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1. Introduction

In 1906, Fréchet introduced the notion of metric space,
which is one of the cornerstones of not only mathematics
but also several quantitative sciences. Due to its impor-
tance and application potential, this notion has been
extended, improved, and generalized in many different
ways.

In the field of metric fixed point theory, the first sig-
nificant result was proved by Banach in complete metric
spaces, which may be stated as follows: “Every contrac-
tion mapping on a complete metric space P has a unique
fixed point.”

The notion of b-metric space was introduced by Czer-
wik [1], in connection with some problems concerning
the convergence of non-measurable functions with re-
spect to their measure. Fixed point theorems regarding
b-metric spaces were obtained in [2]. Hitzler [3] intro-
duced the concept of dislocated metric (d-metric) space,
in which the distance between similar points need not

necessarily be zero. The concept of dislocated metric
space is widely applicable in engineering and logic pro-
gramming semantics. In 2005, Zeyada et al. [4] further
generalized the concept of dislocated metric space and
introduced the concept of dislocated quasi-metric (dg-
metric) space.

Recently, Rahman and Sarwar [5] further general-
ized the concept of b-metric space and dislocated quasi-
metric space and initiated the notion of dislocated quasi
b-metric (dg b-metric) space. Rahman and Sarwar [5]
opened a new avenue for researchers to work in the field
of metric fixed point theory. Fixed point theorems re-
garding dislocated quasi b-metric spaces were obtained
in [6].

In 2002, Branciari [7] introduced the concept of
integral-type contractions in metric spaces, which is very
important for solving integral equations. This idea was
extended by researchers in different types of distance
spaces. Fixed point theorems of integral-type contrac-
tions were proved in [8, 9].
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In this work, we have proved a common fixed point
theorem of integral type for a new type of rational con-
traction condition in the setting of dislocated quasi b-
metric spaces, which improves, extends, and generalizes
similar fixed point results in dislocated quasi b-metric
spaces. An example is provided to validate our theorem.

2. Preliminaries

We need the following definitions, which may be found
in [5].

Definition 2.1. Let P be a non-empty set and k > 1 be
a real number. Then a mapping d : P x P — [0, 00) is
called a dislocated quasi b-metric if for all x,y, z € P:

(d1) d(x,y) = d(y,x) = 0 implies x = y;

(d) d(x.y) < k[d(x, 2) +d(z, )]

The pair (P, d) is called a dislocated quasi b-metric
space, or shortly a dq b-metric space.

Remark 2.2. In the definition of dislocated quasi b-
metric space, if k = 1, then it becomes a (usual) dislo-
cated quasi-metric space. Therefore, every dislocated
quasi-metric space is a dislocated quasi b-metric space,
and every b-metric space is a dislocated quasi b-metric
space with the same coefficient k and zero self-distance.
However, the converse is not true, as is clear from the
following example.

Example 2.3. Let P = R and suppose
d(x,y) = [2x —y|* + [2x + y[*.

Then (P,d) is a dislocated quasi b-metric space with
the coefficient k = 2. However, it is neither a dislocated
quasi-metric space nor a b-metric space.

Remark 2.4. Like the dislocated quasi-metric space, in
a dislocated quasi b-metric space, the distance between
similar points need not necessarily be zero, as is clear
from the above example.

Definition 2.5. A sequence {x,} is called dq b-
convergent in (P,d) if for n € N, we have
lim,, o d(xp,x) = 0. Then x is called the dq b-limit
of the sequence {x,}.

Definition 2.6. A sequence {x,} in a dq b-metric
space (P,d) is called a Cauchy sequence if for
€ > 0, there exists ng € N such that for
m,n > ng, we have d(Xm,%Xn) < € or equivalently,
han,n—)oo d(XTru Xn) =0.

Definition 2.7. A dq b-metric space (P, d) is said to be
complete if every Cauchy sequence in P converges to a
point of P.

Definition 2.8. Let (P,dy) and (Y,ds3) be two dq b-
metric spaces. A mapping T : P — Y is said to be con-
tinuous if for each sequence {x,,} that is dq b-convergent
to xo in P, the sequence {Tx,} is dq b-convergent to
TxoinY.

The following well-known results can be seen in [5].
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Lemma 2.9. The limit of a convergent sequence in a
dislocated quasi b-metric space is unique.

Lemma 2.10. Let (P, d) be a dislocated quasi b-metric
space and {x,, } be a sequence in the dq-b-metric space
such that

d(xnaxn+l) S - d(Xn—laxn)

forn=1,23,...and0 < -k <1, «a€|0,1), where
k is defined in the dq b-metric space. Then {x,} is a
Cauchy sequence in P.

