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Abstract:
Pantograph equations are considered as a special type of delay differential equations with proportional delay
and have numerous applications. This paper introduces a collocation method for solving first-order panto-
graph equations using shifted Müntz (SM) orthogonal functions. Unlike classical polynomial bases, SM
functions incorporate logarithmic terms and exhibit real, simple roots in the interval (0,1). Leveraging these
roots as collocation points within a domain decomposition framework, we achieve high-precision solutions-
particularly advantageous for inherently non-polynomial pantograph solutions. We derive rigorous error
estimates, establish method stability, and demonstrate significant accuracy gains over existing techniques.
Numerical experiments confirm the method’s efficacy, underscoring the superior approximation capability
of SM functions for pantograph-type problems. All computations in this study were performed using Maple
2021 software. The codes were executed on a PC equipped with an Intel® Core™ i5-10210U processor (1.60
GHz ) and 8 GB DDR4 RAM running Windows 10.
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1. Introduction

Delay differential equations (DDEs) appear as mathe-
matical models in a wide range of natural phenomena.
Therefore, over the past decades, research and study on
DDEs have extended and they have become an impor-
tant tool for mathematicians and researchers in other dis-
ciplines. Pantograph equations are one of the most fa-
mous types of DDEs with proportional delays that have a
significant impact in describing various phenomena [1–
7].

The general form of the first-order pantograph equa-

tion is as follows [3]:
𝜙′ (𝑡) = 𝑎 𝜙(𝑡) +

𝑚∑
𝑖=1

𝛼𝑖 (𝑡) 𝜙(𝜇𝑖𝑡) + 𝜏(𝑡), 𝑡 ∈ [0, 𝐿],

𝜙(0) = 𝑦0,
(1)

where 𝑎 is a real constant, 𝛼𝑖 (𝑡) and 𝜏(𝑡) are contin-
uous known functions and 0 < 𝜇𝑖 ≤ 1. For the
mathematical analysis and the numerical scheme, we as-
sume that the functions 𝛼𝑖 (𝑡) and 𝜏(𝑡) are continuous
on the interval [0, 𝐿]. Furthermore, for deriving the
error estimates, the exact solution 𝜙(𝑡) is assumed to
be sufficiently smooth, belonging to the Sobolev space
𝐻𝑟 [0, 𝐿) for some order 𝑟 ≥ 1. These equations have
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many applications in control theory, electrodynamics,
astronomy, economics, biology, etc. (see [8–28] and
references therein). Quantitative and qualitative stud-
ies of pantograph equations have been investigated by
many researchers. Li and Liu [29] proved the existence
and uniqueness of the pantograph’s solution. Authors of
[30] proposed a homotopy method to solve delay equa-
tions of pantograph type. In [31], the authors used a Leg-
endre spectral method to obtain numerical approxima-
tions for pantograph equations. The author of [32] pre-
sented an algorithm for solving a pantograph equations
by using the homotopy perturbation method. In [9], the
authors solved these equations using Chebyshev poly-
nomials. In [33], the collocation method based on the
Bernoulli operational matrix has been utilized. In [34],
numerical solution of the generalized pantograph equa-
tions using the Lagrange coefficients and least squares
approximation method was presented. The authors of
[35] used the Galerkin spectral method to solve panto-
graph equations. Two numerical methods using Müntz-
Legendre polynomials have been proposed in [3] to
solve pantograph equations.

In this paper, our goal is to present a novel numeri-
cal method for solving the first-order pantograph equa-
tion (1) using a special class of orthogonal Müntz func-
tions. These functions have different structure com-
pared to the Müntz-Legendre polynomials used in [3].
They are defined based on a combination of polynomials
and the ln function whilst they have simple and real roots
in the interval (0,1). We show that the current method
has higher accuracy than the previous methods. We also
give some error estimates and assess the numerical sta-
bility of the suggested method.

The rest of this paper is organized as follows. In
the second section, we introduce the logarithmic Müntz-
Legendre functions and review some of their proper-
ties. The third section is devoted to a novel collocation
method for approximating the exact solution of the pan-
tograph equation (1). In the fourth section, we inves-
tigate the stability of the suggested method. In the fifth
section, some numerical examples are presented and the
obtained results are compared with other methods in the
literature. Finally, we give conclusions in the sixth sec-
tion.

2. Müntz orthogonal functions and their
properties

2.1 Müntz orthogonal functions
The general form of Müntz-Legendre polynomials is de-
scribed in details in [36]. Here, we consider a special
class of them that are a combination of polynomials and
the ln function.

Definition 2.1 The set of logarithmic Müntz functions,
denoted by 𝑄𝑛 (𝑡), 𝑛 = 0, 1, 2, ..., are defined on the in-
terval (0, 1) as [36]

𝑄𝑛 (𝑡) = 𝑅𝑛 (𝑡) + 𝑆𝑛 (𝑡) ln(𝑡), (𝑛 = 0, 1, 2, . . . )

where 𝑅𝑛 (𝑡) and 𝑆𝑛 (𝑡) are algebraic polynomials of de-

gree
⌊
𝑛
2
⌋

and
⌊
𝑛−1

2
⌋

respectively, i.e.,

𝑅𝑛 (𝑡) =
⌊ 𝑛2 ⌋∑
𝑤=0

𝑎 (𝑛)𝑤 𝑡𝑤 , 𝑆𝑛 (𝑡) =
⌊ 𝑛−1

2 ⌋∑
𝑤=0

𝑏 (𝑛)𝑤 𝑡𝑤 . (2)

Note that 𝑄𝑛 (1) = 𝑅𝑛 (1) = 1. Further, distinct expres-
sion for the polynomial coefficients in (2) are given in
the following Theorem [36].

Theorem 2.2 Suppose 𝑛 be an even number (𝑛 = 2𝑟),
then for 0 ≤ 𝑤 < 𝑟 we have

𝑎 (2𝑟 )𝑤 = −
(
𝑟 + 𝑤
𝑟

)2 (
𝑟

𝑤

)2
(

2𝑟 + 1
2𝑤 + 1

+ 2(𝑟 − 𝑤)
𝑟−1∑
𝑘=0
𝑘≠𝑤

2𝑘 + 1
(𝑘 − 𝑤) (𝑘 + 𝑤 + 1)

)
,

𝑏 (2𝑟 )𝑤 = −(𝑟 − 𝑤)
(
𝑟 + 𝑤
𝑟

)2 (
𝑟

𝑤

)2

and for 𝑤 = 𝑟 we have

𝑎 (2𝑟 )𝑟 =

(
2𝑟
𝑟

)2
, 𝑏 (2𝑟 )𝑟 = 0.

