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In this paper, we first introduce the Miintz—Legendre polynomials and establish their relation to Jacobi poly-
nomials. Then, a stable scheme is presented for approximating the Caputo fractional derivative of the Miintz—
Legendre polynomials. Next, we introduce a Miintz—polynomial pseudospectral method with fractional power
of Legendre—Gauss—Radau mesh points for solving fractional optimal control problems. This method is par-
ticularly suitable for problems whose solutions contain non-integer exponent factors. We also construct a
novel costate estimation procedure based on the first order optimality conditions and the structure of the un-
derlying problem. Three numerical examples, including a fractional model for tumor burden under immune
suppression, are presented to demonstrate the applicability and spectral accuracy of the proposed method.
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1. Introduction

Orthogonal collocation or pseudospectral (PS) meth-
ods lie among direct methods that possesses spectral ac-
curacy for problems having smooth or piecewise smooth
solutions. Using state-control parameterization via or-
thogonal polynomials and collocating the system dy-
namics at collocation nodes obtained from a Gaussian
quadrature, PS methods transcribe an optimal control
problem (OCP) to a nonlinear programming problem
(NLP).

During the past two decades, PS methods have been
extensively used in solving OCPs [1, 2] and in resent
years many researchers have tried to extend PS methods
to solve various types of fractional optimal control prob-
lems (FOCPs) [3-8]. Some other numerical methods

have also been developed for solving FOCPs such as in-
direct spectral Chebyshev and direct Clenshaw—Curtis
scheme followed by the Rayleigh—Ritz method [9], in-
direct spectral method using hybrid functions [10], an
iterative approach [11], Variational iteration and modi-
fied Adomian decomposition methods [12], a combina-
tion of the perturbation homotopy and parameterization
methods [13], Bernstein polynomials operational matri-
ces [14], Epsilon—Ritz method [15], Adomian decompo-
sition method [16], indirect convergent Jacobi spectral
collocation [17], indirect Chebyshev cardinal functions
method [18] and a convergent Legendre spectral collo-
cation method [19].

Further, numerical solution of some applied models
using FOCPs has been considered by some authors such
as HIV/AIDS epidemic model with random testing and
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contact tracing [20], Mosaic disease [21], mathemat-
ical model of tumor under immune suppression [22],
Cholera epidemic model [23], a Climatic model [24],
Hand, Foot and Mouth Disease Model [25] and Hepati-
tus C virus model [26].

Direct PS methods for OCPs basically do not in-
clude a costate estimation scheme; nonetheless, some re-
searchers have developed such schemes for OCPs using
the first order optimality conditions [2] or the so called
Covector Mapping Principle [27, 28]. For FOCPs, to
the best of our knowledge, there is no costate estimation
in the literature using direct PS methods. On the other
hand, it is well known that spectral methods based on
classical polynomials do not have spectral accuracy if
the exact solution has a low regularity, as in problems
of fractional order. To remedy this deficiency, a way
is to utilize nonpolynomials, such as generalized Jacobi
functions and Miintz-Legendre polynomials bases [29—
31]. Such methods have not been properly developed
for FOCPs so far.

Motivating by the above issues, we first introduce a
new Miintz PS method for a class of FOCPs. A sta-
ble scheme is derived for the numerical computation
of Miintz-Legendre polynomials and their Caputo frac-
tional derivative. Then, collocation using fractional
power form of Legendre—Gauss-Radau points is done
to replace the underlying FOCP to a nonlinear program-
ming problem (NLP). The proposed method possesses
the spectral accuracy even for FOCPs with a low regular-
ity. Next, by developing our work in [2] to the fractional
case, a novel costate estimation scheme is constructed
that utilizes the first order optimality conditions and the
Miintz PS approximations of state and control variables.

The remainder of this paper is organized as follows:
in Section 2, some preliminaries concerning orthogonal
polynomials and fractional calculus are given. Section 3
is devoted to numerical evaluation of Miintz-Legendre
polynomials and their Caputo fractional derivative. In
Section 4, formulation of the new Miintz PS method is
explained and in Section 5 the costate estimation scheme
is explored. In Section 6, three illustrative examples, in-
cluding a tumor burden model under immune suppres-
sion, are provided. Finally, conclusions are given in Sec-
tion 7.

