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	A R T I C L E  I N F O
	
	A B S T R A C T
In many practical situations of real life, we face some data which are more vague than exact. To give modelling these vague data a host of researchers have become involved and introduced numerous theories. Picture fuzzy set is one of these which is much capable to deal with these vague data. Picture fuzzy set is the generalization of intuitionistic fuzzy set as well as the fuzzy set considering the positive, neutral and negative membership degrees of an element. After the innovation of this concept, it has been widely studied and applied in many fields of real life situations specially in science and engineering.  In this article, we develop the arithmetic operations on generalized triangular picture fuzzy numbers by cut method. Some related properties of them are explored. Finally, picture fuzzy linear equations are solved by using these arithmetic operations.
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1. Introduction
The concept of fuzzy set theory was introduced by L. A. Zadeh [33] in 1965 to handle uncertain data. Fuzzy set theory takes into account membership degree only. The non-membership degree is the direct complement of the membership degree. However, in many researches it is found that, this linguistic negation does not satisfy the logical negation always in the real life applications. Because, while selecting the membership degree for an object (element), there may be some kinds of hesitation while defining the membership function, as membership function may be Gaussian, triangular, exponential or any other membership functions. So, due to this hesitation, the non-membership degree is less than or equal to the complement of the membership degree. This is the reason why different results are obtained with different membership functions. To overcome this situation, after about two decades, in 1986, K.T. Atanassov [1] suggested the concept of intuitionistic fuzzy set, where the non-membership degree is not equal to the complement of the membership degree due to the fact that some kinds of hesitations or lack of knowledge is present while defining the membership function. So the intuitionistic fuzzy set theory is an important generalization of fuzzy set theory, where the membership degree and the non-membership degree separately in such a way that, sum of the two degrees must not exceed . It is observed that, fuzzy sets are intuitionistic fuzzy sets but converse is not necessarily correct. 
Sometimes, fuzzy set and intuitionistic fuzzy set are found to be difficult to express the situations, when human thoughts involve more options like ‘yes’, ‘abstain’, ‘no’ and ‘refusal’. In this regards, Bui Cong Cuong and Vladik Kreinovich [8, 9] introduced picture fuzzy set in 2013, which is the direct extension of the fuzzy set and the intuitionistic fuzzy set by incorporating the concept of positive, negative and neutral membership degrees of an element. In picture fuzzy set, the authors have divided the hesitation margin,  of intuitionistic fuzzy set into two parts which are neutral membership degree and refusal membership degree. When both of the neutral and refusal membership degrees are zero, i.e., hesitation margin becomes zero, then the picture fuzzy set returns to intuitionistic fuzzy set.
Fuzzy set theory [33] and the intuitionistic fuzzy set theory [1]   have been used for handling fuzzy decision-making problems for a long extent of time. But many researchers have shown interest in picture fuzzy set theory [8, 9] and applied it to the field of decision making. Picture fuzzy set manage the uncertain nature of human thoughts involving more options like yes, abstain, no and refusal terms. 
In 1972, Chang and Zadeh [7] introduced the concept of fuzzy numbers and discussed its arithmetic operations. Later a host of researchers studied the concept of fuzzy numbers [3, 6, 12, 13, 17, 28, 31, 32, 34]. Islam et al. [16] discussed the comparison of classical method, extension principle and α-cuts and interval arithmetic method in solving system of fuzzy linear equations in 2019. The concept of intuitionistic fuzzy number was proposed by Burillo [4] in 1994. Mahapatra and Roy [20] presented triangular intuitionistic fuzzy number and used it for reliability evaluation.  In 2010, they also defined trapezoidal intuitionistic fuzzy number [21] and discussed its arithmetic operations based on -cut method. Later numerous works have been done on intuitionistic fuzzy number and applied it in many branches of science and engineering (see [2, 5, 18, 19, 22, 23, 24, 25, 26, 27, 29, 30]. Dutta and Ganju [10] first defined extension principle for picture fuzzy sets and describe some arithmetic operations of picture fuzzy sets. P. Dutta. et al. [11] discussed the operations on picture fuzzy numbers and applied in Multi-criteria Group Decision Making Problems.  
In this paper, we established the arithmetic operations on generalized triangular picture fuzzy numbers by cut method and some related properties of them are explored. At the end of this work, picture fuzzy linear equations are solved by using these arithmetic operations. 
The article is organized as follows: In section 2, some basic definitions are given which are essential to rest of the paper. In section 3, arithmetic operations of triangular picture fuzzy numbers are discussed. In section 4, solution of picture fuzzy linear equations is discussed. In section 5, conclusion remark is given.
2. Preliminaries
In this section, some basic definitions are given which are essential to rest of the paper.
Definition 2.1 ([33]). Let be non-empty set. A fuzzy set  in  is given by
,
where.
Definition 2.2 ([1]). An intuitionistic fuzzy set  in  is given by
,
where and , with the condition . 
The values  and  represent, respectively, the membership degree and non-membership degree of the element  to the set
For any intuitionistic fuzzy set  on the universal set, for 
is called the hesitancy degree (or intuitionistic fuzzy index) of an element  in . It is the degree of indeterminacy membership of the element  whether belonging to  or not.
Obviously,  for any. 
Particularly,  is always valid for any fuzzy set  on the universal set .
The set of all picture fuzzy sets in  will be denoted by .
Definition 2.3 ([8, 9]). A picture fuzzy set   on a universe of discourse  is of the form
,
where  is called the degree of positive membership of  in ,  is called the degree of neutral membership of  in  and  is called the degree of negative membership of  in , and where  and  satisfy the following condition:
.
Here  is called the degree of refusal membership of  in.
The set of all picture fuzzy sets in  will be denoted by.
Definition 2.4 ([8, 9]). Let, then the subset, equality, the union, intersection and complement are defined as follows:
i.  iff and ;
ii.  iff and ;
iii. ;
iv. ;
v. .
Definition 2.5. ([14]).  Let  be a picture fuzzy set on  and, then the -cut of  is given by 