Let 𝑛 be an odd number (𝑛 = 2𝑟+1), then for 0 ≤ 𝑤 ≤ 𝑟,
we have

𝑎 (2𝑟+1)
𝑤 =

(
𝑟 + 𝑤
𝑟

)2 (
𝑟

𝑤

)2
(

2𝑟 + 1
2𝑤 + 1

+ 2(𝑟 + 𝑤 + 1)
𝑟∑
𝑘=0
𝑘≠𝑤

2𝑘 + 1
(𝑘 − 𝑤)(𝑘 + 𝑤 + 1)

)
,

𝑏 (2𝑟+1)
𝑤 = (𝑟 + 𝑤 + 1)

(
𝑟 + 𝑤
𝑟

)2 (
𝑟

𝑤

)2

Using the above Theorem, the first few logarithmic
Müntz functions are obtained as follows:

𝑄0 (𝑡) = 1,
𝑄1 (𝑡) = 1 + ln(𝑡),
𝑄2 (𝑡) = −3 + 4𝑡 − ln(𝑡),
𝑄3 (𝑡) = 9 − 8𝑡 + 2(1 + 6𝑡) ln(𝑡),
𝑄4 (𝑡) = −11 − 24𝑡 + 36𝑡2 − 2(1 + 18𝑡) ln(𝑡),
𝑄5 (𝑡) = 19 + 276𝑡 − 294𝑡2 + 3(1 + 48𝑡 + 60𝑡2) ln(𝑡).

Theorem 2.3 The Müntz functions 𝑄𝑛 (𝑡), 𝑛 =
0, 1, 2, . . . , are orthogonal on the interval (0, 1) and
𝑄𝑛 (𝑡) has exactly 𝑛 simple and real roots [36].

2.2 Shifted Müntz functions
Consider the interval 𝜃 = [0, 𝐿]. We divide it into 𝐾
subintervals 𝜃 𝑗 so that

𝜃 𝑗 = [𝑡 𝑗 , 𝑡 𝑗+1], 𝑡 𝑗 = 𝑗 𝜌, 𝜌 =
𝐿

𝐾
, 𝑗 = 0, 1, . . . , 𝐾−1.

Then the shifted Müntz (SM) functions on each subin-
terval 𝜃 𝑗 are defined by

𝑃𝜃 𝑗 ,𝑛 (𝑡) = 𝑄𝑛
(
𝑡 − 𝑡 𝑗
𝑡 𝑗+1 − 𝑡 𝑗

)
, 𝑗 = 0, 1, . . . , 𝐾 − 1.
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2.3 Function approximation
Let

{
𝑃𝜃 𝑗 ,𝑛 (𝑡)

}𝑁−1
𝑛=0 be the set of SM functions in the

interval 𝜃 𝑗 = [𝑡 𝑗 , 𝑡 𝑗+1] and 𝑌 𝑗 = span
{
𝑃𝜃 𝑗 ,𝑛 (𝑡)

}𝑁−1
𝑛=0 .

Moreover, suppose that 𝜙 𝑗 ∈ 𝐿2 [𝑡 𝑗 , 𝑡 𝑗+1) and 𝐼𝑁𝜙 𝑗 ∈
𝑌 𝑗 be the best approximation to 𝜙 𝑗 in the space 𝑌 𝑗 , i.e.,

∀𝑦 ∈ 𝑌 𝑗 : ∥𝜙 𝑗 − 𝐼𝑁𝜙 𝑗 ∥ ≤ ∥𝜙 𝑗 − 𝑦∥.

Then, there exist the unique coefficients 𝐶 𝑗 ,𝑛, 𝑗 =
0, 1, . . . , 𝐾 − 1, 𝑛 = 0, 1, . . . , 𝑁 − 1, such that

𝜙 𝑗 (𝑡) ≈ 𝐼𝑁𝜙 𝑗 (𝑡) =
𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑡), (3)

and these Fourier coefficients are obtained by the for-
mula

𝐶 𝑗 ,𝑛 =

∫
𝜃 𝑗

𝜙 𝑗 (𝑡) 𝑃𝜃 𝑗 ,𝑛 (𝑡) 𝑑𝑡∫
𝜃 𝑗

(
𝑃𝜃 𝑗 ,𝑛 (𝑡)

)2
𝑑𝑡

, 𝑗 = 0, 1, . . . , 𝐾 − 1, 𝑛 = 0, 1, . . . , 𝑁 − 1

Furthermore, if Φ(𝑡) be an arbitrary element of the Ba-
nach space 𝐿2 [0, 𝐿], the one has

Φ(𝑡) ≈ Φ𝑁 (𝑡) =
𝐾−1∑
𝑗=0

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑡).

2.4 Approximation error
Definition 2.4 The Sobolev space 𝐻𝑟 [0, 𝐿) of integer
order 𝑟 , is defined by [37],

𝐻𝑟 [0, 𝐿) =
{
𝑉 ∈ 𝐶𝑟−1 ( [0, 𝐿]) :

𝑑

𝑑𝑡
𝑉 (𝑟−1) ∈ 𝐿2 [0, 𝐿)

}
.

Hence,

𝐻𝑟 [𝑡 𝑗 , 𝑡 𝑗+1) =
{
𝑉 ∈ 𝐶𝑟−1 ( [𝑡 𝑗 , 𝑡 𝑗+1]) :

𝑑

𝑑𝑡
𝑉 (𝑟−1) ∈ 𝐿2 [𝑡 𝑗 , 𝑡 𝑗+1)

}
,

𝑗 = 0, 1, . . . , 𝐾 − 1.

