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Abstract:
This paper presents a fuzzy programming model with LR fuzzy coefficients. To solve it efficiently, we propose
a novel hybrid ABS-GA algorithm that synergistically combines the ABS algorithm for dimensionality
reduction with a Genetic Algorithm (GA). First, ABS projects the original n-dimensional problem into a
reduced (n−m)-dimensional subspace using the linear constraints Ax = b, ensuring feasibility and shrinking
the search space. Then, a tailored GA optimizes within this reduced space, employing Ghanbari et al.
[1] O(1) comparison formula for direct and efficient fuzzy number evaluation, and a novel tangent cone-
based mutation operator for enhanced local exploration. Numerical experiments demonstrate that ABS-GA
significantly outperforms existing methods in both solution quality and computational efficiency, validating
the effectiveness of the integrated approach.
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1. Introduction

Fuzzy sets serve as powerful mathematical tools for
modeling collections of objects with imprecise or vague
boundaries, finding significant applications in various
real-world optimization problems under uncertainty. A
fundamental challenge across many fuzzy methodolo-
gies, particularly in optimization, is the comparison of
fuzzy numbers. Despite its necessity, there is no univer-
sally accepted method for this task.

Over the years, numerous approaches have been de-
veloped, drawing on ranking functions, α-cuts, fuzzy
relations, and the extension principle, among others (see
[1, 2, 3, 4, 5]). In fact, more than 40 distinct methods for
comparing fuzzy numbers have been documented in the
literature [6]. Generally, methods for comparing fuzzy
numbers fall into two main categories. The first cate-
gory comprises indirect methods (transformation-based
approaches), such as ranking functions, which convert

fuzzy numbers into crisp values for comparison. A ma-
jor limitation of these methods is their lack of bijectivity,
potentially leading to information loss during the trans-
formation. The second category involves direct methods,
which compare fuzzy numbers without prior conversion.
While these methods preserve fuzzy information, they
often entail substantial computational burdens.

Among the well-established direct methods, Kerre’s
method [7] stands out for ordering fuzzy numbers. This
method traditionally involves a two-step process: first,
computing the fuzzy maximum of two numbers via the
extension principle or α-cuts, and then performing a
comparison based on the Hamming distance [5, 6, 8].
While foundational, this process can be computationally
intensive. Ghanbari et al. [9] first presented a result
that led to a direct and efficient formula for comput-
ing the maximum of two arbitrary LR fuzzy numbers.
Then, by applying the direct formula for m̃ax, they mod-
ified Kerre’s method to compare two LR fuzzy numbers.
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Finally, using their modified Kerre’s method for com-
paring two LR fuzzy numbers, they established some
simple formulas for the comparison of fuzzy triangu-
lar numbers. These formulas execute in constant time,
O(1), requiring only a few basic arithmetic operations
and eliminating all numerical integration. The formulas
that represented by Ghanbari et al. [9], have a major
leap in efficiency for the triangular case. Despite this
breakthrough, a critical limitation persists. The elegant
and efficient O(1) closed-form solution is exclusive to
triangular fuzzy numbers. For the broader, more ex-
pressive, and often more realistic class of general LR
fuzzy numbers which includes Gaussian, bell-shaped,
and other non-linear types the framework by Ghanbari
et al. [9], still reverts to evaluating definite integrals
within the comparison formulas. Furthermore, due to
the important applications of bell-shaped fuzzy num-
bers in various fields, and considering the computational
challenges associated with direct comparison methods,
previous studies have turned to metaheuristic algorithms
to handle complex fuzzy optimization problems. The
relevance of these methods is underscored by the wide
application of LR fuzzy numbers in domains requiring
the handling of uncertainty. For instance, in medical
diagnosis, they help manage imprecise patient data, lead-
ing to more accurate clinical decisions [10, 11]. Their
utility extends to the development of bell-shaped fuzzy
numbers for statistical modeling and AI systems [12],
and even to specialized areas like fingerprint authentica-
tion, where they enhance the accuracy and efficiency of
matching algorithms [13].

The ability to compare fuzzy numbers is crucial in
fuzzy optimization. A common theme in many solution
approaches is the transformation of a fuzzy problem
into an equivalent crisp one [14]. Alternatively, meth-
ods that work within the fuzzy domain itself have been
proposed. Bellman and Zadeh [15] introduced a sem-
inal symmetric model where goals and constraints are
treated as fuzzy sets, and the optimal decision is defined
as the intersection of these sets, solved by a max-min
approach:

max min
k

µk(x) k = 1, . . . ,m,

where µk(x) is the membership function for the k-th
goal or constraint. Ribeiro and Pires [16] applied the
simulated annealing algorithm to solve this max-min
model, highlighting the need for randomized transi-
tions and a carefully defined annealing schedule [17,
18]. In continuation of this methodological approach,
GAs emerge as a natural choice for implementing our
fuzzy optimization framework, owing to their flexibility
and robust performance in handling uncertain parame-
ters. GAs have also been effectively employed in fuzzy
optimization. Lin [19] used a GA to solve linear pro-
gramming problems with fuzzy constraints, where the
symbol ‘⪯’ allows for minor, acceptability-weighted vi-
olations. Other notable contributions include regression
models with triangular interval-valued fuzzy numbers
[20, 21], Pythagorean fuzzy linear programming for

multi-criteria decision-making [22], and methods for
linear programming with interval-valued intuitionistic
fuzzy parameters [23]. For a comprehensive survey of
models and methods for fuzzy linear programming, see
[24]. One can see other works in [25, 26, 27, 28, 29, 30,
31].