That is, ,  and  are ,  and - cut of positive membership, neutral membership and negative membership of a picture fuzzy set  respectively.
Definition 2.6.  Let  be a picture fuzzy set on. We now define a new picture fuzzy set denoted by, is defined by
,
where the positive membership, neutral membership  and negative membership  are as follows:



Theorem 2.7. (First decomposition theorem):
Let  be a non-empty set. For a picture fuzzy set  in ,

3. Arithmetic Operations of Generalized Triangular Picture Fuzzy Numbers
In this section, the arithmetic operations of triangular picture fuzzy numbers are discussed. Throughout this section,  denotes the set of all real numbers. 
Definition 3.1. ([15]). Let, with A generalized picture fuzzy number (GPFN)  is a special picture fuzzy set of real numbers  whose positive, neutral and negative membership functions ,  and  respectively satisfy the following conditions:
i. There exist at least three real numbers  and  such that  ,  and .
ii.  and  are quasi concave and upper semi continuous on .
iii.  is quasi convex and lower semi continuous on .
iv. The support of  is compact.
Definition 3.2.  A generalized triangular picture fuzzy number (GTPFN)
   is a special picture fuzzy set on  whose positive, neutral and negative membership functions are defined as follows:
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Fig. 1: Generalized TPFN




	


	














Definition 3.3. A Generalized Triangular Picture Fuzzy Number   is called positive if  , for 
Definition 3.4. A Generalized Triangular Picture Fuzzy Number   is called negative if  , for 
Definition 3.5. A Generalized Triangular Picture Fuzzy Number   is called partial if at least one  , for 
Definition 3.6. Let   be a GTPFN. Then the cut of  is a crisp subset of  which is defined as follows:

  
                                         ; . 
Definition 3.7. Let   be a GTPFN. Then the cut of  is a crisp subset of  which is defined as follows:
 
       
                                              ; .
Definition 3.8. Let   be a GTPFN. Then the cut of  is a crisp subset of  which is defined as follows:

      
                                                            ; .
Definition 3.9. Let   be a GTPFN. Then thecut of  is given by  
; , ,  ,.

Definition 3.10. Let  and  be two GTPFNs and their corresponding cuts be


for any   and , then the four basic arithmetic operations such as addition, subtraction, multiplication and division are defined as follows:
Addition:

                        .
Subtraction:
  
                             .
Multiplication:
 
                         , where
,
,

Division:

, where,
 ,
 ,
where 
Example 3.11. Let   and  be two positive triangular picture fuzzy numbers where the positive , neutral and negative membership functions are as follows:
 ,  , 
 
and
 ,  , 
 
The corresponding cut of the above triangular picture fuzzy numbers  and  are as follows:


Now,



                         

                       
Now the positive, neutral and negative membership functions of resulting GTPFNs are 
 ,  ,
  .
 ,   ,
  .
 
  ,
 

  ,  
 
Proposition 3.12. Addition of two generalized triangular picture fuzzy numbers is also a generalized triangular picture fuzzy number.
Proof:  Let  and  be two GTPFNs . The Addition of two GTPFNs based on cut method is   
 , where


, and ,   , , , . 
Now, 



.
Let .
Now 
 

.
Let 
Now,
          
                          ; if .     
Therefore,  is an increasing function.
Also 

Again,






Let 
Now, 
 ; if 
Therefore,  is an decreasing function.
Also 

So the positive membership function of  is

Hence the positive membership function preserved the triangular shape.
In similar manner, we can also prove that the neutral membership of  is

So the neutral membership function preserved the triangular shape.
Now, for the negative membership function
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Let  
Now 
 



Let 
Now,
           
 ; if 
Therefore,  is an decreasing function.
Also, .
          