2. Preliminaries

2.1 Nonclassical orthogonal polynomials

Let w(#) represent a non-negative integrable weight
function defined on the arbitrary interval [a, b], which
establishes the weighted inner or scalar product of the
functions u(t) and v(t) by

b
(u,v)w=/ u(t)v(t)w(t)dt. D

It is well known that the weighted scalar product (1)
constructs a unique set of orthogonal polynomials Py €
Py, k =0,1,2,..., which satisfy a three-term recurrence
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relation

Piy1(t) = (t — ap) Pr(t) — BrPr-1(1), 2
P_i(1) =0, Po(t) =1,

with the coefficients

(lPk(l),Pk(t))
ak = —’
(Pk(t),Pk(t))

Bo= (Po(t),PO(t)), By = ( (Pk(f),Pk(t))

Pr-1(t),P-1 (I))

According to Gautschi [32], due to the numerical
stability of the recurrence relation (2), it can be effec-
tively utilized for the numerical calculation of orthog-
onal polynomials. While closed-form expressions for
the coefficients of classical orthogonal polynomials are
established, the recurrence coefficients for nonclassical
weight functions remain unknown. Consequently, nu-
merical methods such as the Stieltjes procedure or the
Chebyshev algorithm are employed.

2.2 Jacobi polynomials

Jacobi polynomials, J ,ia’ﬁ ) (x), lie among classical or-
thogonal polynomials that are defined on the interval
[—1, 1] with respect to the weight function w(®#) (x) =
(1 =x)*(1 +x)? with a, 8 > —1. Although they can be
obtained using the following closed-form relation:

J((t,ﬁ) (x) — Zk: (_1)k—m(1 +B)k(1 +a +ﬂ)k+m I+x
k m!(k—m)!(1+B)m(l+a+pB)r 2
3)
where (d)g = 1 and (d)gy = d(d+1)...(d + k + 1),
for stability reasons, Jacobi polynomials are evaluated
using the following recursive relation [32, 33]:

m=0

Jéa’ﬁ)(x) - I’Jl(a’ﬁ)(x) = —[(a=B)(a+B+2)x], (4)

N =

aiiﬁ)]}ifiﬁ) (x) = b;f:ﬁ)‘llimﬁ) (x) — Cg’fl]:ﬁ).]lif_liﬁ) (x),
(5)

where

al®® =2k + 1) (k +a + B+ 1)(2k +a + B),

(a.8) _

by =

Rk+a+pB+1).
[Qk+a+B+1)2k+a+B+2)x],

%P = S0P =2k +a)(k+ B) 2k +a + f+2).

As well, the recursive relation for calculating the first
derivative of Jacobi polynomials is given by

d I
EJ,E“"” () =5(k+a+p+ DI (). (6)

For more information we refer to [33].

)",
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2.3 Gauss quadrature rule

The general form of a numerical quadrature rule with
respect to a weight function w is given by

b N
[ s@wiar= Y s + Ru(r). )
a k=1

where N is the number of quadrature points and Ry (f)
is the truncation error. This quadrature rule is referred
to as a Gauss-type quadrature rule when it becomes pre-
cise for polynomials of degree no greater than 2n — /,
where [ can take the values 0, 1, or 2. Hopefully, the
quadrature nodes #; and weights wy corresponding to
classical weight functions, such as Jacobi weight func-
tions, are available in tabulated form.

For a nonclassical weight function, however, the
algorithm of Golub—Welsch [34] can be used to evalu-
ate the nodes and weights of a Gauss-type quadrature.
In this approach by computing the eigenvalues and
normalized eigenvectors of the symmetric tridiagonal
Jacobi, Jacobi-Lobatto and Jacobi-Radau matrices
JG, I, and JR | the nodes and weights are deter-
mined. Specifically, based on the coefficients given in
Eq. (2), the tridiagonal Jacobi matrix of order N + 1 is
given by

JI(\5+1
[ @ VBI
VB a1 VB
VB @ VB3
)
Bn-1 an-1 VBN
VBN an

Theorem 2.1 The eigenvalues of JS .1 are the Gauss
nodes a <ty <t <...<ty_1 <ty < b and the cor-
responding quadrature weights {w k}kN=0 are calculated
using the formula

wr = Bo(vix)?>,  k=1,2,...,N, )

where {Uk}kN=0 represents the normalized eigenvector
Of N+1 associated with the eigenvalue {tk}szo (i.e.
kUk = 1) and vy denotes its first component.

For more information about the structure of the tridi-
agonal Jacobi-Lobatto and Jacobi-Radau matrices and
corresponding nodes and weights, refer to [34].

