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1. Intoduction

separated from the clear water by a sharp, well-defined

Diffusion is the process by which matter is transported from
one part of a system to another as a result of random
molecular motions. This is usually demonstrated by the
classical experiment in which a tall cylindrical vessel has its
lower part filled with iodine solution, for instance, a column
of clear water is poured on top, carefully and slowly, so that
no convection currents are set up and the colored part is

boundary, after sufficient time, the whole solution appears
uniformly colored. The iodine is said to have diffused into
the water [1].

The dye diffusion into fiber is described mathematically by
Hill and Wilson’s equations which compare the diffusion into
a textile fiber with the diffusion into a cylinder of infinite
length [2], [3]. Moreover, these models consider that the
diffusion coefficient is constant during the entire dyeing
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process and thus might the dye concentration and the dye
bath temperature influence on the diffusion [4].

In a laser printer system [5], a thin layer, sand witched
between two plastic sheets, was heated by a laser. The dye
melts and diffuses into the sheets, the diffusion coefficient
being a sensitive function of temperature. The model was
used to predict the fraction of dye transferred to the receiv er
sheet at each radial position after a time which is long
compared
with the healing time.

2. Model formulation for diffusion of a dye

Consider the following laboratory experiment. As fig.1
suggests, a long thin glass tube, of length Lis filled with water
and sealed at both ends. The baffle, a thin membrane dividing
the tube into equal separated sections, is placed at the exact
Centre of the tube. Prior to the tube being sealed completely,
two different colored dyes are injected into each section of
the tube. Upon sealing the ends of the tube, the concentration
of the dye is measured. The baffle then dissolves and the dye
is free to diffuse throughout the tube. Where the function
C(x,t) represents the concentration of dye per unit volume
and krepresents the diffusivity of the dye, the following

partial differential equation
%c(xt) _ , ac(xt)

is satisfied.

As the tube is sealed at both ends, no dye can pass through
the tube walls and the tube essentially “insulates” the dye
satisfying the boundary conditions (2) for (1) as given by:

ac(ot) _ , _ 9C(Lt)
ox =0= ox (2)

For this particular experiment, measurements indicate that at
the instant the baffle dissolves in the tube, the dye
concentration is zero at each end and a maximum value of 2
is observed at the exact Centre of the tube. This concentration
is approximated analytically by

C(x,0) = f(x) = 2 sin? (‘T") 3)

Which is the initial condition for the model. We consider
diffusivity in a long thin glass tube of constant cross section
and homogeneous material, with the so diffusion only occurs
along tube in the x direction. That is, we assume that at any
locationx, the concentration of dye is constant at every point
in the cross section atx.

In other words, the concentration of dye will only vary in x
and we can hence consider the tube to be one-dimensional.
Note then that the actual shape of the cross section is
independent of the problem and does

axz k ot (1) not matter.
0 L2 L
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: Baffle

: Glass tube

Water-dye mixture

Figure 1. Water- dye mixture in a glass tube.

3. Solving the equation

Assuming the solution of the form,
Clx,t) = X()T(®) “4)

Then C(x,t) is a multiplicatively separable function i.e
given a two-variable function f(x,y) then we say that f is
multiplicatively separable if 3IX(x),T(t) such that
f(x,t) = X(x)T(t) is satisfied. If we calculate the relevant
partial derivatives of C, those appearing in (1) and
substitute them into the equation, we have the following
results [6].

d 10.57647/ijm2¢.2025.152526

92C(x,t)

&0 X GOT(®)
HEL = X(OT'®
at
d2x(x) dr(t)
Thus (1) becomes, = T(x) = kX(x) prt and
dividing through by X (x)T(t) yields,
X'x) _ , T@® _
xw - Krp = A )
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For some constantA. If then Ja solution to (1) of the form
(4) the following two ordinary differential equations must
be satisfied.

da’x

CX X =0 ©)
A
ToiT@=0 ™

The boundary conditions for the original equation (2)
given the following boundary conditions forX (x),

X'(0)=0=X'(L), T(t) # 0 (8)

Which are then used to solve (6). Thus, we solve (6) for
different A as follows:

3.1. Case 1: Solving (6) for A =0

Given the ordinary differential equation (6), with 1 =0,
the solution obtained by indefinite double integration has
the form X (x) = ax + .

Differentiating this solution once so that the boundary
conditions (8) can be used to yields X'(x) = a, some
constant function. Substituting in the boundary conditions
gives X'(0) =0 =, and X'(L) = 0 = @, hence f must
be some arbitrary constant.

