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Abstract:

Pantograph equations are considered as a special type of delay differential equations with proportional delay
and have numerous applications. This paper introduces a collocation method for solving first-order panto-
graph equations using shifted Miintz (SM) orthogonal functions. Unlike classical polynomial bases, SM
functions incorporate logarithmic terms and exhibit real, simple roots in the interval (0,1). Leveraging these
roots as collocation points within a domain decomposition framework, we achieve high-precision solutions-
particularly advantageous for inherently non-polynomial pantograph solutions. We derive rigorous error
estimates, establish method stability, and demonstrate significant accuracy gains over existing techniques.
Numerical experiments confirm the method’s efficacy, underscoring the superior approximation capability
of SM functions for pantograph-type problems. All computations in this study were performed using Maple
2021 software. The codes were executed on a PC equipped with an Intel® Core™ i5-10210U processor (1.60
GHz ) and 8 GB DDR4 RAM running Windows 10.
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1. Introduction

tion is as follows [3]:

Delay differential equations (DDEs) appear as mathe-
matical models in a wide range of natural phenomena.
Therefore, over the past decades, research and study on
DDEs have extended and they have become an impor-
tant tool for mathematicians and researchers in other dis-
ciplines. Pantograph equations are one of the most fa-
mous types of DDEs with proportional delays that have a
significant impact in describing various phenomena [1—
71.

The general form of the first-order pantograph equa-

(1) = ag(t) + ) ai(0) p(uit) +7(1),1 € [0, L,
i=1

$(0) = yo,

(1)
where a is a real constant, a;(¢) and 7(¢) are contin-
uous known functions and 0 < g; < 1. For the
mathematical analysis and the numerical scheme, we as-
sume that the functions «;(¢) and 7(¢) are continuous
on the interval [0, L]. Furthermore, for deriving the
error estimates, the exact solution ¢(¢) is assumed to
be sufficiently smooth, belonging to the Sobolev space

H"[0, L) for some order r > 1. These equations have
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many applications in control theory, electrodynamics,
astronomy, economics, biology, etc. (see [8-28] and
references therein). Quantitative and qualitative stud-
ies of pantograph equations have been investigated by
many researchers. Li and Liu [29] proved the existence
and uniqueness of the pantograph’s solution. Authors of
[30] proposed a homotopy method to solve delay equa-
tions of pantograph type. In [31], the authors used a Leg-
endre spectral method to obtain numerical approxima-
tions for pantograph equations. The author of [32] pre-
sented an algorithm for solving a pantograph equations
by using the homotopy perturbation method. In [9], the
authors solved these equations using Chebyshev poly-
nomials. In [33], the collocation method based on the
Bernoulli operational matrix has been utilized. In [34],
numerical solution of the generalized pantograph equa-
tions using the Lagrange coefficients and least squares
approximation method was presented. The authors of
[35] used the Galerkin spectral method to solve panto-
graph equations. Two numerical methods using Miintz-
Legendre polynomials have been proposed in [3] to
solve pantograph equations.

In this paper, our goal is to present a novel numeri-
cal method for solving the first-order pantograph equa-
tion (1) using a special class of orthogonal Miintz func-
tions. These functions have different structure com-
pared to the Miintz-Legendre polynomials used in [3].
They are defined based on a combination of polynomials
and the In function whilst they have simple and real roots
in the interval (0,1). We show that the current method
has higher accuracy than the previous methods. We also
give some error estimates and assess the numerical sta-
bility of the suggested method.

The rest of this paper is organized as follows. In
the second section, we introduce the logarithmic Miintz-
Legendre functions and review some of their proper-
ties. The third section is devoted to a novel collocation
method for approximating the exact solution of the pan-
tograph equation (1). In the fourth section, we inves-
tigate the stability of the suggested method. In the fifth
section, some numerical examples are presented and the
obtained results are compared with other methods in the
literature. Finally, we give conclusions in the sixth sec-
tion.

2. Miintz orthogonal functions and their
properties

2.1 Miintz orthogonal functions

The general form of Miintz-Legendre polynomials is de-
scribed in details in [36]. Here, we consider a special
class of them that are a combination of polynomials and
the In function.