Theorem 2.5 Suppose that Φ ∈ 𝐻𝑟 [0, 𝐿) and 𝜙 𝑗 ∈
𝐻𝑟 [𝑡 𝑗 , 𝑡 𝑗+1), 𝑗 = 0, 1, . . . , 𝐾 − 1, with 𝑟 ≥ 0
so that Φ(𝑡) =

∑𝐾−1
𝑗=0 𝜙 𝑗 (𝑡). Further, let 𝑌 𝑗 =

𝑠𝑝𝑎𝑛
{
𝑃𝜃 𝑗 ,𝑛 (𝑡)

}𝑁−1
𝑛=0 , 𝑗 = 0, 1, . . . , 𝐾−1. If 𝐼𝑁𝜙 𝑗 (𝑡) =∑𝑁−1

𝑛=0 𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑡) be the best approximation to 𝜙 𝑗 in
𝑌 𝑗 , then if 𝑟 ≤ 𝑁 + 1, Φ̂(𝑡) = ∑𝐾−1

𝑗=0 𝐼𝑁𝜙 𝑗 (𝑡), approxi-
mates Φ with the following error bound:

∥Φ − Φ̂∥𝐿2 [0,𝐿) ≤ 𝜉 (𝑁𝐾)−𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿) ,

and for 1 ≤ 𝜀 ≤ 𝑟, we have

∥Φ − Φ̂∥𝐻 𝜀 [0,𝐿) ≤ 𝜉 (𝑁𝐾)2𝜀− 1
2 −𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿) , (4)

where 𝜉 is a constant that depends only on r.

Proof. Let 𝐿𝑁𝜙 𝑗 be the truncated Legendre series for
the function 𝜙 𝑗 and 𝜃 𝑗 = [𝑡 𝑗 , 𝑡 𝑗+1] = [ 𝑗𝐿𝐾 ,

( 𝑗+1)𝐿
𝐾 ]. Ac-

cording to equation (5.4.11) in [37], for 𝑟 ≤ 𝑁 + 1 we
have

∥𝜙 𝑗 − 𝐿𝑁𝜙 𝑗 ∥2
𝐿2 (𝜃 𝑗 ) ≤ 𝜉𝑁

−2𝑟𝐾−2𝑟 ∥𝜙 (𝑟 )
𝑗 ∥2

𝐿2 (𝜃 𝑗 ) .

As 𝐿𝑁𝜙 𝑗 is the best approximation to 𝜙 𝑗 in the 𝐿2-norm,
[37], we can deduce that

∥𝜙 𝑗 − 𝐼𝑁𝜙 𝑗 ∥2
𝐿2 (𝜃 𝑗 ) = ∥𝜙 𝑗 − 𝐿𝑁𝜙 𝑗 ∥2

𝐿2 (𝜃 𝑗 )

≤ 𝜉 (𝑁𝐾)−2𝑟 ∥𝜙 (𝑟 )
𝑗 ∥2

𝐿2 (𝜃 𝑗 ) .

Consequently,

∥Φ − Φ̂∥2
𝐿2 [0,𝐿) =

𝐾−1∑
𝑗=0

∥𝜙 𝑗 − 𝐼𝑁𝜙 𝑗 ∥2
𝐿2 (𝜃 𝑗 )

≤ 𝜉 (𝑁𝐾)−2𝑟 ∥Φ(𝑟 ) ∥2
𝐿2 [0,𝐿) .

as desired. Equation (4) is proved using equation
(5.5.11) in [37] in a similar manner.

Theorem 2.6 Let Φ(𝑡) and Φ𝑁 (𝑡) are the exact and ap-
proximate solutions of equation (1), respectively. Then,
the residual error 𝐸𝑁 for equation (1) has the following
bound:

∥𝐸𝑁 ∥𝐿2 [0,𝐿) ≤ 𝜂∥Φ(𝑟 ) ∥𝐿2 [0,𝐿) .

Where,

𝜂 = 𝜉

(
(𝑁𝐾)2𝜀− 1

2 + |𝑎 | +
𝑚∑
𝑖=1

∥𝛼𝑖 (𝑡)∥
)
(𝑁𝐾)−𝑟 .

Proof. According to equation (1), we have

∥𝐸𝑁 ∥𝐿2 [0,𝐿) =



Φ′ (𝑡) − 𝑎Φ(𝑡) −

𝑚∑
𝑖=1

𝛼𝑖 (𝑡)Φ(𝜇𝑖𝑡) − 𝜏(𝑡) −Φ′
𝑁 (𝑡)

− 𝑎Φ𝑁 (𝑡) +
𝑚∑
𝑖=1

𝛼𝑖 (𝑡)Φ𝑁 (𝜇𝑖𝑡) + 𝜏(𝑡)




𝐿2 [0,𝐿)

=



Φ′ (𝑡) −Φ′

𝑁 (𝑡) − 𝑎(Φ(𝑡) −Φ𝑁 (𝑡))

−
𝑚∑
𝑖=1

𝛼𝑖 (𝑡)
(
Φ(𝜇𝑖𝑡) −Φ𝑁 (𝜇𝑖𝑡)

)



𝐿2 [0,𝐿)

.

Hence,

∥𝐸𝑁 ∥𝐿2 [0,𝐿) ≤ ∥Φ′ (𝑡) −Φ′
𝑁 (𝑡)∥𝐿2 [0,𝐿)

+ |𝑎 |∥Φ(𝑡) −Φ𝑁 (𝑡)∥𝐿2 [0,𝐿)

+
𝑚∑
𝑖=1

∥𝛼𝑖 (𝑡)∥ ∥Φ(𝜇𝑖𝑡) −Φ𝑁 (𝜇𝑖𝑡)∥𝐿2 [0,𝐿)

≤ ∥Φ(𝑡) −Φ𝑁 (𝑡)∥𝐻 𝜀 [0,𝐿)
+ |𝑎 |∥Φ(𝑡) −Φ𝑁 (𝑡)∥𝐿2 [0,𝐿)

+
𝑚∑
𝑖=1

∥𝛼𝑖 (𝑡)∥ ∥Φ(𝜇𝑖𝑡) −Φ𝑁 (𝜇𝑖𝑡)∥𝐿2 [0,𝐿) .