2.4 Fractional calculus

Fractional calculus deals with derivatives and inte-
grals of non-integer order and the most popular defini-
tions in fractional calculus refer to the Riemann-Lioville
and Caputo definitions [35]. Let f : [a,b] — Rbea
function, @ > 0 be a real number and m = [a] + 1.
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The fractional left and right Riemann-Lioville integrals
of order a are respectively defined as follows:

JdOf(1) = ﬁ/ (t—1) ' f(r)dr, t>a, (10)

1 b
Apf(t) = m‘/t (- t)a_lf(‘r)d‘r, t<b. (11)

By using the above fractional integrals, the left Caputo
fractional derivative (LCFD) of order @, when it exists,
is defined as

CDf(r) = / (-0 f(n)dr, 1> a,

and the right Caputo fractional derivative (RCFD) is de-
fined as

eDgr = p X [ eyt e, 1<,

where £ (1) is the usual m-th derivative of f.
For the Riemann-Lioville fractional integral and Ca-
puto fractional derivative the following properties hold:

T(k+1)
[0tk = ——— 7kt 450, 12
at T(k+a+1) g (12)
andif k € Ngand k > [«]
@ I'k+1) —a
Cpark = k=a p50.  (13)

I'k-a+1) ’

Moreover, for 0 < @ < 1 we have
12(Soerm) = ro - fl@, (4
A3(ED5r0) = £ - £ ().
3. Miintz-Legendre polynomials

Consider the complex sequence A, =
{A1,42,...,4,} with the property Re(dx) > -1,

k=1,2,...,n. Consider also the following function:
n _
t—Ar+1 1
t) = _ . 15
Wa (1) k]_[O L (15)

Then, according to [36] the Miintz-Legendre polynomi-
als are defined as

L(A,x) = jn /Cwn(t)x dt. (16)

where C is a simple curve surrounding all the zeros of
the denominator in the function w,(¢).

Furthermore, when Ay # A, for k # j, by using the
above definition and the Cauchy residue theorem, the
polynomials L(A, x) can be restated as follows:

n

La(0) = (A1) = ) cnix™, (17)
k=0

n-1

l—[(/lk +A, + 1)

v=0

Chk = —f——.

1_[ (Ak - /lv)

v=0,v#k
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Note that these polynomials are orthogonal on the inter-
val [0, 1] with respect to the weight function w(z) = 1,
i.e.

1 ..
(Li,Lj)=/ Li(x)Lj(x)dx:#, (18)
0

A+ A+ 1

where {6; j};.” i-1 is the Kronecker delta function.

In the special case that {1; = ak}y_, (for a positive
real number @), by shifting the Miintz polynomials to
the interval I = [0, T] we have

La(t:0) = )" Cuk(2)*, (19)
k=0

Cok = ﬂ ﬁ ((k +v)a + 1).

a*k!(n—-k)! =0

They form an orthogonal basis for the space M, q,
where
My,o = span{l,1%,... 1"}

Now, we turn to the numerical calculation of the shifted
Miintz-Legendre polynomials and their Caputo frac-
tional derivative. As stated in [30, 37], direct evaluation
of these polynomials using the definition (19) can be
problematic in finite arithmetic because the coefficients
C,.x become very large as n increases. The following
theorem adopted from [30], relates the shifted Miintz-
Legendre polynomials to a class of Jacobi polynomials.

Theorem 3.1 For a real number > 0 and t € I, we
have the following representation:

Ly(ta) = 0@ (2(%)“ - 1). (20)

Hence, using the three-term recursive relation (4)—(5)
we can obtain L, (z; @) in a stable manner as follows:

Lo(za) =1, Li(t;a) = (é +1) (%)a _ é

(21
binLpt1(t;@) = by n (1) Ly (1 @) — b3 i Ly—1 (15 ),
(22)
where

0,11
bl,n =a( @

1,n ’
0,L-1) r\¢
boalt) = al (2 (?) - 1),
0,+-1
b3’n = ag’n“ ).

Next, for the numerical evaluation of gD,"Ln(t; a) we
have two ways. In the first way, consider again L, (f; @)
as in Eq. (19). By utilizing the well-known formula

1+
gD;Ytﬁ _ &tﬁ_a,a’>0,ﬁ> -1,t>0,

T I(1+B-a) o3
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the Caputo derivative of L, (¢; @) can be stated as

t )(kfl)a/

n
§pfLae) =Y Dui () . @4
k=1

T

(1 + ka)

KT T + ka —a)T

n,k-

Noteworthy, th“Ln(t;a) € M, o that is a valuable
property in the approximation theory. We emphasis
that, as n increases the coefficients D, x become very
large and direct calculation of g DL, (t; @) can also
be problematic. In the sequel, we consider a stable
numerical method as the second way for evaluating of
SDIL (1 ).

Theorem 3.2 Let 0 < a < 1 be a real number and
t € [0,T). Then the representation

SDIL, (1) = (25)

1 +na ! 1\~ (1,1 r\@
__*ne [ ) A (2(—) —l)d,
ar(l-a)Ta/o ( X n-1 ) " o

holds true.