Despite significant advancements in fuzzy optimiza-
tion over the past decades, several critical research gaps
remain unaddressed. First, while numerous methods
have been developed for comparing fuzzy numbers, they
generally fall into two categories with inherent limita-
tions: indirect methods (e.g., ranking functions) suffer
from information loss during conversion to crisp values,
while direct methods (e.g., Kerre’s method) often entail
substantial computational burdens due to numerical in-
tegration requirements. Second, although Ghanbari et
al. [9] made a significant breakthrough by introducing
an O(1) comparison formula for triangular fuzzy num-
bers, their efficient closed-form solution is exclusive to
the triangular case. For the broader and more realistic
class of general LR fuzzy numbers which includes Gaus-
sian, bell-shaped, and other non-linear types commonly
encountered in machine learning, medical diagnosis,
and statistical modeling their framework still reverts to
evaluating definite integrals, creating a computational
bottleneck. Third, existing metaheuristic approaches for
fuzzy optimization, such as standard Genetic Algorithms
or Simulated Annealing, typically handle constraints
through penalty functions or repair mechanisms. These
approaches become increasingly inefficient as problem
dimensionality grows, as they must expend substantial
computational effort exploring infeasible regions. Fur-
thermore, they often struggle to maintain diversity and
convergence when the feasible region is defined by a
large number of linear equality constraints. Fourth, to
the best of our knowledge, no prior work has exploited
the synergy between exact algebraic dimensionality re-
duction techniques (such as the ABS algorithm) and
evolutionary algorithms for solving fuzzy optimization
problems. This gap is particularly significant given that
many real-world fuzzy linear programming problems
involve large numbers of equality constraints, where
dimensionality reduction could yield substantial compu-
tational benefits.

Following this methodological rationale, we adopt a
hybrid ABS-GA approach that synergistically integrates
the ABS1 algorithm for dimensionality reduction with a
Genetic Algorithm (GA) for global optimization. The
ABS algorithm plays a pivotal role in our framework.
By leveraging the linear equality constraints Ax = b
of our fuzzy linear programming model, ABS analyti-
cally projects the original n-dimensional problem into
a reduced (n−m)-dimensional subspace. This exact di-
mensionality reduction not only drastically shrinks the
search space but also ensures that all candidate solutions
automatically satisfy the linear constraints, thereby elim-
inating the need for constraint-handling mechanisms
within the GA and allowing it to focus exclusively on

1Abaffy-Broyden-Spedicato
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optimizing the objective function. Once the problem
is transformed into this lower-dimensional form, a cus-
tomized GA operates within the reduced search space.
Crucially, to perform fitness evaluations and compar-
isons between fuzzy objective values, we leverage the
efficient O(1) comparison formula for LR fuzzy num-
bers introduced by Ghanbari et al. [1]. This allows
for direct and computationally cheap comparisons with-
out converting fuzzy numbers to crisp values, thereby
preserving fuzzy information while avoiding numerical
integration costs. To further enhance the search capa-
bility of the GA in this reduced space, we introduce a
novel mutation operator based on an approximation of
the tangent cone. This operator intelligently explores the
neighborhood of a solution by generating feasible direc-
tions derived from the polar cone of ε-active constraints,
effectively balancing exploration and exploitation. Thus,
the proposed ABS-GA algorithm combines the struc-
tural preprocessing of ABS with the evolutionary power
of GA and the computational efficiency of Ghanbari et
al. [1] comparison method, resulting in a robust and
efficient solver for fuzzy optimization problems.

