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Abstract:
Topological indices are fundamental descriptors in mathematical chemistry, providing quantitative measures
of molecular structure that correlate with physicochemical properties. This investigation presents a system-
atic computational approach to determine exact closed-form expressions for various degree-based topological
indices applied to two-dimensional grid networks 𝑃𝑚 × 𝑃𝑛. We establish explicit formulas for classical Za-
greb indices, Randić connectivity indices, atom-bond connectivity descriptors, geometric-arithmetic indices,
harmonic indices, and the recently introduced reverse versions of these indices. Our methodology employs
vertex degree distribution analysis combined with edge-based summation techniques to derive mathemati-
cally rigorous expressions. The obtained results demonstrate that grid networks exhibit predictable scaling
behaviors for all examined indices, with computational complexity remaining polynomial in network dimen-
sions. Moreover, for the first time, we provide a detailed graphical and comparative analysis of the specific
degree-based topological indices addressed in this work and their reverse counterparts on grid networks, fill-
ing a gap in the literature by extending such comparisons beyond traditional molecular systems.
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1. Introduction
In graph theory, a graph invariant is a numeric property that
reflects fundamental structural characteristics of a graph
and remains unchanged even under isomorphisms or rela-
beling. Graph invariants are important in analyzing and
measuring graph structures and find extensive application
in many areas of science, including network analysis, theo-
retical chemistry, and computational biology [1–5].

One particularly important category of these invariants
is topological indices. These mathematical tools are used
to characterize the connectivity, branching, and distance
relationships within graphs, which are usually simple and
connected. Their ability to represent molecular structures

as abstract graphs makes them especially valuable in theo-
retical chemistry, where they assist in predicting the physi-
cal, chemical, and biological properties of compoundsbiol-
ogy [6–10].

Degree-based indices are the notable subsets of topolog-
ical descriptorss. Relying solely on the degrees of vertices,
these indices are valued for their computational simplicity,
intuitive interpretation, and strong predictive capabilities.
They play a fundamental role in Quantitative Structure–
Activity Relationship (QSAR) and Quantitative Structure–
Property Relationship (QSPR) models, providing quantita-
tive links between molecular graphs and observable proper-
ties [11–14].

Within graph theory, lattice graphs have attracted consid-
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erable interest due to their regular and periodic structures.
These graphs effectively model crystalline materials, poly-
mer frameworks, and solid-state systems, making them ex-
cellent candidates for exploring topological indices in ma-
terials science.

Grid networks, in particular, stand out in molecular graph
theory due to their frequent appearance in crystalline struc-
tures, two-dimensional lattice arrangements, and polymer
frameworks [15, 16]. The Cartesian product graph 𝑃𝑚×𝑃𝑛,
formed by joining two path graphs 𝑃𝑚 and 𝑃𝑛, serves as
a fundamental building block in materials science. Such
arrangements naturally arise in studies involving graphene-
like materials, metal-organic frameworks (MOFs), and pe-
riodic crystal lattices [17, 18].

Reverse degree-based indices, such as the reverse Za-
greb, reverse Randić, reverse ABC, and reverse GA indices,
represent a newer class of topological descriptors that in-
vert traditional degree-based formulations to offer alterna-
tive insights into molecular and network structures [19–23].
These indices have shown promise in characterizing various
chemical and nanostructured graphs.

To the best of our knowledge, while such reverse indices
have been studied extensively for specific graph families—
such as trees, comet-like networks, and certain chemical
nanostructures—their application to two-dimensional lat-
tice graphs 𝑃𝑚 × 𝑃𝑛 remains unexplored. In this work,
we fill this gap by deriving closed-form expressions for
both classical topological indices (first and second Zagreb,
Randić, ABC, GA, harmonic) and their reverse counter-
parts, comparing their behaviors numerically and graphi-
cally across varying lattice sizes.

In the following sections, we first present the preliminar-
ies and necessary definitions in Section 2. The main results
are then provided in Section 3, followed by the numerical
results and graphical comparisons in Section 4. Finally, the
analysis of growth trends is presented in Section 5.

2. Preliminaries
Degree-based topological invariants find their genesis in
the Zagreb descriptors, established by Gutman and Trina-
jstić [24] in 1972 as mathematical encodings of vertex con-
nectivity:

𝑀1 (𝐺) =
∑

𝑣∈𝑉 (𝐺)
𝑑 (𝑣)2 =

∑
𝑢𝑣∈𝐸 (𝐺)

(𝑑 (𝑢) + 𝑑 (𝑣)),

𝑀2 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)
𝑑 (𝑢)𝑑 (𝑣),

where 𝑑 (𝑣) denotes the degree of the vertex 𝑣 in the graph
𝐺 [25, 26].

This mathematical foundation enabled the construction
of enhanced connectivity indices.
The Randić branching index, conceived by Randić[27] in
1975, encodes structural information via reciprocal geomet-
ric means of vertex connectivities:

𝑅(𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)

1√
𝑑 (𝑢)𝑑 (𝑣)

,

Advanced topological measures subsequently emerged, in-
cluding the Atom-Bond Connectivity (ABC) invariant

and the Geometric-Arithmetic (GA) index, which encode
molecular topology through degree-weighted summations.

Atom-Bond Connectivity (ABC) Index: Introduced by
Estrada et al. [28], this index has demonstrated superior
performance in QSAR applications:

𝐴𝐵𝐶 (𝐺) =
∑
𝑢𝑣∈𝐸

√
𝑑 (𝑢) + 𝑑 (𝑣) − 2

𝑑 (𝑢)𝑑 (𝑣)

Calculating the ABC index for such molecular graphs helps
predict important physicochemical properties such as boil-
ing point, melting point, molecular stability, and reactiv-
ity. For instance, in carbon-based network molecules like
graphene or two-dimensional crystal structures, such struc-
tures can be modeled as grid graphs, and topological in-
dices can provide insights into their physical and chemi-
cal properties. Geometric-Arithmetic (GA) Index: Devel-
oped by Vukičevi’c and Furtula [30], this index provides
enhanced structure-property correlations:

𝐺𝐴(𝐺) =
∑
𝑢𝑣∈𝐸

2
√
𝑑 (𝑢)𝑑 (𝑣)

𝑑 (𝑢) + 𝑑 (𝑣)

Harmonic Index: This connectivity-based descriptor is de-
fined as:

𝐻 (𝐺) =
∑
𝑢𝑣∈𝐸

2
𝑑 (𝑢) + 𝑑 (𝑣)

Building upon these classical foundations, recent develop-
ments have introduced novel families of topological indices
that provide alternative perspectives on molecular graph
characterization.
The Reverse topological indices constitute a contemporary
class of descriptors that employ a fundamental transforma-
tion of vertex degrees. For a graph𝐺 with maximum degree
Δ(𝐺), the reverse vertex degree of a vertex 𝑣 is defined as
𝑐𝑣 = Δ(𝐺) −𝑑𝐺 (𝑣) +1, where 𝑑𝐺 (𝑣) represents the degree
of vertex 𝑣.

This transformation emphasizes vertices with lower de-
grees by assigning them higher reverse degree values,
thereby providing a complementary perspective to tradi-
tional degree-based measures.

