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Abstract: We investigate signatures of quantum chaos within Ising spin chains subjected to trans-
verse and longitudinal fields, incorporating both local. (nearest-neighbor) and non-local (long-range)
couplings. While local Ising models may exhibit integrable or chaotic dynamics contingent on inter-
action strengths and field parameters, systems with non-local interactions generally display a stronger
propensity toward chaos, even when the non-local couplings are weak. By examining the distribution
of energy level spacings through the level spacing ratio, we delineate the transition from integrable
to chaotic regimes and characterize.the, emergence of quantum chaos in these systems. Our analysis
demonstrates that non-local couplings facilitate faster operator spreading and more intricate dynamical
behavior, enabling these systems to approach maximal chaos more readily than their local counterparts.
Additionally, we analyze:Krylov complexity as a dynamical probe of chaos, observing a characteristic
peak followed by a plateau at late times in chaotic regimes. This behavior provides a quantitative means
to distinguish between integrable and chaotic phases, with the growth rate and saturation level of the
complexity servingas effective indicators. Our findings underscore the role of non-local interactions in

accelerating the onset of chaos and modifying dynamical complexity in quantum spin chains.
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1 Introduction

According to daily experience, the thermaliza-
tion of macroscopic systems is the most natu-
ral phenomena. To observe a macroscopic sys-
tem approaching thermal equilibrium, statisti-
cal mechanics — in which we deal with “en-
semble” — provides a powerful framework for

studying thermalization.

This phenomenon is related to the "ergodic"
property of classical chaotic systems, which
confirms statistical mechanics. Indeed, in such
systems, the ensemble averages employed in
statistical mechanics calculations correspond
closely to the time averages observed in our
studies. Even in closed quantum systems, the
emergence of thermal equilibrium can be ob-
served in nonequilibrium states; these nonequi-
librium states tend to approach their thermal
expectation values shortly after relaxation [1,
2].

The concept of reaching thermal equilibrium in
quantum mechanics can be formalized through
the "Eigenstate Thermalization. Hypothesis"
(ETH) [1, 2], which explains 'how an observ-
able system approaches. its, thermal equilib-
rium value. According to ETH, for suffi-
ciently complex quantum systems, individual
energy eigenstates: become indistinguishable
from thermal states characterized by the same

average energy.

Although it is generally accepted that non-
integrable models thermalize, the precise na-
ture of thermalization may vary across differ-
ent contexts. Actually, beyond the Hamilto-
nian that governs the system’s dynamics, ther-
mal behavior may also depend sensitively on
the initial state; within a fixed model, different
initial states may lead to distinct dynamical be-

haviors [3].

According to these considerations, it is es-
sential, before addressing the thermalization
of quantum systems, to develop a thorough
understanding and analysis of chaotic (non-
integrable) systems in quantum mechanics.
While classical chaos is well understood, the
concept of quantum chaos remains ambiguous

and fraught with inherent complexities.

Classical chaotic behavior is typified by an ex-
treme sensitivity of phase-space trajectories to
initial conditions, where two initially nearby
trajectories diverge exponentially fast — a phe-
nomenon quantitatively. described by the Lya-
punov exponent. In'contrast, quantum chaos
is less clearly defined and more challenging to
comprehend, primarily owing to the absence
of a well-established notion of quantum phase

space.

Motivated by recent progress in the study of
chaos in quantum many-body systems, under-
standing the growth and complexity of an oper-
ator under unitary evolution in the Heisenberg
picture has become a prominent research fo-
cus across various subfields of physics [4-9].
A widely used framework to describe opera-
tor growth involves out-of-time-ordered corre-
lators (OTOCs), which emphasize the spread-

ing of operators in space-time [10-20].

From a semiclassical perspective, OTOCs ex-
hibit exponential growth attributed to the But-
terfly Effect, characterized by a Lyapunov ex-
ponent that is considered to be bounded [21].
This bound is saturated in certain strongly in-
teracting models with holographic duals, such
as the Sachdev-Ye-Kitaev (SYK) model [22,
23]. However, it is important to note that expo-
nential growth (OTOCs) is not a universal fea-

ture of all chaotic systems [24-26].