Proof. Consult [30]. O

/1 (1 - té)_“f(t)dt = iw,@f(f,g“)),f € Pon.
0 k=1

i (26)
Clearly, the function w(z; @) = (1 - ti) is a nonclas-
sical weight function and for each value of @ the Golub—

Welsch algorithm explained in Section 2.3 should be

used for calculating the weights {w]((“)}ivz , and nodes

{T,E")},]:’:I. Therefore, as the quadrature rule (26) for
N = [n/2] becomes exact, Eq. (25) is equivalent to

EDIL,(ta) = (27)

[7]

1 +na (a) ,(1,1) t\«@ (a)
S Bl )
F(l _ CV)T‘Y ; wk n—-1 T Tk

4. The Miintz-Legendre PS method

In this section, we construct a novel PS method based
on the Miintz-Legendre basis and Radau points for the
numerical solution of nonlinear FOCPs.

4.1 Problem statement

Consider the following nonlinear FOCP in Bolza
form: Minimize the performance index

r
J= h(tf, X(tf)) + / g(t, X(1), U(t))dt, (28)
0
subject to the fractional order system dynamics
§DX() =X, V@), relorl. @9

the initial conditions

X(0) = xqo, (30)
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and the terminal state constraints
¥ (1. X(1p)) =0, 31

in which ¢ is the terminal time, X(¢) € R™, U(¢) € R"
are respectively the state and control vectors and Xj
is a given initial state. We assume that the functions
f:[0,17/]xR"xR" - R, g:[0,1/] xR"XR" - R,
h:RxR™ — Randy : [0,f7] xR™ — R™ are contin-
uously differentiable and the problem is controllable.

Consider now the Hamiltonian function H =
g(1,X, U) + AT£(z, X, U) where the vector function A(r)
is called the costate. The necessary optimality condi-
tions of the continuous-time FOCP (28)—(31) are de-
rived using the Pontryagin Minimum Principle as

6 DX (1) = Ha, (32)
X(0) = %o, (33)
§ DIA(1) = —Hx, (34)
(A) - (1, X (1)) + 0T yx 1, X(t)))’tf =0, (33)
W (1. X(1p)) =0, (36)
Hy = 0. 37)

4.2 Miintz-Legendre—-Radau PS discretization

We first set T = 7 and approximate the state and
control functions by the shifted Miintz-Legendre poly-
nomials as the finite sums

N

X(1) ~ PNX() = )" X;Li(t;e),  (38)
j=0
N

U ~ PNU) = ) ULy (5 ), (39)
7=0

where X; and U; are totally (N + 1)(m + n) unknown
variables to be determined.

Let {xl}f\i o be the Legendre-Gauss—Radau points as-
sociated with the interval [0, 7). Collocating the frac-
tional system dynamics (29) at the N + 1 points {t; =

(x)) @}, yields
§DX (1) = £(0, X(0), Uw),  1=0,....N. (40)

Furthermore, $ DX (1) is approximated using Eq. (27)
as

N
§DIX(0) ~ SDF(PVX) (1) = ) dijX;, (A1)
j=0
where

41

1+ ja (@) (LYY (5 (LY (@)
d”’r(l—a)Takawk Tj1 (Z(T) k "1)'

Substituting Eqgs. (38)—(39) and (41) into Eq. (40), for
0 < I < N we obtain m(N + 1) algebraic constraints

N
> Xy = €1, PYX(1), PNUG)) = 0. (42)
=0

“https://doi.org/10.57647/ijm2c.2025.150423

Moreover, approximating the initial conditions (30),
gives m algebraic constraints as

PVX(0) —x0 =0, (43)

and, as L;(ty; @) = 1, the terminal state constraints (31),
give m algebraic constraints as

w(rf,ixj) -0 (44)
7=0

Finally, the cost functional is approximated by substitut-
ing Egs. (38)—(39) into Eq. (28) and utilizing the stan-
dard Legendre-Gauss-Radau quadrature rule, to get

J = Jn (45)

h(tf, i Xj) + i W g(xl, PNX(x)), PNU(XI)),
1=0

J=0

where w; and x; are the standard Legendre-Gauss-
Radau weights and nodes on the interval [0, ¢ 5), respec-
tively.

The finite-dimensional nonlinear programming prob-
lem that emerges from the aforementioned Radau PS dis-
cretization can be succinctly summarized as follows:
Minimize

N N
In =h(tr, > %) + 3w gw, PYX(0), PNUG)), 46)
j=0 1=0

subject to

PVX(0) - xp = 0,
N

‘/’(tf’ ZXJ) =0,
7=0

N
X, - f(r,,PNX(r,),PNU(r,)) -0,1=0,1,...,N.
7=0

(47)
This NLP problem can be solved by a suitable globally
convergent algorithm.