In this paper, we present a fuzzy optimization model
solved by a novel hybrid algorithm. The main contri-
butions of this work are threefold. First, we propose
the ABS-GA algorithm, which synergistically combines
the ABS algorithm for exact dimensionality reduction
with a Genetic Algorithm (GA) for global search. Un-
like conventional methods that handle constraints via
penalty functions or repair mechanisms, our approach
analytically projects the original problem onto the null
space of the constraint matrix, eliminating equality con-
straints and dramatically reducing the search space while
guaranteeing feasibility. Second, we introduce a novel
mutation operator based on an approximation of the tan-
gent cone, which enables intelligent exploration of the
feasible region by generating directions derived from the
polar cone of ε-active constraints. This operator effec-
tively balances exploration and exploitation, enhancing
the GA’s ability to locate high-quality solutions. Third,
for all fuzzy number comparisons required by the algo-
rithm, we leverage the recently developed O(1) compari-
son formula for general LR fuzzy numbers introduced
by Ghanbari et al. [1], which allows for direct com-
parisons without conversion to crisp values, preserving
fuzzy information while avoiding numerical integration
costs. To the best of our knowledge, this is the first
work that integrates ABS preprocessing with a tangent
cone-based GA for solving fuzzy linear programming
problems with LR fuzzy coefficients, offering a compu-
tationally efficient and theoretically sound alternative to
existing approaches.

The rest of this paper is organized as follows: sec-
tion 2 provides the necessary preliminaries on fuzzy
ordering and LR fuzzy numbers. Our proposed hybrid
ABS-GA algorithm is detailed in section 3. Numeri-
cal results and a performance analysis are presented in
section 4. Finally, we conclude in section 5.

2. Preliminaries
This section reviews the fundamental definitions and the
specific comparison method that underpin our work.

2.1 Fuzzy numbers and LR-type
We begin with basic definitions related to fuzzy numbers.

Definition 1. [32] A fuzzy number is a fuzzy quantity
A satisfying the following conditions:

1. µA(x) = 1 for exactly one x.

2. The support {x : µA(x)> 0} of A is bounded.

3. Every α-cut, {x : µk(x) ≥ α}, of A is a closed in-
terval.

Definition 2. [11] A decreasing function L : R+→
[0,1] is called a shape function if it satisfies:

L(0) = 1,
L(1) = 0,
0 < L(x)< 1, f or x ̸= 0,1.

Definition 3. [11] A fuzzy number Ã is of LR-type if
there exist shape functions L (for left), R (for right), and
scalars α > 0, β > 0 such that:

µÃ(x) =

{
L( a−x

α
), x≤ a

R( x−a
β

), x≥ a

The mean value of Ã is a, and α , β are the left and
right spreads, respectively. Symbolically, Ã is denoted
by (a−α/a/a+β )LR.

Remark 1. Based on Definition 3, an LR fuzzy num-
ber Ã can also be represented as Ã = (AL,AR), where AL
is the shape function for the left arm and AR is the shape
function for the right arm.

2.2 Kerre’s method to compare two fuzzy numbers
In [6], the fuzzy max (m̃ax)of two fuzzy number (based
on the extension principle) was introduced as follows:

m̃ax(M̃, Ñ)(z)= sup{min
(
M̃(x), Ñ(y)

)
|max(x,y)= z}.

(1)
Remark 2. The reader can find a detailed study of

properties of m̃ax in [4].
Definition 4. Based on Kerre’s method, we say M̃ ≤

Ñ if and only if

d(Ñ,m̃ax(M̃, Ñ)≤ d(M̃,m̃ax(M̃, Ñ))

where d(·, ·) is the Hamming distance as defined in [6].
Similarly, “≥” and “=” are defined.

Definition 5. Suppose M̃ = (a/b/c)LR and Ñ =

(a
′
/b
′
/c
′
)LR are two arbitrary LR fuzzy numbers, and

let Õ = max(M̃, Ñ)LR. Define

r(M̃, Ñ) = d(M̃, Õ)−d(Ñ, Õ)

In the Kerre’s method [6],

• if d(M̃, Õ)−d(Ñ, Õ)≥ 0, then M̃ ≤ Ñ

• if d(M̃, Õ)−d(Ñ, Õ)≤ 0, then M̃ ≥ Ñ
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2.3 Ghanbari et al.’s comparison formula for LR
fuzzy numbers

Ghanbari et al. [9] introduced an efficient comparison
formula that operates in O(1) time. However, the for-
mula presented in their work was specifically designed
for triangular fuzzy numbers, and they subsequently
solved a fuzzy optimization problem with triangular
numbers using a metaheuristic algorithm. In contrast,
our work is motivated by the widespread applications in
machine learning and the prevalence of normal distribu-
tion curves in real-world problems. Consequently, we
employ quadratic LR fuzzy numbers in our framework.
Subsequently, Ghanbari et al. have established general-
ized formulas for LR fuzzy number comparison in [1],
which form the basis of our comparison methodology.
So, for comparing fuzzy numbers within our optimiza-
tion algorithm, we use the formula that is introduced by
Ghanbari et al. [1].

