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1. Introduction aerodynamic modeling [2, 3]. They may also emerge
naturally when boundary value problems are reformu-

The present work addresses the numerical treatment of lated in integral form [4, 5.

2D Fredholm integral equations (2DFIEs) of the second
kind, expressed as Numerical strategies for such problems vary widely.

Among them are local schemes based on piecewise poly-

L orl nomials [4, 6], global tensor-operator approaches [7, 8],

fxy) - p /0. A k(x,y,s,0) f (s, t)dsdt (1 and cubature rules that rely on hyper-interpolation [9].
_ 2 Hybrid approximation frameworks have also been inves-

=glxy), (xy) €0 1]% tigated, such as Galerkin methods with Legendre-Block-

where u € R\ {0}, and the functions k and g are continu- Pulse [10], Chebyshev-Block-Pulse [11], and Fourier-

ouson [0, 1]% and [0, 1]. The function f is the unknown Block-Pulse bases [12], as well as approaches using
solution [1]. sine—cosine wavelets [13]. All of these techniques typi-

Equations of this type appear in many applied fields. cally assume that data values of k and g can be computed

They provide mathematical descriptions of problems in on structured point sets within S.
electromagnetic wave scattering, image rendering, and If only scattered samples of the known functions are
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available, alternative strategies become more suitable.
Examples include mesh-free and spectral collocation
methods [14], Galerkin schemes using wavelets [15],
or polynomial interpolation techniques [16]. Compar-
isons of different radial basis function (RBF) methods
for such equations can be found in [17].

In this study, our objective is to obtain an approxi-
mate solution for the Fredholm integral equation of the
second kind (1) by employing Miintz functions together
with Miintz collocation points [18]. This methodology
provides a flexible framework for approximating the so-
lutions of integral equations while simultaneously of-
fering a deeper understanding of their intrinsic behav-
ior and properties. The use of this approach not only
enhances the accuracy of numerical solutions for such
equations but also contributes to the advancement of
modern computational techniques. Consequently, this
research is expected to take a significant step toward the
development of more powerful analytical and numerical
tools for solving complex mathematical problems and
their applications in science and engineering.

2. Preliminary Concepts

2.1 Miintz Orthogonal Functions and Their Fea-
tures

Definition 2.1 Consider the set {p,, (x)}‘:;’:0 represent-
ing a sequence of Miintz orthogonal functions, orthogo-
nal over the interval [0, 1] with weight w(x) = 1. These
functions are defined as follows (Milovanovi¢ [19]):

pn(x) =¥, (x)+In(x)®,(x), x € [0,1], n=0,1,2,...
(2)
Here, ¥,,(x) and ®,,(x) are polynomials of degree ng

and L"T_IJ, respectively:

l

:;2—1J
O, (x)= > BYx. (3)
v=0

4]
W, = ) ",
v=0

For even indices n = 20, the coefficients satisfy

2 2
0+v\ (6
20+ 1 K 2j +1
X +2(0 - R
el T V)]Z:(:)(j—v)(j+v+l)
J#v
O<v<O-1.

2 2
529>=—(9—v)(9;V) (i) 0<v<6-1. (5

and forv = 0:

26\
ag? = ( p ) . B =0 ©)
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For odd indices n = 20 + 1, the coefficients are given by

2/,\2
0 6
a‘(,zen):( -;v) (V) o
0-1 .
26 2j +1
+2(0+v+1) -
v+l ;)(]—V)(J+V+1)
J*v
0<v<o
2 2
0+ 0
529+1>:(e+v+1)( gy) ( ) 0<v<6. (8)
4

Following Definition 2.1, the first few Miintz functions
can be expressed explicitly as:

po(x) =1,

p1(x) = 1 +In(x),

p2(x) = =3 +4x — In(x),

p3(x) =9 — 8x + 21In(x)(1 + 6x), ©))
p4(x) = =11 = 24x + 36x% — 21In(x) (1 + 18x),

Theorem 2.2 Each Miintz function py(x) over [0, 1]
possesses precisely n distinct simple zeros (Milo-
vanovic [19]).

Theorem 2.3 The set of Miintz functions forms an or-
thogonal system and fulfills

1 . .
0j, =],

i 1 d = J 10

/0 pi(x)p;(x)dx {0’ Pt (10)

where

1 .
—=, ] even,
§; =44+ 11
! {}, j odd. (b
2.2 2D Approximation by Miintz Functions

Assume that f € L*([0,1] x [0,1]) and that n is a
positive integer. In this case, the bivariate function
f(x,y) can be approximated by Miintz-type basis func-
tions as [20]

Fy) = fy) = > Y e pi) pi(y),  (12)
i=0 j=0

where the unknown coefficients c¢;; are obtained
through

1 1 1
Cij=—/ / fx,y) pi(x) pj(y) dx dy,

6;6j Jo Jo
i,j=0,1,...,n. (13)

Theorem 2.4 Suppose that f € H""2([0, 1]?) with in-
teger ri,ry > 0, where

Hrl,rz(Q) — {V c LZ(Q) : Dgl D;ZV (S L2(9)9

ol < 71, laal < 1ol

Q=1[0,1]x[0,1],
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denotes the Sobolev space of order ry and ry in two di-
mensions. Here, D{v denotes the derivative of order a
of the function v with respect to x.

Let

fley) = Z Z cij pi(x) ()

i=0 j=0

be the best approximation of f in span{p;(x)p;(y) :
0<i,j<n}. Then, ifri,rp <n+ 1, we have

If = fll2qoapy < Cn+ 1) (n+1)7"
XD DY fllr2(10,12)s

and for 1 < p < min{ry, 2},

1f = Fllgze o1y < Cln+ D727 (n 4 1)1
X|IDYDY fllr2(10,112)s

where C is a constant depending only on ry and r».