Based on this transformation, reverse versions of classi-
cal topological indices have been defined as follows. In all
definitions below, the summation is taken over all edges
𝑢𝑣 ∈ 𝐸 (𝐺), and 𝑐𝑢, 𝑐𝑣 represent the reverse degrees of
vertices 𝑢 and 𝑣, respectively.

• The first and second reverse Zagreb indices:

𝑅𝑀1 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)
(𝑐𝑢 + 𝑐𝑣),

𝑅𝑀2 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)
𝑐𝑢 · 𝑐𝑣 .

item Reverse Atom-Bond Connectivity (RABC) In-
dex:

𝑅𝐴𝐵𝐶 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)

√
𝑐𝑢 + 𝑐𝑣 − 2
𝑐𝑢 · 𝑐𝑣

.
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• Reverse Geometric-Arithmetic (RGA) Index:

𝑅𝐺𝐴(𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)

2√𝑐𝑢𝑐𝑣
𝑐𝑢 + 𝑐𝑣

.

• Reverse Harmonic (RH) Index:

𝑅𝐻 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝐺)

2
𝑐𝑢 + 𝑐𝑣

.

These reverse indices offer a complementary perspective to
their classical counterparts and have been shown to enhance
the discriminative power in distinguishing structurally simi-
lar graphs by highlighting the role of lower-degree vertices.

Definition 2.1 (Grid Graph) The two-dimensional grid
graph 𝑃𝑚 × 𝑃𝑛 is the Cartesian product of path graphs 𝑃𝑚

and 𝑃𝑛, where 𝑃𝑘 denotes the path graph on 𝑘 vertices [29].

The grid graph 𝑃𝑚 × 𝑃𝑛 possesses several important struc-
tural characteristics that facilitate topological index compu-
tation.

Lemma 2.2 For the grid graph 𝑃𝑚 × 𝑃𝑛 with 𝑚, 𝑛 ≥ 2:

1. The total number of vertices is |𝑉 | = 𝑚𝑛.

2. The total number of edges is |𝐸 | = (𝑚 − 1)𝑛 + 𝑚(𝑛 −
1) = 𝑚𝑛 + 𝑚 + 𝑛 − 2.

Proof. By the definition of the grid graph as the Cartesian
product of two path graphs 𝑃𝑚 and 𝑃𝑛, the total number of
vertices is simply the product of the numbers of vertices in
each path, which gives 𝑚𝑛. Similarly, the total number of
edges corresponds to the sum of edges contributed by each
dimension, resulting in (𝑚−1)𝑛+𝑚(𝑛−1). Therefore, the
statements of the lemma follow directly from the definition,
and the proof is straightforward.

Figure 1. Grid graph 𝑃𝑚 × 𝑃𝑛

3. Main Results
Here we present a general formula for classical topological
indices and, in particular, reverse indices that have not yet
been computed for graphs in grid networks 𝑃𝑚×𝑃𝑛. These
formulations leverage the structured nature of such graphs
and systematically analyze vertex degree distributions. Fur-
thermore, through comparative analysis and graphical rep-
resentations, we provide deeper insights into the structural
behavior of these indices to enhance the understanding of
their geometric implications.

3.1 Classical Topological Indices
Theorem 3.1 The Zagreb indices of the Grid graph 𝑃𝑚 ×
𝑃𝑛 with 𝑚, 𝑛 ≥ 3, are:

(𝑖) 𝑀1 (𝑃𝑚 × 𝑃𝑛) = 16𝑚𝑛 − 14(𝑚 + 𝑛) + 8.
(𝑖𝑖) 𝑀2 (𝑃𝑚 × 𝑃𝑛) = 32𝑚𝑛 − 38(𝑚 + 𝑛) + 36.

Proof. We partition the vertex set 𝑉 (𝑃𝑚 × 𝑃𝑛) into three
subsets:

(a) 𝑉1 = {𝑣 ∈ 𝑉 | 𝑑 (𝑣) = 2}, (corner vertices),

(b) 𝑉2 = {𝑣 ∈ 𝑉 | 𝑑 (𝑣) = 3}, (boundary vertices exclud-
ing corners),

(c) 𝑉3 = {𝑣 ∈ 𝑉 | 𝑑 (𝑣) = 4}, (interior vertices).

(i) Based on the above partitioning of the vertex set
𝑉 (𝑃𝑚 × 𝑃𝑛), we compute the first Zagreb index 𝑀1 (𝑃𝑚 ×
𝑃𝑛) as follows:

𝑀1 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑣∈𝑉 (𝑃𝑚×𝑃𝑛 )
𝑑 (𝑣)2

=
∑
𝑣∈𝑉1

𝑑 (𝑣)2 +
∑
𝑣∈𝑉2

𝑑 (𝑣)2 +
∑
𝑣∈𝑉3

𝑑 (𝑣)2.

Given that the degrees in each subset are constant, the above
expression simplifies to:

𝑀1 (𝑃𝑚 × 𝑃𝑛) = |𝑉1 | · 22 + |𝑉2 | · 32 + |𝑉3 | · 42 (1)
= 4|𝑉1 | + 9|𝑉2 | + 16|𝑉3 |.

The grid graph 𝑃𝑚 × 𝑃𝑛 has vertices labeled (𝑖, 𝑗) for 1 ≤
𝑖 ≤ 𝑚 and 1 ≤ 𝑗 ≤ 𝑛. We determine the sizes of each subset
of the vertex set 𝑉 (𝑃𝑚 × 𝑃𝑛):

• 𝑉1 = {(1, 1), (1, 𝑛), (𝑚, 1), (𝑚, 𝑛)}, |𝑉1 | = 4.

• The set 𝑉2 (number of vertices of degree 3), corre-
sponds to boundary vertices excluding corners, 𝑉2 =
{(𝑖, 1), (𝑖, 𝑛), (1, 𝑗), (𝑚, 𝑗) |2 ≤ 𝑗 ≤ 𝑛 − 1, 2 ≤ 𝑖 ≤
𝑚 − 1}, |𝑉2 | = 2𝑚 + 2𝑛 − 8.

• Since the total number of vertices in 𝑃𝑚 × 𝑃𝑛 is 𝑚 · 𝑛,
the number of vertices of degree 4, i.e., the size of the
set 𝑉3, can be determined by subtracting the sizes of
𝑉1 and 𝑉2 from the total number of vertices:

|𝑉3 | = 𝑚 · 𝑛 − |𝑉1 | − |𝑉2 |
= 𝑚 · 𝑛 − 4 − (2𝑚 + 2𝑛 − 8)
= 𝑚𝑛 − 2𝑚 − 2𝑛 + 4.

Substituting these into the Zagreb index expression (1), we
obtain:

𝑀1 (𝑃𝑚 × 𝑃𝑛) = 4|𝑉1 | + 9|𝑉2 | + 16|𝑉3 |
= 4 · 4 + 9(2𝑚 + 2𝑛 − 8)

+16(𝑚𝑛 − 2𝑚 − 2𝑛 + 4)
= 16 + 18𝑚 + 18𝑛 − 72 +

16𝑚𝑛 − 32𝑚 − 32𝑛 + 64
= 16𝑚𝑛 − 14𝑚 − 14𝑛 + 8.
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(ii) To compute the second Zagreb index, the edges are par-
titioned as follows:

𝐸 (𝑃𝑚 × 𝑃𝑛) = 𝐸2,3 ∪ 𝐸3,3 ∪ 𝐸3,4 ∪ 𝐸4,4

where each 𝐸𝑖, 𝑗 is defined as:

𝐸2,3 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑑 (𝑢) = 2, 𝑑 (𝑣) = 3},
𝐸3,3 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑑 (𝑢) = 3, 𝑑 (𝑣) = 3},
𝐸3,4 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑑 (𝑢) = 3, 𝑑 (𝑣) = 4},
𝐸4,4 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑑 (𝑢) = 4, 𝑑 (𝑣) = 4}.