In chaotic quantum systems, thermalization,
complexity [27-31], and entanglement entropy

[32-36] are interconnected concepts. Thermal-
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ization, the process of a system reaching a state
of equilibrium, is often linked to the growth
of entanglement entropy and complexity. As a
chaotic system evolves, entanglement entropy
(a measure of entanglement between subsys-
tems) increases, eventually saturating at a value
related to the system’s thermodynamic entropy.
Complexity, often quantified using measures
like circuit complexity, also tends to increase
during thermalization, reflecting the system’s
growing internal structure and the scrambling

of information.

Complementing existing frameworks, opera-
tor entanglement constitutes a pivotal diagnos-
tic tool for characterizing operator complexity.
Extensively examined across diverse quantum
systems [37-43], operator entanglement offers
profound insights into the intrinsic dynamical
evolution of operators. This perspective eluci-
dates the progressive complexity acquisition of
operators, thereby advancing our fundamental
understanding of the mechanisms that govern
thermalization and the scrambling of quantum

information.

Recently, Parker and collaborators, [44] intro-
duced a recursive framework. for characteriz-
ing operator growth,.employing a formulation
rooted in the Lanczos algorithm. This approach
systematically ¢onstruicts an orthonormal set of
states spanning the Krylov subspace, often re-
ferred to-as_the Krylov basis, through succes-
sive applications of the system’s Liouvillian
or Hamiltonian to an initial operator or state.
Within this basis, the evolution of the system is
encapsulated by a sequence of time-dependent
coefficients, providing a compact yet informa-
tive representation of the dynamics. Building
upon this structure, the notions of Krylov com-
plexity and Krylov entropy were defined and
investigated in [45, 46], offering quantifiable
measures of the spread of operators within the

Krylov subspace. Due to its recursive construc-

tion and numerical stability, this methodology
has seen extensive application in computational
analyses [47]. More recently, there has been a
growing interest in utilizing the Krylov-based
approach as a diagnostic tool for probing sig-
natures of quantum chaos and scrambling in

many-body systems [44].

Recent developments have proposed that the
asymptotic growth of Lanczos coefficients,
which emerge in the Krylov basis.represen-
tation of operator dynamics, ¢an,provide in-
sight into the nature of quantum many-body
chaos. Parker et al. [44] introduced the Oper-
ator Growth Hypothesis; arguing that in spa-
tially extended. quantum systems without con-
servation laws and with dimensions d > 1,
the Lanczos coefficients grow linearly at large
indices. b; ~ an. This behavior has been
linked to the spreading of operators and the
rapid growth of Krylov complexity, suggesting

a connection to chaotic dynamics.

However, subsequent studies have demon-
strated that linear growth of Lanczos coeffi-
cients is not exclusive to chaotic systems. Dy-
marsky and Smolkin [48] showed that free field
theories, which are integrable, can exhibit sim-
ilar asymptotic growth. Bhattacharjee et al.
[49] and Avdoshkin et al. [50] further exam-
ined integrable quantum field theories and spin
chains, finding that they may also display lin-
ear Lanczos growth. Additional works, includ-
ing those by Camargo et al. [51] have provided
further examples in holographic models and
interacting quantum field theories, reinforcing
that while linear Lanczos growth can occur in
chaotic settings, it is not a definitive signature

of chaos.

This indicates a need to identify diagnostics
that can more reliably distinguish between
chaotic and integrable regimes in many-body
systems. One promising candidate is the satu-

ration value of Krylov complexity, which quan-
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tifies the dimension of the Krylov subspace ef-
fectively explored during the time evolution of
an operator in a finite system. In a local quan-
tum Ising chain, Rabinovici et al. [52,53] found
that the saturation value of Krylov complexity
increases as the system parameters are tuned
from integrable conditions to regimes associ-
ated with chaotic dynamics, suggesting that the
saturation level may serve as a practical di-
agnostic for distinguishing chaotic behavior in

finite-size systems.

Recent studies have expanded the use of
Krylov complexity to systems with many-body
localization and near-integrable dynamics, ob-
serving that the growth and eventual satura-
tion of complexity can separate thermalizing
chaotic phases from non-ergodic phases [54,
55]. These findings strengthen the argument
that Krylov complexity can offer a finer tool for
identifying chaos in many-body systems, espe-
cially when used in conjunction with, but not
replaced by, the observation of Lanczos coeffi-

cient growth.