Again,




.
Let 
Now, 
 ; if .
Therefore,  is an increasing function.
Also, .
           .
So the negative membership function of  is

Hence the negative membership function preserved the triangular shape.
Therefore, the addition of two GTPFNs is also a GTPFN.
Proposition 3.13. Subtraction of two generalized triangular picture fuzzy numbers is also a generalized triangular picture fuzzy number.
Proof : Let  and  be two GTPFNs . The subtraction of two GTPFNs based on cut method is   
 , where


, and ,   , , , . 
Now, 
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Let  .
Now,  



Let 
Now, 
 ; if .
Therefore,  is an increasing function.
Also .
.
Again,






Let 
Now, 
; if 
Therefore,  is an decreasing function.
Also .
.
So the positive membership function of  is

So the positive membership function preserved the triangular shape.
In similar manner, we can also prove that the neutral membership of  is

So the neutral membership function preserved the triangular shape.
Now, for the negative membership function
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Let .
Now, 
 ; if .
Therefore,  is a decreasing function.
Also   .
          . 
Again,
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Let .
Now,
 
 ; if 
Therefore,  is an increasing function. 
Also, .


So the negative membership function of  is

So the negative membership function preserved the triangular shape.
Therefore, the subtraction of two GTPFNs is also a GTPFN.
4. Solution of Picture Fuzzy Linear Equations
In this section, the solution of picture fuzzy linear equations of the forms  and  , where  and  are GTPFNs are discussed.
4.1 Solution of picture fuzzy linear equations of the form 
Let  and  be two positive GTPFNs Then
                                              (1)
is a picture fuzzy linear equation
Let  . Then  is not a solution of the equation (1). 
For any ,  and  let
        , 
         and 
        .
Then the equation (1) has a solution iff 
 (i), 
and  for every ,  and  and
 (ii)  ,  and  implies
,
, and  
.
The property (i) ensures that the interval equation 
                                             (2)
has a solution which is  . Property (ii) ensures that the solutions of the interval equations for  and  are nested; that is, if  ,  and  then . If a solution  exists ,  and  and property (ii) is satisfied, then the solution of  of the picture fuzzy linear equation is given by 

Example 4.2. Let  and  in our equation be the following generalized triangular shape picture fuzzy numbers

,  ,
,
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Fig. 2: GTPFN .
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Fig. 3: GTPFN .
Then the corresponding  cuts of  and  are 
 and 
.
It is easy to verify that,
,
,
.
Or,
,
,
.
Consequently,

It is easy to check that,  ,  and  implies
 for each pair  ,    and .
Therefore, the solution of the picture fuzzy equation is
     implies

, , .
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Fig. 4: Solution  of the equation 1.
4.3 Solution of picture fuzzy linear equations of the form 
Let  and  be two positive GTPFNs Then
                                              (3)
is a picture fuzzy linear equation
Let  . Then  is not a solution of the equation (3). 
For any ,  and  let
        , 
         and 
        , then we obtained the interval equation
                            (4)
The equation (3) can be solved the interval equation (4) for ,  and .
Then the equation (3) has a solution iff 
(i) (

And  for every ,  and  and
(ii)  ,  and  implies
,
,
And 

The property (i) ensures that the interval equation 
If a solution exists, it has of the form 

Example 4.4. Let  and  in our equation be the following triangular shape picture fuzzy numbers
, ,
.
And 
, ,
.
Then the corresponding  cuts of  and  are 
,
.
It is easy to verify that,
,
,
.
Or,
,
,
.
Consequently,
.
It is easy to check that,  ,  and  implies
 for each pair  ,    and .
Therefore, the solution of the picture fuzzy equation is
     implies
, ,
.
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Fig. 5: Solution  of the equation 3.
5. Conclusion
[bookmark: _GoBack]Picture fuzzy number plays an important role in many branches of science and engineering where the situation is not controlled by fuzzy number and intuitionistic fuzzy number. The cut  is the bridge between classical sets and picture fuzzy sets. The cut method is a standard method for performing different arithmetic operations like addition, subtraction, multiplication and division. Here  the arithmetic operations on generalized triangular picture fuzzy numbers by cut method are developed and some related properties of them are explored. Finally, applying these arithmetic operations picture fuzzy linear equations are solved.
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