3.2. Case II: Solving (6) for 4 > 0

Given the ordinary differential equation (6), with A > 0, we
define the auxiliary equation of (6) as, ¢2 — A = 0, Which
has real, unequal roots ¢ = i\/z furthermore, the general
solution of (6) is, X(x) = aeV? 4 ﬁe‘m.
Differentiating the solution once so that the boundary
conditions (8) can be used to yields, X'(x) = avaeV —
BVae ~Vix, Substituting the boundary conditions gives,

X'(0) = avae?® — p\ae ™V = g1 — VA =0
Which shows that « = £ and further,
X'(L) = aVieVH — B\/Ie_m =0
= aVvae — g\ e V2 = 0
= a\/i(e\/H - e‘m) =0
From the above, we defined A >0, and then have

aﬁ(em—e_m> # 0,andthusa =0=f = 0.

Hence, the solution to (6) with A > 0, is zero or trivial
solution, X(x) = 0.

d 10.57647/ijm2¢.2025.152526

3.3. Case III: Solving (6) for 4 < 0

Given the ordinary differential equation (6), with 4 < 0, if
we define A = —p? < 0, then the auxiliary equation of (6)
is ¢2—A=¢?2+p?=0.

Which has pure imaginary, complex roots ¢ = %pi,
furthermore the general solution of (6) is, X(x) =
a cos(px) + B sin(px).

Differentiating the solution once so that the boundary
conditions (8) can be used to yields, X'(x) =
Bp cos(px) — ap sin(px).

Substituting the boundary conditions gives,

X'(0) = Bpcos(p.0) —apsin(p.0)=0=Fp=0

Thus f = 0 and further,

X'(0) = Bp cos(pL) — ap sin(pL) = 0
X'(0) = 0.pcos(pL) — ap sin(pL) = 0
X'(0) = —apsin(pL) =0

Now we have a = 0, it will result to zero or trivial solution

and thus we must have sin(pL) = 0, which is true for pL =
nm

nw=p= - vn=123,..

Hence the solution X(x) is formed by a sequence of
X

solutions, X, (x) = a;, cos (nT), vn = 1,2,3, ... where a;,
are some constants.

Now we must solve the second, ordinary differential
equation, (7), to complete our solution for C(x, t).
Solving (7) for A = 0.
Given the ordinary differential equation (7), with A = 0,
the solution obtained by one indefinite integration has the
form T(t) = y, the constant function.
In fact for A = 0, T(t) =y, is a trivial solution of (7).
If we define A = —p? < 0, then the solution as with respect
to X(x) of (6), can be defined as a sequence of functions.
As the general solution of the linear, separable ordinary

differential equation of (7) is, T(t) = ce%t, we can form a

sequence of solutions, substituting 1 = —p? and p =
n2n2

%,Tn(t) = d,e” ®Z ' vn =1,2,3... Where 9, are some

constants. Note then that there is no need to solve (7) for

A > Oas for this condition on 4, the solution of (6) gave the

zero solution.

3.4. The solution C(x,t) = X(x)T(t)

Given the solutions to (6) and (7), X(x) = Band T(t) =y,
with A > 0, the solution (4) is given by C(x,t) =
X(x)T(t) = By = a,, where a,is some constant.

ForA < 0, we have a sequence of solutions for X (x) and
T(t), hence we have the following sequence of solutions
for C(x,t),



276

Paul Fatiye et al., Int. J. Math. Model. Comput.15(4) 2025

Ca(x, 1) = X ()T ()

2.2
. nmx _n’n?,
= a; cos (T) .O0pe kL?

Tl2TL'2
nmx ——t
= a, cos (T) e k? 9)

Where a, = a,0d, andn = 1,2,3...