A closely related yet distinct approach to di-
agnosing quantum chaos involyves studying en-
ergy level statistics. Quantum,chaotic systems
typically exhibit level repulsion and are well
described by random matrix theory (RMT),
leading to Wigner<Dyson distributions in the
energy level spacings, while integrable systems
tend to follow Poisson statistics [56,57]. Un-
derstanding how the behavior of Krylov com-
plexity correlates with energy level statistics
can provide a more nuanced picture of chaos
and integrability in quantum many-body sys-
tems. Recent works, including [58, 59], have
begun to explore these connections, highlight-
ing that while Krylov complexity probes op-
erator dynamics, level statistics probe spectral
properties, and their interplay can yield power-

ful insights into the structure of chaos.

The remainder of this paper is organized as fol-

lows. In the next section, we provide a de-
tailed overview of the Krylov space formal-
ism, including the procedure for constructing
the Krylov basis, calculating Lanczos coeffi-
cients, and defining Krylov complexity, with
a focus on its physical interpretation in inter-
acting many-body systems. Subsequently, we
introduce the mixed-field Ising model, con-
sidering both local and non-local interaction
terms, and analyze its symmetry properties as
well as the parameter regimes that correspond
to integrable and chaotic dynamics. Follow-
ing this, we present a comprehensive numeri-
cal and analytical study. of Krylov complexity
alongside energy level spacing statistics, exam-
ining their interplay across the integrable-to-
chaotic crossover. Finally, in the concluding
sectiony we synthesize the findings to demon-
strate how the behavior of Krylov complex-
ity and the distribution of level spacing ratios
can serve as reliable diagnostics to distinguish
chaotic from integrable phases in both local

and non-local variants of the Ising model.

2 Krylov Space and Spread
Complexity

Consider a time-independent quantum system
characterized by a Hamiltonian H. The unitary
time evolution of a pure state |¢(t)) is gov-

erned by the Schrodinger equation:

PO () =H |4 (1)) e

The formal solution is |9 (¢)) =
e (0)).

This result can conventionally be expressed as
a power series expansion in terms of states ob-
tained by successive operations of the Hamilto-

nian on the initial state at ¢ = 0.
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That is:

=" @
n=0 :

where the states:

[Yn) == H" [¢(0)) . 3)

These states span what is known as the Krylov
space, which is a subspace of the full Hilbert
space. Although these states generally are nei-
ther orthogonal nor properly normalized, to
construct a set of orthonormal basis vectors
| Ky, ), known as the Krylov’s basis, we employ
the Lanczos algorithm [60], which is based on
the Gram-Schmidt orthogonalization process.

The Lanczos recursion is given by:
|An+1> = (H - an) ‘Kn>_bn |Kn—1> 4

Here, a,, and b,, are the Lanczos coefficients,
defined as:

an = (Ku|HIK,), by = (An | A)Y2(5)

The initial and normalized .conditions of
Krylov’s basic elements canbe presented as

follows:

[Ko) = [¢(0)) 1K) = bt [An) ,bo =0
(6)
Using this framework, the Lanczos algorithm

can be-rewritten as:

H |Ky) = an [Kn)+bpt1 [Kni1)+bn [Kn-1)
(7)
This expression shows that the Hamiltonian
takes a tri-diagonal form in the Krylov’s ba-
sis. In an infinite-dimensional Hilbert space,
the Krylov space is also infinite-dimensional.

In matrix form:

<Km|H|Kn> = aném,n+bn+16m,n+l+bn5m,n—1
3)

For a finite-dimensional Hilbert space, the
Krylov subspace will be finite-dimensional,
with its dimension determined by the initial
state and the Hamiltonian’s structure. The
Lanczos process terminates when b, = 0 for
some n, indicating the generated vectors have

become linearly dependent.

In Fig 1,the Lanczos coefficients for the the

mixed-field Ising model are computed and pre-

sented.
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Figure 1: The Lanczos coefficients for the the
local version of mixed-field Ising model (top
plots) and non-local version (bottom plot), in
both integrable and chaotic forms are shown.

