system can be solved by
applying an iterative procedure to solve linear or
non-linear systems and the unknown vectors C,,
k=1,2,...,m, are estimated. Here, the Newton
iterative method is used for solving the non-linear
algebraic system. Newton's method is one of the
most widely used and efficient numerical methods
for solving systems of nonlinear equations. It is
based on linearizing the system around an initial
estimate and continuously updating it using the
derivative (or Jacobian in the multivariate case). A
brief description of the computational procedure of
the proposed method is provided in Algorithm 1.

Algorithm 1: Procedure for solving the problem

Input: N,m, fi(x), Fi, G100 G200 @i (XD, Vicsi »

i=01.,n-1 k=123,.,m

Step 1: Evaluation of the required approximations
via truncated normalized and shifted Vieta—
Lucas expansions.

Step 2: Constructing the operational matrices
corresponding to integral, product, and
fractional derivative operators by using initial
conditions.

Step 3: Substitution of the approximations into the
governing system.

Step 4: Choice of collocation points in the interval
[0,L].

Step 5: Computation of the residual functions at the
collocation points and construction of the
resulting algebraic system.

Step 6: Solve the resulting nonlinear algebraic
system using Newton’s method, subject to a
prescribed tolerance, to obtain the coefficient
vectors C,,, k=1,2,..,m

Output: v, (x), k=1,2,3,..,m

6. Existence and uniqueness

Here, considering system (1) and the fixed-point
theorem, the existence and uniqueness of the
solution are ascertained. Applying the Riemann-
Liouville fractional integral operator on the system
(1), the following system can be obtained:

O
v (x) = Z Uk i!( )xL
_ Aarx)-1
F(ak &) f (x — L f (0)dt

— )ar(x)-1
r(ak(x)) f (x — OFDOIE (£, v, (1),

DDy, (t), ..., D v, (t), ..., v, (2),
DDy, (1), ..., DMy, (1)) dt

11

1 x rt
* mf f (x — KOG, (&5, v, (s),

DDy (s), ..., DMvy (5), ..o, U (),
D(l)vm (s), . CD("m) U (s)) dsdt

1 x L
+mf f(x—t)“k(x)—lgz’k(t‘s‘la(s)‘

DDp,(s), ..., DMy, (), ..., v, (5),
DDy (59, - DO, (s)) dsdt
+:R’k(vk (x)):
(25)
where
le.= [ak,max] , k=12,..,m
DD;(0) = ¥y i=01..,n—1,

B x 9 (x _ t)nkfak(x)fl -
0= [ 5Ty ) (0
— ) (o)) d, k=1,2,..,m.

The above system can be considered as the below
vector form:

V(x) = T(V(x)), (26)
where in
V() = [v; (0),v; (%), ooe, v (O],

T;(V(x))
T(V(x)) — TZ(V(x)) )
Tn(V(x))

and

~ 200

Tkv((x)) = kz:

j (x — 1 £ (6)dt

i!

r(ak(x))
— p)ak()-1
r(ak(x))f (x t) Tk(t Ul (t)
DDy, (8), ... , DM v (1), ..., vy (1),

D(l)vm(t), ., DOy (1) dt

1 t
YOI ) — f)a()-1
+F(“k(x))J; fo =1 91kt s,

1,(8), . , DD, (5), ... ,DMp,(5), ...,
U (5), DDv,,(5), ..., D™y, (s)) dsdt

1 L
YSNEPIEN ) — f)ak()-1
+r(“k(x))J; fo Canl)) G2k ()5,

1,(5), . , DD, (5), ..., D™y, (s), ...,
DWWy, (s), .., DMy, (s)) dsdt
+R (v (x)), k=12,..,m
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Theorem 5.1. To get asymptotic results, it is
necessary to consider some restrictions. The basic
assumptions would be as follows:

I. Suppose that derivative operators D), are
contraction operators on [0, L].

”@(S)vk(x) - D(S)(Uk (x)”wL(x)
< 1P Nve (60) = W Ol .

(27)
s=1,2,..,n, , k=1,2,...,m,

where n,(f) are positive constants.
Il. Assuming that

M= maxXy<ksm| K (x, t) ”wL(xy

K (x,t) = i((x - t)"k—“k(X)—1>
kX, - dx F(nk — ak(x)) )

k=1,2,..,m,

(28)
Ill. Let 0 < k < 1and,

( {112k )
I(ap(x)+1)
o L%k )
U;cn—l I'(ap(x)+2)
- gaLok)
r'(ag(x)+1)

+2M{,L

N

~~
~~

K= maxxe[O’L]

(29)

where {,,{,,{; and {, are positive constant values
that are determined during the proof and N =

Yk=1M +m.
According to the existing assumptions, system (25)
has a unique solution.