Now since the partial differential equation of (1) is linear,
by the principle of superposition, we can combine the
solutions for A =0, C(x,t) = ay and 1 < 0, with (9) to
form the general solution to the equation,

n?n2

Clx,t)=ayg+Yrq (nLix) e k7 q,cos (10)

As stated in the introduction, the concentration is
approximated analytically at ¢ = 0, by the initial condition
(3) and since we also have,

nmx

C(x,0)=ag+Xn-1 e(T)ancos,

at t = 0, a Fourier cosine series, we can use the initial
condition (3), C(x,0) = f(x) = 2 sin? (%), to calculate

the coefficientsay,a,. Thus, a, and a,, are given by Euler
formulae:

ag = %LLf(x).dx
ap = %foLf(x) cos (nLLx) dx

Solving first for a,.

ao=%J;L25in2 (nL—x).dxz%fOLsinz (nL—x).dx

Using the substitution u = % =>du= %dx and the

trigonometric identitycos(20) = 1 — 2 sin?(6), we have,

ap = %fOLsinz (7TL_x) dx

_ 2("1 L
= —f =(1—cos(Qu))—.du
0 2 b3

L
1 Y

= —f 1—cos(2u).du
T Jo

1 1 T
= — [u — —sin(Zu)]
3 2 0

d 10.57647/ijm2¢.2025.152526

- Y- -0-01=1
T

And hence, a, = 1. Solving then fora,,,

a, = %fOLZSile (nL_x) cos (nLLx).dx

ap = if: sin? (nL_x) cos (nl,ﬂ) .dx

Similarly, using the substitution u = nL—x = du= %dx and

the trigonometric identitycos(26) = 1 — 2 sin*(9), we
have,
a, =

%fOL sin? (HL—X) cos (nLLx) .dx

= EJ-n(l — cos(2u)) cos(nu) . du
TJo

Applying integration by parts, we obtain,

a, =

Efn(l — cos(2u)) cos(nu) .du
TJo

= % [(u - %sin(Zu)) cos(nu)]TI

0

+ E fﬂ (u - %sin(Zu)) sin(nu).du

A

=2(-D" + %f:usin(nu) .du
1 s
——f sin(2u) sin(nu) . du
TJo
Repeating the method of integration by parts, we have,
2 T
an = Ef (1 — cos(2u)) cos(nu) .du
0

= ;Ku — %sin(Zu)) cos(nu)]:

+%f0n (u - %sin(Zu)) sin(nu).du
=2(-D" + ;f usin(nu) .du

0
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1 Vs
——J- sin(2u) sin(nu) . du
TJo
Repeating the method of integration by parts, we have,

2
a, =2(-1)"+=x
T

{[—%u t:os(nu)]TI + 1 fncos(nu) . du}
0 0

n
- lfnsin(Zu) sin(nu) . du
TJo
2
a, =2(-1)" +E X
2 4 lsin(uols]
n n? ’
- lfnsin(Zu) sin(nu) .du
TJo

(11

21" - D)
JHeD

1 s
——f sin(2u) sin(nu) .du
TJo

Hence for the final integral in (11), we have two conditions
to consider, when n # 2. forn = 2, we have the following
result, again using the identity

cos(20) = 1-—2sin?(0)

fnsinz (2u).du :f:%(l — cos(4u)).du
0

_tpo
—E[u—zsm( u)]0

= %[(n -0)—-(0-0)] @12

Then for n # 2. we have the following results employing
the trigonometric identity

d 10.57647/ijm2¢.2025.152526

sin(@)sing = =[cos(8 — @) — cos(8 + @)],

N| =

Y
f sin?(2u).du =
0

LT cos((2 + myu).du — f cos((2 —n)u). du]

B l[sin((Z +n)u) 3 sin((2 + n)u) "

2 2+n 2—n 0

=2[0-0)-(0-0]=0 (13)
Hence, for n = 2, equation (11) becomes,

_ 2(-1)*2-1) 11

n 2 272
By (12) and n # 2, (11) becomes,

2(-D*n—1)
n _7

By (13), thus we can substitute our evaluated coefficients,
ap, and a,, into the general solution to the partial
differential equation (1) and yield the solution.

n2n2

Clx,t)=1+Y%_,a,cos (%) e Tzt

n=2

1
_ ]z 14
an = 2(-D™(n-1) (14)

n

n+2

Which when extracting n = 1,2 from the summation, we
have the general solution to the problem as below:

nZTL'Z
Cot) _p4 %cos (ZLﬂ) e Kzl 4

(15)

nznz
0s (nn:x) B_Wt
L

Subject to the boundary conditions (2) and initial
condition(3).

The value of diffusivity of a dye constant k = 0.8 X 107>
also known as the diffusion coefficient, which is a measure
of the rate which particles or molecules diffuse through a
long thin glass tube of constant cross section and
homogeneous material which has Water- dye mixture.