Definition 2.1 The set of logarithmic Miintz functions,
denoted by Q,(t),n =0, 1,2, ..., are defined on the in-
terval (0,1) as [36]

0,(t) =R,(t) + S, (t)In(r), (n=0,1,2,...)

where R, (t) and S, (t) are algebraic polynomials of de-
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gree [%J and [”T_IJ respectively, i.e.,

L5] L]
R, (1) = Z aﬁv”)tw, S,(t) = Z bxl)tw. 2)
w=0 w=0

Note that @, (1) = R, (1) = 1. Further, distinct expres-
sion for the polynomial coefficients in (2) are given in
the following Theorem [36].

Theorem 2.2 Suppose n be an even number (n = 2r),
then for 0 < w < r we have

2 2 r—1
(2r) r+w\ (r 2r+ 1 2k +1
, = - 2(r — g N ,
o ( r ) (w) (2w+1 *20r-w) = (k=w)(k+w+1)

k#w
b(?” _ —(V _ W)(r + W)Z(r)z

r w

and for w = r we have

2r\?
a£2r) — ( ) i b£2r) = 0.
r

Let n be an odd number (n = 2r+1), thenfor0 <w <r,
we have

2 2 r
@r+1) _ [rEwW\ (T 2r +1 2 1 2k +1
G _( r )(w) (2w+]+ rew+ );)(kfw)(k+w+l) ’

k#w

r+w2r2
pEHY =(r+w+1)( ) ( )
-

w

Using the above Theorem, the first few logarithmic
Miintz functions are obtained as follows:

Qo(t) =1,

Q1(t) =1 +1In(2),

0,(t) = =3 + 4t —In(z),

03(t) =9 =8t +2(1 + 6¢) In(r),

04(t) = =11 — 241 + 361> — 2(1 + 187) In(1),

Qs(1) = 19 + 2761 — 2941 + 3(1 + 48t + 60¢%) In(1).

Theorem 2.3 The Miintz functions Q,(t), n =
0,1,2,..., are orthogonal on the interval (0,1) and
0,(t) has exactly n simple and real roots [36].

2.2 Shifted Miintz functions

Consider the interval § = [0, L]. We divide it into K
subintervals 6; so that

. L .
9j=[tj,l‘j+1], tp=Jjp, p=E, ]=0,1,...,K—1.

Then the shifted Miintz (SM) functions on each subin-
terval ; are defined by

Pg, n(t) = 7l =0,1,... K-1
0;,.n(1) = On m , j=0,1,..., .
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2.3 Function approximation

Let {ng,,,(t)}zlz_ol be the set of SM functions in the
interval §; = [t;,7;41] and ¥; = span {ng,n(t)}i:]:_ol.
Moreover, suppose that ¢; € L? [tj,tj+1) and In¢@; €
Y; be the best approximation to ¢; in the space Y}, i.e.,

VyeY;: |l¢;—Ingjll <ll¢; -l

Then, there exist the unique coefficients Cj,,j =
0,1,...,K-1,n=0,1,...,N — 1, such that

N-1

6,0~ Ingj(1) = Y CinPorn(0), ()
n=0

and these Fourier coeflicients are obtained by the for-
mula

/ ¢i(1) Pg,,,,(t) dt
Cijn= AZLAAAAAAAAAA,’
[ ey

0;

j=0,1,..., K-1, n=0,1,..., N-1

Furthermore, if ®(¢) be an arbitrary element of the Ba-
nach space L?[0, L], the one has

K-1N-1

(1) ¥ DN (1) = D > CjuPonlD).

j=0 n=0

2.4 Approximation error

Definition 2.4 The Sobolev space H" [0, L) of integer
order r, is defined by [37],

d

H"[0,L) = {v eC™ ([0, L)) : =

Hence,

d
H'[tj,t41) = {VGCr_l([thjn]) : EV“_U GLZ[thjn)},
j=01,....,K—1.
Theorem 2.5 Suppose that ® € H"[0,L) and ¢; €
H'[tj,tiy1), j = 0,1,...,K -1 withr > 0
so that ®(1) = Z;:OI ¢;(t). Further, let Y; =

N-1 ",
span {ngv”(t)}rpo ,J=0,1,.. ., K=1LIfIng;(t) =
ZnN:_Ol Cj.nPe; n(t) be the best approximation to ¢; in
Yj, then ifr < N + 1, d(r) = Zfz_ol Ing (1), approxi-
mates ® with the following error bound:

|® - ‘i)||L2[0,L) <EWNK) @) lz2(0,2)>
and for 1 < g <r, we have
X 1
10~ Dllrzep0,0) < ENK)?* 720 | 20,1y, (@)
where & is a constant that depends only on r.