Proof. We assume y = G*([0,L]), where L=
Max{n,, k=1,2,..,m} and (x|l lle) be a
Banach  space. Consider the  mapping
T(V(x)):x = x, Our proof starts with applying
Lipschitz's =~ condition for F,, k=1,2,..,m
thereby

F (x, v, (), DD, (%), ...,i)("m)vm(x)) -
Fre(x, 01 (%), DPw, (x), ..., D, (x))
< a0l vy (x) - 01 Gl Ly +

a1 () ||[ DMy, (x) — D(ni)w1(?€)||wL(x) +
o+ ™00 v () — wp ()l oy +
- 4a ™ ()| DOy, (x) — D(nm)wm(x)||wL(x)

m N

- Z Z @ [D0v, () ~ DD @ oy

i=1j=0

wl(x)

12

where a, "/ (x) are positive functions on [0, L]. We
conclude from the first assumption that

Fr (x, v, (%), DV, (x), ..., S("m)vm(x)) -
Fr (x, w; (%), P, (x), ..., DM (x))

wl(x)
< a M)l vy (x) - w1(x)”wL(x)
w4+ P @) lv () — 0,0l

w4 Ml (@) [lvy () — 0,0l gy
4 OO U (0) = 0 ()1
D™ (v () = 0m (Dl

. +nr(:'m)akm,nm (x)”’l]m(x) - wm(x)”wL(x) .

+ + 4+ + +

By considering

. {aki-‘)(x),n,i”akf'l (x),}]

{1 = MaXypo, i k= i
1 xe[0,L] ) Yik=1 n(nk)akl,nk (x)

e Tl
m

N =Zr)k +m,
k=1

would be have

Fr (x, v, (%), DPv, (%), ..., DMy, (x)) -
Fro(x, 01 (%), DV w; (%), ..., D™, (x))

wl(x)
<& { D 0y + Dy 0 = o
j=1
<OV () = @ ()l ey » (30)

where

VGO = WOl oy, =
”vj (x) = wj(x)”wL(x)'}

maxxe[o‘”{ k=12
=1,2,..,m

In the same manner by using the assumptions |
and ll, the following relations can be concluded.

Gk (x, t, v, (%), Vv, (x), ..., Z)("m)vm(x)) -
Gk (x, t, wy(x), DV w; (%), ..., DM, (x))

B w0
SGNIVE) = WE) e
(31)
Gok (x, t, v, (x), DVv, (%), ..., b(nm)vm(x)) -
Gok (x, t, 0, (x), DV w, (x), ..., b(nm)wm(x))
' wl(x)

< GV @) ~ WDl
(32)

IR (v () = R(wr )| 1y =
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x () ey, (1)
f Kk (X, t) [ (vk( nk)(t) wk( nk)(t)) l dt
0 +(, 7 (0) — w, *(0))

o[ ool ,
< Mf vt
o \ +[|ve™(0) — 0™ ()|

< 2ME LIV () = WO i,
(33)

wk(x)
wl(x)

where

_ n [BCNP B G,
{2 = MaXyryero,12 (YUrke=1 ’n’((nk)ﬁ B (x)

_ gn P60 Nyt (),
{3 = Max(y pyero,112 YYUik=1 »U,((nk))/ ine () ([

(n2) (nm)
Z4 = max(x’t)e[O,L]z {771 ’nznz , 'nmnm }

ForV(x), W(x) € y , we have

I () = (W@, 1y <
1 X
F(ak(x))fo (x = O Fi (6,01 (©), o, DOm0 (6))

_Tk (t’ w4 (t)' . D(nm)wm(t)) ”a)l‘(x)dt +

1 X t
- _ ap(x)-1
r(ak(x))fo fo'(" ol
X 16, (& w1 (), ..., D, (1)

~Gue (£ @100, DI 0 () [l 1y dselt +

1 x rL
_ ap(x)-1
r(ak(x))L J, =
X |G (8, 01 (8), .., DOmIv,, (1))
_QZ,k (t' wq (t)! ey @(nm)wm(t)) IIa)L(x)det +
|1R(vi (%)) — R(wy (x))”wL(x).

According to the relations (30) to (33), can be
obtained

1) ~ T W,
S GNIV ) =Wl L X

_ ap(x)-1
(r(ak(x))f =0l dt)

FIVCO) = W) X

1 x ot
(. () - ap(x)-1
<F(ak(x))f0 J;, |G =D dsdt >+

LNV ) = W)l X

1 x L
(. () — ag(x)-1
<F(ak(x))f0 J;, |G =)l dsdt )+

2ME LIV (x) =Wl yrxy <

13

Lk
r(ap(x+1)
2 Lak(x)
Fag@+) V() =W
{3Lak(x)

F(ak(x)+1))N
2M{,L

k=12,..,m. (34)

Therefore, by using the assumption lll, we have

[T (v®) - Te(we) | e <
KV (x) =W Ly

where

§1 LKD)
r(ag(x)+1)
gLk
r(ag(x)+2)
K = MaXye[o,L] U;cn=1 (SL“k(x) g
r(ag(x)+1)

+2M{,L

As aresult, it is proved that the operator T, is a k -
contraction mapping and, according to the Banach
fixed point theorem, it has a unique fixed point,
which is the solution of system (24).

