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Abstract:
This paper presents a novel numerical approach for solving two-dimensional Fredholm integral equations
of the second kind (2DFIEs) using Müntz functions and a collocation method. In the proposed approach,
both the unknown function and the integral kernel are approximated by Müntz-type orthogonal functions,
and the integral equation is transformed into a system of linear equations using two-dimensional collocation
points; the approximate solution is then obtained by solving this linear system. The approximation of bivari-
ate functions is analyzed in the Sobolev space. Several numerical examples are provided to demonstrate the
accuracy and efficiency of the method. The numerical results confirm that the two-dimensional Müntz collo-
cation method offers a flexible and effective tool for solving complex 2DFIEs, with potential applications in
scientific and engineering problems involving integral equations.
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1. Introduction
The present work addresses the numerical treatment of
2D Fredholm integral equations (2DFIEs) of the second
kind, expressed as

𝑓 (𝑥, 𝑦) − 𝜇

∫ 1

0

∫ 1

0
𝑘 (𝑥, 𝑦, 𝑠, 𝑡) 𝑓 (𝑠, 𝑡)𝑑𝑠𝑑𝑡 (1)

= 𝑔(𝑥, 𝑦), (𝑥, 𝑦) ∈ [0, 1]2.

where 𝜇 ∈ R\{0}, and the functions 𝑘 and 𝑔 are continu-
ous on [0, 1]2 and [0, 1]. The function 𝑓 is the unknown
solution [1].

Equations of this type appear in many applied fields.
They provide mathematical descriptions of problems in
electromagnetic wave scattering, image rendering, and

aerodynamic modeling [2, 3]. They may also emerge
naturally when boundary value problems are reformu-
lated in integral form [4, 5].

Numerical strategies for such problems vary widely.
Among them are local schemes based on piecewise poly-
nomials [4, 6], global tensor-operator approaches [7, 8],
and cubature rules that rely on hyper-interpolation [9].
Hybrid approximation frameworks have also been inves-
tigated, such as Galerkin methods with Legendre-Block-
Pulse [10], Chebyshev-Block-Pulse [11], and Fourier-
Block-Pulse bases [12], as well as approaches using
sine–cosine wavelets [13]. All of these techniques typi-
cally assume that data values of 𝑘 and 𝑔 can be computed
on structured point sets within 𝑆.

If only scattered samples of the known functions are
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available, alternative strategies become more suitable.
Examples include mesh-free and spectral collocation
methods [14], Galerkin schemes using wavelets [15],
or polynomial interpolation techniques [16]. Compar-
isons of different radial basis function (RBF) methods
for such equations can be found in [17].

In this study, our objective is to obtain an approxi-
mate solution for the Fredholm integral equation of the
second kind (1) by employing Müntz functions together
with Müntz collocation points [18]. This methodology
provides a flexible framework for approximating the so-
lutions of integral equations while simultaneously of-
fering a deeper understanding of their intrinsic behav-
ior and properties. The use of this approach not only
enhances the accuracy of numerical solutions for such
equations but also contributes to the advancement of
modern computational techniques. Consequently, this
research is expected to take a significant step toward the
development of more powerful analytical and numerical
tools for solving complex mathematical problems and
their applications in science and engineering.

2. Preliminary Concepts

2.1 Müntz Orthogonal Functions and Their Fea-
tures

Definition 2.1 Consider the set {𝜌𝜂 (𝑥)}∞𝜂=0 represent-
ing a sequence of Müntz orthogonal functions, orthogo-
nal over the interval [0, 1] with weight 𝑤(𝑥) = 1. These
functions are defined as follows (Milovanović [19]):

𝜌𝜂 (𝑥) = Ψ𝜂 (𝑥)+ln(𝑥)Φ𝜂 (𝑥), 𝑥 ∈ [0, 1], 𝜂 = 0, 1, 2, . . .
(2)

Here, Ψ𝜂 (𝑥) and Φ𝜂 (𝑥) are polynomials of degree ⌊ 𝜂2 ⌋
and ⌊ 𝜂−1

2 ⌋, respectively:

Ψ𝜂 (𝑥) =
⌊ 𝜂

2 ⌋∑
𝜈=0

𝛼
(𝜂)
𝜈 𝑥𝜈 , Φ𝜂 (𝑥) =

⌊
𝜂−1

2

⌋∑
𝜈=0

𝛽
(𝜂)
𝜈 𝑥𝜈 . (3)

For even indices 𝜂 = 2𝜃, the coefficients satisfy

𝛼 (2𝜃 )
𝜈 = −

(
𝜃 + 𝜈

𝜃

)2 (
𝜃

𝜈

)2
(4)

×
©­­­«

2𝜃 + 1
2𝜈 + 1

+ 2(𝜃 − 𝜈)
𝜃−1∑
𝑗=0
𝑗≠𝜈

2 𝑗 + 1
( 𝑗 − 𝜈)( 𝑗 + 𝜈 + 1)

ª®®®¬ ,
0 ≤ 𝜈 ≤ 𝜃 − 1.

𝛽 (2𝜃 )
𝜈 = −(𝜃 − 𝜈)

(
𝜃 + 𝜈

𝜃

)2 (
𝜃

𝜈

)2
, 0 ≤ 𝜈 ≤ 𝜃 − 1. (5)

and for 𝜈 = 𝜃:

𝛼 (2𝜃 )
𝜃 =

(
2𝜃
𝜃

)2
, 𝛽 (2𝜃 )

𝜃 = 0. (6)

For odd indices 𝜂 = 2𝜃 + 1, the coefficients are given by

𝛼 (2𝜃+1)
𝜈 =

(
𝜃 + 𝜈

𝜃

)2 (
𝜃

𝜈

)2
(7)

×
©­­­«

2𝜃 + 1
2𝜈 + 1

+ 2(𝜃 + 𝜈 + 1)
𝜃−1∑
𝑗=0
𝑗≠𝜈

2 𝑗 + 1
( 𝑗 − 𝜈) ( 𝑗 + 𝜈 + 1)

ª®®®¬ ,
0 ≤ 𝜈 ≤ 𝜃.

𝛽 (2𝜃+1)
𝜈 = (𝜃 + 𝜈 + 1)

(
𝜃 + 𝜈

𝜃

)2 (
𝜃

𝜈

)2
, 0 ≤ 𝜈 ≤ 𝜃. (8)

Following Definition 2.1, the first few Müntz functions
can be expressed explicitly as:

𝜌0 (𝑥) = 1,
𝜌1 (𝑥) = 1 + ln(𝑥),
𝜌2 (𝑥) = −3 + 4𝑥 − ln(𝑥),
𝜌3 (𝑥) = 9 − 8𝑥 + 2 ln(𝑥) (1 + 6𝑥),
𝜌4 (𝑥) = −11 − 24𝑥 + 36𝑥2 − 2 ln(𝑥)(1 + 18𝑥),
...

(9)

Theorem 2.2 Each Müntz function 𝜌𝜂 (𝑥) over [0, 1]
possesses precisely 𝜂 distinct simple zeros (Milo-
vanović [19]).

Theorem 2.3 The set of Müntz functions forms an or-
thogonal system and fulfills∫ 1

0
𝜌𝑖 (𝑥)𝜌 𝑗 (𝑥)𝑑𝑥 =

{
𝛿 𝑗 , 𝑖 = 𝑗 ,

0, 𝑖 ≠ 𝑗 ,
(10)

where

𝛿 𝑗 =

{
1
𝑗+1 , 𝑗 even,
1
𝑗 , 𝑗 odd.