Remark 2.5 Ifx,, « = 1,2,...,n + 1 are the roots of
Pn+1(x), then the roots of pp+1(x)pn+1(y) are given by

(XasXg), a,B=12,...,n+1. (14)

These are the roots in the 2-dimensional domain.

3. Description of the method

Here, we propose a 2-dimensional collocation approach
for the numerical solution of the 2DFIEs.

Let us consider 2DFIE given in (1). Substituting ex-
pression (12) into (1) yields the following form:

iznlcijpi(x)pj()’)

i=0 j=0
1 1 n n
[ ks Y egits) oy s
0 Jo i=0 j=0
=g(xy), (x,y) €l[01]%, (15)

Approximating the kernel & by means of Miintz func-
tions, we have

n n n

k(x,y,s,t)zz Z

kijim pi(x) p;(¥) p1(8) pm (),
i=0 j=0 [=0 m=0

(16)
By substituting this approximation into equation (15),
we obtain

iicij Pi(X)Pj(y)

i=0 j=0

1 ] n n n n
N DI NI THE AT

i=0 j=0 1=0 m=0

D03 Cpapp(s) pg(r) dsdt = g(x, ), 17)

p=04=0
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Hence, it follows that

Zn:Zn:Pi(x)Pj(y) (18)

i=0 j=0

x(cij-ﬂ/OI /01 ST ki 1(5) o)

=0 m=0

X 31 epg pp(s) pg (1) dsdt | = g(x. ).

p=04=0

By substituting the 2-dimensional collocation points
(xa»¥p), @, 8 = 1,2,...,n + 1 introduced in rela-
tion (14) into the above expression, we obtain:

Zn: Zn:pi(xa)pj(yﬁ) (19)

i=0 j=0

x(ci,._ﬂ/olfoliikiﬂmm(s)pm(r)

=0 m=0

X 33" pq pp(s) pq(0) dsdt |=g(xa. yp).

p=04=0

Equations (19) form a linear system consisting of (n +
1)? equations and (n+1)? unknowns c;;. By solving this
system, the coeflicients c;; can be determined. Once the
c;j are known, the approximation of f(x, y) is obtained
from relation (12).

4. Numerical solution of 2DFIEs using
Miintz functions

In this section, three numerical examples are presented
to illustrate the effectiveness and performance of the pro-
posed method.

In examples where the integration domain is different,
the integral equation can be mapped back to the interval
[-1, 1]? using simple linear transformations.

Example 4.1 Consider the following integral equation:

1 pl
f(X,y)—‘/O ‘/0 (x+y+s+1)f(s,t)dsdt

= (4x—1)(5—4y+21ny)—y—x—; (20)

The exact solution is

fx,y)=(@x-1)(5-4y +2Iny).

This example was solved using the proposed method
with n = 5. The absolute error of the approximate solu-
tion is displayed in Figure 1. As illustrated in the figure,
the numerical approximation coincides with the exact
solution.

This example has also been solved using the colloca-
tion method based on Legendre functions, and the corre-
sponding numerical results are reported in Table 1. Fig-
ure 2 illustrates the absolute error of the Legendre col-
location method for n = 15. From the results, it is ev-
ident that for integral equations involving logarithmic
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Figure 1. The absolute error of the approximate solution for n = 5

Table 1. Absolute error of the Legendre collocation method for Ex-
ample 1

n o en(f)

5 25x10°
10 7.0x107!
15 4.5x%x107!

functions, the Muntz collocation method yields a more
accurate approximation.

Example 4.2 Let us consider the integral equation

1 pl
1
f(x,y)—/ / (s+t)ex+yf(s,t)dsa’t=xy—§ex+y,
0o Jo

(21)
where the exact solution is

flx,y) =xy.

Example 2, similarly to Example 1, was solved using
the proposed method withn = 5. Figure 3 illustrates the
absolute error of the approximate solution. As observed,
the approximate solution exhibits excellent agreement
with the exact solution.

Figure 2. The absolute error of the Legendre collocation method for
n=15

¢ 10.57647/ijm2c.2026.1602.08

Figure 3. The absolute error of the approximate solution for n = 5

Table 2. Absolute and approximate absolute errors for Example 3

5 63x10° 57x1073
10 26x107° 9.5x107*
20 8.7x1077 1.7x10°°

Example 4.3 Consider the equation

1 pl
f(x,y) —6/ / (sx* +1y?) f(s,0) ds dt
o Jo
=xe¥ + (2 - 2e)x? - 3y°. (22)
where the exact solution is

fx.y) =xe.

In this example, as in the previous ones, the exact so-
lution is not available. If the exact solution f is known,
the relative error is computed by

en(f) = IIf = fllo

However, if the exact solution of the considered Fred-
holm integral equation is unknown, the relative error is
estimated as

en(f) = 1on = fallo-

Figure 4 depicts the absolute error associated with
the approximate solution, highlighting the accuracy of
the proposed method.

5. Conclusion

n this study, we developed a Miintz function-based
collocation method for the numerical solution of two-
dimensional Fredholm integral equations of the sec-
ond kind. The proposed approach effectively approxi-
mates both the unknown function and the kernel using
Miintz orthogonal functions and determines the coeffi-
cients through a system of linear equations derived from
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Figure 4. The absolute error of the approximate solution for n = 5

two-dimensional collocation points. Theoretical analy-
sis confirms the convergence properties of the method in
Sobolev norms, and numerical experiments demonstrate
its high accuracy and computational efficiency. The
method performs well for problems with both known
and unknown exact solutions, highlighting its robust-
ness and flexibility. Overall, the Miintz collocation ap-
proach provides a powerful tool for tackling complex
2DFIEs and has potential applications in various scien-

ti

fic and engineering fields.
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