(2)

The second Zagreb index is computed as:

𝑀2 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )
𝑑 (𝑢)𝑑 (𝑣) (3)

=
∑

𝑢𝑣∈𝐸2,3

𝑑 (𝑢)𝑑 (𝑣) +
∑

𝑢𝑣∈𝐸3,3

𝑑 (𝑢)𝑑 (𝑣)

+
∑

𝑢𝑣∈𝐸3,4

𝑑 (𝑢)𝑑 (𝑣) +
∑

𝑢𝑣∈𝐸4,4

𝑑 (𝑢)𝑑 (𝑣)

= |𝐸2,3 | · (2 · 3) + |𝐸3,3 | · (3 · 3)
+|𝐸3,4 | · (3 · 4) + |𝐸4,4 | · (4 · 4)

= 6|𝐸2,3 | + 9|𝐸3,3 | + 12|𝐸3,4 | + 16|𝐸4,4 |.

The sizes of the edge sets are determined as follows:

|𝐸2,3 | = 8, |𝐸3,3 | = 2𝑚 + 2𝑛 − 12, (4)
|𝐸3,4 | = 2𝑚 + 2𝑛 − 8, |𝐸4,4 | = 2𝑚𝑛 − 5𝑛 − 5𝑚 + 12.

• |𝐸2,3 | = 8, Edges connect corner vertices (degree 2)
to boundary vertices (degree 3).

• 𝐸3,3: Edges that connect degree-3 boundary vertices:

|𝐸3,3 | = |{(𝑖, 1) − (𝑖 + 1, 1), (𝑖, 𝑛) − (𝑖 + 1, 𝑛) :
2 ≤ 𝑖 ≤ 𝑚 − 2}|

+|{(1, 𝑗) − (1, 𝑗 + 1), (𝑚, 𝑗) − (𝑚, 𝑗 + 1) :
2 ≤ 𝑗 ≤ 𝑛 − 2}|

= 2(𝑚 − 3) + 2(𝑛 − 3)
= 2𝑚 + 2𝑛 − 12.

• 𝐸3,4: Edges connect boundary vertices (degree 3) to
interior vertices (degree 4):

|𝐸3,4 | = |{(𝑖, 1) − (𝑖, 2), (𝑖, 𝑛 − 1) − (𝑖, 𝑛) :
2 ≤ 𝑖 ≤ 𝑚 − 1}|

+|{(1, 𝑗) − (2, 𝑗), (𝑚 − 1, 𝑗) − (𝑚, 𝑗) :
2 ≤ 𝑗 ≤ 𝑛 − 1}|

= 2(𝑚 − 2) + 2(𝑛 − 2)
= 2𝑚 + 2𝑛 − 8.

• 𝐸4,4: Edges connect interior vertices:

|𝐸4,4 | = |{(𝑖, 𝑗) − (𝑖 + 1, 𝑗), (𝑖, 𝑛 − 1) − (𝑖, 𝑛) :
2 ≤ 𝑖 ≤ 𝑚 − 2, 2 ≤ 𝑗 ≤ 𝑛 − 1}|

+|{(𝑖, 𝑗) − (𝑖, 𝑗 + 1), (𝑚 − 1, 𝑗) − (𝑚, 𝑗) :
2 ≤ 𝑖 ≤ 𝑚 − 1, 2 ≤ 𝑗 ≤ 𝑛 − 2}|

= (𝑚 − 3) (𝑛 − 2) + (𝑛 − 3)(𝑚 − 2)
= 2𝑚𝑛 − 5𝑛 − 5𝑚 + 12.

According to (3), (4):

𝑀2 (𝑃𝑚 × 𝑃𝑛) = 6|𝐸2,3 | + 9|𝐸3,3 | + 12|𝐸3,4 | + 16|𝐸4,4 |
= 6 · 8 + 9(2𝑚 + 2𝑛 − 12)

+12(2𝑚 + 2𝑛 − 8)
+16(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)

= 32𝑚𝑛 − 38𝑚 − 38𝑛 + 36.

Proposition 3.2 The Randić index of the Grid graph 𝑃𝑚 ×
𝑃𝑛 with 𝑚, 𝑛 ≥ 3:

𝑅(𝑃𝑚 × 𝑃𝑛) =
4
√

6
3

+ 2(𝑚 + 𝑛 − 6)
3

+ (𝑚 + 𝑛 − 4)
√

3
3

+ 2𝑚𝑛 − 5(𝑚 + 𝑛) + 12
4

.

Proof. The Randić index sums the reciprocal geometric
means of vertex degrees over all edges:

𝑅(𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

1√
𝑑 (𝑢)𝑑 (𝑣)

(5)

=
∑

𝑢𝑣∈𝐸2,3

1
√

6
+

∑
𝑢𝑣∈𝐸3,3

1
√

9

+
∑

𝑢𝑣∈𝐸3,4

1
√

12
+

∑
𝑢𝑣∈𝐸4,4

1
√

16

= |𝐸2,3 |
1
√

6
+ |𝐸3,3 |

1
3

+|𝐸3,4 |
1

√
12

+ |𝐸4,4 |
1
4
.

Now considering the sizes of the edge sets mentioned in
(4), (5):

𝑅(𝑃𝑚 × 𝑃𝑛) = 8
1
√

6
+ (2𝑚 + 2𝑛 − 12) 1

3

+(2𝑚 + 2𝑛 − 8) 1
√

12

+(2𝑚𝑛 − 5𝑛 − 5𝑚 + 12) 1
4

=
4
√

6
3

+ 2(𝑚 + 𝑛 − 6)
3

+ (𝑚 + 𝑛 − 4)
√

3
3

+2𝑚𝑛 − 5(𝑚 + 5𝑛) + 12
4

.

Proposition 3.3 The Atom-Bond Connectivity and
Geometric-Arithmetic indices of the Grid graph 𝑃𝑚 × 𝑃𝑛

with 𝑚, 𝑛 ≥ 3 are:

(𝑖) 𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛) = 4
√

2 + 4(𝑚 + 𝑛 − 6)
3

+ (𝑚 + 𝑛 − 4)
√

15
3

+ (2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)
√

6
4

,

(𝑖𝑖) 𝐺𝐴(𝑃𝑚 × 𝑃𝑛) =
16

√
6

5
+ (2𝑚𝑛 − 3𝑚 − 3𝑛)

+8
√

3
7

(𝑚 + 𝑛 − 4).
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Proof. (i) The ABC index is:

𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

√
𝑑 (𝑢) + 𝑑 (𝑣) − 2
𝑑 (𝑢) · 𝑑 (𝑣) (6)

=
∑

𝑢𝑣∈𝐸2,3

√
2 + 3 − 2

2 · 3
+

∑
𝑢𝑣∈𝐸3,3

√
3 + 3 − 2

3 · 3

+
∑

𝑢𝑣∈𝐸3,4

√
3 + 4 − 2

3 · 4
+

∑
𝑢𝑣∈𝐸4,4

√
4 + 4 − 2

4 · 4

= |𝐸2,3 |
√

1
2
+ |𝐸3,3 |

√
4
9

+|𝐸3,4 |
√

5
12

+ |𝐸4,4 |
√

3
8
.