The time-evolved state can be decomposed in
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the Krylov basis as:
W)= n®) [Kn) O

Where v, (t) := (Ky|i (t)) are functions as

follows:

S b OF = pa(t) =1 (10)

By inserting Eq.7 into Eq.1, the Schrodinger
equation reduces to a recursion relation for the

Krylov coefficients:

Z'atwn (t) = anwn (t)+bn+11/}n+1 (t)'i‘bnl/}n—l (t)

(11
For a given initial state |1 (0)) with the initial
condition 1, (0) = J,0, one defines the Krylov
complexity as:

C(t):=> np,(t) =Y nla. () (12)

n

Which serves as a measure of the effective
spread of the initial state along the Krylov
chain under unitary evolution. This quantity
encodes the growth of operator or state: com-
plexity in a one-dimensional effective repre-
sentation of the dynamics /and.is of particu-
lar interest when analyzing chaotic versus in-
tegrable behavior inmany-body quantum sys-

tems.

3 The mixed-field Ising Model

The mixed-field Ising model extends the stan-
dard Ising model in statistical mechanics by in-
cluding both transverse and longitudinal mag-
netic fields acting on spin sites, allowing the
system to interpolate between integrable and
quantum chaotic dynamics depending on the
field strengths [61,62]. The model retains local

nearest-neighbor interactions, and its Hamilto-

nian takes the form:

L-1 L
H=-> sisi;— Y (hasi—hzs]) (13)
i=1 =1

Where s and s denote spin—% operators on
site 7. These are constructed explicitly as:
3]? — (H2)®(i_1)®gk®(ﬂ2)®(L_1)7

(2

k€ {z,y,2}
(14)
Here, o are Pauli matrices and the, Hilbert

space dimension is d = 27,

For specific field configurations, the model
transitions between chaotic and integrable
regimes. For example, numerical studies indi-
cate that (hg, h.) = (—1.05,0.5) yields sig-
natures of quantum chaos, while (hg, h,) =
(—1,0) corresponds to an integrable point [61,
62].

(—1.05,0.5) Chaotic State
(hzy hz) =
(—1,0) Integrable State

(15)

The model possesses parity symmetry, with the
Hamiltonian commuting with the parity Oper-
ator I1. This operator can be expressed as:

D1,L D2,L—1 ---PL L42 when L is even
27 2

ﬂ pu—

when L is odd
(16)

Where the site permutation operator is defined

by:

D1,L P2,1—1 -~-ﬁ%,%

1
Pii =5 (]Id + 57T 4 s¥s! + sfs§> (17)

And it exchanges the spin states at sites 7 and
j. Conceptually, IT acts by reflecting the spin

configuration about the chain’s center, e.g.,

I 1)) = [T

And enables the construction of eigenstates
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with definite parity:
1
V2

With 11 |14) = £|1+), having eigenvalues
+1 [53].

[he) = —= ([TT1) £ [1111)),

To explore the effects of long-range interac-
tions in a disordered transverse field environ-
ment, we also consider the fast entangling spin
model introduced in [63], whose Hamiltonian

is given by:

H = Higal — \% >osisi (®)
1<J

Where Hj,., denotes the local mixed-field
Ising Hamiltonian. This extension enables
the study of entanglement spreading and level
statistics in systems that incorporate both local
and collective interaction structures, offering a
broader landscape for investigating the signa-
tures of chaos and integrability in many-body

quantum systems.

4 Krylov Complexity and en-

ergy level spacing

In this section, we-analyze the role of Krylov
complexity in diagnosing quantum chaos in
many-body-. systems over long timescales.
Krylov complexity, defined as the expectation
value of the Krylov number operator, provides
a quantitative measure of the operator’s spread-

ing in Krylov space [44]:
C(t) = (T()|N[E(@)) (19)

where the Krylov number operator in the

Krylov basis takes the form:

Dgy—1

N = Z n|n) (n| (20)
n=0

To track the time dependence of complexity,
one studies the temporal evolution of this ex-
pectation value [53]. We will show that the
long-time behavior of C'(¢) can reveal signa-
tures of chaos or integrability in the underlying

dynamics.