According to Theorem 2.5, we have

∥𝐸𝑁 ∥𝐿2 [0,𝐿) ≤ 𝜉 (𝑁𝐾)2𝜀− 1
2 −𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿)

+ |𝑎 | 𝜉 (𝑁𝐾)−𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿)

+
𝑚∑
𝑖=1

∥𝛼𝑖 (𝑡)∥ 𝜉 (𝑁𝐾)−𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿)

≤ 𝜉
(
(𝑁𝐾)2𝜀− 1

2 + |𝑎 | +
𝑚∑
𝑖=1

∥𝛼𝑖 (𝑡)∥
)

× (𝑁𝐾)−𝑟 ∥Φ(𝑟 ) ∥𝐿2 [0,𝐿) .

The proof ends.
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3. Solving the first-order pantograph
equations

In this section, we derive a collocation method based
on the SM functions for the numerical solution of the
pantograph equation (1). To this end, we first divide the
original interval 𝜃 = [0, 𝐿] into 𝐾 subintervals 𝜃 𝑗 so
that

𝜃 𝑗 = [𝑡 𝑗 , 𝑡 𝑗+1], 𝑡 𝑗 = 𝑗 𝜌, 𝜌 =
𝐿

𝐾
, 𝑗 = 0, 1, . . . , 𝐾 − 1,

and consider the solution of equation (1) as a piecewise
function,

Φ(𝑡) =



𝜙0 (𝑡), 𝑡 ∈ 𝜃0,

𝜙1 (𝑡), 𝑡 ∈ 𝜃1,
...

𝜙 𝑗 (𝑡), 𝑡 ∈ 𝜃 𝑗 ,
...

𝜙𝐾−1 (𝑡), 𝑡 ∈ 𝜃𝐾−1.

If 𝜙0 (𝑡) be the solution of equation (1) in the interval
𝜃0 = [0, 𝜌], then

𝑡 ∈ 𝜃0 ⇒ 0 < 𝜇𝑖𝑡 ≤ 𝜇𝑖𝜌 ≤ 𝜌 ⇒ 𝜇𝑖𝑡 ∈ 𝜃0.

And in this subinterval, equation (1) is replaced with
𝜙′0 (𝑡) − 𝑎 𝜙0 (𝑡) −

𝑚∑
𝑖=1

𝛼𝑖 (𝑡) 𝜙0 (𝜇𝑖𝑡) − 𝜏(𝑡) = 0,

𝜙0 (0) = 𝜙−1 (0) = 𝑦0.
(5)

To approximate the solution of equation (5), we first ap-
proximate 𝜙′

0 (𝑡) using equation (3) as

𝜙′0 (𝑡) =
𝑁−1∑
𝑛=0

𝐶0,𝑛 𝑃𝜃0 ,𝑛 (𝑡). (6)

Integrating equation (6) from 0 to 𝑡, yields

𝜙0 (𝑡) =
∫ 𝑡

0
𝜙′0 (𝑥) 𝑑𝑥 + 𝜙−1 (0), 𝑡 ∈ 𝜃0, (7)

and using equations (6) and (7), we get

𝜙0 (𝑡) =
∫ 𝑡

0

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑥)𝑑𝑥 + 𝑦0. (8)

Now, by substituting equations (6)-(8) into equation (5),
we obtain

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑡)

− 𝑎
(∫ 𝑡

0

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑥) 𝑑𝑥 + 𝑦0

)
−

𝑚∑
𝑖=1

𝛼𝑖 (𝑡)
(∫ 𝑡

0

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑥) 𝑑𝑥 + 𝑦0

)
− 𝜏(𝑡) = 0. (9)

Accordingly, if 𝜙 𝑗 (𝑡) be the solution of equation (1) in
the interval 𝜃 𝑗 = [ 𝑗 𝜌, ( 𝑗 + 1)𝜌], then

𝑡 ∈ 𝜃 𝑗 ⇒ 𝑗 𝜌𝜇𝑖 < 𝜇𝑖𝑡 ≤ ( 𝑗 + 1)𝜌𝜇𝑖 ≤ ( 𝑗 + 1)𝜌

⇒ 𝜇𝑖𝑡 ∈
𝑗⋃
𝑘=0

𝜃𝑘 .

And the problem is replaced with
𝜙

′
𝑗 (𝑡) − 𝑎𝜙 𝑗 (𝑡) −

𝑚∑
𝑖=1

𝛼𝑖 (𝑡)𝜙𝑠 𝑗 (𝜇𝑖𝑡) − 𝜏(𝑡) = 0,

𝜙 𝑗 ( 𝑗 𝜌) = 𝜙 𝑗−1 ( 𝑗 𝜌).
(10)

And the index 𝑠 𝑗 ∈ {0, 1, . . . , 𝑗} is such that 𝜇𝑖𝑡 ∈ 𝜃𝑠 𝑗 .
Similarly to equations (6)-(8), we utilize equation (3) to
write

𝜙
′
𝑗 (𝑡) =

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑡), (11)

𝜙 𝑗 (𝑡) =
∫ 𝑡

𝑗𝜌
𝜙

′
𝑗 (𝑥) 𝑑𝑥 + 𝜙 𝑗−1 ( 𝑗 𝜌), 𝑡 ∈ 𝜃 𝑗 , (12)

𝜙 𝑗 (𝑡) =
∫ 𝑡

𝑗𝜌

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙 𝑗−1 ( 𝑗 𝜌). (13)

Further, by substituting equations (11)-(13) into (10),
we get

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑡)

− 𝑎
(∫ 𝑡

𝑗𝜌

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙 𝑗−1 ( 𝑗 𝜌)
)

−
𝑚∑
𝑖=1

𝛼𝑖 (𝑡)
(∫ 𝑡

𝑠 𝑗𝜌

𝑁−1∑
𝑛=0

𝐶𝑠 𝑗 ,𝑛𝑃𝜃𝑠 𝑗 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝑠 𝑗−1 (𝑠 𝑗 𝜌)
)

− 𝜏(𝑡) = 0. (14)

In addition, if 𝜙𝐾−1 (𝑡) be the solution of the equation
(1) in the interval
𝜃𝐾−1 = [(𝐾 − 1)𝜌, 𝐿], then

𝑡 ∈ 𝜃𝐾−1 ⇒ 𝜇𝑖 (𝐾 − 1)𝜌 < 𝜇𝑖𝑡 ≤ 𝜇𝑖𝐿 ≤ 𝐿

⇒ 𝜇𝑖𝑡 ∈
𝐾−1⋃
𝑘=0

𝜃𝑘 .