Theorem 2.11. Let (P,d) be a complete dislocated
quasi b-metric space. Let T : P — P be a continuous
contraction with a € [0,1) and 0 < ka < 1, where
k > 1. Then T has a unique fixed point in P.

Recently, Rahman and Sarwar [10] proved the fol-
lowing result in the context of dislocated quasi-metric
spaces.

Theorem 2.12. Let (P,d) be a complete dg-metric
space and T : P — P be a continuous self-mapping
satisfying the condition

AT T) < ede) - G Y
,d(x, Sx)d(y, Ty)
1+d(x,y)
1+d(x,y)

forallx,y € P, where o, B,7v,u > Owitha+ 8+ v+
21 < 1. Then T has a unique fixed point in P.

Theorem 2.13. [11] Let (P,d) be a complete metric
space and T : P — P be a continuous self-mapping
satisfying the condition
A(TxTy) < a-d(x,y)
L5 d(y, Ty)[1 + d(x, Tx)]
1+d(x,y)

forallx,y € P, where o, 3 > O with o + 3 < 1. Then
T has a unique fixed point in P.

+p

Remark 2.14. It is obvious that the following statement
holds for real numbers a, b, and c: If a < b and ¢ > 0,
then ac < be.

Branciari [7] proved the following theorem in com-
plete metric spaces.

Theorem 2.15. Let (P, d) be a complete metric space
fora € (0,1). Let T : P — P be a mapping such that
forallx,y € P,

d(Tx,Ty) d(x,y)
p(t)dt < - / p(t)dt,
0 0

where p : RT — RT is a Lebesgue integrable mapping
that is summable on each compact subset of RY, non-

S

negative, and such that for any s > 0, [ p(t)dt > 0.
0

Then T has a unique fixed point in P.
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The following important lemma can be found in [9].

Lemma 2.16. Let (P,d) be a dq b-metric space and
{xn} be a sequence in the dq b-metric space such that

d(Xn,Xn+1) d(xnflvxn)
p(t)dt < « / p(t)dt 2.1)
0 0

forn =1,2,3,...and 0 < ak < 1, where o € [0,1)

and k is defined in the dq b-metric space. With p :

Rt — RY being a Lebesgue integrable mapping that is

summable on each compact subset of R™, non-negative,
S

and such that for any s > 0, [ p(t)dt > 0, then {x,} is
0

a Cauchy sequence in P.

Theorem 2.17. [5] Let (P, d) be a complete dislocated
quasi b-metric space for a € (0,1) and ak < 1. Let
T : P — P be a mapping such that for all x,y € P,

d(Tx,Ty) d(x,y)
p(t)dt < «- / p(t)dt,
0 0

where p : RY — RY is a Lebesgue integrable mapping
that is summable on each compact subset of R™, non-
S

negative, and such that for any s > 0, [ p(t)dt > 0.
0
Then T has a unique fixed point in P.

Rahman [6] obtained the following result in the setting
of dislocated quasi b-metric spaces.

Theorem 2.18. Ler (P, d) be a complete dislocated
quasi b-metric space. Let T : P — P be a continuous
contraction for k > 1 satisfying the condition

d(Tx,Ty) < ¢(d(x,y))

forallx,y € P, where ¢ is a comparison function. Then
T has a unique fixed point in P.

In [9], the authors proved the following theorem for
integral-type contractions in dislocated quasi b-metric
spaces.

Theorem 2.19. Ler (P, d) be a complete dislocated
quasi b-metric space, for a,b,c,e,f > 0 with
% < %, where k > 1, and let T : P — P
be a continuous self-mapping such that for all x,y € P,

¢ https://doi.org/10.57647/cna.2025.sxwx-8yah.7

the following condition is satisfied:

d(Tx,Ty)
p(t)dt
0
d(x,y)
<a p(t)dt
0
d(x,Tx)

+b- / p(t)dt

d(y,Ty)
+c p(t)dt
0
d(y, Ty)[1+d(x,Tx)]
1+d(x,y)
+e- / p(t)dt
0

_dC,Ty)d(y, Ty)
k[d(x,y)+d(y,Ty)]

Iy / plt)dt,
0

where p : RT — R is a Lebesgue integrable mapping
that is summable on each compact subset of RY, non-
S

negative, and such that for any s > 0, fp(t)dt > 0.
0

Then T has a unique fixed point.