Now considering the sizes of the edge sets mentioned in (4),
(6):

𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛) = 8
√

1
2
+ (2𝑚 + 2𝑛 − 12)

√
4
9

+(2𝑚 + 2𝑛 − 8)
√

15
6

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)
√

3
8

= 8 · 1
√

2
+ (2𝑚 + 2𝑛 − 12) · 2

3

+(2𝑚 + 2𝑛 − 8) ·
√

5
√

12

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) ·
√

6
4

=
8
√

2
+ 2(2𝑚 + 2𝑛 − 12)

3

+ (2𝑚 + 2𝑛 − 8)
√

5
√

12

+ (2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)
√

6
4

= 4
√

2 + 4(𝑚 + 𝑛 − 6)
3

+ (𝑚 + 𝑛 − 4)
√

15
3

+ (2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)
√

6
4

.

(ii) The GA index is:

𝐺𝐴(𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 ( (𝑃𝑚×𝑃𝑛 ) )

2
√
𝑑𝑢𝑑𝑣

𝑑𝑢 + 𝑑𝑣

=
∑

𝑢𝑣∈𝐸2,3

2
√

2 · 3
2 + 3

+
∑

𝑢𝑣∈𝐸3,3

2
√

3 · 3
3 + 3

+
∑

𝑢𝑣∈𝐸3,4

2
√

3 · 4
3 + 4

+
∑

𝑢𝑣∈𝐸4,4

2
√

4 · 4
4 + 4

= |𝐸2,3 |
2
√

6
5

+ |𝐸3,3 | · 1

+|𝐸3,4 |
2
√

12
7

+ |𝐸4,4 | · 1

Now, according to (4), (7):

𝐺𝐴(𝑃𝑚 × 𝑃𝑛) = 8
2
√

6
5

+ (2𝑚 + 2𝑛 − 12) · 1

+(2𝑚 + 2𝑛 − 8) 2
√

12
7

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) · 1

=
16
√

6
5

+ (2𝑚𝑛 − 3𝑚 − 3𝑛)

+8
√

3
7

(𝑚 + 𝑛 − 4).

Proposition 3.4 The Harmonic index of the Grid graph
𝑃𝑚 × 𝑃𝑛 with 𝑚, 𝑛 ≥ 3 is:

𝐻 (𝑃𝑚 × 𝑃𝑛) =
16
5

+ 2(𝑚 + 𝑛 − 6)
3

+4(𝑚 + 𝑛 − 4)
7

+2𝑚𝑛 − 5𝑚 − 5𝑛 + 12
4

.

Proof. The harmonic index is:

𝐻 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

2
𝑑 (𝑢) + 𝑑 (𝑣) (7)

=
∑

𝑢𝑣∈𝐸2,3

2
2 + 3

+
∑

𝑢𝑣∈𝐸3,3

2
3 + 3

+
∑

𝑢𝑣∈𝐸3,4

2
3 + 4

+
∑

𝑢𝑣∈𝐸4,4

2
4 + 4

= |𝐸2,3 |
2
5
+ |𝐸3,3 |

1
3
+ |𝐸3,4 |

2
7
+ |𝐸4,4 |

1
4
.

Now considering (4), (7):

𝐻 (𝑃𝑚 × 𝑃𝑛) =
16
5

+ (2𝑚 + 2𝑛 − 12) · 1
3

+(2𝑚 + 2𝑛 − 8) · 2
7

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) · 1
4

=
16
5

+ 2(𝑚 + 𝑛 − 6)
3

+4(𝑚 + 𝑛 − 4)
7

+ 2𝑚𝑛 − 5𝑚 − 5𝑛 + 12
4

.
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3.2 Reverse Topological Indices of the Grid graph
𝑃𝑚 × 𝑃𝑛

Based on the definition of the reverse degree of a vertex 𝑣,
for graph 𝐺 = 𝑃𝑚 × 𝑃𝑛 we have:
Δ(𝐺) = 4, 𝑐𝑣 = Δ(𝐺) − 𝑑𝐺 (𝑣) + 1 = 4 − 𝑑𝐺 (𝑣) + 1 =
5 − 𝑑𝐺 (𝑣). Thus:

• 𝑑 (𝑣) = 2 ⇒ 𝑐𝑣 = 5 − 2 = 3

• 𝑑 (𝑣) = 3 ⇒ 𝑐𝑣 = 5 − 3 = 2

• 𝑑 (𝑣) = 4 ⇒ 𝑐𝑣 = 5 − 4 = 1

Therefore, according to 2 and 4, the reverse edges set can
be we partitioned as following:

𝐸2,3 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑐𝑢 = 3, 𝑐𝑣 = 2}, (8)
𝐸3,3 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑐𝑢 = 2, 𝑐𝑣 = 2},
𝐸3,4 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑐𝑢 = 2, 𝑐𝑣 = 1},
𝐸4,4 = {𝑢𝑣 ∈ 𝐸 (𝑃𝑚 × 𝑃𝑛) | 𝑐𝑢 = 1, 𝑐𝑣 = 1},

|𝐸2,3 | = 8, |𝐸3,3 | = 2𝑚 + 2𝑛 − 12,
|𝐸3,4 | = 2𝑚 + 2𝑛 − 8,
|𝐸4,4 | = 2𝑚𝑛 − 5𝑛 − 5𝑚 + 12.

Theorem 3.5 The reverse Zagreb indices of the Grid graph
𝑃𝑚 × 𝑃𝑛 with 𝑚, 𝑛 ≥ 3, are:

(𝑖) 𝑅𝑀1 (𝑃𝑚 × 𝑃𝑛) = 4𝑚𝑛 + 4(𝑚 + 𝑛) − 8.
(𝑖𝑖) 𝑅𝑀2 (𝑃𝑚 × 𝑃𝑛) = 2𝑚𝑛 + 7(𝑚 + 𝑛) − 4.

Proof. In both cases, we will have the following expression
based on the corresponding relation (8):

(𝑖) 𝑅𝑀1 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )
(𝑐𝑢 + 𝑐𝑣)

=
∑

𝑢𝑣∈𝐸2,3

(3 + 2) +
∑

𝑢𝑣∈𝐸3,3

(2 + 2)

+
∑

𝑢𝑣∈𝐸3,4

(2 + 1) +
∑

𝑢𝑣∈𝐸4,4

(1 + 1)

= |𝐸2,3 | · 5 + |𝐸3,3 | · 4
+|𝐸3,4 | · 3 + |𝐸4,4 | · 2

= 8 · 5 + (2𝑚 + 2𝑛 − 12) · 4
+(2𝑚 + 2𝑛 − 8) · 3
+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) · 2

= 40 + (8𝑚 + 8𝑛 − 48)
+(6𝑚 + 6𝑛 − 24)
+(4𝑚𝑛 − 10𝑚 − 10𝑛 + 24)

= 4𝑚𝑛 + 4(𝑚 + 𝑛) − 8

(𝑖𝑖) 𝑅𝑀2 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )
𝑐𝑢 · 𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

(3 · 2) +
∑

𝑢𝑣∈𝐸3,3

(2 · 2)

+
∑

𝑢𝑣∈𝐸3,4

(2 · 1) +
∑

𝑢𝑣∈𝐸4,4

(1 · 1)

= |𝐸2,3 | · 6 + |𝐸3,3 | · 4
+|𝐸3,4 | · 2 + |𝐸4,4 | · 1

= 8 · 6 + (2𝑚 + 2𝑛 − 12) ·
4 + (2𝑚 + 2𝑛 − 8) · 2
+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) · 1

= 48 + (8𝑚 + 8𝑛 − 48)
+(4𝑚 + 4𝑛 − 16)
+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)

= 2𝑚𝑛 + 7(𝑚 + 𝑛) − 4.