Theorem 1. [1] Let M̃ = (a/b/c)LR and Ñ =

(a
′
/b
′
/c
′
)LR as two LR fuzzy numbers, by using simp-

son’s approximation method we have six cases as fol-
lows:

(In this theorem, we define min(a,a
′
) = a,

max(a,a
′
) = a, min(c,c

′
) = c, and max(c,c

′
) = c and

also x is the length of the intersection point of MR and
NL).
1. If c≤ a

′
then we have:

r(M̃, Ñ) =
2
3

[
(b−a)ML

(
a+b

2

)
+(c−b)MR

(
b+ c

2

)
+(b

′ −a
′
)NL

(
a
′
+b

′

2

)
+(c

′ −b
′
)NR

(
b
′
+ c

′

2

)]
+

1
6
[c−a+ c

′ −a
′
].

(2)

2. If b = b
′

then we have:

r(M̃, Ñ) =
a−a

6

[
ML(a)−NL(a)+

4
(

ML(
a+a

2
)−NL(

a+a
2

)

)
+ML(a)−NL(a)

]
+

b−a
6

[
ML(a)−NL(a)+

4
(

ML(
a+b

2
)−NL(

a+b
2

)

)]
+

c−b
6

[
4
(

NR(
b+ c

2
)−MR(

b+ c
2

)

)
+

NR(c)−MR(c)
]
+

(
c− c

6
)[NR(c)−MR(c)+

4
(

NR(
c+ c

2
)−MR(

c+ c
2

)

)
+NR(c)−MR(c)].

(3)

3. If (b < b
′
), (b

′ ≤ c) and (a
′ ≤ b) then we have:

r(M̃, Ñ) =
a−a

6

[
ML(a)−NL(a)+

4
(

ML(
a+a

2
)−NL(

a+a
2

)

)
+ML(a)−NL(a)

]
+

b−a
6

[
ML(a)−NL(a)+

4
(

ML(
a+b

2
)−NL(

a+b
2

)

)
+

1−NL(b)
]
+

x−b
6

[
1−NL(b)+

4
(

MR(
b+ x

2
)−NL(

b+ x
2

)

)
+MR(x)−NL(x)

]
+

b
′ − x
6

[
NL(x)−MR(x)+

4
(

NL(
x+b

′

2
)−MR(

x+b
′

2
)

)
+

1−MR(b
′
)

]
+

c−b
′

6

[
1−MR(b

′
)+

4
(

NR(
b
′
+ c
2

)−MR(
b
′
+ c
2

)

)
+NR(c)−MR(c)

]
+

c− c
6

[
NR(c)−MR(c)+

4
(

NR(
c+ c

2
)−MR(

c+ c
2

)

)
+NR(c)−MR(c)

]
(4)

4. If b < b
′

, a
′ ≤ b and c≤ b

′
then we have:

r(M̃, Ñ) =
a−a

6

[
ML(a)−NL(a)+

4
(

ML(
a+a

2
)−NL(

a+a
2

)

)
+ML(a)−NL(a)

]
+

b−a
6

[
ML(a)−NL(a)+

4
(

ML(
a+b

2
)−NL(

a+b
2

)

)
+

1−NL(b)
]
+

x−b
6

[
1−NL(b)+

4
(

MR(
b+ x

2
)−NL(

b+ x
2

)

)
+MR(x)−NL(x)

]
+

c− x
6

[
NL(x)−MR(x)+

4
(

NL(
x+ c

2
)−MR(

x+ c
2

)+NL(c)
]
+

b
′ − c
2

[
NL(c)−MR(x)+

4
(

NL(
c+b

′

2
)+1

)]
+

c
′ −b

′

6

[
1+4

(
NR(

b
′
+ c

′

2
)

)]
.

(5)
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5. If b < b
′
, b
′ ≤ c and b≤ a

′
then we have:

r(M̃, Ñ) =
b−a

6

[
4ML(

a+b
2

)+1
]
+

a
′ −b
6

[
1+4

(
MR(

b+a
′

2
)−MR(a

′
)

)]
+

x−a
′

6

[
MR(a

′
)+4

(
MR(

a
′
+ x
2

)−NL(
a
′
+ x
2

)

)
+

MR(x)−NL(x)
]
+

b
′ − x
6[

NL(x)−MR(x)+4
(

NL(
x+b

′

2
)−MR(

x+b
′

2
)

)
+

1−MR(b
′
)

]
+

c−b
′

6

[
1−MR(b

′
)+

4
(

NR(
b
′
+ c
2

)−MR(
b
′
+ c
2

)

)
+NR(c)−MR(c)

]
+

c− c
6

[
NR(c)−MR(c)+

4
(

NR(
c+ c

2
)−MR(

c+ c
2

)

)
+

NR(c−MR(c))
]
.