Given an initial state
Dy
[do) = ¢ Ej)
j=1

The Krylov complexity can be expressed as:

Dy,

C(t) = Tr(ppeN)+ § ekl ere, Ny,
j=1
(21)

Where, Wik = Ej — Ek, Njk = <E]|N|Ek>
and the'diagonal ensemble density matrix is de-
fined by:

Dy
poe =Yl | E) (Ejl . (22)
7j=1

Throughout, we restrict to the symmetry sec-
tor relevant to the initial state, ensuring that the
Krylov space and pp g are confined to the block

associated with conserved charges or parity.

The infinite-time average of Krylov complexity

is then

T
€= Jim & / (N(t))dt = Tr(ppeN)
’ (23)

Analyzing the saturation value and the ap-
proach to saturation of Krylov complexity in
finite many-body systems offers insight into in-
tegrable versus chaotic dynamics. In chaotic
systems, a pronounced peak in C'(t) often
precedes saturation, indicating rapid operator

growth before equilibration [44, 53].

For thermal states, we can consider the thermal
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density matrix
e Bh

pﬁl::Z?(Bj

ZB)=Tr (™) 4
Here [ is the inverse temperature, which
is determined in the equation T'r(pyN) =
(Yo|H|tbp) = Ep and thermal Krylov com-
plexity is defined by:

Cin = TT(PthN) (25)

which may approximate the saturation value of
Krylov complexity if N behaves as an ETH
operator. However, in chaotic systems, it is
generally observed that while local observables
equilibrate quickly, the growth of Krylov com-
plexity can continue beyond the thermalization
timescale, with the late-time saturation of C'(¢)

typically exceeding Cyy,.

To study these effects explicitly, we can con-

sider the thermal initial state:

o) = 3085 |E;)  26)

NI

The mixed-field Ising model used here pos-
sesses parity symmetry, allowing the energy
eigenstates to be classified. into even and odd
parity sectors, which simplifies the numerical
calculation of Lanczos coefficients and Krylov
complexity. “For numerical studies, we com-
pute C'(#) for'the thermal initial state at 8 = 0
as a representative case. As demonstrated in
Fig: 2; chaotic systems exhibit a distinct peak
in Krylov complexity before saturation, illus-

trating rapid operator spreading.

In isolated quantum systems, the signatures
of chaos are encoded in the spectrum of the
Hamiltonian.  Specifically, the energy level
spacings in chaotic systems typically follow
a Wigner-Dyson distribution, while integrable

systems exhibit Poissonian statistics. Explic-

itly, In an isolated quantum system defined by
its Hamiltonian, along with specific boundary
conditions or initial state preparations, it is nat-
ural to expect that key indicators of its chaotic
nature are encoded in the eigen structure of its

states.

In fact, the eigenvalues of chaotic Hamiltoni-
ans exhibit distinct statistical properties com-
pared to integrable models. More.precisely,
the energy level spacing of the eigenvalues of
a chaotic quantum system follows a Wigner-
Dyson distribution, while/integrable systems

follow a Poisson distribution.

2ol

Ppoisson (3) =e° , Pwp (S) = 7367§s
(27)

where s, denotes the normalized level spac-
ing. These level spacing statistics serve as ro-
bust indicators for distinguishing chaotic be-
havior from integrability, applicable across lo-
cal and non-local Ising models under trans-
verse and longitudinal fields. As shown in
Figs. 3 and 4,chaotic regimes manifest clear
adherence to Wigner-Dyson statistics, while in-
tegrable phases are characterized by Poissonian

distributions.

In Fig. 4, we analyze the distribution of en-
ergy level spacings within the positive parity
sector for both the local and non-local vari-
ants of the Ising model under longitudinal field
values h, = 1 and 1.5 For the local Ising
chain, we find that increasing h, progressively
suppresses signatures of chaos, reflected in
the gradual shift of the level spacing statistics
from a Wigner-Dyson distribution, indicative
of level repulsion in chaotic systems, toward a
Poisson distribution, which signals the emer-
gence of integrable behavior. In contrast, in
the non-local version of the Ising model, we
observe that increasing the longitudinal field
can, within specific parameter windows, en-