Proposition 3.6 The reverse Randić index of the Grid
graph 𝑃𝑚 × 𝑃𝑛 with 𝑚, 𝑛 ≥ 3:

𝑅𝑅(𝑃𝑚×𝑃𝑛) = 2𝑚𝑛+ (−4+
√

2)(𝑚+𝑛) + 4
√

6
3

+6−4
√

2.

Proof. Based on the (8):

𝑅𝑅(𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

1
√
𝑐𝑢𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

1
√

6
+

∑
𝑢𝑣∈𝐸3,3

1
√

4

+
∑

𝑢𝑣∈𝐸3,4

1
√

2
+

∑
𝑢𝑣∈𝐸4,4

1
√

1

= |𝐸2,3 |
1
√

6
+ |𝐸3,3 |

1
4

+|𝐸3,4 |
1
√

2
+ |𝐸4,4 |

= 8
1
√

6
+ (2𝑚 + 2𝑛 − 12) 1

2

+(2𝑚 + 2𝑛 − 8) 1
√

2
+(2𝑚𝑛 − 5𝑛 − 5𝑚 + 12)

= 2𝑚𝑛 + (−4 +
√

2) (𝑚 + 𝑛) + 4
√

6
3

+6 − 4
√

2.

Proposition 3.7 The reverse Atom-Bond Connectivity and
the Geometric-Arithmetic indices of the Grid graph 𝑃𝑚×𝑃𝑛

with 𝑚, 𝑛 ≥ 3 are:

(𝑖) 𝑅𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛) = 2
√

2(𝑚 + 𝑛 − 3),

(𝑖𝑖) 𝑅𝐺𝐴(𝑃𝑚 × 𝑃𝑛) =
16

√
6

5
+ (2𝑚𝑛 − 3𝑚 − 3𝑛)

+4
√

2
3

(𝑚 + 𝑛 − 4).

Proof. In both cases, using the relation (8) we have:
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(i)

𝑅𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

√
𝑐𝑢 + 𝑐𝑣 − 2
𝑐𝑢 · 𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

√
3 + 2 − 2

3 · 2

+
∑

𝑢𝑣∈𝐸3,3

√
2 + 2 − 2

2 · 2

+
∑

𝑢𝑣∈𝐸3,4

√
2 + 1 − 2

2 · 1

+
∑

𝑢𝑣∈𝐸4,4

√
1 + 1 − 2

1 · 1

= |𝐸2,3 |
√

1
2
+ |𝐸3,3 |

√
1
2

+|𝐸3,4 |
√

1
2
+ |𝐸4,4 | · 0

= 8
√

1
2
+ (2𝑚 + 2𝑛 − 12)

√
1
2

+(2𝑚 + 2𝑛 − 8)
√

1
2

= 2
√

2(𝑚 + 𝑛 − 3).

(ii)

𝑅𝐺𝐴(𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

2√𝑐𝑢𝑐𝑣
𝑐𝑢 + 𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

2
√

3 · 2
3 + 2

+
∑

𝑢𝑣∈𝐸3,3

2
√

2 · 2
2 + 2

+
∑

𝑢𝑣∈𝐸3,4

2
√

2 · 1
2 + 1

+
∑

𝑢𝑣∈𝐸4,4

2
√

1 · 1
1 + 1

= |𝐸2,3 |
2
√

6
5

+ |𝐸3,3 |

+|𝐸3,4 |
2
√

2
3

+ |𝐸4,4 |

= 16
√

6
5

+ (2𝑚 + 2𝑛 − 12)

+(2𝑚 + 2𝑛 − 8) 2
√

2
3

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)

=
16
√

6
5

+ (2𝑚𝑛 − 3𝑚 − 3𝑛)

+4
√

2
3

(𝑚 + 𝑛 − 4).

Proposition 3.8 The reverse Harmonic index of the Grid
graph 𝑃𝑚 × 𝑃𝑛 with 𝑚, 𝑛 ≥ 3 is:

𝑅𝐻 (𝑃𝑚 × 𝑃𝑛) = 2𝑚𝑛 − 8
3
(𝑚 + 𝑛) + 58

15
.

Proof. According to (8):

𝑅𝐻 (𝐺) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )

2
𝑐𝑢 + 𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

2
3 + 2

+
∑

𝑢𝑣∈𝐸3,3

2
2 + 2

+
∑

𝑢𝑣∈𝐸3,4

2
2 + 1

+
∑

𝑢𝑣∈𝐸4,4

2
1 + 1

= |𝐸2,3 | ·
2
5
+ |𝐸3,3 | ·

1
2
+ |𝐸3,4 | ·

2
3
+ |𝐸4,4 | · 1

= 8 · 2
5
+ (2𝑚 + 2𝑛 − 12) · 1

2

+(2𝑚 + 2𝑛 − 8) · 2
3

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12) · 1

=
16
5

+ (𝑚 + 𝑛 − 6) + (𝑚 + 𝑛 − 4) · 4
3

+(2𝑚𝑛 − 5𝑚 − 5𝑛 + 12)

= 2𝑚𝑛 − 8
3
(𝑚 + 𝑛) + 58

15
.

In the following, we present an example of calculating the
Zagreb and Reverse Zagreb indices. In this example, we
first calculate indices for graph 𝑃3 × 𝑃3 based on the defi-
nitions and the partitioning of its vertices and edges. Then,
it is demonstrated that substituting into the formulas estab-
lished in Theorems 3.1, 3.5 yields identical results.

Example 3.9 Topological Indices of Grid Graph 𝑃3 × 𝑃3:
Degree vertex distribution:
|𝑉(2) | = 4 (corners), |𝑉(3) | = 4 (boundaries), |𝑉(4) | = 1
(interior).
Edge types (2):
|𝐸2,3 | = 8, |𝐸3,3 | = 0, |𝐸3,4 | = 4, |𝐸4,4 | = 0.
Zagreb indices:

(𝑖) 𝑀1 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑣∈𝑉 (𝑃𝑚×𝑃𝑛 )
𝑑 (𝑣)2

= 4(32) + 4(22) + 1(42) = 68.

(𝑖𝑖) 𝑀2 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸2,3

(3 · 2) +
∑

𝑢𝑣∈𝐸3,3

(3 · 3)

+
∑

𝑢𝑣∈𝐸3,4

(3 · 4) +
∑

𝑢𝑣∈𝐸4,4

(4 · 4)

= 6|𝐸2,3 | + 9|𝐸3,3 |
+12|𝐸3,4 | + 16|𝐸4,4 |

= 6 · 8 + 9 · 0 + 12 · 4 + 16 · 0 = 96.