7. Error analysis and stability

In this part, the stability and convergence analysis
of the normalized shifted Vieta-Lucas method are
investigated in I ., space.

Theorem 7.1. Let Uu(x) € 6N*1[q, b], the error bound
for the approximate solution in terms of normalized
shifted Vieta-Lucas polynomials, Uy; (x), would be
as follows:

\/EMLN+1
(N+1)!

leColl = 4G = Uz (Il 1, <
(35)

where M = max,epo 1y |UN ()] .

Proof. Assume the approximate solution as below

N

Upr ()~ ) VIR, x€(0L],

n=0

Consider the following interpolation function of
Newton's divided difference method for U(x) by
using points x;, i =0,1,2,...,N, when x; € [0, L]

Py (x) = U(xp) + Ulxg. x; 1(x — xp)
+U[x0, x1, X2 |(x — x0) (x — x1)



Accepted manuscript (author version)

4 Ulxg, X, e, Xy 10— 20) oo (6 — xy_1)

Where U[xg,xq,...,x¢], Kk =0,1,2,...,N. indicating
Newton's divided difference of order k and the error
is calculated as follows

R = 5 (x = 1)
_ x_xo x_xl ...x_xN (+
N (N + 1! Ut .,
e have
MH —olx — x]
|U(x) — Py(x)| < W,

with M = max,,efo,,i| UV ()] .

Because of Vx; €[0,L], |[x—x;|] <L, then the
following bound for the error of interpolation
function can be obtained

+1

[U(x) — Py(0)] < ) (36)

- (N+1)'
According to the least square property of

orthogonal polynomials, for normalized shifted
Vieta-Lucas polynomials would be have

UC) = Uz (I
L
=f wh () (U(x) — Upz(x))?dx

3\/[2L2N+2 L
<—— | w*(x)dx.
(N + 1)!)2fo

Finally, the error bound would be obtained as the
below

MLN+1
IMG) - Upz GOl L(x)_%,

where fOL w(x)dx = /.

Theorem 7.2. Suppose that vy, (x), k=
1,2,...,m, are approximate solutions of system (1)
based on normalized shifted Vieta-Lucas
polynomials, e, (x) = v (x) — vyr, (x).are  the
absolute errors and r,(x),k =1,2,...,m, are the
residual functions of approximate solutions.
Assuming

71 L%)
I'(ag(x)+1)
(ZLak(x) —
I'(ag(x)+1)
gLk
I'(ag(x)+1)

0<

then
14

”e(x)”a)L(X) S ﬁ ”r(x)”wL(x),
K is a positive constant and

llew COll 2 )
||e(x)||wL(x) = MaXxelo,L] ’
k=12,..,m
(37)
”rk(x)”a,L(X)
||T(x)||mL(x) = MaXxe[o,L] .
k=12,..,m

Proof. For two solutions vyz, (x) and v, (x) would
be have

”m)

i!

vz, () + e (1) = Z

i=0

x — £)WO-1E (1) dt

I"(ak(x))f (
= f (x = OO, (1,0, (1),
r(ak(x)) 0

L, D0y () dt
X

1 t
7 — p)akl)-1
+1"(ak(x))f0 L(x )4k, (8, 5,11(5),
...,ﬁ(nm)vm(s)) dsdt

1 L
r(ak(x)) 0o Jo 2k !
L, DOy (5)) dsdt
+Ry (Vi (), k=1,2,..,m
(38)
and
ng—1

(l) (0)

vz, () = 1) + Z

f (x — O)WO1f, (1) dt

r(“k(x))
r(“k(x))f (o = )WLt vpr (1),
. :D(nm)vﬁm(t))dt
1 t
+WJ— f (x — t)ak(x)_lgl,k(t, s, Uﬁl(s),
k o Yo
.y @(nm)vﬁm(s))dsdt
1 x rL
+mf f (c = O®*CITG, 4 (8,5, v3z, (),
k o Yo
’D(nm)vﬁm(s))dsdt
+Rk(vﬁk(x))' k=12,..,m

(39)
By subtracting (35) from (34), we have:

ex(x) = vy (x) — vyg, (0) = =1 (%)
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+#fx(x — )WL (Fy (x, v, (1),
r(ak(x)) 0
e, DMy, (0) = Fr(t, vyz, (0), ...
DMy (6)))dt

1 x rt
7 — p)akl)-1
+F(a’k(x)),[) fo (=1 Grr(t,s, v,(s),
...,D(nl)vm(s)) = G1x(t s, vyz, (), ...
,DPmupr (s)))dsdt
1 x rL
7 — p)ak)-1
+F(“k(x))fo J;) =) (G2 (t,5,v:1(5),

e, D™y (8)) = Gor(tys, vyz, (), .
, DIy (s)))dsdt
+(Ri (v () — Ry (vyz (D)), k=1.2,..,m,
(40)