(6)

6. if b < b
′
, c≤ b

′
and b≤ a

′
then we have:

r(M̃, Ñ) =
b−a

6

[
4ML(

a+b
2

)+1
]
+

a
′ −b
6

[
1+4

(
MR(

b+a
′

2
)+MR(a

′
)

]
+

x−a
′

6

[
MR(a

′
)+4

(
MR(

a
′
+ x
2

)−NL(
a
′
+ x
2

)

)
+

MR(x)−NL(x)
]
+

c− x
6

[
NL(x)−MR(x)+

4
(

NL(
x+ c

2
)−MR(

x+ c
2

)

)
+NL(c)

)]
+

b
′ − c
6

[
NL(c)+4

(
NL(

c+b
′

2
)

)
+1
]
+

c
′ −b

′

6
[1−MR(c)+4(NR(

b
′
+ c

′

2
))

]

(7)

The formulas presented in this theorem operate in O(1)
time complexity and preserve the original fuzzy struc-
ture without requiring transformation. This efficient
comparison mechanism enables the solution of general
fuzzy optimization problems of the form,{

min f̃ (x)
s.t. Ax = b, x≥ 0.

(8)

However, due to the extensive applications of linear pro-
gramming in real-world scenarios, our current focus is
specifically on fuzzy linear programming models. The
key distinction between these formulas and those origi-
nally proposed by Ghanbari et al. [9] lies in their scope:

while Ghanbari et al.’s initial work provided comparison
methods specifically for triangular fuzzy numbers, the
formulas presented here are developed for general LR
fuzzy numbers, making them applicable to a broader
class of problems, particularly those involving quadratic
LR fuzzy numbers commonly encountered in machine
learning and normal distribution-based applications.

3. ABS-GA algorithm for solving fuzzy
linear programming problems

Consider the following optimization problem:{
min c̃T x,
s.t. Ax = b, x≥ 0.

(9)

where c̃ j for j = 1, . . . ,n are LR fuzzy coefficients of the
objective function, A ∈ Rm×n is a full row-rank matrix
(rank(A) = m), and x ∈ Rn is the decision variable.

This fuzzy linear programming model has numerous
practical applications in real world decision-making un-
der uncertainty. As examples, in supply chain manage-
ment, it can optimize logistics networks with uncertain
transportation costs and demand fluctuations [33, 34].
In portfolio optimization, the model handles imprecise
expected returns and risk parameters in financial invest-
ment decisions [35]. Additionally, in energy planning, it
facilitates optimal power generation and distribution un-
der uncertain demand and renewable energy output [36].
Given that the objective function involves fuzzy num-
bers while the constraints remain crisp, conventional
penalty function methods cannot be directly applied,
as the constraints cannot be incorporated into the ob-
jective function. Consider the system Ax = b, where
A = (aT

1 ,a
2
2, . . . ,a

T
m) and b = (b1,b2, . . . ,bm)

T . The gen-
eral solution to this system is given by

x = xp +N(A)q,

where xp is a particular solution to the system of equa-
tions, and N(A) represents the null space of the ma-
trix A. The ABS method, first introduced by Abaffy,
Broyden, and Spedicato in 1984 [1], performs this task
iteratively. In their seminal work, they addressed the so-
lution of linear algebraic equations through what became
known as the unscaled or basic ABS class. Assume that
b(i) = (b1, . . . ,bi)

T , that Ai = (a1, . . . ,ai), and that xi is
a solution to the system of equations with the first i−1
equations. Let HT

i denote the null space of the matrix
AT

i−1. Given these assumptions, The ABS algorithm is
described in Algorithm 1.

After running the algorithm, xm+1 will be a solution
to the system of equations and HT

m+1 will be the null
space of matrix A. Therefore, the general solution to the
system is as follows:

y = HT
m+1q+ xm+1

To address this, we employ the ABS algorithm (Algo-
rithm 1), which transforms Problem (9) into the equiva-
lent formulation (10). This transformation reduces the
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Algorithm 1. ABS Algorithm.

Inputs: A, b

Outputs: xm+1, Hm+1

1: Initialize: Choose arbitrary x1 ∈ Rn and nonsingular H1 ∈ Rn×n.

2: for i = 1,2, . . . ,m do:

3: Compute residual: ti = aT
i xi−bi.

4: Compute projection: si = Hiai.

5: if si = 0 and ti = 0 then

6: Set x+1
i = xi,H+1

i = Hi {Redundant constraint}.

7: else if si = 0 and ti ̸= 0 then

8: Stop: System is incompatible.

9: else if si ̸= 0 then

10: Choose zi such that zT
i si ̸= 0.

11: Compute search direction: pi = HT
i zi.

12: Compute step size: αi =
ti

(aT
i pi)

13: Update solution: xi+1 = xi−αi pi.

14: Choose wi such that wT
i s ̸= 0.

15: Update projection matrix Hi+1 =
HiaiwT

i Hi

wT
i Hiai

.

16: end if

17: end for

problem dimension by m units, leading to the following
reduced-dimensional problem in q ∈ Rn−m{

min c̃T (Htq+ν)

s.t. HT q+ν ≥ 0
(10)

The convex combination of multiple points lies within
their convex hull, a property we leverage in the crossover
operator to enhance exploitation. To maintain explo-
ration capability, we employ cones in both the mutation
operator and the initialization phase, enabling the algo-
rithm to probe diverse regions of the solution space.