Proof. Let Ly¢; be the truncated Legendre series for
the function ¢; and 8; = [t;,¢j41] = [%, %]. Ac-
cording to equation (5.4.11) in [37], forr < N + 1 we

have

llp; — LN¢/”2LZ(HJ«) < gN_er_zr'M;'r)Hsz(Hj)'

¢ https://doi.org/10.57647/1IM2C.2026.160106

v e 120, L)} .

As Ly ¢ is the best approximation to ¢, in the L?-norm,
[37], we can deduce that

llg; — IN¢j||iz(gj) =|l¢; - LN¢j||2Lz(3j)
<ENK) 16 14,

Consequently,

K-1
1P = D130, = D 195 = Indslla 4,
Jj=0 '

<SEWNK) O 1720,

as desired. Equation (4) is proved using equation
(5.5.11) in [37] in a similar manner.

Theorem 2.6 Let ®(t) and @y (1) are the exact and ap-
proximate solutions of equation (1), respectively. Then,

the residual error En for equation (1) has the following
bound:

IEN 2210,y < 7@l 2210.1)-
Where,

n=¢

m
_1 _r
(NK)**7> +Jal + ) llag ()]l | (NK) ™"
i=1
Proof. According to equation (1), we have

IEN 20,0y = @ () = a®(0) = 3 ar 0@ (i) = (1) - @} (1)
i=1

—a®y (1) + ) (O (pit) +7(1)
i=1

L2[0,L)

- Hd)’(t) — Dy (1) — a(D() - B (1))

L2[0,L)"

- 2 ()@ (uit) = By (uin))
i=1

Hence,
lENIz210,0) < 197(2) = @ (Dl 210,12
+lal[|@(t) = @n (Dl 210,1)

nm
+ Z llei DN 1D (uit) = P (it)ll 210,12
i=1

<o) - PN (O llE=(o0,1)
+lall|l®(t) = Oy (Dl 2[0,1)
+ ) Nai () [|®(uit) — Oy (pit) | L2[0.1)-
p

According to Theorem 2.5, we have

1
IENlIz2[0.0) < E(NK)*472 r”q)(r)”Lz[O,L)
+ lal EINK) 197 I 20,1,

m
+ ) NI ENK) 1D 12001

i=1

< e{rret ol + 3 o)
i=1

X (NK) 10 1210.1.)-

The proof ends.
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3. Solving the first-order pantograph
equations

In this section, we derive a collocation method based
on the SM functions for the numerical solution of the
pantograph equation (1). To this end, we first divide the
original interval 8 = [0, L] into K subintervals 6; so
that

. L .
9]‘ = [lj,lj+1], tj=Jjp, p= E, ] =0,1,...,K—-1,
and consider the solution of equation (1) as a piecewise
function,

¢0(t)’ re 9(),
¢1(t)’ re 01’
®(t) =1~
( ) ¢j(l), 1t e 01‘,
¢x-1(t), te€bk.

If ¢o(¢) be the solution of equation (1) in the interval
6o = [0, p], then

teby = O0<ut <uip<p = pit €6y,

And in this subinterval, equation (1) is replaced with

$(1) = ago(t) = > ;1) go(uit) = 7(1) = 0,

i=1
$0(0) = ¢-1(0) = yo.
&)
To approximate the solution of equation (5), we first ap-
proximate qﬁ;)(t) using equation (3) as

N-1
86(1) = D Con Poyn(0). (©)
n=0
Integrating equation (6) from O to ¢, yields

t
po(1) = /0 o) dr+d1(0).  1e€bo (T)

and using equations (6) and (7), we get

¢ N-1
¢o(r) = / Z ConPoyn(x)dx +yo. (8
0 n=0
Now, by substituting equations (6)-(8) into equation (5),
we obtain