According to results of section 5, can be obtained
the following results

Fr (x, vy (x), ...,D(”m)vm(x)) —
Fie (0, vz, (%), o, DOMvpr (X)) k()

=G ( ‘;'n=1(n]' + 1) ”ef (x)”wL(x))
< G eCObqey

H Guie (% £, 01(0), ., DI, (1)) -
Gy (x, t, vz, (), .o, DMz (1))

i wh@)
< & le (Ol
(41)
H Gok (x, t, v, (0), ...,:o<nm>vm(t)) -
Goje (2, 6, vy, (), o, DPMvpr (1)) oo

< &5 lle @l yie)

IRk (v @) = RiCowz D,

< 2M,Llle@)|l 1,
that

leCOl 2y = MaXneio ) {le@l i}
k=1,2,..,m,

and {;,{,,03,0, were yields in Theorem 5.1.
Therefore

eCO 1y < Iy +

15

71 L%
r(ag(x)+1)

{5 L%k )

F@@D " le@ll1g,

L%
rlag(+1) N+

2Mq,L)

By considering

31 L%)
T (ap(x)+1)

(
gLk ™)

C =MaXeefoyy { OV kg =12,..,m.
L%

F(“k(x)+1))N 3

2M{,L

We have (1 — C’)He(x)lle(x) < ||r(x)||wL(x) and by

using the assumption of the theorem, the proof of
stability is completed.

Theorem 7.3. Suppose v,(x) € GN*1[0,L], k =
1,2,..,m. By considering the assumption of
theorem 7.2, if n » oo then

||vk(x) - vﬁk(x)HwL(x) -0, k=1,2,..,m.

Proof. For the functions v, (x), k=1,2,..,m we
consider the following approximations in terms of
normalized Vieta-Lucas polynomials on the interval
[0, L] as follows

A rL —_ T rL
vyz, () & TN G VEn () = G VL, (42)

k=1,2,.. m.
That

VLL = [VLE(x). VLE (), ..., VLL ()],
C = [Ck0) Ck10 ""Ck,N]T'

According to theorem 7.2, we have

o) = o, @ <
31 L%
I(ap(x)+1)
{oL%)
I(ap(x)+1)
§3L %™
I'(ag(x)+1)

(Z7a(ry + D) Iy @) = v, @ oy +
2M¢,L {|; () = vy, ()|

e GOy +

wk@)

k=12,.. m.
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Under the result of theorem 7.1, for the considered
approximations would be have

_ \/EMkLN'H
”ek(x)"wl‘(x) - ||vk(x) - vﬁk(x)"wL(x) S (N+1)!
k=1,2,.. m.
(43)
Thus
||Uk(‘x) - Uﬁk(x)“wL(x) S
g4 1%
I'(ag(x)+1)
2oL
||T'k(x)||wL(x) + Tar@+1)
3L
rag(x)+1)
VEM LN+ VEM LN+
( 71=1(n1' + 1) (N+1)! ) +2MG,L w+1)!
k=1,2,..,m.

Let M =Max{M,, k=1,2,..,m},and we will
have

o) = o, Ol <
{112k
r(ag(x)+1)

(ZLak(x) FrN+1
F(ak(x)+1) + M’

{31,“1((") _ (N+1)!
r(ag(x)+1)
2M{,L

e GOl ey +

k =
12,..,m.

LN+1
When N - oo, then lim —— =0, and
Nooo (N+1)!

Ol >0 k=1,2,..,m.

Therefore, the following desired results are
obtained

@) = voz, @l 1y 2 0 k=12,..m.

8. Numerical Results

In order to demonstrate the efficiency of the
proposed approach, this section considers two
nonlinear models. The method employs
approximations constructed from the normalized
shifted Vieta-Lucas functions, as outlined in earlier
sections, and utilizes the collocation technique to
transform the problem into a system of nonlinear
algebraic equations. To obtain a numerical
solution, the Newton iterative algorithm is applied.
All simulations were carried out using MAPLE 22
on an Asus laptop powered by an Intel Core i7

16

processor, with calculations maintained to ten-digit
precision. The root-mean-square error norm is
evaluated as follows:

1
L 2
Lévvk(x) = (f (e (x) — vV (x))zdx) ,
o VLK
k=12,..,m, N=23,...

where v,(x) and v’:’ﬁ (x) are the exact and
k

approximate solutions. The convergence rate of the
technique is obtained with the following rule:

lLn ( LY, (x) )

LY v (x)

w(y=s) |

k=1,2,...,m N=23,...

CRY =

Example.8.1. Consider the following system of
fractional Volterra-Fredholm integro-differential
equations

DI u(x) = f,(x) — 3v' (x) +
f" (x + Hu®)w(t) it
0 Vvx —t ’

L

(;Dzz(x)v(x) — fz(x) — J extu'(t)dt +
0

X
4] x? tw(t)dt,
0

CDEDw(x) = fo(x) — u(x) +
J" v(t) — 2w(t)
0

_ Yx—t
sinx cCoS x X
w@ =" m®=—r0 k=3
0<a;(x)<1, i=1,23, [0,L] = [0,1],
and with initial values as follows
u(0) =2, v(0) = -1, w(0) = 1.