hance indicators of chaos, causing the spectral
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Figure 2: We examine the time dependence of
the Krylov:complexity for the initial state de-
fined'in Eq. 26, evaluated at 8 = 0,which cor-
responds to the infinite-temperature limit. In
the regime where the system exhibits chaotic
dynamics, we observe that the Krylov com-
plexity increases rapidly, reaches a pronounced
maximum, and subsequently saturates due to
the finite dimension of the accessible Hilbert
space. The yellow line denotes the infinite-time
average of the Krylov complexity.
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Figure 3: Energy level spacing distributions
are presented for the positive parity sector of
both the local and non-local Ising models at
h, = 0 and 0.5. The blue curve corresponds to
the Poisson distribution, illustrating the behav-
ior expected in integrable regimes, while the
red curve represents the Wigner-Dyson distri-
bution, characteristic of chaotic dynamics.
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Figure 4: Energy level spacing distributions in
the positive parity sector of the local and non-
local Ising models at h, = 1, 1.5 For the local
Ising model, increasing h, suppresses chaotic
signatures, shifting the level spacing statis-
tics from Wigner-Dyson (red) toward Poisson
(blue) distributions. In contrast, the non-local
Ising model exhibits an enhanced tendency to-
ward chaos under increasing h , reflected in a
transition from Poisson-like to Wigner-Dyson
statistics across specific parameter regimes.

statistics to evolve from a Poisson-like distribu-
tion toward Wigner-Dyson behavior. However,
as the longitudinal field becomes sufficiently
large, the non-local model’s spectral charac-
teristics begin to resemble those of the local

model, consistent.

5 Conclusions

Quantum chaos investigates.how signatures of
classical chaotic dynamics€merge in quantum
systems. A central aspect is the manifesta-
tion of level repulsion in'the energy spectrum,
where energy eigenvalues become correlated
and avoid degeneracies, reflecting underlying
chaotic_behavior. This correlation leads to
characteristic Wigner-Dyson statistics for the
distribution of level spacings, contrasting with
the Poisson statistics typical of integrable sys-
tems. In the context of Ising spin chains, both
local and non-local variants can display quan-
tum chaotic features; non-local interactions of-
ten enhance complexity and thus amplify sig-

natures of chaos.

The dynamics of operator spreading, as cap-
tured by Krylov complexity, further illuminate
these distinctions. In chaotic regimes, Krylov
complexity grows rapidly at early times, signi-
fying the exponential sensitivity to initial con-
ditions and the extensive delocalization of op-
erators over the accessible Hilbert space. This
growth frequently exhibits a pronounced peak
before eventually saturating due to finite sys-
tem size. In contrast, integrable systems gen-
erally show slower, more monotonic growth of
Krylov complexity without such a distinct peak
prior to saturation, reflecting their regular and

predictable dynamics.

A widely used spectral diagnostic complemen-

tary to level spacing distributions is the average
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level spacing ratio, defined by:

) 1 Di‘:l , ( 1 > S;
T = min(r;,— |, ri=
DO_ln:l ]T‘j J Sj"—l
(28)
Where S; = Ej1—Ej. For the Poisson model
Tpoisson ~ 0.3863 and for the Gaussian orthog-
onal matrix (GOE) rgor = 0.5307.
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Figure 5: The panels display the ratio of ad-
jacent energy level spacings in the mixed-field
Ising model with non-local interactions. The
top-left panel shows the distribution of level
spacing ratios for the transverse-field Ising
model (g = 0) under various values of the lon-
gitudinal field h,. The top-right panel presents
the results for the mixed-field Ising model with
fixed g = —1 and varying h,. The bottom
panel shows the level spacing ratio distribu-
tions for fixed h, = 0.5 while varying the non-
local interaction strength g.

with the suppression of chaotic features (see
the right panel of Fig. 5). In the figures, the
Poisson distribution is depicted in blue and the
Wigner-Dyson distribution in red, illustrating
the crossover in spectral statistics as the field
strength varies. Our numerical results, illus-
trated in Figure 5, demonstrate that for inter-
action strengths |g| > 0.25, the non-transverse
field Ising model exhibits clear signatures of
chaos, consistent with elevated level spacing
ratios and enhanced Krylov complexity. In the
transverse-field scenario, a fully chaotic phase
emerges at h, = 0.5, while the system remains
integrable at h, = 0.~These observations are
corroborated by the behavior of Krylov com-
plexity, which aligns with the spectral diagnos-

tics across these parameter regimes.
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