And the reduced problem is
𝜙

′
𝐾−1 (𝑡) − 𝑎𝜙𝐾−1 (𝑡) −

𝑚∑
𝑖=1

𝛼𝑖 (𝑡)𝜙𝑠𝐾 (𝜇𝑖𝑡) − 𝜏(𝑡) = 0,

𝜙𝐾−1 ((𝐾 − 1)𝜌) = 𝜙𝐾−2 ((𝐾 − 1)𝜌).
(15)

Where the index 𝑠𝐾 ∈ {0, 1, . . . , 𝐾 − 1} is such that
𝜇𝑖𝑡 ∈ 𝜃𝑠𝐾 . Again, we use equation (3) to write

𝜙
′
𝐾−1 (𝑡) =

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛𝑃𝜃𝐾−1 ,𝑛 (𝑡). (16)
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By integrating equation (16) over ((𝐾−1)𝜌, 𝑡) we arrive
at

𝜙𝐾−1 (𝑡) =
∫ 𝑡

(𝐾−1)𝜌
𝜙′𝐾−1 (𝑥) 𝑑𝑥 + 𝜙𝐾−2 ((𝐾 − 1)𝜌),

𝑡 ∈ 𝜃𝐾−1.
(17)

Equations (16)-(17), result

𝜙𝐾−1 (𝑡) =
∫ 𝑡

(𝐾−1)𝜌

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛 𝑃𝜃𝐾−1 ,𝑛 (𝑥) 𝑑𝑥

+ 𝜙𝐾−2 (𝐾 − 1)𝜌, 𝑡 ∈ 𝜃𝐾−1.

(18)

substituting equations (16)-(18) into (15), yields

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛𝑃𝜃𝐾−1 ,𝑛 (𝑡) − 𝑎

×
(∫ 𝑡

(𝐾−1)𝜌

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛𝑃𝜃𝐾−1 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝐾−2 ((𝐾 − 1)𝜌)
)

−
𝑚∑
𝑖=1

𝛼𝑖 (𝑡)
(∫ 𝑡

𝑠𝐾𝜌

𝑁−1∑
𝑛=0

𝐶𝑠𝐾 ,𝑛𝑃𝜃𝑠𝐾 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝑠𝐾−1 (𝑠𝐾 𝜌)
)

−𝜏(𝑡) = 0. (19)

Finally, let 𝑆𝑟 , 𝑟 = 1, . . . , 𝑁 be the roots of the Müntz
function 𝑄𝑁 (𝑡) on the interval (0, 1). By considering
𝛾𝑟0 = 𝑆𝑟 𝜌 + 𝑡0, . . . , 𝛾𝑟 𝑗 = 𝑆𝑟 𝜌 + 𝑡 𝑗 and 𝛾𝑟𝐾−1 =
𝑆𝑟 𝜌 + 𝑡𝐾−1 as the collocation points in the subintervals
𝜃0, 𝜃 𝑗 (1 ≤ 𝑗 ≤ 𝐾 − 2) and 𝜃𝐾−1 and collocating equa-
tions (9), (14) and (19) at these points, we obtain the
following collocation conditions:


𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝛾𝑟0 ) − 𝑎
(∫ 𝛾𝑟0

0

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑥) 𝑑𝑥 + 𝑦0

)
−

𝑚∑
𝑖=1

𝛼𝑖 (𝛾𝑟0 )
(∫ 𝛾𝑟0

0

𝑁−1∑
𝑛=0

𝐶0,𝑛𝑃𝜃0 ,𝑛 (𝑥) 𝑑𝑥 + 𝑦0

)
− 𝜏(𝛾𝑟0 ) = 0,

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝛾𝑟 𝑗 ) − 𝑎
(∫ 𝛾𝑟 𝑗

𝑗𝜌

𝑁−1∑
𝑛=0

𝐶 𝑗 ,𝑛𝑃𝜃 𝑗 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙 𝑗−1 ( 𝑗 𝜌)
)

−
𝑚∑
𝑖=1

𝛼𝑖 (𝛾𝑟 𝑗 )
(∫ 𝛾𝑟 𝑗

𝑠 𝑗𝜌

𝑁−1∑
𝑛=0

𝐶𝑠 𝑗 ,𝑛𝑃𝜃𝑠 𝑗 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝑠 𝑗−1 (𝑠 𝑗 𝜌)
)

− 𝜏(𝛾𝑟 𝑗 ) = 0,
...

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛𝑃𝜃𝐾−1 ,𝑛 (𝛾𝑟𝐾−1 ) − 𝑎
(∫ 𝛾𝑟𝐾−1

(𝐾−1)𝜌

𝑁−1∑
𝑛=0

𝐶𝐾−1,𝑛𝑃𝜃𝐾−1 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝐾−2 ((𝐾 − 1)𝜌)
)

−
𝑚∑
𝑖=1

𝛼𝑖 (𝛾𝑟𝐾−1 )
(∫ 𝛾𝑟𝐾−1

𝑠𝐾𝜌

𝑁−1∑
𝑛=0

𝐶𝑠𝐾 ,𝑛𝑃𝜃𝑠𝐾 ,𝑛 (𝑥) 𝑑𝑥 + 𝜙𝑠𝐾−1 (𝑠𝐾 𝜌)
)

− 𝜏(𝛾𝑟𝐾−1 ) = 0, 𝑟 = 1, . . . , 𝑁.

(20)
By solving the system of algebraic equations (20), the
unknown coefficients 𝐶 𝑗 ,𝑛,
𝑗 = 0, 1, ..., 𝐾 − 1, 𝑛 = 0, 1, ..., 𝑁 − 1, in equations (8),
(13) and (18) are obtained.

4. Stability analysis
In this section, we investigate the RN-stability of the
proposed method for first-order pantograph equations.
The concept of RN-stability means that the propagation
of the initial error can be controlled in long time calcula-
tions. Things start with the following Definition [3, 38].