3. Main Result

Theorem 3.1. Ler (P,d) be a complete dq b-metric
space with coefficient k > 1, and let S, T be continuous
self-mappings S, T : P — P satisfying the condition

d(Sx,Ty)
p(t)dt

d(x,y)
<a- / p(t)dt

0
Ay, Ty)[1+d(x,Sx)]

1+d(x,y)
+5- / p(t)dt
0
d(x,5x)d(y, Ty)
1+d(x,y)
+ - / p(t)dt
0
d(x,Sx)d(x,Ty)
1+d(x,y)
+ e / p(t)dt
0
for all x,y € P, where o,8,v,u > 0 with
#% < 4, and where p : RT — RT isa

Lebesgue integrable mapping that is summable on each
compact subset of R, non-negative, and such that for
S

any s > 0, [ p(t)dt > 0. Then S and T have a unique
0
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common fixed point in P.

Proof. Let xq be arbitrary in P. We define a sequence
{xn} forn =0,1,2,... using the rule

Xg,X1 = SX0,X3 = SXg,...,Xons1 = SXop
and
xg = Tx1,X4 = TX3,...,X2n = TXop_1.

Now we show that {x,, } is a Cauchy sequence in P.
For this, consider

d(X2n41,X2n+2)
p(t)dt
0
d(Sx2n,TX2n+1)

_ / p(t)dt.
0
Now using the given condition in the theorem and the
definition of the sequence defined above, we have

d(X2n+1,%X2n42)
p(t)dt
0
d(X2n ,X2n+1)
<a- / p(t)dt

0

d(x2n41,T*x2n4+1)[1+d(x2pn,S%x2p)]
1+d(x2p X2n+1)

+4- / p(t)dt

d(x2n:5%2n)d(*2n 41,7 *2n41)
1+d(x2p %x2n+41)

+ - / p(t)dt

0

d(x2n,S%2n)d(x2n T *2n41)
1+d(x2p,%X2n41)

+p- / p(t)dt.

This simplifies to

d(X2n+1,X2n+42)

p(t)dt
0
d(X2n,X2n+1)
<a- / p(t)dt
0

d(x2p41:%X2n42)[1+d(X2p %254 1)]
1+d(x2nX2n+1)

+5- / p(t)dt

d(x2n X2n4+1)d(X2n41,X2n42)
1+d(x2n *2n41)

+7y- / p(t)dt

0

d(x2n X2n+1)d(X2n X2n42)
1+d(x2n ,%2n41)

+ - / p(t)dt.
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Now using the triangular inequality and Remark 2.14,
we have

d(X2n+1,X2n42)
p(t)dt
0
d(X2n,X2n+1)
<a- / p(t)dt
0

d(x2n+1,X2n+2)

+5- p(t)dt
0

d(X2n41,X2n42)
+7- / p(t)dt
0
kld(x2n ,X2n+1)+d(X2nt1,X2n+2)]

+ - / p(t)dt.

Simplification yields

d(X2n+1,X2n+2)

p(t)dt
0
) d(x2n,X2n+1)
a+p >
< p(t)dt.
(1—(5+7+/ﬂ€) 2
Let h = —2F88 5o the above equation takes the

1= (B+y+uk)>
form

d(X2n41,X2n+2)

p(t)dt <h- / p(t)dt.

0 0
Similarly, we can obtain
d(x2n71 7X2n)
p(t)dt < h- / p(t)dt.
0 0

d(X2n,X2n+1)

Continuing the same procedure, one can get

d(Xn,Xn+1) d(Xn—1,Xn)
p(t)dt < h- / p(t)dt.
0 0

Since h < %, by using Lemma 2.16, we get that {x,, }
is a Cauchy sequence in the complete dislocated quasi b-
metric space P. Consequently, there exists u € P such
that lim,, ;o0 X, = u. Also, the subsequences {x2,,+1}
and {x2,,12} will also converge to u € P.

Using the continuity of S and 7, we have T -
lim,, 00 Xopt1 = Tu = Tu = u. Similarly, we can
show that Su = w. Therefore, u is the common fixed
point of S and 7.

Uniqueness: Let u and v be two distinct common
fixed points of .S and 7. Using the given condition in
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the theorem and the triangular inequality, one can easily
prove that

d(u,u) = d(v,v) = 0. 3.1

Now consider

(=)

d(v,Tv)[14+d(u,Su)]
1+d(u,v)

+ 8- / p(t)dt
0

d(u,Su)d(v,Tv)
T I¥d(uv)

+ - / p(t)dt
0
d(u,Su)d(u,Tv)
T Ifd(u,0)
+ - / p(t)dt.
0

Now using (3.1) and the fact that v and v are fixed
points of S and T, we have

d(u,v) d(Su,Tv)
[ o= [
0 0

d(u,v)
<a- / p(t)dt
0

d(v,v)[1+d(u,u)]
T+d(u,v)

+4- / p(t)dt

d(u,uw)d(v,v)
T+d(u,v)
+- / p(t)dt
0
d(w,w)d(u,v)
T+d(u,v)
+pu- / p(t)dt.
0
This simplifies to
d(u,v) d(u,v)
[ oie<a- [ o
0 0

which implies that d(u,v) = 0, as a < 1. Similarly, we
can show that d(v,u) = 0.