(11)

2.2 2D Approximation by Müntz Functions
Assume that 𝑓 ∈ 𝐿2 ( [0, 1] × [0, 1]) and that 𝑛 is a
positive integer. In this case, the bivariate function
𝑓 (𝑥, 𝑦) can be approximated by Müntz-type basis func-
tions as [20]

𝑓 (𝑥, 𝑦) ≃ 𝑓̃ (𝑥, 𝑦) =
𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑐𝑖 𝑗 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦), (12)

where the unknown coefficients 𝑐𝑖, 𝑗 are obtained
through

𝑐𝑖 𝑗 =
1

𝛿𝑖 𝛿 𝑗

∫ 1

0

∫ 1

0
𝑓 (𝑥, 𝑦) 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦) 𝑑𝑥 𝑑𝑦,

𝑖, 𝑗 = 0, 1, . . . , 𝑛. (13)

Theorem 2.4 Suppose that 𝑓 ∈ 𝐻𝑟1 ,𝑟2 ([0, 1]2) with in-
teger 𝑟1, 𝑟2 ≥ 0, where

𝐻𝑟1 ,𝑟2 (Ω) =
{
𝑣 ∈ 𝐿2 (Ω) : 𝐷𝛼1

𝑥 𝐷𝛼2
𝑦 𝑣 ∈ 𝐿2 (Ω),

|𝛼1 | ≤ 𝑟1, |𝛼2 | ≤ 𝑟2

}
,

Ω = [0, 1] × [0, 1],
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denotes the Sobolev space of order 𝑟1 and 𝑟2 in two di-
mensions. Here, 𝐷𝛼

𝑥 𝑣 denotes the derivative of order 𝛼
of the function 𝑣 with respect to 𝑥.

Let

𝑓̃ (𝑥, 𝑦) =
𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑐𝑖 𝑗 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦)

be the best approximation of 𝑓 in span{𝜌𝑖 (𝑥)𝜌 𝑗 (𝑦) :
0 ≤ 𝑖, 𝑗 ≤ 𝑛}. Then, if 𝑟1, 𝑟2 ≤ 𝑛 + 1, we have

∥ 𝑓 − 𝑓̃ ∥𝐿2 ( [0,1]2 ) ≤ 𝐶 (𝑛 + 1)−𝑟1 (𝑛 + 1)−𝑟2

×∥𝐷𝑟1
𝑥 𝐷

𝑟2
𝑦 𝑓 ∥𝐿2 ( [0,1]2 ) ,

and for 1 ≤ 𝜇 ≤ min{𝑟1, 𝑟2},

∥ 𝑓 − 𝑓̃ ∥𝐻𝜇 ( [0,1]2 ) ≤ 𝐶 (𝑛 + 1)2𝜇− 1
2 −𝑟1 (𝑛 + 1)2𝜇− 1

2 −𝑟2

×∥𝐷𝑟1
𝑥 𝐷

𝑟2
𝑦 𝑓 ∥𝐿2 ( [0,1]2 ) ,

where 𝐶 is a constant depending only on 𝑟1 and 𝑟2.

Remark 2.5 If 𝑥𝛼, 𝛼 = 1, 2, . . . , 𝑛 + 1 are the roots of
𝜌𝑛+1 (𝑥), then the roots of 𝜌𝑛+1 (𝑥)𝜌𝑛+1 (𝑦) are given by

(𝑥𝛼, 𝑥𝛽), 𝛼, 𝛽 = 1, 2, . . . , 𝑛 + 1. (14)

These are the roots in the 2-dimensional domain.

3. Description of the method
Here, we propose a 2-dimensional collocation approach
for the numerical solution of the 2DFIEs.

Let us consider 2DFIE given in (1). Substituting ex-
pression (12) into (1) yields the following form:

𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑐𝑖 𝑗 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦)

−𝜇
∫ 1

0

∫ 1

0
𝑘 (𝑥, 𝑦, 𝑠, 𝑡)

𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑐𝑖, 𝑗 𝜌𝑖 (𝑠) 𝜌 𝑗 (𝑡)𝑑𝑠𝑑𝑡

= 𝑔(𝑥, 𝑦), (𝑥, 𝑦) ∈ [0, 1]2, (15)