The exact solutions of system are u(x) = 2 cos x,
v(x) =x*—3x+1, wkx) =sinx+1. and by
using them the functions f;(x), i =1,2,3 can be
calculated. According to the proposed method, we
have:

u'(x) = C{VLE,
u(x) = T P,VLE + u(0)

= (C{ P+ UDVL; = Y[ VL,
v'(x) =~ CJVLE,
v(x) =P, VLL + v(0)

= (G P +V)VLy = Y VL,
w'(x) =~ CJVLg,
w(x) = CTPVLE + w(0)

= (C{ P, + W )VL; = YI VL;,
x+t~WVLHT 5, VLE,
te* ~ (VLT K, VLE
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x%t =~ (VLYT 5, VLE,

u().w(x) = (Y VEY((VLNYs = Yi VL,
u(x)? = Y{ VLA((VL)NY,

f" (x + Hu@®)w(t) it

0 Vx —t

i o [VEEOID' Y,

- (VLx) ‘7(1 0 \/m

— (V7 INT 3 * —Lé

= (VL))" X0, fo — tdt

dt

1
= (W;LC)T K é1x7)x(2) Wg’é,
X X
f X2 tw(t)dt = (VLT %, f VEE (VL) Y, dt
0 0

X
= (VLI %,C,., f VIkdt
0

= (VL)' K36, PVLE
) —2w() B s [* VLt
J; m dt = (yz 2y3) j(; mdt

1
= (C, — 2C, )T?X(S)W,é ,

1 1
J e*tu’(t)dt = (W;LC)TKz(f VLE(vLHTdt)c,
0 0

= (W;%)T X,DCy,
1 —
CDal(X)u x) ~ CT :’P(al(x)) VLL ,
x ) F(l—al(x)) Lox x
@2 (%) ~ 1 T paz200)) 3571
D2 v(x) = e ) C, P, VL;,
CD,O?(x)W(x) ~ 1 C3T :Px(a3(x)) W)LC )

r(1-az(x))

By placing the considered approximations in the
equation system, the following non-linear algebraic
system is obtained:

1
F(l - al(x))

LY 3,6, PAVEL - i) ~ 0,

cr pLaIYLL 4 3¢TVLL

1 o
T P@OPEL L (PLLYT 1, DC
1..(1 _ az(x)) 2 Yx X ( x) 2 1

—4(VLY" K5 Gy P VLE — fo(x) = 0,
1 _ o
CT ?(a3(X))VLL _ CT 'VLL 'VLL TC
1..(1 N 0.’3(36)) 3 Jx X 1 x( x) 1
1

—(C; — 2G5 )T?x(g)wfc - f3(x) = 0.

By selecting N =8 and applying the collocation
approach, the resulting nonlinear equation system
is tackled using the Newton iterative method. The
following outcomes are then derived for the
algebraic system:
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C; = [—1.59494778350666,—1.06587152774304,
0.0735558687966520,0,011 2792114904673,
—0.000386976087644809,
—0.0000358924600568123,1.043213231 x 1077,

1.636406664 x 1077, —4.782110330 x 1077],

C, =[3.10179418346809, 2.34996404663482,
0.939985582988100, 0.156664242993795,
9.869774288 x 107%,1.779904461 x 1078,
9.720089266 x 107%,5.036350359 x 1077,
7.799882154 x 1077],

C; = [1.45976553042304,—0.291143789569143,
—0.0673224704718614,0.00308163908608228,
0.000352646640976222,—9.455844315 X 107°,
1.797593776 x 107°,3.997897464 x 1077,
1.385991603 x 107° ],

Hence, the approximate solutions of system will be
as below:

upr (x)  —1.00000974185226x
+5.18171925423675 x 107 7x
+0.0000829438309642378x3
+0.0829902354375030x*
+0.000781247937435942x°
—0.00377763604536389x°
+0.000670785135173023x7
—0.000133699953888045x8
+1.99999998925753,

vyr (x) ~ 4.16765149364069 x 10~7x2

—3.00000002030494x
—3.22735126738956 x 10~6x3
+1.00001179465568x*
—0.0000230784051090481x°
+0.0000260467333493173x°
—0.0000160112239442302x7
+4.11486842136445 x 10~6x8
—0.999999999800930

wypz (x) =~ 7.01282546547356 X 10~ %x?
+1.00000032242698x
—0.166766492740069x3
+0.000523802298355497 x4
+0.00699398718471345x°
+0.00178843196843631x°
—0.00140265060766058x7
+0.000326641731679030x8
+0.999999969199938.

The numerical results of exact and approximate
solutions based on normalized Vieta-Lucas
polynomials, evaluated for selected various values
of x and N = 8, are presented in Table 1. The LY
error and convergence rate for selected values of
N are shown in Table 2. In the Table 3 to 5, the LY
error is presented for the cases N =5,7,9.
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Additionaly, plots of the absolute errors are
displayed in Figure 1.