Definition 4.1 A numerical method for the pantograph
equation is called RN-stable, if the approximate solu-
tions 𝜙𝑁 (𝑡) and 𝜓𝑁 (𝑡), with the initial values 𝜙𝑁 (0) =
𝜙0 and 𝜓𝑁 (0) = 𝜓0, satisfy the following condition:

|𝜙𝑁 (( 𝑗 + 1)𝜌) − 𝜓𝑁 (( 𝑗 + 1)𝜌) | ≤ |𝜙0 − 𝜓0 |,

for each subinterval 𝜃 𝑗 = [𝑡 𝑗 , 𝑡 𝑗+1], 𝑗 = 0, 1, . . . , 𝐾−
1, with the length 𝜌.

Theorem 4.2 According to the assumptions of Defini-
tion 4.1, the proposed SM collocation method for solv-
ing the pantograph equation is RN-stable.

Proof. For simplicity of statement, we consider the pan-
tograph equation as{

𝜙
′ (𝑡) = 𝐺 (𝑡, 𝜙(𝑡), 𝜙(𝜇𝑡)), 𝑡 ∈ [0, 𝐿]
𝜙(0) = 𝜙0,

(21)

with the following condition(
𝐺 (𝑡, 𝜙(𝑡), 𝜙(𝜇𝑡)) − 𝐺 (𝑡, 𝜓(𝑡), 𝜓(𝜇𝑡))

)
· (𝜙 − 𝜓) ≤ 0.

(22)
Suppose 𝜙𝑁, 𝑗 (𝑡) and𝜓𝑁, 𝑗 (𝑡) be the numerical solutions
of equation (21) on the interval 𝜃 𝑗 corresponding to the
initial values 𝜙𝑁,0 (𝑡) = 𝜙0 and 𝜓𝑁,0 (𝑡) = 𝜓0. Also, let
Δ𝑁, 𝑗 (𝑡) = 𝜙𝑁, 𝑗 (𝑡) −𝜓𝑁, 𝑗 (𝑡). By substituting 𝜙𝑁, 𝑗 and
𝜓𝑁, 𝑗 into equation (21) and subtracting the results, we
arrive at

Δ
′
𝑁, 𝑗 (𝛾𝑟 𝑗 ) = 𝐺 (𝛾𝑟 𝑗 , 𝜙𝑁, 𝑗 (𝛾𝑟 𝑗 ), 𝜙𝑁,𝑠 (𝜇𝛾𝑟 𝑗 ))−

𝐺 (𝛾𝑟 𝑗 , 𝜓𝑁, 𝑗 (𝛾𝑟 𝑗 ), 𝜓𝑁,𝑠 (𝜇𝛾𝑟 𝑗 )),
Δ𝑁, 𝑗 ( 𝑗 𝜌) = Δ𝑁, 𝑗−1 ( 𝑗 𝜌),
𝑟 = 1, . . . , 𝑁, 𝑗 = 0, 1, . . . , 𝐾 − 1,

(23)
where, 𝛾𝑟 𝑗 are the collocation points in 𝜃 𝑗 , and
Δ𝑁,−1 (0) = 𝜙0 − 𝜓0, and the index s is such that
𝜇𝛾𝑟 𝑗 ∈ 𝜃𝑠 .

Suppose that ⟨·, ·⟩𝐿2 (𝜃 𝑗 ) and ⟨·, ·⟩𝜃 𝑗 ,𝑁 denote the con-
tinuous and discrete inner products on 𝜃 𝑗 , respectively.

Multiplying both sides of equation (23) by Δ𝑁, 𝑗 (𝛾𝑟 𝑗 )
and summing the resulting expressions for 𝑟 = 1, . . . , 𝑁 ,
and taking into account the inequality (22), we obtain

⟨Δ′
𝑁, 𝑗 ,Δ𝑁, 𝑗⟩𝜃 𝑗 ,𝑁 = ⟨𝐺 (·, 𝜙𝑁, 𝑗 , 𝜙𝑁,𝑠)

− 𝐺 (·, 𝜓𝑁, 𝑗 , 𝜓𝑁,𝑠),Δ𝑁, 𝑗⟩𝜃 𝑗 ,𝑁
≤ 0.

(24)
Now, we can write

(Δ′
𝑁, 𝑗 ,Δ𝑁, 𝑗 ) (𝑡) :=

2⌊𝑁/2⌋−1∑
𝑖1=0

𝑎𝑖1 𝑗 𝑡
𝑖1

+
(⌊𝑁/2⌋+⌊ (𝑁−1)/2⌋−1∑

𝑖2=0
𝑎𝑖2 𝑗 𝑡

𝑖2

)
ln 𝑡

+
(2⌊ (𝑁−1)/2⌋−1∑

𝑖3=0
𝑎𝑖3 𝑗 𝑡

𝑖3

)
(ln 𝑡)2.
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We also have∫
𝜃 𝑗

𝑡𝑖1 𝑑𝑡 ≤ 𝑑𝑖1 𝑗
𝑖1∑
𝑟=0

𝐶 (1)
𝑟 𝑗 𝛾

𝑖1
𝑟 𝑗 ,∫

𝜃 𝑗

𝑡𝑖2 ln 𝑡 𝑑𝑡 ≤ 𝑑𝑖2 𝑗
𝑖2∑
𝑟=0

𝐶 (2)
𝑟 𝑗 𝛾

𝑖2
𝑟 𝑗 ln 𝛾𝑟 𝑗 ,∫

𝜃 𝑗

𝑡𝑖3 (ln 𝑡)2 𝑑𝑡 ≤ 𝑑𝑖3 𝑗
𝑖3∑
𝑟=0

𝐶 (3)
𝑟 𝑗 𝛾

𝑖3
𝑟 𝑗 (ln 𝛾𝑟 𝑗 )2,

where 𝑑𝑖1 𝑗 , 𝑑𝑖2 𝑗 and 𝑑𝑖3 𝑗 are positive constants. There-
fore, there exists the positive constant 𝑀𝑁, 𝑗 such that〈

Δ
′
𝑁, 𝑗 ,Δ𝑁, 𝑗

〉
𝐿2 (𝜃 𝑗 )

≤ 𝑀𝑁, 𝑗

〈
Δ

′
𝑁, 𝑗 ,Δ𝑁, 𝑗

〉
𝜃 𝑗,𝑁

. (25)

On the other hand, the following relation holds true:

(Δ𝑁 (( 𝑗 + 1)𝜌))2−(Δ𝑁 ( 𝑗 𝜌))2 = 2
〈
Δ

′
𝑁, 𝑗 ,Δ𝑁, 𝑗

〉
𝐿2 (𝜃 𝑗 )

.