5. Costate estimation

In this section, we propose a novel costate estimation
scheme using PS methods. The authors of [27] have
developed a procedure for estimating costate utilizing
PS methods, which are grounded in the relationships be-
tween the KKT multipliers of the discrete NLP and the
costate, as well as the Lagrange multipliers associated
with the continuous-time integer order OCP. Further, in
[2], we have derived a novel costate estimation proce-
dure based on the necessary optimality conditions for
integer order OCPs. Here, we are going to extend our
work in [2] to the nonlinear FOCP in Eqs. (28)—(31). To
this end, consider the necessary optimality conditions
(32)—(37) and let XV (¢) and U™ () be the obtained the
approximations to X(z) and U(¢) using the Miintz PS
discretization of Section 4. By substituting X" (¢) and
UM (1) into Eqs. (34),(35) and (37), we obtain

~Hy | xvony = SDEA) = —gY —EVA(r),  (48)
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Alty) = b (17, X (1)) = gy (1. XV (1)), @9)
Hy | xv uvy =0 =gl +£2(). (50)

Eq. (48) is a system of linear FDEs of order 0 < @ < 1,
Eq. (49) gives boundary conditions for the FDE (48) and
Eq. (50) is a system of linear algebraic equations for the
unknowns of the vector A(¢). Now, based on the un-
derlying problem structure, we introduce three different
schemes to approximate the costate, 4™ (¢).

* Scheme A: Consider the case ¢x (tf, XN (tf)) =0.

In this case, there is no need to obtain the multipli-
ers v; hence, our first scheme for costate estimation
is to utilize the Miintz collocation method to solve
the system of linear FDEs (48) with the boundary
conditions (49).

* Scheme B: Suppose that ¢y (tf, XN(tf)) # 0 and
m = n, so the boundary condition (49) is not usable.
In this case, we obtain the approximations AN (1),

by solving the system of linear algebraic equations
(50).

* Scheme C: Suppose that ¥y (tf, XN(tf)) # 0 and

m # n. Since we have assumed that the underly-
ing FOCP is controllable, Eq. (50) gives a full rank
linear system of algebraic equations. In this case,
if m > n then, n out of m functions 4;(z) are de-
rived using Eq. (50), while the remaining m — n
functions are derived using Eq. (48) with the ini-
tial conditions g/’ + f¥ 2(0) = 0. Otherwise, the
vector function A(¢) is derived using Eq. (50).

6. Illustrative examples

In this section three examples are solved to illustrate
the efficiency and accuracy of the presented Muntz PS
method and costate estimation schemes. Whenever we
have the exact solutions, we use the below accuracy cri-
terions:

E;=1|In-J,

Ex =X (1) - X*(t)”L‘X’(I) ’

Ey = |UM(r) - U*(t)||L°°(I) ’

Ey =AY (@) =2 0] o g -
Furthermore, for assessing the accuracy when the exact
solution is unavailable, our accuracy criterions are as
follows. By substituting U into Eq. (29), a system of
nonlinear FDEs is obtained as an accuracy criterion for
the fractional system dynamics:

gD,"X(t):f(t,X(t),UN(t)), X(0) =xo. (51)

To solve (51), we have utilized the Miintz collocation
method to obtain the approximate solution X(z). Then
we define

- HX(;) ~xXN()

Edyn L (I) °

“https://doi.org/10.57647/ijm2c.2025.150423

Moreover, let AN’S(I), s = A, B,C be the costate
estimations obtained using the schemes A, B and C of
Section 5. Then, we define the accuracy criterions for
costate estimation as

EHy = se{rgi;ic} {”(CJTD;Y’IN’S + WXHL‘”(I)} ’
o, = max Ao}

Example 6.1 As the first example, consider the follow-
ing linear-quadratic FOCP of minimizing the cost func-
tional [12],

1 2 1 FGa+ 1)\’
_ _ Ba u _
J‘L ((x(’) ) +( D Fav3) F(2a+1)) )dt’

with the fractional state equation,

x(1)

2a
Fa+3) T0 w0

SDx(t) =

and the initial condition
x(0) =0.

The exact solution to this problem is

x*(1) = 19,

e TGa+ 1)
W= ra+n (r(2a+1))’
A" () = 0.

Since the exact solution is available, in Table 1 and
Table 2 we have reported the errors E, and E, and
compared our results with the variational iteration
method (VIM) and the modified Adomian decomposi-
tion method (MADM) presented in [12]. It is seen that
our method is more accurate.  For costate estimation,
we first consider the Hamiltonian function as

1 F'Ga+1))\2
T(@+3) TI'Qa+ 1))

x(1) rar
m +1 l/l(t)) .