Approximating the kernel 𝑘 by means of Müntz func-
tions, we have

𝑘 (𝑥, 𝑦, 𝑠, 𝑡) ≃
𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑛∑
𝑙=0

𝑛∑
𝑚=0

𝑘𝑖 𝑗𝑙𝑚 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦) 𝜌𝑙 (𝑠) 𝜌𝑚 (𝑡),

(16)
By substituting this approximation into equation (15),

we obtain

𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑐𝑖 𝑗 𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦)

−𝜇
∫ 1

0

∫ 1

0

𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑛∑
𝑙=0

𝑛∑
𝑚=0

𝑘𝑖 𝑗𝑙𝑚𝜌𝑖 (𝑥)𝜌 𝑗 (𝑦)𝜌𝑙 (𝑠)𝜌𝑚 (𝑡)

𝑛∑
𝑝=0

𝑛∑
𝑞=0

𝑐𝑝𝑞 𝜌𝑝 (𝑠) 𝜌𝑞 (𝑡) 𝑑𝑠𝑑𝑡 = 𝑔(𝑥, 𝑦), (17)

Hence, it follows that
𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝜌𝑖 (𝑥) 𝜌 𝑗 (𝑦) (18)

×
(
𝑐𝑖 𝑗 − 𝜇

∫ 1

0

∫ 1

0

𝑛∑
𝑙=0

𝑛∑
𝑚=0

𝑘𝑖 𝑗𝑙𝑚 𝜌𝑙 (𝑠) 𝜌𝑚 (𝑡)

×
𝑛∑

𝑝=0

𝑛∑
𝑞=0

𝑐𝑝𝑞 𝜌𝑝 (𝑠) 𝜌𝑞 (𝑡) 𝑑𝑠𝑑𝑡ª®¬ = 𝑔(𝑥, 𝑦),

By substituting the 2-dimensional collocation points
(𝑥𝛼, 𝑦𝛽), 𝛼, 𝛽 = 1, 2, . . . , 𝑛 + 1 introduced in rela-
tion (14) into the above expression, we obtain:

𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝜌𝑖 (𝑥𝛼) 𝜌 𝑗 (𝑦𝛽) (19)

×
(
𝑐𝑖 𝑗 − 𝜇

∫ 1

0

∫ 1

0

𝑛∑
𝑙=0

𝑛∑
𝑚=0

𝑘𝑖 𝑗𝑙𝑚 𝜌𝑙 (𝑠) 𝜌𝑚 (𝑡)

×
𝑛∑

𝑝=0

𝑛∑
𝑞=0

𝑐𝑝𝑞 𝜌𝑝 (𝑠) 𝜌𝑞 (𝑡) 𝑑𝑠𝑑𝑡ª®¬=𝑔(𝑥𝛼, 𝑦𝛽),

Equations (19) form a linear system consisting of (𝑛 +
1)2 equations and (𝑛+1)2 unknowns 𝑐𝑖 𝑗 . By solving this
system, the coefficients 𝑐𝑖 𝑗 can be determined. Once the
𝑐𝑖 𝑗 are known, the approximation of 𝑓 (𝑥, 𝑦) is obtained
from relation (12).

4. Numerical solution of 2DFIEs using
Müntz functions

In this section, three numerical examples are presented
to illustrate the effectiveness and performance of the pro-
posed method.

In examples where the integration domain is different,
the integral equation can be mapped back to the interval
[−1, 1]2 using simple linear transformations.

Example 4.1 Consider the following integral equation:

𝑓 (𝑥, 𝑦) −
∫ 1

0

∫ 1

0
(𝑥 + 𝑦 + 𝑠 + 𝑡) 𝑓 (𝑠, 𝑡) 𝑑𝑠 𝑑𝑡

= (4𝑥 − 1)(5 − 4𝑦 + 2 ln 𝑦) − 𝑦 − 𝑥 − 3
2
. (20)

The exact solution is

𝑓 (𝑥, 𝑦) = (4𝑥 − 1)(5 − 4𝑦 + 2 ln 𝑦).