Substituting m = n = 3 into the formula derived from Theo-
rem 3.1:

(𝑖) 𝑀1 (𝑃𝑚 × 𝑃𝑛) = 16𝑚𝑛 − 14(𝑚 + 𝑛) + 8
= 16(·3 · 3) − 14(3 + 3) + 8 = 68.

(𝑖𝑖) 𝑀2 (𝑃𝑚 × 𝑃𝑛) = 32𝑚𝑛 − 38(𝑚 + 𝑛) + 36
= 32(3 · 3) − 38(3 + 3) + 36 = 96.
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Reverse Zagreb indices: Based on (8):

(𝑖) 𝑅𝑀1 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )
(𝑐𝑢 + 𝑐𝑣)

=
∑

𝑢𝑣∈𝐸2,3

(3 + 2) +
∑

𝑢𝑣∈𝐸3,3

(2 + 2)

+
∑

𝑢𝑣∈𝐸3,4

(2 + 1) +
∑

𝑢𝑣∈𝐸4,4

(1 + 1)

= |𝐸2,3 | · 5 + |𝐸3,3 | · 4
+|𝐸3,4 | · 3 + |𝐸4,4 | · 2

= 8 · 5 + 0 · 4 + 4 · 3 + 0 · 2 = 52.

(𝑖𝑖) 𝑅𝑀2 (𝑃𝑚 × 𝑃𝑛) =
∑

𝑢𝑣∈𝐸 (𝑃𝑚×𝑃𝑛 )
𝑐𝑢 · 𝑐𝑣

=
∑

𝑢𝑣∈𝐸2,3

(3 · 2) +
∑

𝑢𝑣∈𝐸3,3

(2 · 2)

+
∑

𝑢𝑣∈𝐸3,4

(2 · 1) +
∑

𝑢𝑣∈𝐸4,4

(1 · 1)

= |𝐸2,3 | · 6 + |𝐸3,3 | · 4
+|𝐸3,4 | · 2 + |𝐸4,4 | · 1

= 8 · 6 + 0 · 4 + 4 · 2 + 0 · 1 = 56.

Setting m = n = 3 in the expression derived from Theorem
3.5:

(𝑖) 𝑅𝑀1 (𝑃𝑚 × 𝑃𝑛) = 4𝑚𝑛 + 4(𝑚 + 𝑛) − 8
= 4(3 · 3) + 4(3 + 3) − 8 = 52.

(𝑖𝑖) 𝑅𝑀2 (𝑃𝑚 × 𝑃𝑛) = 2𝑚𝑛 + 7(𝑚 + 𝑛) − 4
= 2(3 · 3) + 7(3 + 3) − 4 = 56.

3.3 Application of Degree-Based Indices on Grid
Graphs in Chemistry

Two-dimensional grid networks 𝑃𝑚𝑃𝑛 serve as effective
mathematical models for atomic arrangements in crys-
talline materials and polymeric networks, such as graphene
sheets and two-dimensional covalent organic frameworks
(2D-COFs). These materials exhibit regular lattice struc-
tures that are topologically equivalent to grid graphs, mak-
ing degree-based topological indices particularly relevant
for their characterization.

The Atom Bond Connectivity (ABC) index, along with
Zagreb and Randić indices, provides quantitative descrip-
tors that correlate with chemical stability, electronic prop-
erties, and mechanical strength within these molecular net-
works. The closed-form formulas developed in this work
enable efficient computation of these indices for large-scale
grid-like structures, eliminating the computational over-
head of vertex-by-vertex calculations. This computational
efficiency facilitates rapid screening of material properties
and supports high-throughput analysis in materials design,
demonstrating the practical advantage of our analytical ap-
proach in computational chemistry and nanotechnology ap-
plications.

4. Numerical Results and Graphical
Comparisons

The computed values and graphical representations of the
topological indices for 𝑃𝑚 × 𝑃𝑛, with 𝑚, 𝑛 ranging from
3 to 10, are presented in the following tables and figures.
These results illustrate how the indices grow as the size of
the graph increases.

The figures and tables validate the closed-form formu-
las derived for both classical and inverse degree-based in-
dices. They systematically capture growth trends, symme-
try effects, and dependencies on 𝑚 + 𝑛 and 𝑚 · 𝑛, while the
tabulated data confirm the precision and generality of the
formulas.

5. Analysis of Growth Trends
Based on the derived formulas and numerical results in the
tables and figures, several key patterns emerge. The in-
dices exhibit nonlinear growth relative to graph dimensions,
where the dominant𝑚·𝑛 term indicates growth proportional
to grid area, while 𝑚 + 𝑛 terms act as linear correction fac-
tors. This leads to rapid increase in index values as dimen-
sions expand.

The GA and RGA indices show remarkably similar val-
ues across all grid sizes, which occurs because both indices
use comparable edge-weighting schemes based on geomet-
ric means of adjacent vertex degrees. Additionally, square
grids (𝑚 ≈ 𝑛) consistently yield higher index values than
rectangular grids due to greater structural symmetry and
more interior vertices with maximum degree.

The results also demonstrate that classical indices grow
faster than their reverse counterparts, with this difference in-
creasing as grid size expands due to inverse degree weight-
ing effects. These trends highlight the structural depen-
dence of indices on graph geometry and provide insights for
applications in mathematical chemistry and network analy-
sis.

Conclusion

In this paper, we have derived closed-form expressions for
classical and reverse degree-based topological indices of
two-dimensional grid graphs 𝑃𝑚 × 𝑃𝑛.

The key contributions of this work include: - Develop-
ment of explicit analytical formulas that eliminate the need
for iterative calculations - Establishment of a unified com-
putational framework for multiple topological indices - Pro-
vision of efficient tools for large-scale network analysis ap-
plications

These results provide a solid mathematical foundation
for future research in computational chemistry, materials
science, and network theory. Extensions to more complex
graph structures such as irregular, weighted, or higher-
dimensional networks represent promising directions for
continued investigation.
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Table 1. 𝑀1 (𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 68 102 136 170 204 238 272 306 3 52 68 84 100 116 132 148 164
4 102 152 202 252 302 352 402 452 4 68 88 108 128 148 168 188 208
5 136 202 268 334 400 466 532 598 5 84 108 132 156 180 204 228 252
6 170 252 334 416 498 580 662 744 6 100 128 156 184 212 240 268 296
7 204 302 400 498 596 694 792 890 7 116 148 180 212 244 276 308 340
8 238 352 466 580 694 808 922 1036 8 132 168 204 240 276 312 348 384
9 272 402 532 662 792 922 1052 1182 9 148 188 228 268 308 348 388 428
10 306 452 598 744 890 1036 1182 1328 10 164 208 252 296 340 384 428 472

Figure 2. Comparison of 𝑀1 and 𝑅𝑀1 of the Grid graph 𝑃𝑚 × 𝑃𝑛

Table 2. 𝑀2 (𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 96 154 212 270 328 386 444 502 3 56 69 82 95 108 121 134 147
4 154 244 334 424 514 604 694 784 4 69 84 99 114 129 144 159 174
5 212 334 456 578 700 822 944 1066 5 82 99 116 133 150 167 184 201
6 270 424 578 732 886 1040 1194 1348 6 95 114 133 152 171 190 209 228
7 328 514 700 886 1072 1258 1444 1630 7 108 129 150 171 192 213 234 255
8 386 604 822 1040 1258 1476 1694 1912 8 121 144 167 190 213 236 259 282
9 444 694 944 1194 1444 1694 1944 2194 9 134 159 184 209 234 259 284 309
10 502 784 1066 1348 1630 1912 2194 2476 10 147 174 201 228 255 282 309 336