N-1
D" ConPoynl®)
n=0
N-1
—a (/ Z Co,nPoyn(x) dx + yo)
0 n=0
n t N-1
- Zai(f) (/ Z Co,nPay,n(x) dx + )’0)
i=1 0 n=0
-7(t) = 0. 9)

¢ https://doi.org/10.57647/1IM2C.2026.160106

Accordingly, if ¢;(¢) be the solution of equation (1) in
the interval 6; = [jp, (j + 1)p], then

teb; = joui <pit < (j+Dpwi <(j+1Dp
j
= Ut € Uek
k=0

And the problem is replaced with

m
8;(1) = ad; (1) = ) (s, (wit) = (1) =0,
i=1
¢i(ip) =j-1(jp)-
(10)
And the index s; € {0,1,...,j} is such that u;t € Os; -
Similarly to equations (6)-(8), we utilize equation (3) to
write

N-1

$7(1)= Y. CrnPon(t), (1)
n=0

6;(1) = / 8,0 dx+ ¢y 1(ip), te0;,  (12)
i

¢ N-1

6/0= [ 3 ChuPa s+ gm1Gp). (1)
J

P n=0

Further, by substituting equations (11)-(13) into (10),
we get

N-1
Z C],nPOJ,n(t)
n=0
(N1
—al [ D1 CiaPo;a(x)dx+ ¢j-1(jp))
JP h=0
m r N-1
- Z a’i(t) (/ Z Csj-,nPGSj,n(x) dx + ¢Sj—l(sjp))
i=1 SiP n=0
—7(1) = 0. (14)

In addition, if ¢x_;(¢) be the solution of the equation
(1) in the interval
Ok-1 =[(K—-1)p, L], then

telg_1 = uw(K-Dp<put<uL<L
K-1
= Uit € U 0.
k=0

And the reduced problem is

b1 (1) —agk1(1) = Y @i(Dsy (uit) = 7(1) = 0,
i=1

px-1((K=1)p) = pg2((K = 1)p).
(15)
Where the index sx € {0,1,...,K — 1} is such that
uit € Oy, . Again, we use equation (3) to write

N-1
k1) = Y Cx1aPog (). (16)
n=0
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By integrating equation (16) over ((K—1)p, t) we arrive
at

dx1(1) = /( o1 et () e (K =),

teldkg_q.
(17)
Equations (16)-(17), result

t N-1
¢_(t)=/ Ck-1.nPog_, n(x)dx
K-1 (K_l)p;) K-1,n Ok -1,n (18)

+¢x2(K-1p, te€bk1.
substituting equations (16)-(18) into (15), yields

N-1

Z Cxk-1,nPox_n(t) —a

n=0

/ N-1
X (/ Z Ck-1,nPox_1.n(x) dx + px2((K — 1)P))
(K-Dp 100

m t N-1
- Z a’i(t) (/ Z CSK,nPGJ.K,n(x) dx + ¢SK—1(SKP))
i=1 S

KP pn=0

—7(1) = 0. (19)
Finally, let S;.,» = 1,..., N be the roots of the Miintz
function Q n (¢) on the interval (0, 1). By considering
Yro = Srp + 1o, ..., Yr; = Spp+tjand yp, =
S, p + tg—1 as the collocation points in the subintervals
00,0;(1 < j < K —2) and 6x_; and collocating equa-
tions (9), (14) and (19) at these points, we obtain the
following collocation conditions:

N-1 7oy N1
Z ConPoy.n(¥ry) = a(/ Z ConPgyn(x) dx + )‘0)
n=0 0 =0
m Yoo N=J
- Z a; (%(.)(/ Z Co.nPoyn(x)dx + .Vo)
i=1 0 =0

=7(yr) =0,

N-1 7o, N
. ChuPaynr) - a( [ Crupatay s+ 4’14(./’/0)
n=0 inp n=0

m Yoy Nl
- i) / 3 CopnPa, n@) dx + b1 (5,)
i=1 SiP =0

-7(yy,) =0,

N-1 e
Z Cr-1.nPog_n(Yriy) = ll(/ Z Cr-1,nPox_ n(x) dx + px2((K - ])l)))
n=0 (

K=Dp =0
L yrgoy M=)
_ Z @ (Yrg_, )(/ Z CoxnP oy n(¥) dx + Gy (Skp))
i=1 SKP p=0
=) =0, r=1....N.
(20)

By solving the system of algebraic equations (20), the
unknown coeflicients Cj ,,
j=0,1,..,K-1, n=0,1,...,N -1, in equations (8),
(13) and (18) are obtained.