Table 1 presents the LY errors and the
corresponding convergence rates CRY for different
values of N. As seen, the LY errors for all solution
components u(x), v(x), and w(x) decrease rapidly
as N increases, which clearly demonstrates the
high accuracy and strong convergence properties
of the  shifted Vieta-Lucas polynomial
approximation. Moreover, the convergence rates
grow significantly with increasing N, indicating that
the proposed numerical method achieves spectral-
like accuracy. This exponential decay in the error
confirms that the method is both stable and efficient
for solving system of fractional integro-differential
equations.

As observed from Table 2, the numerical values
obtained using the shifted Vieta-Lucas polynomial
approximation (uyz (x), vyz (x), and wyr (x)) arein
excellent agreement with the corresponding exact
solutions. The discrepancies between the
approximate and exact results are negligible,
typically on the order of 1071° to 1072, confirming
the high precision and numerical stability of the
proposed method. This demonstrates that the
shifted Vieta-Lucas polynomial approach provides
an efficient and accurate scheme for solving
systems of fractional integro-differential equations.
The smooth convergence behavior and minimal
error values further verify the reliability of the
method even for relatively small values of N.

15% 1077

T T T T
0 02 04 06 08 1

X

—— Absolute error of u(x)
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T T T T
o 02 04 0.6 08 1
X

—— Absolute error of W)

25 %107

2.x 1078

15x 10784

1.x 1078+

|— Abselute error of w(x) |

Figure1: Graphs of absolute error in Example 1.
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Table1: £Y error and convergence rate for some value of N in Example 1.

N Nu(x) CRY £v(x) CRY Yw(x) CRY

1] 1.984543451 i 0.1732105675 i 0.6551809175 i

2| 009388312624 440179;: 0.08931267369 0955590133 0.1323598585 230742762
3| 0.004425725251 15336122 0.005754679767 | 6.762924722 |  0.007061809966 | 7.228298986
4| 0.0003147998080 17j920§2 0.00001715099542 | 20.21576255 | 0.00004299488685 | 17.73268466
5 | 1.199642676x 10~ 14642232 49103151ﬁi§ 15.92384432 L481877§i;§ 15.09239778
6 | 7.303115034x 10~° 1535148? &462736Qﬁ;§ 14.54498430 1348638fi?§ 13.14600168

5.939001970x | 1.3412842 3.555895948 | 0.172221168 9.821628660

7 o > s . s | 2067037276
8 | 3.164213150x 10~ 4'7152723 1.7341 1011“5_’; 5.377856428 4.9651331 1207_>; 5.108512956

Table2: Comparison of numerical results of approximate and exact for N = 8 for Example 1.

Xi Uexact (x) Uyt (x) Vexact (X) Uyt (x) Wexact (x) Wyt (x)

0.1 | 1.990008331 | 1.99000832972415 | -1.2999 | -1.29989999991796 1.099833417 1 '09983:;4290496
0.2 | 1.960133156 | 1.96013316761958 | -1.5984 | -1.59840000005118 | 1.198669331 | 1.19866935575793
0.3 | 1.910672978 | 1.91067301079735 | -1.8919 | -1.89190000030946 1.295520207 | 1.29552025840400
0.4 | 1.842121988 | 1.84212203443672 | -2.1744 | -2.17439999901930 1.389418342 | 1.38941843383756
0.5 | 1.755165124 | 1.75516517725240 | -2.4375 | -2.43749999524898 1.479425539 | 1.47942563375635
0.6 | 1.650671230 | 1.65067127597128 | -2.6704 | -2.67039998890714 1.564642473 | 1.56464252423145
0.7 | 1.529684375 | 1.52968438747455 | -2.8599 | -2.85989998067870 | 1.644217687 | 1.64421769170096
0.8 | 1.393413419 | 1.39341339409566 | -2.9904 | -2.99039997240166 1.717356091 | 1.71735608115508
0.9 | 1.243219937 | 1.24321993365683 | -3.0439 | -3.04389996682935 1.783326910 | 1.78332688393720

Table3: Comparison of LY error of u(x) with some methods in Example1.
Roots of Py,,(x) Uniform points

meiho N=5 N=7 N=9 N=5 N=7 N=9

NVL 1'1671701_:(‘ 1.42572x 1077 8'61505_26X 4.10376x 1075 6.80473x 1077 1.31268x 1076
Ch2K 1.00753 3.28409x 1072 134.88665 4.20190x% 1075 0.14911 1.00870x 107
Ch5K 8.91902 2.54195x 1077 1.31146 6.3052x 107° 7.29148x 1077 7.68616x 1077
Ch7K | 2.5728x 10~* | 6.52536x% 1077 200.26859 9.5323x 1075 6.37075%x 1077 | 6.18514x 107°