(26)
Hence, combination of (24), (25), and (26) yields

(Δ𝑁 (( 𝑗 + 1)𝜌))2 − (Δ𝑁 ( 𝑗 𝜌))2 ≤ 0.

As a result,

|Δ𝑁 (( 𝑗 + 1)𝜌) | ≤ |Δ𝑁 ( 𝑗 𝜌) |
⇒ |𝜙𝑁 (( 𝑗 + 1)𝜌) − 𝜓𝑁 (( 𝑗 + 1)𝜌) | ≤ |𝜙𝑁 ( 𝑗 𝜌) − 𝜓𝑁 ( 𝑗 𝜌) |,

𝑗 = 0, 1, . . . , 𝐾 − 1.

which leads to

|𝜙𝑁 (( 𝑗 + 1)𝜌) − 𝜓𝑁 (( 𝑗 + 1)𝜌) | ≤ |𝜙0 − 𝜓0 |.

This proves the RN-stability of the proposed method in-
troduced in the previous section.

5. Examples
In this section, five examples are given to demonstrate
the stability and accuracy of the suggested method.

Example 5.1 First let us consider the following prob-
lem adopted from [3]{

𝜙′ (𝑡) = 1 − 2(𝜙(0.5𝑡))2, 𝑡 ∈ [0, 1]
𝜙(0) = 0.

The exact solution to this problem is 𝜙(𝑡) = sin(𝑡). Fig-
ure 1 plots the exact and approximate solutions for this
example. In Table 1, the absolute errors of the suggested
method are compared with those in[3] for different val-
ues of 𝑡 and 𝑁 . It is observed that, using the present
method more accurate numerical results are obtained.

Example 5.2 Consider the following equation [34]{
𝜙′ (𝑡) = 1

2 𝑒
𝑡
2 𝜙

(
𝑡
2
)
+ 1

2𝜙(𝑡), 𝑡 ∈ [0, 1]
𝜙(0) = 1,

with the exact solution 𝜙(𝑡) = 𝑒𝑡 .

As we can see in Table 2, a comparison between the
present method and the methods in [9, 34, 39–42] has
been made, which demonstrate the superiority of the
present method.

Example 5.3 Next, we consider the pantograph equa-
tion [34]{

𝜙′ (𝑡) = −𝜙(𝑡) + 1
10𝜙

(
𝑡
5
)
− 1

10 𝑒
− 𝑡5 , 𝑡 ∈ [0, 1]

𝜙(0) = 1,

with the exact solution 𝜙(𝑡) = 𝑒−𝑡 .

This problem has also been solved in [24, 34, 39]. Fig-
ure 2 illustrates the absolute errors for Example 5.3.
Comparison of the numerical results is made in Table
3.

Example 5.4 To demonstrate the applicability and ef-
ficiency of the present method for problems defined
in larger intervals, we consider the following problem
adopted from [9]:
𝜙′ (𝑡) = −𝜙(𝑡) + 0.1𝜙(0.8𝑡) + 0.5𝜙′ (0.8𝑡)

+(0.32𝑡 − 0.5)𝑒−0.8𝑡 + 𝑒−𝑡 , 𝑡 ∈ [0, 10]
𝜙(0) = 0.

The exact solution to this problem is 𝜙(𝑡) = 𝑡𝑒−𝑡 . In
Table 4, the numerical results of the present method are
compared with the method in [9].

Example 5.5 Finally consider the following equation
[9] {

𝜙′ (𝑡) = − 5
4 𝑒

− 𝑡4 𝜙
(

4𝑡
5

)
, 𝑡 ∈ [0, 1]

𝜙(0) = 1,

with the exact solution 𝜙(𝑡) = 𝑒−1.25𝑡 . In Table 5, the
exact and approximate solutions for different values of 𝑡
are compared with the methods in [9] and [43].

6. Conclusion
In this article, a type of the first-order pantograph
equations has been solved numerically via the SM
orthogonal functions and a multi-domain collocation
method. It was shown that, in the domain decom-
position strategy, higher accuracy can be achieved
with a smaller number of collocation points in subin-
tervals. Moreover, Since the exact solution to many
pantograph equations is not a polynomial, the behavior
of their solutions cannot be analyzed using classical
polynomials such as Legendre, Chebyshev, etc. The
advantage of solving the problem using SM orthogonal
functions lies in the fact that these functions are not
polynomials and, in many cases, can approximate the
solutions of pantograph equations more effectively than
classical polynomials. Furthermore, considering the
SM functions as the trial functions in the collocation
method and their roots of as the collocation points,
lead to more accurate numerical results compared
to some other methods in the literature. In addition,
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Figure 1. Exact and approximate solutions for N=20 and K=10 for Example 5.1

Figure 2. Absolute errors for N=10 of Example 5.3

the numerical results of Section 5 are in agreement
with the theoretical results given in Sections 2 and
4. Given the high efficacy of the proposed method in
solving first-order pantograph equations, extending
this approach to higher-order pantograph equations is
suggested as a future research direction.
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Table 1. Numerical results of Example 5.1 for 𝐾 = 10. (Note: 𝑒-𝑐 ≡ 10−𝑐)

N=10 N=20 N=30

𝑡 ML [3] SML [3] Present ML [3] SML [3] Present ML [3] SML [3] Present
ℎ = 0.1 method ℎ = 0.1 method ℎ = 0.1 method

0.2 6.1 × 10−8 8.0 × 10−14 1.5 × 10−19 8.9 × 10−12 7.5 × 10−16 2.2 × 10−36 3.2 × 10−14 4.4 × 10−18 2.0 × 10−50