H = (x(t) - t3")2 + (u(t) +
+A(1) (

Then, using Eqs. (48)—(50) evaluated at x™(7) and
u™ (1), we obtain

SDXat) + ﬁm) +2 (xN(t) - ¢3“) = 0(52)
A1) =0,
N 1@ TGa+1)\ 0, .
2O r T r(2a+1)) +170A(0) = 0.

(53)
In this problem, we have m = n = 1 and according
to Scheme A, we solve the linear FDE (52) to estimate
A(t). Note that, estimating A(f) using (53) is numeri-
cally problematic at t = 0 (Scheme B). In Fig. 1, the
approximations of the optimal state and control and the
costate obtained using the present method for N = 15
and various values of a are depicted. As A*(¢) = 0,
Fig. 1 also shows the error in costate estimations.
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Table 1. Absolute errors Ex at @ = 0.7 for Example 6.1.

Present method VIM [12]
t N=5 N =10 N=5 N =10
0.1 4.8398x10~7 5.1486x 10718 2.9864 x 107°  1.0408 x 10~17
0.2 1.7208x107% 3.6359 x 107 2.3475x 107> 8.3960 x 10~16
03 1.8873x107> 1.2351x 1077 7.8174 x 1070 4.5852x 10714
0.4 6.4392x 107> 2.9143 x 10716 1.8321 x 107*  1.3341 x 10712
0.5 7.6605x 107> 4.5519 x 10716 3.5361 x 107*  2.6890 x 10~
0.6 3.3861x107> 1.2767 x 1071 6.0057 x 107*  4.0799 x 1010
0.7 1.0880x10™* 9.8809 x 1013 9.2314x 107*  4.8369 x 10~
0.8 7.6605x 107*  4.5692 x 10~ 1.2881 x 1073 4.6087 x 1078
0.9 9.8809x10~* 7.6225x 1071 1.5878 x 1073 3.6218 x 1077
Table 2. Absolute errors E,, at @ = 0.6 for Example 6.1.
Present method MADM [12]
! N=5 N=15 N=5 N =15
0.1 7.5495x107> 1.0214x 10711 1.0764 x 1073 3.8564 x 107°
0.2 6.8833x107° 1.2434x 10~ 1.2911 x 1073 7.6381 x 107°
0.3 5.1070x 107> 5.2156 x 107! 1.5287 x 1073 1.1142x 1078
0.4 42188x107° 4.6629x 10710 1.7755x 1073 1.5208 x 108
0.5 3.3306x107° 8.4376x 10710 2.0031x 1073 1.8998 x 1078
0.6 1.3322x107°  1.0214x107° 2.1615x 1073 2.2791 x 1078
0.7 1.0880x107°  3.3306x 10~° 2.1737x 1073 2.6581 x 1078
0.8 3.7747x107°  6.6613 x107° 1.9278 x 1073 2.0361 x 1078
0.9 9.8809x 107>  1.9984 x 10~° 1.2705 x 103 3.4086 x 108

Example 6.2 Consider minimizing the following cost

ul¥ (1) +222(¢) = 0.

functional

J = /01 (x%(t) +u2(t))dt,

subject to the nonlinear and coupled state equations
6 DX (1) = x2(1),
SDIxa(t) = =x1 (1) + Ldxo(t) — 0.14x3 (1) + 4u(r),
and initial conditions
x1(0) = -5, x2(0) = -5.

This problem for @ = 1 is the manual of PROPT, which
is called Rayleigh [14]. For costate estimation, we
consider the Hamiltonian function as

H = x3(t) +u? (1) + 1 (D)x2(t)

+/lz(t)( —x1(1) + 1.4x (1) — 0.14x3 (1) + 4u(t)).

Then, using Egs. (48)—(50) evaluated at xf’ s xé\’ and u",
we get

EDFA(1) = A2(1) +2xN (1) = 0, A1(1) =0, (54)

§DF A0 + 1 (1) - (0426 (1) = 1.4) o (1) = 0, (55)
A2(1) =0,

“https://doi.org/10.57647/ijm2c.2025.150423

According to Scheme A, we can solve the system of
linear FDEs (54)—(55). Further, according to Scheme
C, we should first estimate A,(¢) by using (56) and
then solve the linear FDE (54) to estimate A;(z). How-
ever, our numerical study revealed that in this example,
Scheme A provides more accurate results.

The approximations of the optimal states and control
and the costates obtained for @« = 0.8,0.9, 1 and N = 15
are displayed in Fig. 2. Moreover, the obtained numeri-
cal results of the cost functional J for @ = 08,0.9, 1 and
several values of N are reported in Table 3 that demon-
strate the convergence and spectral accuracy of the pro-
posed method.