Table4: Comparison of LY error of v(x) with some methods in Example1.
Roots of Py, (x) Uniform points

metho N=5 N=7 N=9 N=5 N=7 N=9

NVL 7'12610(?_>; 8.22390x 1078 5'11202_st 2.47888x 107° 412176 7.45076% 1077
Ch2K 0.19004 1.92827x 1072 148.57050 2.17826x 107° 0.10200 5.85335x 1077

19
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Ch5K | 3.02808x 107° | 8.38704x 1078 0.14528 3.80945x 107° 4.70872x 1077 10_3'47213X
Ch7K | 6.74294x 1075 | 1.66404x 1077 674.10191 5.66871x 1075 4.45118% 1077 108_';19265X
Table5: Comparison of £ error of w(x) with some methods in Example1.
Roots of Py, {(x) Uniform points
metho
d N=5 N=7 N=9 N=5 N=7 N=9
NVL | 1.8892 x 107 | 2.36396x 10”7 1'3;309_179X 6.47318x 1075 | 1.10177x 10~ 2'043(;1_):
Ch2K 0.98502 5.26473x 1072 904.37480 6.67503% 107° 0.25303 1603;3;
Ch5K | 5.47885x 1075 | 1.63533% 107”7 1.43377 9.55803x% 107° 1.19016x 10~° 1'241602_>Z
2.327

Ch7K | 1.13884x 107* | 3.16399x 1077 | 2383.41137 5.668710x 1075 | 1.1195x% 1077 3 1:32

A comprehensive comparison of the LY errors
obtained using the proposed shifted Vieta-Lucas
method and several existing techniques namely
Chebyshev polynomials of the second kind (Ch2K),
fifth kind (Ch5K), and seventh kind (Ch7K) is
presented in Tables 3-5 for various collocation
levels (N =5,79) and two types of node
distributions: the roots of Py,,(x) and uniform
nodes. The results consistently demonstrate that
the shifted Vieta-Lucas approximation yields
significantly smaller LY errors across all test cases
and collocation settings. In particular, when the
collocation points are chosen as the roots of
Py+1(x) , the proposed method exhibits rapid error
reduction as N increases, confirming its spectral
convergence and numerical robustness. For all test
functions u(x), v(x) and w(x) the error decreases
smoothly and monotonically with increasing
collocation order, in contrast to the irregular and
occasionally unstable behavior observed in the
Chebyshev-based approaches. These findings
indicate that the shifted Vieta-Lucas scheme
maintains high stability, precision, and efficiency,
even for large N. Consequently, the proposed
shifted Vieta-Lucas polynomial method can be
regarded as a superior and reliable computational
framework for solving fractional integro-differential
systems, achieving excellent accuracy and
numerical stability compared with conventional
spectral techniques

Example.8.2. As the second model, the following
equations will be considered:

20

DI Dulx) = f,(6) — v 2(%)
L
+ f (x + Hu'()v'(t)dt
0

— jxsin(x + tu(t) dt,
0

L

cp Oy (x) = £, (x) - j WOV (0) dt
0

+ jxxz cos t(u(t) + v(t))de.
0

sinx + cos x 3
a(x) = -3 ay(x) = K
[OI L] = [OI 2]1 O < al(x) < 1:
ulx) =e?, v(x) = cos x,

u(0)=1, v(0) =1, v'(0)=0.

The functions f;(x), i =1,2 can be calculated
using the analytical solutions. By assuming

u'(x) =~ CTVLE, v (x) = CIVLE,

and operational matrices, the following non-linear
algebraic equations system is obtained:
1

r(l—aox)
_(V_LJIZ)TJQD(% + (W;]E)TjQ?x W;]E - fikx) = 0,

C, TPV VLL 4 }TVLE VL) ys

1 _
- T:P(aZ(X))VLL+ TDC
F(l _ az(x)) 1 Jx x T X1 P02

—(W::%)Tjﬁ - ézx - f(x)=0.

By choosing N = 10, collocation points and solving
the above system, the following results for unknown
vectors C; and C, would be obtained:
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C; = [6.099941754 ,3.850834782,0.9249460081,
0.1510474010,0.1864873815,0.001848419826,
0.0001524092900,0.00001033189883 ,
2.337719789 x 1077,—1.175016730 x 1077,
—1.093482024 x 1077],

¢, = [—0.7328007181,0.9281786980,
0.1556166364,—0.04126470199,
—0.003355282403,0.0005264783846,
0.00002770486951 , —3.282906649 x 1078,
—4.380108612 x 1077, —1.880488970 x 1078,
—9.660365554 x 1078].