3.1 Cone and polar cone
A set K is called a cone if for every x ∈ K and every
α ≥ 0, we have αx ∈ K. For any cone K, its polar cone
is defined as:

K◦ = {y ∈ Rn : ⟨y,x⟩ ≤ 0 f or all x ∈ K},

where ⟨y,x⟩ denotes the inner product of vectors y and x.
Geometrically, the polar cone consists of all vectors that
form an angle of at least 90◦ with every vector in K, as
illustrated in figure 1.

Let K ⊆Rn be a cone. A set ς = {d(1),d(2), . . . ,d(p)}
is called a generator of K if

K = {
p

∑
i=1

λid(i)|λi ≥ 0 f or i = 1,2, . . . , p}.

In other words, ς generates K if K consists of all non-
negative linear combinations of the vectors in ς .

Figure 1. A cone K and its polar cone K◦ [37].

Now, consider a polyhedron ω = {x ∈ Rn : Ax≤ b},
where aT

i denotes the ith row of A. For a point x ∈ ω

and a tolerance ε > 0, define the index set of ε-active
constraints as:

I(x,ε) = {i|
∣∣∣∣aT

i x−bi

∣∣∣∣< ε}.

For each i ∈ I(x,ε), define the vector νi(x,ε) = ai. Let
k(x,ε) be the cone generated by the vectors νi(x,ε) for
i ∈ I(x,ε). The significance of k(x,ε) lies in the fact
that, for an appropriate choice of ε , the translated polar
cone x+ k◦(x,ε) provides a local approximation of the
feasible region around x. In general, determining the
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generators of k◦(x,ε) from those of k(x,ε) is a combina-
torial challenge equivalent to enumerating the vertices
of a polyhedron. However, this complexity is signifi-
cantly reduced if the generators of k(x,ε) are linearly
independent, in which case established methods can be
applied [38].

Theorem 2. [38] For a given ε > 0, suppose the cone
k(x,ε) has a linearly independent generator matrix V .
Let N be a matrix whose columns form a positive basis
for the null space of V T . Then the polar cone k◦(x,ε) is
generated by the columns of the matrix:

[N−V (V TV )−1 V (V TV )−1].

3.2 Genetic algorithm implementation:
We employ a GA to solve the reduced-dimensional opti-
mization problem (10). The algorithm begins by generat-
ing an initial population where all chromosomes satisfy
the constraint HT q+ν ≥ 0. The implementation details
of Algorithm 2 and Algorithm 3 are elaborated below.

Let Ω = {q|HT q+ν ≥ 0} be the feasible region, and
let x ∈ Ω be an initial feasible point. Our objective
is to generate additional feasible points within Ω. As
previously discussed, for a suitably chosen ε , the cone
k(x,ε) captures the active constraints at x, while its polar
cone k◦(x,ε) provides directions that approximate the
feasible region. Applying QR decomposition to T =
V (V TV )−1 yields T RT = Q, and a positive basis for
the null space of V T T is given by ±(I−TV T ). These
basis directions, which are parallel to the boundary of
the feasible set, serve as effective exploration directions.
For a given direction d and the constraints hi for i =
1,2, . . . , p, the maximum step length α that maintains
feasibility is computed as:

α = min
i:hT

i d<0
{−(νi +hT

i x)
hT

i d
} (11)

The actual step length is taken as min{α,1}. This pro-
cedure allows us to generate new feasible points from
an existing point by moving along all exploration direc-
tions. The process is repeated iteratively from newly

generated points until the desired initial population size
is achieved.

The first feasible point in Ω can be obtained using
linear programming solvers. Since Ω is convex, any
convex combination of feasible points remains within
Ω. This property is exploited in the crossover operator
to produce new offspring. For mutation, we employ the
same directional exploration method used in the initial
population generation. After creating offspring and mu-
tants, they are merged with the current population. The
combined population is then sorted using Ghanbari et al.
comparison formula for LR fuzzy numbers, and the top
individuals are selected to form the new generation.

Due to the properties of scalar multiplication for trape-
zoidal fuzzy numbers, the objective function expression
c̃T (HT q+ν) cannot be algebraically simplified. There-
fore, each candidate solution must be evaluated by direct
computation according to the original problem formula-
tion.