Example 6.3 Recently, a fractional optimal control
modeling with Caputo derivative has been presented
for tumor burden under immune suppression [22]. If
we consider ¢ as time, T(¢) as tumor cells, I(¢) as im-
mune cells, N(¢) as normal cells, F(¢) as fat cells and
D(1) as chemotherapeutic drugs, then the following can-
cer model describes the interactions between 7'(t), I1(¢),
N(7) and F(¢) at time ¢ near tumor site, while D () is
injected into the body:

Min J = / 1 (wlT(t) —waN(t) + w3u2(t))dt,
0
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Figure 1. Approximations of state, control and costate for Example 6.1 for N = 15 and different values of a.

subject to the following fractional dynamical system

note that, u(z) is the dose of injection to be controlled.

c We consider the values of the weights as w| = 20, w; =
o DiT() = rlT(Z)(l —PIT(I)) —aiT()I(1) 1 and w3 = 1 and the values of other parameters are
—agT(t)ﬁ(t) +eiT(OF (1) - ylﬁ(t)T(t), leén in Table 4. We solved this FOCP us.ing fhe
T(I() Miintz PS method of Section 4 and the costate estimation
gD;lI(t) = s1+b WiTo) asT(t)I(t) — w1 1(1) schemes of Section 5. In this problem, Egs. (48)—(50)
+T(1) ~ evaluated at TV (1), IV (), NV (1), FN (1), DN (1) and
-y2D(1)1(1), uN (1), read
Cram ~ ~ ~ ~
o DIN@) = rN(@) (1 - PzN(l)) —asT(ON(1) EDEA (1) + wy + A, (1) (r1 — 2 p1 TV (1) + 1 FN (1)
—y3D(t)N(1), — —~ N
) 7PN N () =l (1) = DY () + a0 D)
CDIF(r) = r3F(t)(1 - p3F(t)) —asT(1)F (1) . -
SBITEWE g gV (1)) — agds (NN (1)
~ (h+TN (1))? 3 413
D (OF (), R .
§DID(1) = u(t) - D), —asda()FN (1) = 0, (57)

and initial conditions

T(0)=1, 1(0)=0.001, F(0)=4,

N(0) =0.25, D(0)=0.5,

“https://doi.org/10.57647/ijm2c.2025.150423

blTN(t)
h+TN (1)

~asT (1) = 72BN (1) = 1) = 0, (58)

D0 = e i (TN (1) + ()
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Table 3. Approximate values of J and costate estimation for different  for Example 6.2.

N JN Eavn EHx EHu
a=0.8

7 20.910 7.86%x107°% 2.68x10°! 1.16x 1072
9 20.900 3.22%x 107 2.83x107" 1.15x 1072
11 20.8991 7.93x 1077 2.99x107! 1.13x1072
13 20.898843  1.15x 1077 3.14x 107! 1.13x1072
15 20.898838  7.93x 1078 3.27x10°! 1.13x1072
a=09

7 23.89 1.42x 107 1.21x107! 4.96x 1072
9 23.8844 412%x 1077 1.32x107! 4.84x 1072
11 23.88418 223x 1077 1.41x107! 4.80x 1072
13 23.88391 1.32x 1077 1.50x 107! 4.84 x 1072
15 23.883898  4.12x 1078 1.57x 107! 4.84x 1072
a =

7 26.827 6.09%x 1077 2.28x1072 2.53x107*
9 26.824 1.43x 1077 2.28x1072 838x 1074
11 26.8240 1.24%x 1077 2.72x1072 8.35x107*4
13 26.8237499 6.11x 1078 2.89x 1072 8.39x10~*
15 26.8237492 4.43x 1078 3.04x1072 8.34x 1074

Table 4. Values of the parameters for the FOC cancer model in Example 6.3.