Figure 3. Comparison of 𝑀2 and 𝑅𝑀2 of the Grid graph 𝑃𝑚 × 𝑃𝑛
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Table 3. 𝑅 (𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 4.4 5.9 7.4 8.9 10.4 11.9 13.4 14.9 3 6.1 9.5 12.9 16.3 19.8 23.2 26.6 30.0
4 5.9 7.9 9.9 11.9 13.9 15.9 17.9 19.9 4 9.5 14.9 20.3 25.8 31.2 36.6 42.0 47.4
5 7.4 9.9 12.4 14.9 17.4 19.9 22.4 24.9 5 12.9 20.3 27.8 35.2 42.6 50.0 57.4 64.8
6 8.9 11.9 14.9 17.9 20.9 23.9 26.9 29.9 6 16.3 25.8 35.2 44.6 54.0 63.4 72.8 82.2
7 10.4 13.9 17.4 20.9 24.4 27.9 31.4 34.9 7 19.8 31.2 42.6 54.0 65.4 76.8 88.2 99.7
8 11.9 15.9 19.9 23.9 27.9 31.9 35.9 39.8 8 23.2 36.6 50.0 63.4 76.8 90.2 103.7 117.1
9 13.4 17.9 22.4 26.9 31.4 35.9 40.3 44.8 9 26.6 42.0 57.4 72.8 88.2 103.7 119.1 134.5
10 14.9 19.9 24.9 29.9 34.9 39.8 44.8 49.8 10 30.0 47.4 64.8 82.2 99.7 117.1 134.5 151.9

Figure 4. Comparison of R and RR of the Grid graph 𝑃𝑚 × 𝑃𝑛

Table 4. 𝐴𝐵𝐶 (𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 8.2 11.5 14.7 18.0 21.2 24.4 27.7 30.9 3 8.5 11.3 14.1 17.0 19.8 22.6 25.5 28.3
4 11.5 15.9 20.4 24.9 29.3 33.8 38.2 42.7 4 11.3 14.1 17.0 19.8 22.6 25.5 28.3 31.1
5 14.7 20.4 26.1 31.8 37.5 43.1 48.8 54.5 5 14.1 17.0 19.8 22.6 25.5 28.3 31.1 33.9
6 18.0 24.9 31.8 38.7 45.6 52.5 59.4 66.3 6 17.0 19.8 22.6 25.5 28.3 31.1 33.9 36.8
7 21.2 29.3 37.5 45.6 53.7 61.9 70.0 78.1 7 19.8 22.6 25.5 28.3 31.1 33.9 36.8 39.6
8 24.4 33.8 43.1 52.5 61.9 71.2 80.6 90.0 8 22.6 25.5 28.3 31.1 33.9 36.8 39.6 42.4
9 27.7 38.2 48.8 59.4 70.0 80.6 91.2 101.8 9 25.5 28.3 31.1 33.9 36.8 39.6 42.4 45.3
10 30.9 42.7 54.5 66.3 78.1 90.0 101.8 113.6 10 28.3 31.1 33.9 36.8 39.6 42.4 45.3 48.1

Figure 5. Comparison of 𝐴𝐵𝐶 and 𝑅𝐴𝐵𝐶 of the Grid graph 𝑃𝑚 × 𝑃𝑛
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Table 5. 𝐺𝐴(𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 11.8 16.8 21.8 26.7 31.7 36.7 41.7 46.7 3 11.6 16.5 21.4 26.3 31.2 36.0 40.9 45.8
4 16.8 23.8 30.7 37.7 44.7 51.7 58.6 65.6 4 16.5 23.4 30.3 37.2 44.0 50.9 57.8 64.7
5 21.8 30.7 39.7 48.7 57.7 66.6 75.6 84.6 5 21.4 30.3 39.2 48.0 56.9 65.8 74.7 83.6
6 26.7 37.7 48.7 59.7 70.6 81.6 92.6 103.6 6 26.3 37.2 48.0 58.9 69.8 80.7 91.6 102.5
7 31.7 44.7 57.7 70.6 83.6 96.6 109.6 122.6 7 31.2 44.0 56.9 69.8 82.7 95.6 108.5 121.4
8 36.7 51.7 66.6 81.6 96.6 111.6 126.6 141.5 8 36.0 50.9 65.8 80.7 95.6 110.5 125.4 140.2
9 41.7 58.6 75.6 92.6 109.6 126.6 143.5 160.5 9 40.9 57.8 74.7 91.6 108.5 125.4 142.2 159.1
10 46.7 65.6 84.6 103.6 122.6 141.5 160.5 179.5 10 45.8 64.7 83.6 102.5 121.4 140.2 159.1 178.0

Figure 6. Comparison of 𝐺𝐴 and 𝑅𝐺𝐴 of the Grid graph 𝑃𝑚 × 𝑃𝑛

Table 6. 𝐻 (𝑃𝑚 × 𝑃𝑛 ) for 𝑚, 𝑛 ∈ [3, 10]

𝑚\𝑛 3 4 5 6 7 8 9 10 𝑚\𝑛 3 4 5 6 7 8 9 10

3 4.3 5.8 7.3 8.8 10.3 11.8 13.3 14.8 3 5.9 9.2 12.5 15.9 19.2 22.5 25.9 29.2
4 5.8 7.8 9.8 11.8 13.8 15.8 17.8 19.8 4 9.2 14.5 19.9 25.2 30.5 35.9 41.2 46.5
5 7.3 9.8 12.3 14.8 17.3 19.8 22.3 24.7 5 12.5 19.9 27.2 34.5 41.9 49.2 56.5 63.9
6 8.8 11.8 14.8 17.8 20.8 23.8 26.7 29.7 6 15.9 25.2 34.5 43.9 53.2 62.5 71.9 81.2
7 10.3 13.8 17.3 20.8 24.3 27.7 31.2 34.7 7 19.2 30.5 41.9 53.2 64.5 75.9 87.2 98.5
8 11.8 15.8 19.8 23.8 27.7 31.7 35.7 39.7 8 22.5 35.9 49.2 62.5 75.9 89.2 102.5 115.9
9 13.3 17.8 22.3 26.7 31.2 35.7 40.2 44.7 9 25.9 41.2 56.5 71.9 87.2 102.5 117.9 133.2
10 14.8 19.8 24.7 29.7 34.7 39.7 44.7 49.7 10 29.2 46.5 63.9 81.2 98.5 115.9 133.2 150.5

Figure 7. Comparison of 𝐻 and 𝑅𝐻 of the Grid graph 𝑃𝑚 × 𝑃𝑛

 https://doi.org/10.57647/IJM2C.2025.150425

https://doi.org/10.57647/IJM2C.2025.150425


272 Shokrollahi Yancheshmeh, Int. J. Math. Model. Comput.15 (2025),

Authors contributions
All the authors have participated sufficiently in the intellectual
content, conception and design of this work or the analysis and
interpretation of the data (when applicable), as well as the writing
of the manuscript.
Availability of data and materials
The data that support the findings of this study are available from
the corresponding author, upon reasonable request.

Conflict of interests
The author states that there is no conflict of interest.