4. Stability analysis

In this section, we investigate the RN-stability of the
proposed method for first-order pantograph equations.
The concept of RN-stability means that the propagation
of the initial error can be controlled in long time calcula-
tions. Things start with the following Definition [3, 38].

¢ https://doi.org/10.57647/1IM2C.2026.160106

Definition 4.1 A numerical method for the pantograph
equation is called RN-stable, if the approximate solu-
tions ¢ (t) and ¥ (), with the initial values ¢ (0) =
o and Yy (0) = Yy, satisfy the following condition:

lon ((7 + Do) v ((G + Dp)] < |do = Yol,

for each subinterval 6; = [tj,tj1], j=0,1,...,K—
1, with the length p.

Theorem 4.2 According to the assumptions of Defini-
tion 4.1, the proposed SM collocation method for solv-
ing the pantograph equation is RN-stable.

Proof. For simplicity of statement, we consider the pan-
tograph equation as

te[0,L]

{ ¢ (1) = G(t.¢(1). §(u)), o1

#(0) = ¢o,

with the following condition

(G(1,¢(1), (pt) = G (1,4(1), ¢ (1)) - (6 = ¢) <O.

(22)
Suppose ¢ ;(¢) and s ;(¢) be the numerical solutions
of equation (21) on the interval §; corresponding to the
initial values ¢ 0(f) = ¢do and Y 0(2) = Yo. Also, let
An,j(t) = ¢n j(t) =N j(2). By substituting ¢ ; and
Y,; into equation (21) and subtracting the results, we
arrive at

Ay i) = GOy 6, (i) b s ()=
G(yrj’ (//N,j (yrj)’ UN,s (:uYrj))’
An,j(jp) = AN, j-1(7p)s

r=1,....,.N, j=0,1,...,K-1,

(23)
where, Yr; are the collocation points in 6;, and
An -1(0) = ¢o — Yo, and the index s is such that
Hyr; € bs.

Suppose that (-, ’)LZ(Hj) and (-, -)g, N denote the con-
tinuous and discrete inner products on 6, respectively.

Multiplying both sides of equation (23) by An ; (vr;)
and summing the resulting expressions forr = 1,..., N,
and taking into account the inequality (22), we obtain

(Ay AN jYo;n = (G N, js N ,s)
=G YN ¥UN.s) AN o N

<0.
(24)
Now, we can write
2|N/2]-1
My p AN DO = > ag
i1=0

[N/2]+[(N-1)/2]-1
+ ( aizjtiz)lnt
=0
2[(N-1)/2]-1
+ ( a,-3jti3) (In 1)2.

i3=0
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We also have

i
f ' dr < di, Z ij) )/f,l_,

0; r=0

/.

J

rj

i
2 Inrdt < dyy; Z cy2ny,,
r=0

i3
/ (Ine)?de <diy; Yy CY ¥y (Inyy)?,
6; =0 ‘

where di| j, dij and di3j are positive constants. There-
fore, there exists the positive constant My ; such that

<AN’j’AN’j>L2(6’j) < MN’J' <AN,J',AN,j>0 25)

j.N
On the other hand, the following relation holds true:

’

(AN ((J + DP)*=(An(jp))* =2 (AN,J-’AWW») '

(26)
Hence, combination of (24), (25), and (26) yields

(An((j +1)p))* = (An(jp))* < 0.
As aresult,

IAN((j + Dp)| < [An(jp)]
= [N ((G+Dp) —yn((j+ Do)l <len(ip) —¥n(ip)l,

j=0,1,....,K—1.

which leads to

lon ((7 + 1)p) = v ((G + Dp)| < |do — Yol

This proves the RN-stability of the proposed method in-
troduced in the previous section.