Description Units Estimate value
r1  Growth rate of tumor cells day™T 1.5
rp  Growth rate of tumor cells day™! 1
r3  Growth rate of tumor cells day™! 0.75
p1 Reciprocal carrying capacity of tumor cells cells™! 1
p2  Reciprocal carrying capacity of tumor cells cells™! 1
p3  Reciprocal carrying capacity of tumor cells cells™! 1.5
a;  Competition term of tumor cells with immune cells ~ cells~'day™' 0.5
a,  Competition term of tumor cells with immune cells ~ cells 'day™" 1
as  Competition term of tumor cells with immune cells  cells™'day™" 0.5
as  Competition term of tumor cells with immune cells  cells~'day™' 1
as  Competition term of tumor cells with immune cells ~ cells™'day™" 0.1
cl  Competition term of fat cells with tumor cells cells'day™" 1.5
¥1  Response of tumor cells to chemotherapeutic drug ~ day™! 0.08
¥2  Response of tumor cells to chemotherapeutic drug ~ day ™! 2x 1071
¥3  Response of tumor cells to chemotherapeutic drug ~ day ™! 0.008
¥4  Response of tumor cells to chemotherapeutic drug ~ day ™! 0.008
51 Immune source rate cells/'day™" 0.33
by Recruitment rate of immune cells by tumor cells day~! 0.01
h  Immune response stimulated by tumor cells cells? 0.3
(1 Death rate of immune cells day™! 0.2
¢ Decay rate of D day™! 0.1
SDEA3(t) — ard (DTN (1) + A3(1) (rz —2rpoN™ (1) SDEAs(t) - (71/11 (TN (1) + y202()IN (1)
7NN _ o DN o TN N
asT™ (1) = 7DV (1)) - w2 = 0, (59) 1B (ONN (1) + yala (VF (1) + £25(1)) <61)

/11(1):0’ /12(]):05 /13(1):03

A4(1) =0, a5(1) =0, (62)
Nep —
DA + 1 (VTN (1) + Aa(0)(r3 = 2r3paF (1) As(t) + 207 (1) = 0. (63)
_ Here, we have m > n and for costate estimation we can
—asT™ (1) - 74DN(1)) =0, (60) utilize Scheme A or Scheme C of Section 5. Based on
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Figure 2. Approximate states, control and costates for Example 6.2 with N = 15.

Scheme A, we solve the system of linear FDEs (57)—(61) Scheme C, we can first estimate A5(¢) from (63), and
with the boundary conditions (62). Moreover, based on then solve the linear FDEs (57)-(61) for estimating the
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Table 5. Computational results of J and costate estimation errors for @ = 0.8, 0.9, 1 and various alues of N for Example 6.3.

N IN Eavn EHy EHuy
a=0.8

5 9.43 2.76 x 1073 3.28 x 107! 433 x 1071
10 9.556 4.59 x 1073 4.08 x 1072 9.64 x 1072
15 9.55443 1.96 x 107° 1.56 x 1072 8.25 x 1072
20 9.5544684 5.19x 1077 6.16 x 1073 4.16 x 1072
25 9.5544681 2.74 x 1077 8.73 x 10~* 5.58 x 1073
a=0.9

5 9.35 3.48 x 1073 1.76 x 107! 2.30 x 107!
10 9.4369 1.39 x 1073 3.43 x 1072 2.28 x 1072
15 9.43610 8.76 x 10° 429 % 1073 2.97 x 1072
20 9.4360997 3.80 x 107° 9.34 x 1073 2.30x 1073
25 9.4360995 8.17 x 1077 7.10x 10~* 1.06 x 1073
a=1

5 9.24 1.91 x 1073 1.91 x 1073 2.38%x 1073
10 9.288 1.49x 107 7.42 %1073 9.23x 1073
15 9.287905 6.80 x 1077 2.35x 1073 6.54 x 1073
20 9.28790775 3.41 x 1077 6.27 x 1074 2.58 x 1073
25 9.28790773 2.11 x 1077 3.78 x 10~* 7.41 x107*

remaining costates {/li(t)}?:]. Nonetheless, our exper-
imental study showed that Scheme A provides much
more accurate results.  Table 5, gives the approxima-
tions of performance index J and errors £4/, and g4,
(related to Scheme A) for different values @ and N. The
spectral accuracy of the proposed method is apparent
from Table 5. In Fig. 3, the graphs of approximated state
variables and the control variable are plotted for differ-
ent values of @ and N = 15 and in Fig. 4, the graphs
of approximated costate variables are depicted. Based
on the obtained numerical results, we have the following
observations: for all the considered values «, the popu-
lation of tumors diminishes while the population of nor-
mal cells is replenished as a function of time. Addition-
ally, the population of immune cells and the quantity of
fat cells increase over time. Furthermore, after the pas-
sage of half the designated time and the elimination of
a significant portion of the tumor population, the drug
concentration D(7) and the dosage u(¢) decline.

7. Conclusion

In this article, the PS method has been utilized for the
numerical resolution of a specific category of FOCPs.
A distinct family of the Miintz—Legendre polynomials
served as the approximation basis. The introduced
PS method is noted for its simplicity, efficiency, and
high precision, making it easily implementable. Addi-
tionally, a novel procedure for costate estimation was
developed based on the necessary optimality conditions.
The accuracy and validity of the proposed method were
validated through numerical simulations across several
examples including a tumor burden under immune
suppression model. A potential avenue for future
research would involve extending the proposed method
to encompass other categories of FOCPs and FOCPs
that incorporate time-delay.
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