This example was solved using the proposed method
with 𝑛 = 5. The absolute error of the approximate solu-
tion is displayed in Figure 1. As illustrated in the figure,
the numerical approximation coincides with the exact
solution.

This example has also been solved using the colloca-
tion method based on Legendre functions, and the corre-
sponding numerical results are reported in Table 1. Fig-
ure 2 illustrates the absolute error of the Legendre col-
location method for 𝑛 = 15. From the results, it is ev-
ident that for integral equations involving logarithmic
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Figure 1. The absolute error of the approximate solution for 𝑛 = 5

Table 1. Absolute error of the Legendre collocation method for Ex-
ample 1

𝑛 𝑒𝑛 ( 𝑓 )
5 2.5 × 100

10 7.0 × 10−1

15 4.5 × 10−1

functions, the Muntz collocation method yields a more
accurate approximation.

Example 4.2 Let us consider the integral equation

𝑓 (𝑥, 𝑦)−
∫ 1

0

∫ 1

0
(𝑠+𝑡)𝑒𝑥+𝑦 𝑓 (𝑠, 𝑡) 𝑑𝑠 𝑑𝑡 = 𝑥𝑦− 1

3
𝑒𝑥+𝑦 ,

(21)
where the exact solution is

𝑓 (𝑥, 𝑦) = 𝑥𝑦.

Example 2, similarly to Example 1, was solved using
the proposed method with 𝑛 = 5. Figure 3 illustrates the
absolute error of the approximate solution. As observed,
the approximate solution exhibits excellent agreement
with the exact solution.

Figure 2. The absolute error of the Legendre collocation method for
𝑛 = 15

Figure 3. The absolute error of the approximate solution for 𝑛 = 5

Table 2. Absolute and approximate absolute errors for Example 3

𝑛 𝑒𝑛 ( 𝑓 ) 𝑒̃𝑛 ( 𝑓 )
5 6.3 × 10−3 5.7 × 10−3

10 2.6 × 10−5 9.5 × 10−4

20 8.7 × 10−7 1.7 × 10−6

Example 4.3 Consider the equation

𝑓 (𝑥, 𝑦) − 6
∫ 1

0

∫ 1

0

(
𝑠𝑥2 + 𝑡𝑦2) 𝑓 (𝑠, 𝑡) 𝑑𝑠 𝑑𝑡

= 𝑥𝑒𝑦 + (2 − 2𝑒)𝑥2 − 3𝑦2. (22)

where the exact solution is

𝑓 (𝑥, 𝑦) = 𝑥𝑒𝑦 .

.
In this example, as in the previous ones, the exact so-

lution is not available. If the exact solution 𝑓 is known,
the relative error is computed by

𝑒𝑛 ( 𝑓 ) = ∥ 𝑓 − 𝑓̃ ∥∞.

However, if the exact solution of the considered Fred-
holm integral equation is unknown, the relative error is
estimated as

𝑒̃𝑛 ( 𝑓 ) = ∥ 𝑓̃2𝑛 − 𝑓̃𝑛∥∞.

Figure 4 depicts the absolute error associated with
the approximate solution, highlighting the accuracy of
the proposed method.

5. Conclusion
n this study, we developed a Müntz function-based
collocation method for the numerical solution of two-
dimensional Fredholm integral equations of the sec-
ond kind. The proposed approach effectively approxi-
mates both the unknown function and the kernel using
Müntz orthogonal functions and determines the coeffi-
cients through a system of linear equations derived from
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Figure 4. The absolute error of the approximate solution for 𝑛 = 5

two-dimensional collocation points. Theoretical analy-
sis confirms the convergence properties of the method in
Sobolev norms, and numerical experiments demonstrate
its high accuracy and computational efficiency. The
method performs well for problems with both known
and unknown exact solutions, highlighting its robust-
ness and flexibility. Overall, the Müntz collocation ap-
proach provides a powerful tool for tackling complex
2DFIEs and has potential applications in various scien-
tific and engineering fields.
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