4. Numerical results

To comprehensively evaluate the performance of the
proposed ABS-GA algorithm, we conducted extensive
numerical experiments on a diverse set of fuzzy linear
programming problems. This section details the experi-
mental setup, performance metrics, comparative analy-
sis, and statistical validation of the results. To generate
problem instances in the form of (9), we employ the
following procedure. First, we generate three random
numbers in the interval [−50,100] and sort them to de-
fine the parameters of an LR fuzzy number. This proce-
dure is designed to produce quadratic LR fuzzy numbers.
The LR fuzzy numbers generated by our procedure are
quadratic LR fuzzy numbers, characterized by quadratic
left and right shape functions. Subsequently, we gener-
ate an m× n constraint coefficient matrix with entries
uniformly distributed in [0,100]. To ensure feasibility of
the generated problem, we create a random vector x≥ 0
within the range [0,100] and compute b = Ax. The ex-
periments were conducted on a system with an Intel(R)
Core(TM) i7-10700K CPU @ 3.8 GHz, 32GB RAM,

Algorithm 2. Initial population generation.

Inputs: H, ν

Outputs: Feasible solutions

1: Find a feasible point x in the feasible region Ω and initialize population: pop← {x}.

2: while |pop|< desired size do

3: for each direction d in [±T ± (I−TV T )] (for point x) do

4: Compute step length α for direction d and point x using (11).

5: Generate new point: x
′ ← x+αd.

6: Update population: pop← pop∪{x′}.

7: end for

8: Select a new point x from the current population pop.

9: end while
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Algorithm 3. ABS-GA hybrid algorithm.

Inputs: N: Population size (number of individuals), T : Maximum number of generations,

Nc: Number of offspring to generate per generation, Nm: Number of mutants to generate per generation.

Outputs: best chromosome in population.

1: Dimensionality reduction: Execute the ABS algorithm (Algorithm 1) to reduce the problem’s search space.

2: Population initialization: Generate the initial population of candidate solutions using Algorithm 2

3: Main optimization loop:

for i = 1 to T do:

3.1. Offspring generation:

for each j in 1, . . . ,Nc do:

Create the j-th offspring via crossover and selection mechanisms.

end for

3.2. Mutation phase:

for each k in 1, . . . ,Nm do

Generate the k-th mutant using the novel tangent cone-based mutation operator.

end for

3.3. Population update:

Combine the current population, offspring, and mutants into an extended candidate pool.

Sort the combined pool based on fitness values (using Ghanbari et al.’s formulas for fuzzy numbers).

Retain the top N individuals to maintain the fixed population size.

13: end for

running Windows 11 Pro, and the code was implemented
in MATLAB 2021.

Having generated the problem instances, we can now
solve them using Algorithm 3 (ABS-GA). An alterna-
tive approach for solving the problem is to apply the
GA [39] directly without using the ABS algorithm for
dimension reduction. In this case, we deal with two
types of constraints: Ax = b and x≥ 0 The termination
criterion for this direct GA is set such that its maximum
runtime does not exceed 20% more than the runtime of
the ABS-GA algorithm. Based on empirical experimen-
tation, the parameters are set as follows: population size
of 80, number of algorithm iterations set to 90, number
of parents for generating offspring via convex combina-
tion set to 4, and number of mutants per iteration set to
15.

As evident from the generated table displaying r (Al-
gorithm 3, timed GA), the solutions obtained by Al-
gorithm 3 consistently outperform those of the Timed
GA across all test instances. This superiority can be at-
tributed to the application of the ABS algorithm, which
effectively reduces the problem dimensionality. The
problem dimensions were intentionally designed with m
and n being close in value, thereby enabling the ABS al-
gorithm to achieve a substantial reduction in the problem
size and consequently enhance computational efficiency.
In Table 1, the column entitled Problem size shows the
dimensions of the test problems, the column entitled
r (Algorithm 3, timed GA) displays the performance
ratio between two approaches: the objective function

value obtained by the standard GA versus that obtained
by Algorithm 3 (our proposed ABS-GA method). It is
important to note that in Algorithm 3 and Algorithm GA,
the objective function evaluation incorporates Ghanbari
et al. comparison formulas presented in section 2.3 for
direct comparison of fuzzy numbers.

The empirical results presented in Table 1 provide
compelling evidence of the proposed ABS-GA algo-
rithm’s superiority. A critical aspect of this comparison
is the allocated computational budget: the standard Ge-
netic Algorithm (GA) was permitted a runtime that is, on
average, 20% longer than that of ABS-GA. Despite this
deliberate advantage given to the conventional method,
ABS-GA consistently produced solutions with signifi-
cantly superior objective function values across all tested
instances. For example, in the largest problem instance
(1950 × 2000), ABS-GA achieved a solution that is or-
ders of magnitude better, as reflected by the performance
ratio of 78,353.29.

This consistent and substantial advantage leads to a
key insight: the performance gain is not merely a result
of faster hardware or more computational cycles, but a
direct consequence of a fundamental improvement in the
problem’s mathematical formulation. By integrating the
ABS algorithm as a pre-processing step, we effectively
transform a high-dimensional constrained problem into
a lower-dimensional unconstrained one within the null
space of A. This transformation serves two critical pur-
poses. First, it eliminates the curse of dimensionality
by reducing the search space from Rn to Rn−m. When
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Table 1. Comparison of GA vs. proposed Algorithm (Algorithm 3).