2(-1)"(n-1)
n

Yn=3
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3.5. Graphs of the general equations
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4. Determination of critical point for the rate of
change of dye

To determine where in the tube the dye concentration
initially is changing at its fastest rate, we first need to
calculate the rate of change for position. That is, we need
to calculate C,(x, t) for(15),(16),

aC(x,t) m _ [2mx\ _n°7%,
——~=—sin (—) e kiZ' —
ox L

T 2(-1)™(n-1) nmwx —ﬁt
—Z;’f:3—sin (—) e kL?
L n L

(16)

The initial maximum value for C,.(x, t) can be obtained by
finding the critical points of (16) at t = 0, that is, finding
x satisfyingCy, (x,t) |i=o = 0.

Differentiating (16) with respect to xand evaluating at t =
0, gives,

= ——co0s
L

2%C(x,t) 2m? 2mx
dx? =0 L2 ( )

% o nix an
_L_ZZ 2(-1D™*(n—1) cos (T)
n=3

L
Also,Crry (X, t) |tz =0,V—=-,n22=>x=—".
L 2 2n
L . . L .

Hence x = —, is a maximum or minimum if

asc | asc |

ax3 ox3 x

. o . 93¢
Differentiating(17), we obtain Pyt

gl NS

L <0or L >0 respectively.
X—a _E

ax3 _—L3 sin|——

3 3 2
d°C(x,t) _An (2:x)e_4%t

3 X\ sl

= +—Z 2(=1)*(n—1)sin (_mr )e kL?
L3 . L
n=

4.1. The limiting value of dye concentration

Finally, to calculate the limiting value of the dye
concentration for very large values of time we need (15)
as t > oo, in fact, for t - oo, C(x,t) > 1 and thus the
limiting value of the dye concentration for very large
values of time is 1by (15).

5. Discussion

In this study, we investigated the diffusion of dye in a
controlled environment using a long thin glass tube divided
by a measure. The model was analyzed to see the
concentration of dye over time and space. The graphs were
generated using the Maple software as presented in the
graphs of (i) - (vi) showing the concentration changes and
the behaviors of the dye.

d 10.57647/ijm2¢.2025.152526

The result initially shows the concentration of the dye in
each section of the tube, leading to a steep concentration
generated at the beginning of the tube. The graphs of (i)
and (ii) using(x,t,0.8 x 1075), shows different surfaces
been seen as the general equation of (10) and that of
equation(15) are similar showing two surfaces and three
surfaces respectively with their behaviors when the values
of x and t are between(0 < 1.

The surfaces of the two graphs (i) and(ii), indicates a high
rate of diffusion which gradually decreased as the
concentration gradient reduces.

Meanwhile, in graphs(iii) and(iv), using (x,0,0.8 X
1075) shows oscillation behaviors with remaining constant
when the value oft = 0. However, when the value ofx =
1, its generated graphs of (v)- (1,t,0.8 x 10~%) and(vi),
showing that the dye concentration remain steady all
through irrespective of the change in the value of time.

As time progresses, the concentration in both sections
approaches a limiting value, showing the dye is moving
towards steady state of the equilibrium with minimal
changes after a certain period of time. This behavior agreed
with the prediction of model which suggested that, the
limiting concentration can be calculated as the average of
the initial concentration of the two dyes.

Similarly, the graphs of (i) to (iv) shows the rate of change
in concentration over time t, reaching it peaks or highest
point, indicating the fastest rate of change in dye
concentration, showing how fast the dye spreads through
the medium.

The findings from this paper have several real-life
applications in various industries, including textiles, food
processing, and pharmaceuticals.

In the textiles industry, controlling dye diffusion is
essential for achieving uniform collaboration in fabrics,
while in food processing, it is to enhance flavor infusion in
products and, in pharmaceuticals is to control the release of
drugs which can be modelled using similar diffusion
principles for allowing the design of more effective
delivery systems.

6. Limitations and future work

This paper provides valuable insights into the diffusion
process, it is necessary to acknowledge its limitations. The
model assumes ideal conditions such as uniform
temperature and pressure, which may not always be present
in real-world scenarios.

Future research could explore the effects of varying
environmental conditions on dye-diffusion and extend the
model to account other factors such as temperature and
presence of other solutes.

7. Conclusion

In conclusion, the concentration of dye per unit volume
with a function C(x,t) and kwhich represents the
diffusivity of the dye diffusion presented in this paper has
enhances our understanding of the diffusion principles with
different boundary conditions using partial differential
equations.
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The graphs generated using the Maple software has shown
various surface behaviors of the dye concentrations, the
diffusivity of the material varying with the location in the
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