Thus, d(u,v) = d(v,u) = 0, which gives u = v.
Hence, u is the unique common fixed point of .S and

T. O

The following corollaries may be deduced from The-
orem 3.1.
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Corollary 3.2. Let (P,d) be a complete dq b-metric
space with coefficient k > 1, and let T be a continuous
self-mapping T : P — P satisfying the condition

d(Tx,Ty)
p(t)dt
0
d(x,y)
<a p(t)dt
0
Ay, Ty)[1+d(x,Tx)]
1+d(x,y)
+5- / p(t)dt
0
d(x,Tx)d(y, Ty)
1+d(x,y)
+ - / p(t)dt
0
d(x,Tx)d(x,Ty)
1+d(x,y)
+ - / p(t)dt
0

for all x;y € P, where a,8,v,u > 0 with
#‘% < %, and where p : Rt — RT isa
Lebesgue integrable mapping that is summable on each

compact subset of R™, non-negative, and such that for
S

any s > 0, [ p(t)dt > 0. Then T has a unique fixed
0

point in P.

Proof. By putting S = 7T in Theorem 3.1, one can
easily obtain the required result. [

Corollary 3.3. Let (P,d) be a complete dq b-metric
space with coefficient k > 1, and let T be a continuous
self-mapping T : P — P satisfying the condition

d(Tx,Ty)

d(y, Ty)[1+d(x,Tx)]
1+d(x,y)

+3- / p(t)dt

0

for all x,y € P, where a, 8 > 0 with ﬁ < %, and

where p : R™ — R is a Lebesgue integrable mapping
that is summable on each compact subset of RY, non-
S

negative, and such that for any s > 0, [ p(t)dt > 0.
0
Then T has a unique fixed point in P.

Proof. By putting v = p = 0 in Corollary 3.2, one can
easily obtain the required result. O
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Corollary 3.4. Let (P,d) be a complete dq b-metric
space with coefficient k > 1, and let T be a contin-

uous self-mapping T : P — P satisfying the condi-
d(TxTy) d(x,y)
tion [ p(t)dt < o- f p(t)dt for all x,y € P,
0

where o > 0 with o < E’ and where p : RT — Rt isa
Lebesgue integrable mapping that is summable on each
compact subset of R, non-negative, and such that for

any s > 0, fp t)dt > 0. Then T has a unique fixed

point in P.

Proof. By putting 5 = 0 in Corollary 3.3, one can easily
obtain the required result. O

Remark 3.5. ¢« In Corollary 3.3, if we put p(t) =t
(identity mapping), then it generalizes Theorem
2.13 in the context of dislocated quasi b-metric
spaces.

* Corollary 3.4 gives Theorem 2.17 of [5].

* Corollary 3.4 also generalizes Theorem 2.15 in the
setting of dislocated quasi b-metric spaces.

* In Corollary 3.4, if we put a = ¢(t) (comparison
function) and p(t) = t (identity mapping), then
Corollary 3.4 gives Theorem 2.18.

* By putting different constants equal to zero and
p(t) =t in Theorem 3.1, one can obtain several re-
sults from the literature in the context of dislocated
quasi b-metric spaces.

The following example is given in support of Theorem
3.1.

Example 3.6. Let P = R and the complete dq b-metric
defined on P is given by d(x,y) = |2x —y|? + [2x +y/|?
with a self-mapping defined on P as Tx = 5 and p(t) =
%. Then

d(Tx,Ty)
p(t)dt
0
=312+ x+ 312
t
= —dt
[
0
F(2x—y 224y %)
t
- / n
2
0
Integrating with respect to t and applying limits, we have
d(Tx,Ty)
p(t)dt
0
1 2
ol <|2X —y*+2x+ y2>
d(x,y)
< - / p(t)dt.

¢ https://doi.org/10.57647/cna.2025.sxwx-8yah.7

This satisfies all the conditions of Corollary 3.2 for o €
[4, 1), having x = 0 as the unique fixed point.

Conclusion: This work contributes a more general-
ized, unified, and extended result for the future literature
in the setting of the newly initiated notion of dislocated
quasi b-metric spaces. One can easily apply the above-
proved theorem to the solution of integral equations.
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