5. Examples

In this section, five examples are given to demonstrate
the stability and accuracy of the suggested method.

Example 5.1 First let us consider the following prob-
lem adopted from [3]

{ ¢’ (1) = 1-2(4(0.51))?,
#(0) = 0.

t€[0,1]

The exact solution to this problem is ¢ () = sin(¢). Fig-
ure 1 plots the exact and approximate solutions for this
example. In Table 1, the absolute errors of the suggested
method are compared with those in[3] for different val-
ues of + and N. It is observed that, using the present
method more accurate numerical results are obtained.

Example 5.2 Consider the following equation [34]

{ ¢’ () =Lesg (5) +1p(r), 1e0,1]

17

¢(0)

with the exact solution ¢(t) = e'.

¢ https://doi.org/10.57647/1IM2C.2026.160106

As we can see in Table 2, a comparison between the
present method and the methods in [9, 34, 39-42] has
been made, which demonstrate the superiority of the
present method.

Example 5.3 Next, we consider the pantograph equa-
tion [34]

t€[0,1]

(40003 (1) =t
$(0) = 1,

with the exact solution ¢(t) = e™".

This problem has also been solved in [24, 34, 39]. Fig-
ure 2 illustrates the absolute errors for Example 5.3.
Comparison of the numerical results is made in Table
3.

Example 5.4 To demonstrate the applicability and ef-
ficiency of the present method for problems defined
in larger intervals, we consider the following problem
adopted from [9]:

@' (1) = —¢(1) +0.1¢(0.8¢) + 0.5¢’(0.8¢)
+(0.32t — 0.5)e7 08 4 o7,
#(0) = 0.

t € [0,10]

The exact solution to this problem is ¢(7) = te”'. In

Table 4, the numerical results of the present method are
compared with the method in [9].

Example 5.5 Finally consider the following equation
9]
{ §()=-3eig (%), relo]

$(0) =1,

with the exact solution ¢(r) = e~""?*. In Table 5, the
exact and approximate solutions for different values of ¢
are compared with the methods in [9] and [43].

6. Conclusion

In this article, a type of the first-order pantograph
equations has been solved numerically via the SM
orthogonal functions and a multi-domain collocation
method. It was shown that, in the domain decom-
position strategy, higher accuracy can be achieved
with a smaller number of collocation points in subin-
tervals. Moreover, Since the exact solution to many
pantograph equations is not a polynomial, the behavior
of their solutions cannot be analyzed using classical
polynomials such as Legendre, Chebyshev, etc. The
advantage of solving the problem using SM orthogonal
functions lies in the fact that these functions are not
polynomials and, in many cases, can approximate the
solutions of pantograph equations more effectively than
classical polynomials. Furthermore, considering the
SM functions as the trial functions in the collocation
method and their roots of as the collocation points,
lead to more accurate numerical results compared
to some other methods in the literature. In addition,
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Figure 1. Exact and approximate solutions for N=20 and K=10 for Example 5.1
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Figure 2. Absolute errors for N=10 of Example 5.3