Thus, the approximate results as below

upz (x) = 0.999999996 + 1.000002477 x

+0.4999903586 x* + 0.166697135 x3
+0.04158045452 x* + 0.008510944305 x°
—0.0000703462897099999 x%,

vyz (x) = 0.999999999427769

4+9.16500191126100 x 10710 x
—0.500001014536689 x>
+5.03087356389317 x 107° x3
+0.0416517009885213 x*
+0.0000264255804168566 x°
—0.00141750426845290 x°
+0.0000191199647642690 x”
+0.0000172260694083868 x8
+1.56985201713515 x 1070 x°
—3.874183657 x 1077 x1°,

Considering the numerical data presented in
Tables 4 and 5, as well as the absolute error
distribution illustrated in Figure 2 and the
comparative plots between the exact and
approximate solutions shown in Figure 3, it can be
concluded that the proposed shifted Vieta-Lucas
collocation method demonstrates excellent
accuracy and convergence characteristics. From
Table 4, the approximate values of uy; (x) and
vyz (x)are almost identical to the exact solutions for
all tested points x; € [0,1], confirming the high
precision of the method even for a relatively small
number of  collocation points (N =10).
Furthermore, Table 5 reveals a rapid reduction in
the LY error as N increases, which indicates
spectral convergence of the proposed technique.
The convergence rates (CRY and CRY) show a
significant increase for higher N, demonstrating the
stability and consistency of the algorithm.

These results validate that the shifted Vieta-
Lucas approach efficiently handles systems of
variable-order fractional integro-differential
equations. The method maintains numerical
stability while achieving superior accuracy
compared to existing polynomial-based collocation
techniques, confirming its effectiveness and
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potential for solving more nonlinear fractional
systems.

— Absolute error of u(x)

0 T T T
0 05 1 15 2

¥

I— Absolute error gf Vx) I

Figure2: Graphs of absolute error in Example 2.

8. Conclusion

This study introduces a class of orthogonal
polynomials and investigates their application in
solving functional equations. The proposed
approach employs normalized and shifted Vieta-
Lucas polynomials to approximate the solutions of
systems of variable-order fractional integro-
differential equations. To reduce the original
problem to a solvable algebraic form, operational
matrices are combined with the collocation method.
The resulting nonlinear algebraic system is
subsequently solved using Newton’s iterative
method. Key analytical aspects, including the
existence and uniqueness of solutions, as well as
the stability and convergence of the approach, are
thoroughly examined. A computational algorithm
based on these orthogonal polynomials is
developed and validated through two benchmark
problems. The numerical results demonstrate the
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high accuracy and reliability of the method when
compared with analytical solutions, confirming its
suitability for approximating variable-order
fractional systems. One of the primary advantages
of using orthogonal bases is their ability to
transform complex differential systems, whether
linear or nonlinear, into algebraic formulations. The
initial terms in the orthogonal expansion capture
most of the essential information of the target
function, enabling accurate approximations with a
limited number of basis functions. This reduction
minimizes the need for large expansions while
maintaining high precision. Moreover, the sparsity
of the associated operational matrices significantly
simplifies algebraic computations. Nevertheless,
solving the resulting nonlinear algebraic systems
may present computational challenges. To reduce
memory and processing costs, Newton’s method is
employed. Although it may exhibit slower
convergence in some cases, it enhances overall
computational efficiency. Another crucial aspect is
the selection of appropriate collocation points, as
this choice directly affects both the accuracy and
stability of the solution.

[}

0.8+

06+

04+

Figure3: Comparing the graph of the exact and approximate
solutions in Example 2.

Table6: Comparison of numerical results of approximate and exact for N = 10 for Example2.

% Uerart (D) uyz () Veraer () -
0.1 1105170918 |  1.10517053649319 0.9950041653 0.99500417105813
0.2 1221402758 |  1.22140227334706 0.9800665778 0-98006659706331
0.3 1.349858808 |  1.34985826727498 0.95533644891 0.95533052467223
0.4 1491824698 |  1.49182410840082 0.9210609940 0.92106704902011
0.5 1648721271 | 1.64872064884808 0.8775825619 0.87758253907751
0.6 1.822118800 |  1.82211816992806 0.8253356149 0.82533571541772
0.7 2013752707 |  2.013722087366834 0.7648421873 0.76484231067675
0.8 2225540928 |  2.22554032625938 0.6967067093 0.69670085411760
0.9 2459603111 |  2.45960252479531 0.6216099683 0.62161013221989

Table7: The £} error and convergence rate for some value of N in Example 2.

| N ] LYu(x) CRY

Liv(x)

CRY

22
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0.1 0.64798434422 - 0.1907978733 -

0.2 0.1215678242 2.414197517 0.03600913284 2.405610329
0.3 0.01721221369 4.821260971 0.003440108283 5.791545563
0.4 0.001553515368 8.360266838 0.0004259953051 7.260897025
0.5 0.0001239751514 11.32990155 0.00002565211212 12.59190506
0.6 8.846746295% 10~ 14.48008375 2.546980119x 107 12.668373310
0.7 5.553457669x 10”7 17.95784550 1.32997215% 1077 20.79153324
0.8 6.730430531x 1077 1.439499524 1.912592662x 10~° 4.613111791
0.9 1.128329978x 10~° 4.386749082 1.087429447x 10~¢ 14.75545228
10 3.944838808x 10~ 9.974473236 1.814928218x 1077 16.99266344
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