Problem Size r (Algorithm 3, timed GA)

90 × 100 22260.53

140 × 150 20377.92

190 × 200 30311.48

230 × 250 64954.79

290 × 300 46627.651

350 × 400 83012.01

450 × 500 59155.49

650 × 700 71888.19

750 × 800 100337.98

950 × 1000 78414.62

1150 × 1200 63038.34

1200 × 1300 128684.44

1450 × 1500 59413.95

1650 × 1700 63461.50

1950 × 2000 78353.29

m is close to n, as in our test cases, this reduction is
exponential in terms of search volume. Second, it guar-
antees intrinsic feasibility, rendering the linear equality
constraints Ax = b implicit. Consequently, the GA is
liberated from the burden of exploring infeasible re-
gions or relying on penalty functions that can distort the
fitness landscape. The results in Table 1, therefore, vali-
date that the ABS-GA’s power stems from this strategic
pre-processing, which allows the GA to focus its entire
computational effort on optimizing within a compact,
well-defined, and feasible subspace.

Note: To further demonstrate the effectiveness of our
proposed ABS-GA algorithm, we conducted additional
experiments using standard metaheuristic algorithms
such as GA and particle swarm optimization (PSO) im-
plemented in MATLAB on an unconstrained reformula-
tion of the original problem. In this approach, we elimi-
nated the equality constraints Ax = b by incorporating
them into the objective function as a quadratic penalty
term, transforming the constrained fuzzy optimization
problem into an unconstrained one. The penalty param-
eter was set to a large value 106 to strongly penalize
constraint violations, and the feasibility tolerance for ac-
cepting a solution was set to 10−4. Despite these efforts,
both the standard GA and PSO failed to find a single
feasible solution across multiple independent runs. Even
with a population size of 200 and 500 generations, all
generated solutions violated the equality constraints by
magnitudes significantly exceeding the tolerance. This
failure can be attributed to the fact that the feasible re-
gion defined by Ax = b and x≥ 0 is a low-dimensional
manifold within the high-dimensional space Rn. With-
out any mechanism to guide the search toward this man-
ifold, the probability of randomly generating points that
satisfy the constraints is extremely low. In contrast, our
proposed ABS-GA algorithm successfully finds feasible,
high-quality solutions for all test instances. This success
stems from two key innovations introduced in this pa-

per. First, the ABS algorithm analytically projects the
problem onto the null space of matrix A, reducing the
dimensionality from n to n−m and ensuring that all so-
lutions generated during optimization automatically sat-
isfy the equality constraints. Second, the novel mutation
operator based on tangent cone approximation enables
intelligent exploration of the feasible region by gener-
ating directions derived from the polar cone of ε-active
constraints. This operator, combined with the cone-
based initialization strategy described in Algorithm 2,
ensures that the population maintains diversity while
remaining strictly within the feasible region. Together,
these contributions transform a constrained problem that
is practically unsolvable by standard metaheuristic meth-
ods into a tractable formulation where feasible solutions
can be efficiently discovered and optimized.

5. Conclusions and future works

In this paper, we have introduced a novel ABS-GA al-
gorithm for solving fuzzy optimization problems. The
key contributions of our approach can be summarized
as: First, we employed the ABS algorithm to effectively
reduce the problem dimension, thereby decreasing com-
putational complexity and improving solution efficiency.
Second, we developed a GA enhanced with a novel mu-
tation operator based on tangent cone approximation,
which enables efficient exploration of the feasible re-
gion by generating new points from existing solutions.
Third, we integrated Ghanbari et al. recently introduced
comparison formula for direct comparison of LR fuzzy
numbers, eliminating the need for conversion to crisp
values and preserving fuzzy information throughout the
optimization process. The numerical analysis conducted
in this study demonstrates that our proposed ABS-GA
algorithm outperforms existing methods in terms of both
solution quality and computational efficiency.

Future work will proceed along several directions.
We first plan to extend the proposed algorithm to fuzzy
quadratic programming problems using a ranking func-
tion framework, as suggested in [40]. In addition, due
to the general structure of the constraints Ax = b,x≥ 0,
our method can be naturally adapted to various quadratic
optimization problems involving uncertainty. Further
efforts will focus on generalizing the approach to other
types of fuzzy sets and developing adaptive mechanisms
for tuning algorithmic parameters to enhance efficiency
and convergence.

Despite the promising performance of the proposed
ABS-GA algorithm, an important limitation should be
acknowledged: the dimensionality reduction achieved
by the ABS algorithm depends critically on the differ-
ence n−m. In problems where m and n are far apart
i.e., when the number of constraints m is much smaller
than the number of variables n the reduced dimension
n−m remains large, limiting the effectiveness of the
dimensionality reduction and potentially diminishing
the computational advantages of the proposed approach.
Addressing this limitation presents a valuable direction
for future research.
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