the numerical results of Section 5 are in agreement
with the theoretical results given in Sections 2 and
4. Given the high efficacy of the proposed method in
solving first-order pantograph equations, extending
this approach to higher-order pantograph equations is
suggested as a future research direction.
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Table 1. Numerical results of Example 5.1 for K = 10. (Note: e-c = 107°)
N=10 N=20 N=30
t ML [3] SML [3] Present ML [3] SML [3] Present ML [3] SML [3] Present
h=0.1 method h=0.1 method h=0.1 method
02 6.1x107% 80x107* 15x107 89x10712 7.5x1071% 22x107% 32x107* 44x10718 20x107°
04 34x10% 25x107% 3.0x107"° 6.0x10712 1.8x10716 2.0x107% 4.6x107* 9.2x107® 7.0x107°
06 69x1077 22x107% 24x107" 1.5x10712 4.0x107'% 2.0x1073 74x107" 3.9x10°"7 7.0x107°
0.8 1.6x107% 3.1x107¥ 43x107° 94x10712 6.0x1071° 62x1073¢ 3.0x107* 55%x10°"7 3.0x10°%
1.0 47x107% 72x1075 15x107 52x10713 1.0x1071 51x107% 2.1x107% 73x10°® 3.7x107%
Table 2. Comparison of the absolute errors for Example 5.2
N=9 N=10
t TPM[39] CPM[9] [34] Present BCM[42] ECM[41] [34] ADM[40] Present
method method
02 7.05x107%  1.02x 1072 1.09x 1072  9.6x 107 1.03x 10713 4.02x107 1.07x10°* 0 3.5x 10721
04 1.06x10711  756x 107183  422x1073  23x1071®  1.29x 10713  498x 1075 2.54x107* 2.22x1071% 8.5x 1072
06 294x10710 7.00x10713 343x1071% 4.1x10718  1.58x10713  6.08x1075 2.59x1071* 222x107'% 1.5x1072°
08 3.86x10™° 6.37x1073  1.03x1072 65x107'%  1.81x1073 742x107° 1.20x 107 1.33x1075 2.4 x 10720
1.0 290x107%  3.87x10°3 1.22x1075 98x 1071 423x10712 7.54x107° 2.50x 1071 4.88x 1071  3.6x 1072
Table 3. Comparison of the absolute errors for Example 5.3
TPM[39] VIM[24] [34] Present method
t N =10 N =12 m=3 m=4 N =10 N =12 N =14 N =10 N =12 N =14
05 2.0x 1010 1.24 x 10710 147x10710 240x10715  338x10716  6.54% 10720 1.12x10723  45x1072! L1x10724  3.1x10728
025 1.0x10710  974x 1071 979x 10712 7.01x10717  735x10715 921x1071  112x10721 30x10721  7.0x10725  19x10728
0.125 1.0x10710 700x 10711 631x10713  253x10718  485x 10715 309x10718  3.13x10722  30x10717  12x10720  59x10725
0.0625 1.0x10710  91ax 107l 400x10714  8.03x10720  754x 10715 191x10718  276x10722  46x10719  17x10722  5.9x10726
0.03125 1.0x10710 so8x10711 25210715 250x 10721 624x10710 145x10718  730x10722  73x10718  16x10720  29x 10724
0015625 0 1.95 x 10711 158x 10712 7.00x1072  5.00x 10715 137x10718  122x10722 3.0x10717  15x10720  6.1x 10724
Table 4. Comparison of the absolute errors for Example 5.4
t [9] Present method
m=4 m=8 m=16 N =4 N =38 N =16
2 1.63e-1  3.30e-3  5.24e-9 6.85e-5 3.22e-8  3.85e-15
4 0.14e-1 3.30e-3  3.38¢-9 4.37e-6 1.85e-8 1.54e-15
6 1.79e-1  2.40e-3  3.12¢-9 1.74e-5 591e-10  1.36e-16
8 0.0le-1 1.0le-3  8.4l1e-9 6.19¢-6 1.23e-9  2.32e-16
10 0.76e-1  0.89e-3  5.43e-9 3.98e-6  5.35e-10  7.24e-17
Table 5. Comparison between the exact and approximate solution for Example 5.5
t Exact solution [43] [9] Present method [9] Present method
m=38 N =28 m =10 N =10
0.000  1.000000000000000 1.0000000  1.0000000000  1.000000000000  1.000000000000 1.000000000000000
0.125  0.8553453273074225 0.8553451  0.8553532720  0.855345327307  0.8553453273074  0.855345327307422
0.250  0.7316156289466417  0.7316117  0.7316156290  0.731615628944  0.7316156289464  0.731615628946636
0.375  0.6257840096045911  0.6257781  0.6257840094  0.625784009606  0.6257840096045  0.625784009604594
0.500  0.5352614285189902  0.5352547  0.5352614285  0.535261428518  0.5352614285189  0.535261428518990
0.625 0.4578333617716142  0.4578240  0.4578333619  0.457833361771  0.4578333617715  0.457833361771614
0.750  0.3916056266767989  0.3915973  0.3916056265  0.391605626675  0.3916056266768  0.391605626676795
0.875  0.3349580429252949  0.3349489  0.3349580429  0.334958042926  0.3349580429252  0.334958042925296
1.000  0.2865047968601901  0.2864956  0.2865047968  0.286504796860  0.2865047968601  0.286504796860190
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