0.4 3.4 × 10−8 2.5 × 10−14 3.0 × 10−19 6.0 × 10−12 1.8 × 10−16 2.0 × 10−36 4.6 × 10−14 9.2 × 10−18 7.0 × 10−50

0.6 6.9 × 10−7 2.2 × 10−14 2.4 × 10−19 1.5 × 10−12 4.0 × 10−16 2.0 × 10−35 7.4 × 10−14 3.9 × 10−17 7.0 × 10−50

0.8 1.6 × 10−8 3.1 × 10−14 4.3 × 10−19 9.4 × 10−12 6.0 × 10−16 6.2 × 10−36 3.0 × 10−14 5.5 × 10−17 3.0 × 10−50

1.0 4.7 × 10−8 7.2 × 10−15 1.5 × 10−19 5.2 × 10−13 1.0 × 10−16 5.1 × 10−35 2.1 × 10−14 7.3 × 10−18 3.7 × 10−49

Table 2. Comparison of the absolute errors for Example 5.2

N=9 N=10
𝑡 TPM[39] CPM[9] [34] Present BCM[42] ECM[41] [34] ADM[40] Present

method method

0.2 7.05 × 10−15 1.02 × 10−12 1.09 × 10−12 9.6 × 10−19 1.03 × 10−13 4.02 × 10−5 1.07 × 10−14 0 3.5 × 10−21

0.4 1.06 × 10−11 7.56 × 10−13 4.22 × 10−13 2.3 × 10−18 1.29 × 10−13 4.98 × 10−5 2.54 × 10−14 2.22 × 10−16 8.5 × 10−21

0.6 2.94 × 10−10 7.00 × 10−13 3.43 × 10−13 4.1 × 10−18 1.58 × 10−13 6.08 × 10−5 2.59 × 10−14 2.22 × 10−16 1.5 × 10−20

0.8 3.86 × 10−9 6.37 × 10−13 1.03 × 10−12 6.5 × 10−18 1.81 × 10−13 7.42 × 10−5 1.20 × 10−14 1.33 × 10−15 2.4 × 10−20

1.0 2.90 × 10−8 3.87 × 10−13 1.22 × 10−15 9.8 × 10−18 4.23 × 10−12 7.54 × 10−5 2.50 × 10−15 4.88 × 10−15 3.6 × 10−20

Table 3. Comparison of the absolute errors for Example 5.3

TPM[39] VIM[24] [34] Present method

𝑡 𝑁 = 10 𝑁 = 12 𝑚 = 3 𝑚 = 4 𝑁 = 10 𝑁 = 12 𝑁 = 14 𝑁 = 10 𝑁 = 12 𝑁 = 14

0.5 2.0 × 10−10 1.24 × 10−10 1.47 × 10−10 2.40 × 10−15 3.38 × 10−16 6.54 × 10−20 1.12 × 10−23 4.5 × 10−21 1.1 × 10−24 3.1 × 10−28

0.25 1.0 × 10−10 9.74 × 10−11 9.79 × 10−12 7.91 × 10−17 7.35 × 10−15 9.21 × 10−19 1.12 × 10−21 3.0 × 10−21 7.1 × 10−25 1.9 × 10−28

0.125 1.0 × 10−10 7.00 × 10−11 6.31 × 10−13 2.53 × 10−18 4.85 × 10−15 3.19 × 10−18 3.13 × 10−22 3.0 × 10−17 1.2 × 10−20 5.9 × 10−25

0.0625 1.0 × 10−10 9.14 × 10−11 4.00 × 10−14 8.03 × 10−20 7.54 × 10−15 1.91 × 10−18 2.76 × 10−22 4.6 × 10−19 1.7 × 10−22 5.9 × 10−26

0.03125 1.0 × 10−10 5.28 × 10−11 2.52 × 10−15 2.52 × 10−21 6.24 × 10−16 1.45 × 10−18 7.30 × 10−22 7.3 × 10−18 1.6 × 10−20 2.9 × 10−24

0.015625 0 1.95 × 10−11 1.58 × 10−12 7.00 × 10−23 5.10 × 10−15 1.37 × 10−18 1.22 × 10−22 3.0 × 10−17 1.5 × 10−20 6.1 × 10−24

Table 4. Comparison of the absolute errors for Example 5.4

𝑡 [9] Present method
𝑚 = 4 𝑚 = 8 𝑚 = 16 𝑁 = 4 𝑁 = 8 𝑁 = 16

2 1.63e-1 3.30e-3 5.24e-9 6.85e-5 3.22e-8 3.85e-15
4 0.14e-1 3.30e-3 3.38e-9 4.37e-6 1.85e-8 1.54e-15
6 1.79e-1 2.40e-3 3.12e-9 1.74e-5 5.91e-10 1.36e-16
8 0.01e-1 1.01e-3 8.41e-9 6.19e-6 1.23e-9 2.32e-16
10 0.76e-1 0.89e-3 5.43e-9 3.98e-6 5.35e-10 7.24e-17

Table 5. Comparison between the exact and approximate solution for Example 5.5

𝑡 Exact solution [43] [9] Present method [9] Present method
𝑚 = 8 𝑁 = 8 𝑚 = 10 𝑁 = 10

0.000 1.000000000000000 1.0000000 1.0000000000 1.000000000000 1.000000000000 1.000000000000000
0.125 0.8553453273074225 0.8553451 0.8553532720 0.855345327307 0.8553453273074 0.855345327307422
0.250 0.7316156289466417 0.7316117 0.7316156290 0.731615628944 0.7316156289464 0.731615628946636
0.375 0.6257840096045911 0.6257781 0.6257840094 0.625784009606 0.6257840096045 0.625784009604594
0.500 0.5352614285189902 0.5352547 0.5352614285 0.535261428518 0.5352614285189 0.535261428518990
0.625 0.4578333617716142 0.4578240 0.4578333619 0.457833361771 0.4578333617715 0.457833361771614
0.750 0.3916056266767989 0.3915973 0.3916056265 0.391605626675 0.3916056266768 0.391605626676795
0.875 0.3349580429252949 0.3349489 0.3349580429 0.334958042926 0.3349580429252 0.334958042925296
1.000 0.2865047968601901 0.2864956 0.2865047968 0.286504796860 0.2865047968601 0.286504796860190
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