References
[1] Balaban AT. Applications of graph theory in chemistry. J Chem Inf

Comput Sci. 1985;25(3):334–343. doi: 10.1021/ci00047a033

[2] Barabási A-L. Network science. Philos Trans R Soc A.
2013;371(1987):20120375. doi: 10.1098/rsta.2012.0375

[3] Erciyes K. Graph-theoretical analysis of biological net-
works: a survey. Computation. 2023;11(10):188. doi:
10.3390/computation11100188

[4] Newman MEJ. Networks. 2nd ed. Oxford University Press; 2018.

[5] Trinajstić N. Chemical Graph Theory. 2nd ed. CRC Press; 1992.

[6] Aqib M, Malik MA, Afzal HU, Fatima T, Ali Y. On topological
indices of some chemical graphs. Mol Phys. 2023;e2242676. doi:
10.1080/00268976.2023.2242676

[7] Estrada E. The Structure of Complex Networks: Theory and Appli-
cations. Oxford University Press; 2011.

[8] Gutman I, Milojković A. GA index of molecular graphs. Croat Chem
Acta. 2011;84(2):229–233. doi: 10.5562/cca1775

[9] Todeschini R, Consonni V. Handbook of Molecular Descriptors.
Wiley-VCH; 2000.

[10] Ullah A, Zaman S, Hamraz A, Muzammal M. On the construction
of some bioconjugate networks and their structural modeling via
irregularity topological indices. Eur Phys J E. 2023;46(8):72. doi:
10.1140/epje/s10189-023-00331-5

[11] Balaban AT, Ivanciuc O. Historical development of topological in-
dices. In: Devillers J, Balaban AT, editors. Topological Indices and
Related Descriptors in QSAR and QSPR. CRC Press; 2000. p. 31–
68.

[12] Dearden JC. The use of topological indices in QSAR and
QSPR modeling. In: Roy K, editor. Advances in QSAR Model-
ing: Applications in Pharmaceutical, Chemical, Food, Agricul-
tural and Environmental Sciences. Springer; 2017. p. 57–88. doi:
10.1007/978-3-319-56850-8_2

[13] Gutman I. Degree-based topological indices. Croat Chem Acta.
2013;86(4):351–361. doi: 10.5562/cca2294

[14] Hasani M, Ghods M. Topological indices and QSPR analysis of
some chemical structures applied for the treatment of heart patients.
Int J Quantum Chem. 2024;124(1):e27234. doi: 10.1002/qua.27234

[15] Yaghi OM, O’Keeffe M, Ockwig NW, Chae HK, Eddaoudi M,
Kim J. Reticular synthesis and the design of new materials. Nature.
2003;423(6941):705–714. doi: 10.1038/nature01650

[16] Zhou HC, Kitagawa S. Metal-organic frameworks (MOFs). Chem
Soc Rev. 2014;43(16):5415–5418. doi: 10.1039/C4CS90059F

[17] Delgado Friedrichs O, Dress AWM, Huson DH, Klinowski J,
Mackay AL. Systematic enumeration of crystalline networks. Nature.
1999;400(6745):644–647. doi: 10.1038/23210

[18] Novoselov KS, Geim AK, Morozov SV, Jiang D, Zhang Y, Dubonos
SV, et al. Electric field effect in atomically thin carbon films. Science.
2004;306(5696):666–669. doi: 10.1126/science.1102896

[19] Ahmad A, Koam AN, Azeem M. Reverse-degree-based
topological indices of fullerene cage networks. Mol Phys.
2023;121(14):e2212533. doi: 10.1080/00268976.2023.2212533

[20] Hakeem A, Katbar NM, Shaikh H, Tolasa FT, Abro OA. Reverse
degree-based topological indices study of molecular structure in tri-
angular Υ-graphyne and triangular Υ-graphyne chain. Front Phys.
2024;12:1422098. doi: 10.3389/fphy.2024.1422098

[21] Khabyah A, Ahmad A, Azeem M, Ahmad Y, Koam AN.
Reverse-degree-based topological indices of two-dimensional
coronene fractal structures. Phys Scr. 2023;99(1):015216. doi:
10.1088/1402-4896/ad0c9c

[22] Koam AN, Ahmad A, Ahmad Y. Computation of reverse degree-
based topological indices of hex-derived networks. AIMS Math.
2021;6(10):11330–11345. doi: 10.3934/math.2021656

[23] Kulli VR. Reverse Zagreb and reverse hyper-Zagreb indices of cer-
tain nanostructures. Ann Pure Appl Math. 2018;18(1):47–51. doi:
10.22457/apam.v18n1a6

[24] Gutman I, Trinajstić N. Graph theory and molecular orbitals. To-
tal 𝜋-electron energy of alternant hydrocarbons. Chem Phys Lett.
1972;17(4):535–538. doi: 10.1016/0009-2614(72)85099-1

[25] Nikolić S, Kovačević G, Miličević A, Trinajstić N. The Zagreb in-
dices 30 years after. Croat Chem Acta. 2003;76(2):113–124.

[26] Zhou B, Trinajstić N. The Zagreb indices: A brief review. MATCH
Commun Math Comput Chem. 2004;50(2):193–202.

[27] Randić M. Characterization of molecular branching. J Am Chem Soc.
1975;97(23):6609–6615. doi: 10.1021/ja00856a001

[28] Estrada E, Torres L, Rodríguez L, Gutman I. An atom-bond connec-
tivity index: modelling the enthalpy of formation of alkanes. Indian
J Chem, Sect A. 1998;37:849–855.

[29] Acharya BD, Gill MK. On the index of gracefulness of a graph and
the gracefulness of two-dimensional square lattice graphs. Indian J
Math. 1981;23:81–94.

[30] Vukičević D, Furtula B. Topological index based on the ra-
tios of geometrical and arithmetical means of end-vertex de-
grees of edges. J Math Chem. 2009;46(4):1369–1376. doi:
10.1007/s10910-009-9520-x

 https://doi.org/10.57647/IJM2C.2025.150425

https://doi.org/10.1021/ci00047a033
https://doi.org/10.1098/rsta.2012.0375
https://doi.org/10.3390/computation11100188
https://doi.org/10.1080/00268976.2023.2242676
https://doi.org/10.5562/cca1775
https://doi.org/10.1140/epje/s10189-023-00331-5
https://doi.org/10.1007/978-3-319-56850-8_2
https://doi.org/10.5562/cca2294
https://doi.org/10.1002/qua.27234
https://doi.org/10.1038/nature01650
https://doi.org/10.1039/C4CS90059F
https://doi.org/10.1038/23210
https://doi.org/10.1126/science.1102896
https://doi.org/10.1080/00268976.2023.2212533
https://doi.org/10.3389/fphy.2024.1422098
https://doi.org/10.1088/1402-4896/ad0c9c
https://doi.org/10.3934/math.2021656
https://doi.org/10.22457/apam.v18n1a6
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1021/ja00856a001
https://doi.org/10.1007/s10910-009-9520-x
https://doi.org/10.57647/IJM2C.2025.150425

	Introduction
	Preliminaries
	Main Results
	Classical Topological Indices
	Reverse Topological Indices of the Grid graph Pm Pn
	Application of Degree-Based Indices on Grid Graphs in Chemistry

	Numerical Results and Graphical Comparisons
	Analysis of Growth Trends



